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Abstract and contents

This talk is an introduction of Koornwinder polynomials,

a family of multi-variable g-orthogonal polynomial which is regarded
as the master class of Macdonald polynomials.

Based on the papers

[Y] K.Y.,
A Littlewood-Richardson rule for Koornwinder polynomials,
arXiv:2009.13963; to appear in J. Alg. Comb.

[YY] K.Y, S. Yanagida,

Specializing Koornwinder polynomials to Macdonald polynomials
of type B, C, D and BC, arXiv: 2105.00936.

@ Askey-Wilson and Koornwinder polynomials

@ Affine root system of type (Cy, C»)

© Various properties of Koornwinder polynomials

@ Littlewood-Richardson coefficients [Y]

@ Specialization of parameters [YY]
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Askey-Wilson and Koornwinder polynomials

Askey-Wilson polynomials
@ geC,

® For k e N:=Z>¢ and a,a1,...,am € C,
(@q) =11 —ag™"), (a1, am; @)k = (a1; Q)i - - (am; @«

R NE — - (a1i@)k(asy1:9)k 2K
s bt 9 z] '_ Z (b1:q)(bsia)k  (@:q)x

q| < 1: the g-shift parameter.

@ The g-hypergeometric series sy1¢s [a})’l

Askey-Wilson polynomial of degree / € N and parameters a, b,c,d € C is
the one-variable g-hypergeometric polynomial given by

—I - -1
a~'(ab, ac, ad; q), q~', g tabcd, ax, a/x
1 q, 7b7 7d = : v q,
Py g,2,b,c,d) (abcd; q); 493 ab, ac, ad q

with y = (x +x71)/2. For n=10,1,2, we have

s—s'm 2(14+q)(s—s'w
p=1 p =2y~ . o=yt 20E I o)
1—m 1—7mgqg

(r=abed, s=a+b+c+d, s =a'+b'+ct+d").

y + const.
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Askey-Wilson and Koornwinder polynomials

Recurrence relation: Askey-Wilson satisfies the 3-term recursive formula

2xBi(y) = AiBraly) + (a+a " = (A + Q) Bily) + Gipi-1(y),

where )
pily) = %p/(y; q,a,b,c,d)
and
4, - (1= aba))(1—acq')(1 — adq')(1 — abedg'?)
a(l — abedq?—1)(1 — abcdq?') )
¢ . al=d )1 =beaM)(1 = bdg)(1 — cdg')

(1 — abcdg?'—2)(1 — abcdg?'—1)
Orthogonality: For generic parameters a, b,c,d € C,

' w(y)
/_1 p/(y)pm(y)zﬂ\/ly_iﬁdy =0, I#m,

where the weight function w(y) is given by

_ IS, - (2y* = 1)¢" + ¢°) . - K 2 2k
) = S Gy, BRG, tyd) M) = 110 = 2an" 5 o,
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Askey-Wilson g-Racah 403(4)

N~

Continuous Continuous

g | - 3
dual g-Hahn L aHahn MHQM\ 7 a0
Big Q Affine Dual

Al-Salam  g-Meixner ~ Continuous Little M uantum - 1(2
b PollaceseqJacobi g-Lageerre _ g-Jacobi  9MeNer et houk dKrawtchouk i ok o-Krawtchouk 2712
Continuous  Continuous Little b e ——— Al-Salam Al-Salam b1 /200(1
big g-Hermite g-Laguerre q-Laguerre/q'Lag“e"e ¢-Bessel _g-Charler " TCIRIT RN 10n/20()
Continuous  Stieltjes = Discrete Discrete 2¢0(0)
g-Hermite -Wigert g-Hermite | g-Hermite Il

Figure: Askey scheme of g-hypergeometric orthogonal polynomials
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Koornwinder polynomials

@ x=(x1,...,x), A:=C[x*]=C[x,...,x!: Laurent polynomials.

A A Whin = {£1}" x &,: the finite Weyl group of type C,.

AWin .— {f € A|Vw € Whin, w.f = f}: the Wipn-invariant Laurent polynomials.
by = @, Zei: the weight lattice of type C,.

(h7)+ ={A=>", Niei €bs | A\ >--- > X, > 0} = {partitions}.
Koornwinder polynomial was introduced by Koornwinder (1992) as a
multi-variable version of the Askey-Wilson polynomial.

Px(x) = Px(x;q,t,a,b,c,d) € AWin -\ € (63).
If n =1, it coincides with the Askey-Wilson polynomial.
(h2)+ =N, A=1 Pa(x) = pi(x).

Koornwinder polynomial can be regarded as Macdonald polynomial
associated to the affine root system of type (C/, C,).
[Noumi (1995), Sahi (1999), Stokman (2000)]
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Affine root system of type (Cn“/. @)

Affine root system of type (C/, C,)

Root system of type Cp.
@ R={¢ = €j | i#j}U{%2¢ | 1 < i< n}: root system with simple roots o (1 < i < n).
@ Wy, = {£1}" x &, C GL(bj): the finite Weyl group.

Affine root system of type (C,, C,).
@ b} =h; ®Z6 =P, Zei ® Z5: extension by the null root 4.

@ The non-reduced affine root system S of type (C,, C,) is given by
Si={tc(ei+L6),4eite+kd|c=1,2 1<i<j<n, keZ}Chy
with simple roots «; (0 </ < n) and oy, ). The Dynkin diagram is

(’; “—=0—0—wii— 0 — 0 = (’; The = marks on the vertices 0 and n correspond
0 1 2 n—2 n—1 n to the extra simple roots aa/ and a:.
@ W =t(hz) x Win C GL(f)?l*g): the extended affine Weyl group.
@ For n > 2, the system S has five W-orbits
W (i=1,...,n—1), W.an, W.ayy, W.cog, W.ag,
corresponding to the Koornwinder parameters (t, a, b, ¢, d).
If n=1, S has 4 orbits, corresponding to the Askey-Wilson parameters (a, b, ¢, d).
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Various properties of Koornwinder polynomials

Basis, triangular property, and characterizations

Basic properties of Koornwinder polynomial Py(x).
@ {Py | \: partitions} is a basis of W,-inv. Laurent polynomials A"in

@ P, has a triangular expansion

’DA(X) = m)\(X) + Eu<)\a)\um,u(x)a a € C

with m)y, = Zuewﬁn.)\ x* € A%in the orbit sum and © < X the dominance ordering
(e X <k Mforall k=1,...,n).
Characterizations of Koornwinder polynomial P,

@ P, is characterized by Po € mx Z’K)‘ My triangular property )
DPi(x) = caPx(x) g-difference equation (page 9)

Pxemx+32, ., Cmyu  triangular property

@ Another characterization: .
(Px, Pyu) o< 0, orthogonality (page 10)
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Various properties of Koornwinder polynomials

g-difference equation

For each partition A € (b )+, the Koornwinder polynomial Py(x) satisfies

DP)\(X) = C)\P)\(X)

where D is the Macdonald g-difference operator of type (C, C,)

Do zw (Taws — )+ 30 (T, — 1)

and ¢y = >_,_,(abcdg " F T (gM — 1) + tF (g M — 1)).

. (1—axe ) (A —bxg ) (1—exg ) (1—dxy) (txg —x; ) (1—txpx;)
@ Y(x) = k i k)(l qu K Hj#k T xj)l kajj) .

o TjEl f(x) = f(xi,...,qxXj,...,%n): g-shift operator.
° D(AVme) c AWin

If n =1, the above eqn. = the 3-term recurrence relation of Askey-Wilson polynomial.
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Various properties of Koornwinder polynomials

Orthogonality

If 0 < g<1and|a|,|bl|,|c|,|d],]|t] <1, then the set
{Py(x) | A\: partitions} is an orthogonal basis of A%in with respect to

(7(9.£0) = gy () [ 79800 o 2222,

where T is an n-dimensional real torus, and the weight function w(x) is

K (3% @)oo (xi/Xj, Xi%j: 4) oo
J J

wix) = kl;[l (axic, bxic, €xic, dxic; @)oo (£i /X, tXixj; @)oo

1<i<j<n

If n =1, it coincides with the inner product of Askey-Wilson polynomials.
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Littlewood-Richardson coefficients

Koornwinder LR-coefficients

Hereafter we explain our new results on Koornwinder polynomials.
@ x=(x1,...,%), A=C[Kx]=C[x?,...,x ~ Wi = {£1}" x ...
o AWin .— {f € A|Vw € Win, w.f =f}.
© by =@ Zei O (hz) = {A =2 Niei | A1 >+ > Xy > 0} = {partitions}.
@ Py\(x) = Px(x;q,t,a,b,c,d) € AYn: Koornwinder polynomial for A € (h3)+.

The product of two Koornwinder polynomials Py(x) and P,(x) belongs to
AW which can be expanded by the basis {P,(x) | v: partitions}.

'D)\( ,U«(X Z C/\u X ) C;\/'u, € Q(qa t,a, b7 G, d)

ve hz)+

The coefficients cf, are called the Littlewood-Richardson (LR) coefficients
for Koornwinder polynomials.
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Littlewood-Richardson coefficients

Koornwinder LR-coefficients (Cont.)

Theorem (Y., Theorem 3.4.2)
For partitions A, i € (h7)+, we have

PA)Pux) = ——— 3 Z ApBp CoP i (p) (%)-

tuy’ WA(E) vEW™ pere i1 (van(0) )

Main properties

@ p runs over a set FZC(W(A;_I, (v.w(i))™1) of colored alcove walks.

@ The terms A, B, and C, are factored (shown in the next pages).
Minor notations

@ wy: the longest element of the stabilizer Wy C Wk, of A.
@ W, (t): the Poincare polynomial of Wy with variables t, t,.
@ WH" C Win: a complete system of representatives of Wsin/W,,.

@ wt(p) € (hz)*: a certain element determined by the colored alcove walk p.
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Koornwinder LR-coefficients (Cont.)

The terms A, and B, are given by
Ap = H pla), By = H p(=a).
a€L((v-w(p)~1,t(—wo.p)) acL(t(wt(p))wo,e(p))
The factor p(«) is given by

1— t—lqsh(—a)tht(—a)

1
i 1— qsh(foa)tht(fa)

(o & W.aup)
pla) = 1 _1

£2 (L+ 15ty 2q2 )1 — g 2t 2q25h( i)
n 1— qsh( a) tht(—a)

1 1,V
qsh(a) =gk, @) . H'«/ERS 120y ’B>H7€R£(f0fn)2h :8) (a=B+ks€S),

(e € W.ap)

with RS == {e;+ ¢ |1 <i<j<n}and Rf :={2|1<i<n}

@ The factor p looks similar to Pieri coefficients for Macdonald
polynomials of type A,.
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Littlewood-Richardson coefficients

Koornwinder LR-coefficients (cont.)
The term G, is given by C, :=[],_; Co.x with

1 the k-th step of p is a positive crossing

ket () n/.k(qsh(*hk(P))tht(*hk(P)))
—apt (= k() ght(— i (p))
C

p.k = -, (g (=i (P)) ¢ht(—hyc(P))y
d,?’ (g™ (=B ¢ht(=Bi))

a negative crossing

a gray positive folding

a gray negative folding ?
. a black folding and the k-th step of p* is positive
’Ll’,-; (g°"(= B ¢ht(= B)) a black folding and the k-th step of p* is negative

where the factor ¥ (z), ni(z) are given by the following:

/2 _ —1/2

+ . :
¥; (Z)-::Fﬁ (i=1,...,n-1),
1/ ,—1/2 +1/20,1 /0 _ —1/2 1,5 ,—1/2 +1/2(,1 /5 _ ,—1/2
4 = (up/2 — up )+ z (ug/2 uy ) n __ (t,/2 — t, )+ z (tg/2 to )
vE@) =7 s C vE@ =7 s :
1—tz1—t"1z
ni(z) := —_— BeW.a;, i=1,...,n—1),
11—z 1-=z
—1/2 —1/2 —1/2 —1/2
no(2) = (1 — ub/20} 221 /2)(1 + ub /205 22 2) (1 uy MRl 27 12)( — wy M Rug 22 2) 5 € Wooo),
1—z 1—=z
—1/2 —1/2 —1/2,-1/2
() = = t$/2t3/2zl/f)“+ /2t 2 /2) (14 e fé/QZl/i)(l —a PG,
—z —z
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Specialization to type B, C, and BC

Theorem (Y.-Yanagida, Theorem 1)

Specializing parameters (t, to, tn, Ug, up) = (t,—ab/q,—cd,—a/b,—c/d)
by the table below, we can recover Macdonald polynomials associated to

subsystems of the affine root system of type (C, Cp).

reduced H t to t, Uy Up ‘ non-reduced H t to th up Up
B, 1 t 1 t5 | (BGCyGCp) tm 7 tst) 1 t/t
BY t 1 t2 1 1 |(CY,BGy) tm ts tst) ts  ts/t
C, ts 2 t2 1 1 | (BY,Bn) tm 1 sty 1 t/ty
Cr\,/ t/ ts ts ts tS

BC, tm t7 ts 1t

D, t 1 1 1 1

As a corollary, we can re-derive various results on Macdonald polynomials

of type B, C, D from properties of the “master” Koornwinder polynomials.
E.g. Ram-Yip formula of non-symmetric Macdonald polynomials of type B, C, D.

[A. Ram, M. Yip (2011)]
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