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Abstract and contents

This talk is an introduction of Koornwinder polynomials,

a family of multi-variable g-orthogonal polynomial which is regarded
as the master class of Macdonald polynomials.

Based on the collaborations with Shintarou Yanagida:

[YY1] Specializing Koornwinder polynomials to Macdonald polynomials
of type B, C, D and BC, J. Alg. Comb. (2022) published online; arXiv:2105.00936.

[YY2] Bispectral difference Cherednik-Matsuo correspondences of rank 1
in preparation.
@ Askey-Wilson and Koornwinder polynomials
@ Affine root system of type (Cy, C,)
© Various properties of Koornwinder polynomials
© Specialization of parameters [YY1]
@ Bispectral difference CM correspondence of rank 1 and specialization [YY?2]
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Askey-Wilson and Koornwinder polynomials

Askey-Wilson polynomials [Askey-wilson, 1985]

shift parameter.
® For keN:=1Z>0and a,a,...,am € C,
(@@ =TI (1—ag"™ "), (a1, am @k = (a1 @)k - -+ (am; Q-

s 2 (sri)i 2+

@ The g-hypergeometric series s+1¢s[ A TR A z] Dyl w(;@k.

Askey-Wilson polynomial of degree n € N and parameters a, b, c,d € C is
the one-variable g-hypergeometric polynomial given by

a "(ab, ac, ad, " g"labed, ax, a/x
polyiq,a, b c,d) = S \20.26.20 ) q)"~4¢3[q A " qq

(abed; q)n ab, ac, ad
with y = (x +x71)/2. For n=10,1,2, we have

s—s'm
po=1, p1=2y—

2(1+qg)(s—s'm
o dyt (1+a9)( i q)
1—7 1—7mgq

(r=abcd, s=a+b+c+d, s =a'+b '+ +d).

y + const.
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Askey-Wilson and Koornwinder polynomials

Recurrence relation: Askey-Wilson satisfies the 3-term recursive formula
2xpn(y) = Anpni1(y) + (a +al- (An + Cn)) Pn(y) + Cobn-1(y),

" __a"(abcd; q)n
Paly) = (ab, ac, ad; q)n
(1 —abg")(1 — acqg”)(1 — adq")(1 — abcdg"~ 1)
a(1 — abcdq?"—1)(1 — abcdg?")
c . 2(1=q")(1 - beg" })(1 — bdg")(1 — cdg" )
" (1 — abedg?"—2)(1 — abcdg?—1) '

p"(y; q, a, b7 c, d)7

A, =

Orthogonality: For generic parameters a, b, c,d € C,

/_1 Pm(y)Pn(y)%\V;inyzdy =0, m#n,

where the weight function w(y) is given by

_ IS, - (2y* —1)q"* + ¢°) . - 2 2k
00 = by by )by iy, d) )= L1 2o 0%,
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Askey-Wilson g-Racah 403(4)
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Figure: Askey scheme of g-hypergeometric orthogonal polynomials
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Askey-Wilson and Koornwinder polynomials

Koornwinder polynomials

x=(x1,...,%), A=C[x]=C[xt,...,xF]: Laurent polynomials.

A~ Whin = {£1}" x &,: the finite Weyl group of type G,.

AWin = {f ¢ A|VYw € Wh,, w.f = f}: the Wi,-invariant Laurent polynomials.
A=), Ze;: the weight lattice of type C,.

Ay = {X=>", Nie; € A | dominant} = {partitions Ay > --- > X, > 0}.

Koornwinder polynomial was introduced by [Koornwinder 1992]
as a multi-variable version of the Askey-Wilson polynomial.

Py(x) = Px(x;q,t,a,b,c,d) € Ain X eA,.

If n =1, it coincides with the Askey-Wilson polynomial.
Koornwinder polynomial can be regarded as Macdonald polynomial
associated to the affine root system of type (C, C,).

[Noumi 1995], [Sahi 1999], [Stokman 2000]
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Affine root system of type (Cn“/. @)

Affine root system of type (C/, C,)

Root system of type Cp.
V= @7:1 Re;: n-dimensional real Euclidean space with orthogonal basis ¢;.
Q@ R={ete|i#j}u{d2e|1< i< n} CV:root system with simple roots a; (1 < i < n).
Q@ Wi, = {£1}" x &, C GL(V): the finite Weyl group.

Affine root system of type (C,, C,).
O N=ABZLS = D), Ze; ® Z5: extension by the null root 4.
@ The non-reduced affine root system S of type (Cy, C,) is given by
S={tc(ei+ 58),eit e+ kd|c=1,2,1<i<j<n k€Z}CV=VERS
with simple roots o; (0 < i < n) and ag , ) .

The Dynkin diagram is

*
0<&<=o0—0—:+— 0 — O
0 1 n—

* .
S 5 The = marks on the vertices 0 and n correspond
2 n—2 n

1 to the extra simple roots aa/ and a;/.

@ W :=t(A) x Win = (s0,51,...,5) C GL(V): the extended affine Weyl group.
@ For n > 2, the system S has five W-orbits
W (i=1,....,n—1), W.an, W.ay, W.coe, W.arg,

corresponding to the Koornwinder parameters (t, a, b, ¢, d).
If n=1, S has 4 orbits, corresponding to the Askey-Wilson parameters (a, b, ¢, d).
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Affine root system of type (Cn“/. @)

Affine Hecke algebra of type (C), C,)

Definition (the affine Hecke algebra H of type (C), C,))

@ generators: H :=C(To, T1,..., Th)c-alg.-

@ relations:

1 1

(T —t2)(Ti+t 2)=0 (i=0,1,....n)
T’TJ = T.ITI (I’ _Jl > 1’(")./') Q/ {(n,O),(O,n)})
TiTiaTi=TiaTiTia (i=1,...,n=2)
TiTi+1 T; Ti+1 = Ti+1 T; Ti+1Ti (i =0,n— 1)

H has a faithful representation called noumi representation. p : H — End(C(x)) s.t.

1, 31— tixi/xim

pT) =t g T (s = 1) (=10 1),

11 4 1 1 4
1 11— ult2qrx; V) (14 u, 2t2q2x !
p(To) =t5 + 1t i bd i )(qxfz o %74 )(50_1)7
—ax

11 11
(1= udtZxn)(1 4 up 2t Xxn)

1 _1
p(To)=1t7 +to? .

(sn —1)

Macdonald-Koornwinder polynomials Affine root system of type (C,Y, Cn) 8/19



Affine root system of type (Cn“/. @)

Affine Hecke algebras and Koornwinder polynomials

Set ;= p(T Y- T T Ty TaToa -+ T3) (i=1,....n).
o (center of H) = C[Y{},..., Y;F ] C H.

Fact (Koornwinder polynomials)

For A € A4, there is a unique Wjp-invariant Laurent polynomial Py(x) s.t.
© {Px(x)}en, is a basis of AWiin
e triangular expansion: P(x) = mx(x) + >_ ) axumu(x), ax, € C.
e g-diff. eqn: F(Y)Pr(x) = f(7)Pa(x), 7 € C, f(Y) € C[Y*]Win
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Various properties of Koornwinder polynomials

g-difference equation

For each partition A\ € A4, the Koornwinder polynomial Py(x) satisfies

DP)\(X) = C)\P)\(X)

where D is the Macdonald-Koornwinder g-difference operator

n

D=e(Y)~ Y (wl)(Taw — 1) +nlx )Tz, — 1)
k=1
and ¢y = >1_,(abedg 2" TF T (gM — 1) + t* T (g M — 1)).

— (1=axe) (1= bxg ) (1—ex ) (1—dxy) (txx —x;) (1= txpex;)
@ u(x) = U= = k)(l q‘;k « H#k (X: = Xk“xj) )

° Til f(x)=f(x1,...,q ..., xs): g-shift operator.
P D(Ame) c AWin
If n =1, the above eqn. = Askey-Wilson 2nd-order g-difference equation.
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.
Orthogonality

If 0 < g<1and|a|,|bl|,|c|,|d],]|t] <1, then the set
{Py(x) | A\: partitions} is an orthogonal basis of A%in with respect to

(7(9.£0) = gy (1) [ 79800 oo 2222,

where T is an n-dimensional real torus, and the weight function w(x) is

w(x) = H ( (xi: oo (xi /> XiXj: §)oc

i1 (3K, bxic, exks dxii @)oo | i (/G EXiX53 ) o

If n =1, the inner product of Askey-Wilson polynomials.
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Specialization of parameters

Specialization to type B, C, D and BC

Theorem (Y.-Yanagida 1, Theorem 1)

Specializing parameters (t, to, tn, Ug, up) = (t,—ab/q,—cd,—a/b,—c/d)
by the table below, we can recover Macdonald polynomials associated to

subsystems of the affine root system of type (C, Cp).

reduced H t to t, U u,,‘ non-reduced H t

to tn Up Up
B, 1 ts 1 t | (BG,G) tm 7 tstp 1 t/t
BY t 1 t2 1 1 |(CY,BG) tm ts tsty ts  ts/t
C, t 2 t2 1 1 |(BY,Bn) tm 1ty 1t/
C,\,/ t/ ts ts ts ts
BC, tm tF ot 1t
D, t 1 1 1 1

As a corollary, we can re-derive various results on Macdonald polynomials

of type B, C, D from properties of Koornwinder polynomials.
E.g. Ram-Yip formula of non-symmetric Macdonald polynomials of type B, C, D.

[A. Ram, M. Yip (2011)]
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Specialization of parameters

The rank one case

Affine root system of type (C’, Ci).
@ V := Re: one-dimensional real Euclidean space with orthogonal basis .

@ A :=Ze C V: weight lattice of the root system C;.

@ The non-reduced affine root system S of type (C’, Ci) is given by
S:=01U0O,U O3 Oy,

= {iﬁ + co | ce Z}, 0, =204, O3 : =07 + %(5, 04 =20;.

W =t(A) x Wi = (so,5) C GL(V): the extended affine Weyl group.
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Specialization of parameters

Specialization of the rank one case

( Clv7 Cl)
Askey-Wilson

/\
(&Y, BG) (BG, Gi)

continuous
g-Jacobi

Ay Aq Aq Aq
O, 0> 03 O4
Rogers

Figure: Root-theoretic degeneration scheme of Askey-Wilson polynomial
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Specialization of parameters

type | Dynkin | orbits | Noumi | Askey-Wilson
(¢Y,G) %

Askey-Wilson == | OUOUO3UOs | to t1 U a b c d
(Clv-, Bcl) 8::1; O,U 0L O3 ts  tst) ts ts/tl q% ts 7q% te —t
(BG, Gr) B 5 N B

cont. g-Jacobi || o "1 01U 02Oy tr ttp 1 t/t| gty —q2t ts —t

BG % O U Oy t/2 ts 1 ts Cl% t _q%tl t, -1
A O 1 1t | g —q¢ t -1

' o 1 0s t 1 ¢t 1 |gt —g 1 -1
Rogers 0, 1 2 1 1 q% —q% R
Oy t2 1 1 1 q%t 7q%t 1 -1

Table: Subsystems of (C;’, C1) and parameter specializations
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Bispectral gKZ-equation

i1 1 1
(] (kly kU: l17/0) = (tlzytozaulzyuoz)

@ Hy=CT.+CT,, =C+CT, C HW)
Definition (The double affine Hecke algebra of type (C,’, (1))
The double affine Hecke algebra (DAHA) of type (C;’, C1), denoted as
H= H(kl, ko, h, o, q)a

is defined to be the C-subalgebra of End(C[x*']) generated by C[x*'], Ho and C[Y*!].

Fact (Cherednik involution)

H has a unique C-algebra anti-involution determined by
T =T, (YY) =x" )=y

for A € A and
(kf7 kg7 ll*a I(;k) = (kla Il> k07 /0)
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Bispectral CM correspondence and specialization

@ K: the space of meromorphic functions of variables x and £ = Y

@ W:=(W x W) x (1), t(w,w') = (w',w). 3 action W ~ K.

@ HY =K®Hy>f="f(x,£): regarded as function valued in Ho.
The bispectral KZ equations of type (C’, Ci) for f € HE:

{cl,o(x,g)f(qlx,a) =f(x,¢)
C0,1(X, g)f(x7 qﬁ) = f(t7 é)

where Ci g, Co,1 are the W-cocycles valued in GL(Ho) given by

Cio = Ri(x0)R(x1), Go1 = Re(£)RF (&),

with xp == gx 72, x| == ¢*°x72, & = q€2, & = ¢*¢% and

RE(2) = k(1 — k2 /D) 11+ kI 22 (@ = 2y (T) — (ki — k) = (5 — 1723,
RR(2) = k(1 — k™27 0 4 (05722 7@ = 2)np(TE) — (67 — (K)7Y) = (5 — 7 1)22)

i i

for i = 0,1, using the Cherednik involution x.
Studied by [Takeyama 2010], [van Meer-Stokman '10], [van Meer '11]. [Stokman '14].
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Bispectral CM correspondence and specialization

Bispectral Cherednik-Matsuo correspondence and specialization

Theorem (Y.-Yanagida2)

The specialization O5: (k1, ko, h, b) = (k,1,1,1) yields the commutative diagram

(¢,
SOL{ ™ (k,1,1,1,q) —=
bgKZ ( 9y 7Cl) > SOLbAW(k,171717q)
SP\E \[sp
X(Clv>C1)
SOLEE,KZ(K q) ———— SOLuur(k = t/?,q)

SOLfquZ = {f € Hy | solutions of bispectral gKZ eqn. of type X}.
SOLpmr = {sols. of bispectral Macdonald-Ruijsenaars g-diff. eqn. of type A1}
SOLpaw = {solution of bispectral Askey-Wilson g-difference equation}

X+: T{ — k": bispectral version of difference Cherednik-Matsuo correspondence

[van Meer-Stokman 2010], [van Meer 2011], [Stokman 2014]

Among the 4 specializations, only O, is consistent with the Cherednik involution.
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Bispectral CM correspondence and specialization
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Thank you for your attention.
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