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Introduction —Koornwinder polynomials—

e Macdonald polynomials Py(z|q,t;) are multivariate g-orthogonal
polynomials associated to affine root systems.

e Koornwinder polynomials Py(z|q,t,to, ty, 1o, u,) are g-orthogonal
polynomials, multivariate analogue of Askey-Wilson polynomials
[Koornwinder, 1992].

@ Koornwinder polynomials are understood as Macdonald polynomials
associated to the affine root system of type (C)/,C),)
[#71f, 1995; Sahi 1999; Stokman 2000].

@ Specializing parameters (t, to, t,, uo, un), we can recover Macdonald
polynomials of type B,, C, and BC),.

Koornwinder LR-coefficients Introduction 2/19



Main result —Koornwinder LR-coefficients—

Notations
@ x = (z1,...,Tn) : variables of Koornwinder polynomials.
@ by =@, Ze; : weight lattice of type Ch.
@ (hy)+ ={A=i)€bz| AL > > X, >0} : set of dominant weights.
@ K:= Q(q1/27t1/27t(l)/27t71/2,u(1)/2,u}/2): base field.
@ Woy: Weyl group of type C,,.

Denote Koornwinder polynomial for X € (h%)4 by
Py(z) := P\(x|q,t,to, tn, ug, up) € K[zF]Wo

Consider Littlewood Richardson (LR) coefficients for Koornwinder
polynomials, i.e., the structure constants CKM of the product

Pa(z)Pu(z) = Y &, Pu(a).

ve(hy)+
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Main result (cont.)

Theorem (Y., Theorem 3.4.2)

For dominant weights A, o € (h7)4, we have

Z Z APBPCPP—wowt(p) (l’)

1
P/\(CC)PM(x) = %
Wy W ( ) vEWH perg(m‘l,(v-w(#))_l)

Main properties

@ p runs over a set Fg(w()\;_l, (v.aw(p))™h) of colored alcove walks.

@ The terms A,, B, and C), are factored (shown in the next pages).
Minor notations

@ wy: the longest element of the stabilizer W C Wy of .

W (t): the Poincare polynomial of W) with variables ¢, ¢,.
WH C Wy: a complete system of representatives of Wy /W,,.
wo € Wo: the longest element.

wt(p) € (hz)*: a certain element determined by the colored alcove walk p.
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Main result (cont.)

The terms A, and B, are given by
Ap = H p(a), Bp = H p(—a).
acL((v.aw(p))=1,t(—wg.u)) a€L(t(wt(p))wo,e(p))

The factor p(«) is given by

1 1— t—lqsh(—u)tht(—u)
2= (=) ght(—a) (o ¢ W.an)
p(a) = 1 _ 1 q 1 1 1 4 1
t% (1+t2t,2q2 sh(—a)y4 % ht(fa))(l —ty 2tn2q7 sh(—a)y 3 ht(*a)) (o € W)

1— qsh(foc)tht(foa)

ey 20 L eny (t0ta) 2077 (a =B+ k5 €S),

qsh(a) — q7k7 (o) l_l’Y :

with RS :={e;+¢; | 1<i<j<n}and R} := {26 |1 <i<n}.

@ The factor p looks similar to Pieri coefficients for Macdonald
polynomials of type A,,.
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Main result (cont.)

The term C), is given by C),

= H};:l Cp,k with

1 the k-th step of p is a positive crossing
er&deb(p) (qSh<7hk(p)>tht< hk(p))) a negative crossing
(qgh(_hk(p))tht(_hk(p))) a gray positive folding
Cp,ke = (th(fhk(l’»t]“( hk(w)) a gray negative folding
1/1+ (q”h< B) ¢ht(— Bk)) a black folding and the k-th step of p* is positive
;k (qgh( Br) ¢ht (= ﬁk)) a black folding and the k-th step of p* is negative
where the factor ¥¥(z), n;(z) are given by the following:
1 _1
oy — gl 2t 2 i=1 1
P; (z)47$ﬁ (i=1,...,n—1),
1 _1 1 _1 1 _1 41 1 _1
ot (2) = (w2 —u, )4 2% 2(u2 —uy 2) W (2 = (tF —tn 2)+272(8 —t5 2)
TR 1— z%L ’ n (2= F 1— z*%1 ’
1—tz1—t"'z X
n;(z) = —_— (BeWa;, i=1,...,n—1),
11—z 1—=z
1 1 1 1 1 1 1 % 7% 1
1—ulu z2 1+ ulu, 222 1+u 24 22 1—u u, z2
no(z) i= ( n %y )( n %o ) ( n 0 )( n 0 ) (B € W.ag),
11—z 11—z
b bbbt ap o dedudya o b b
1—tpt222)(1+t2t 22)(1+t, 2t22z2)(1—t t z2
nn(z> — ( n bty 1)( n g ) ( n 0 1)( n 0 ) (B € W.an).
-z -z
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Affine root system of type (CY,C,,)

Root system of type C, .
@ by = D, Ze;: weight lattice.

Q@ R={e *ec;|i#j}U{£2¢; |1 <i<n}: root system with simple roots a; (1 < i < n).

@ Wy ={£1}" xSy = (s1,52,...,5n) C GL(bg): the finite Weyl group.
€1 (J=1) _ S
@ Wo~bpbysie; =S¢ (G=i4+1), spn.e = en Uin)
. 3 (G #n)
€ (G =mn)

Affine root system of type (C,/,C»).
) f)é := by, @ ZJ: extension by the null root 4.
@ The (non-reduced) affine root system S of type (C,/, Cy):

S::{:I:Ei—|—§<5,:|:2ei—i—/<:5|kGZ7 1<i<n}

U{tei+e;+ké|keZ,1<i<j<n}Chs.

Simple roots are a; and o (0 <i < n).
@ W:=t(P)xWyC GL(%) : the extended affine Weyl group.
(t(P) := P as additive group.)
d—e (1=1)

@ W = (s0,51,...,8n) With so.¢; = {Ei (i 1).
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Koornwinder polynomials

Notations of parameters
@ {to | @ € S}: afamily of parameters with to, = tg iff W.ao = W.5.
@ Five orbits for the W-action on S (if n > 2):

Wai =Wa (i=1,...,n—1), Wan, Wa,, W.ao, W.ay.
o (taovt(!i = tay s t(!'nﬂta(\]/ 5 taX) = (t07 t,tn,uo, un)'
@ K:= Q(ql/z, t1/2, té/z,t,ll/Q, ué/z,ui/2): the base field.
Fact (Koornwinder, 1992)
There is a family {Px(z) | A € (hz)+ } of Koornwinder polynomials
Pi(z) = Pa(z | ¢,t,t0,tn, uo,un) € Klz™']"
satisfying the following conditions.
@ Py(x)'s are orthogonal with respect to a certain inner product.
@ Py (x) is an eigenfunction of a certain g-difference operator.

@ Py(z) is monic with respect to the dominance order.
The family {Px(z)} is a K-basis of K[z*!]"0,

Koornwinder LR-coefficients Koornwinder polynomials 8/ 19



Alcove walks

Recall the main statement:

Py(z)Pu(z) = . Z Z ApBpCp Pyt (p) (2)-

1
twd WA(t) veWn | cre @51 (o)1)
Definition of alcove walks.
o A= {:c = (z1,...,%n) € by | % >y > > T, > O}: the fundamental alcove.
@ For each alcove wA, we give properly the signs + to the two sides on edges of wA.
@ Let w € W and take a reduced expression w = s;, ---s;. € W.
For 2 € W and b= (by,...,b.) € {0,1}", we call a sequence
p = (zA,zsi-’llA, .. ,232’11 e si-’:A)

an alcove walk of type & = (iy, . .. ,ir) beginning at z.

° F(E?, z): the set of alcove walks of type w beginning at z.
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Alcove walks (cont.)

Examples of alcove walks in rank 2

w = 51828180,z = e € W.
p1i= (A, A, 82A,8281A, 323150A)'

p2 = (A, 51A, 8182A, 515281A, 515251$0A) (S F(E?, Z)

1
H, Ehe
(3:3) = 302
9 1
W
52 (0] W1
A =+
o A oA 2
+
= H’*l fal
1 1 15
5,0) = sw
s1A (z ) 21 l
9

D

D

D

N
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Colored alcove walks

Crossings and foldings.
e Forp=(po,...,pr) € F(ﬁ,z), the k-th step means pi_1 — pg.

@ Each step is classified intro four types:

positive crossing ‘ negative crossing ‘ positive folding ‘ negative folding
|+ +|- +| - -+
> > — —
Pk—1 Pk Pk—1 Pk Pk—1 = Pk Vp—15i, A Pk—1 = Pk Vp—15i, A

Definition of colored alcove walks.
@ C:={z=(x1,...,2n) Ebr | 1 > 22 > -+ > 2, > 0} : the dominant chamber.

o TC(W,2) = {p=(po,....py) €T(W,2) | p C C,Vk}.
o 'S (W, 2) : the set of alcove walks p € I'° (W, z) with coloring of all
the foldings by either black or gray.
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Outline of the proof

P(z)Pu(z) = —/—— Z Z ApBpCpP_ywi(p) (%)
tul Wa(t) veWr perg Gimi-1, vw(e))-1)

E,(x) € K[X*!: the non-symmetric Koornwinder polynomials [Sahi].

@ E,(x) is an eigenfunction of Dunkl operators in the affine Hecke algebra of type
Ch.

@ {E\(z) | X € b3} is a K-basis of K[z*!].
@ Py(x) is obtained by symmetrizing Ex(z).
Our proof is a (C}/, C},)-type analogue of [Yip, 2012].
© For A\, i1 € (hz)+, we derive an expansion formula 2" Ex\(2) = 3 e ¢pEw(p) ().

@ Use Ram-Yip type formula Ey.(z) =3 . fpt] d( )wwt(]ﬂ.

This formula was derived by [Orr, Shimozono 2018], based on [Ram, Yip, 2008] for
the untwisted affine root systems.

© Using (1) and (2) we can derive E,(z)Pr(z) = X, cpa Zperg ApCoE () ().
@ Symmetrize (3) and switch A < u.
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Main result (recollection)

For dominant weights A, 1 € (h7)+, we have

Py(z)Pu(z) = .t Z Z ApBpCpP_wgwi(p) (€)

_1
tw WAQE) veW* Lere Gy —1, (vw() 1)
where

@ p runs over a set Fg(w()\;’l, (v.w(p))™") of colored alcove walks, and
@ the terms A,, B, and C}, are factored.

In the preprint we studied some specializations of these LR-coefficients.
@ Rank n =1 case <= Askey-Wilson polynomials: discussed below.
o Hall-Littlewood limit ¢ — 0.
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The case of Askey-Wilson polynomials

One-variable Koornwinder polynomials = Askey-Wilson polynomials.
@ Pi(z) := Pie(x;q,to, t1,u0,u1) : Askey-Wilson polynomial for le € bh; = Ze.
Consider Pieri coefficients, i.e., LR coefficients for minuscule weights.
e e € (b})+ = Ne : the unique minuscule weight of type C,,.
o Pieri coefficients are ¢, in Pi(x)P(z) =) _,, cmPm(x).

Corollary ([Y., Proposition 4.1.3])
For a dominant weight A = le € (h})+ = Ne, we have
Py(z)P(x) = Pis1(z) + FiP(z) + GiP-1(2),
Fy = p(=216 + a1) (=95 (¢"Ftot1) + v (tot1))

+p(216 — 1) (=g (¢*' 'tot1) + ¥ (atotr)),
Gi == p(216 — an)p(=2(1 — 1) + a)no(¢* tot1).
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Askey-Wilson case (cont.)

v =8
P* P Ap By Gy
‘ € t(lw)
I I
H  H 1 1 1
1 (=216 + ay) —1g (¥ tot1)
=
I I
Hy  Ho 1 (=210 + aq) Yy (qtot1)
v=ce
p* P Ay B, Cy
‘ e (1 = Dw) ‘ t(lw) ‘
I I | | I I
Hy  Ho H Ho H Ho p(210 — ) | p(—=(20=2)0 + 1) | no(q® tots)

B~ w) t(lw)

H' Ho H' Ho p(216 — aq) 1 =g (¥ toty)
= s
o Ho Hye o Hoo Hio Hoo| por5 ) 1 b (qtotr)
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Askey-Wilson case (cont.)

Correspondence between Askey-Wilson and Koornwinder parameters:

1 1

111 1 1 11 1 1
(Q7a7bvcvd) = (q7q2t§u87_q2t02u02’t12u127_t12u1 2)'

The equation Pj(x)P)(x) = Pi41(z) + FiPi(x) + GiPi(z) is rewritten as
2:p1(2) = hipia (2) + fimi(2) + gp1(2), (@ +271)/2) = wPi(x)
with

o 1-— ql717r
S )
5o gt O q*' 1) (gs +7s') — ¢! (1 + @) (s + gs”)
1i=4 (1 — q2l—27)(1 — ¢2tm) ’
(1 ghy = a'7tab)(1 — ¢! Tlac)(1 — ¢! Tlad)(1 — ¢! Tree) (1 — ¢ T ed) (1 — ¢! T hed)
g=U—4q ’

(1—¢q2=27)(1 — ¢~ 1m)
w:=abed, s:=a+b+c+d, s = a71+bil+cil+d71,

-1 -1 i 20—2
m=@ ma=Q10-q¢ "m(l-gm)---(1-gq ).

The rewritten equation coincides with the original recurrence relation of
Askey-Wilson polynomials p;(z) in [Askey, Wilson, 1985].
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Specialization to type B, C, and BC

Specializing parameters (¢, to, tn, %o, un), we can recover Macdonald polynomials

associated to subsystems of the affine root system of type (C,/, Cy,).

reduced H t

to

Un ‘ non-reduced HL

to tn Uy Un
N tt 1 te 1t | (BCw,Cn) tm  t; ti 1 t/t
BY ts 1 t2 1 1 | (C)Y,BC,) tm  ts tsti ts  ts/t
Chn te 3 t2 1 1 | (BY,Bn) tm 1 tsti 1 ts/ty
cyY ti ts ts ts ts
BC,, tm 7 ts 1t
D, t 1 1 1 1

Table: Specialization table

We can recover Ram and Yip' result (2011) in the particular case of type B,C, D by
specializing Ram-Yip type formula for (non-symmetric) Koornwinder polynomials as

follows.

@ type B: t, = up,to =uo =1

@ type C: to = uo = un, = 1.

@ type D: tp, = u, =to =up = 1.

However, pay attention that the realization of affine root systems in Ram-Yip (2011) is
different from our default one in Macdonald (2003).
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Conclusions and Remarks

Conclusions:

@ We derived an alcove-walk formula of LR coefficients for Koornwinder
polynomials, which is a (C)/, C),)-type analogue of Yip's formula for
Macdonald polynomials of untwisted affine root systems.

@ We also obtained some specializations of the formula. In particular, in
the rank 1 case, we recovered the recurrence formula of Askey-Wilson
polynomials.

Problems:

o Simplified formula of Pieri coefficients for Koornwinder polynomials,
and its relation to Pieri formulas of type B,, C, and BC,.

@ Relation to tableaux formula for Koornwinder polynomials.

Thank you for your attention.
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Rank 2 case

Consider the case A = w1, p = wa.
o t(wl) = 50818281, t(W2) = S80S15052S5152.
@ w(wi) = so, w(w2) = s08150.

@ WH =W2 = {e, s2, 5152, 528152}

Proposition (Y., Proposition 4.4.1)
For Koornwinder polynomials of rank 2, we have
Py (%) Py (%) = Py tw, () + FPuy(2) + GPoy (2),

F = p(—26+ €1 + €2)p(—20 + 2e1)p(—e1 + €2) (=g (¢*tota) + 1y (qtot1)),
G := p(20 — €1 — €2)p(26 — 2€2)p(—2€2)p(—0 + €1 + €2)no(gtot1)
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X1 X
w2 wo
1, )
2% 2%
w1 w1
Y Ys
w2 w2
w1 w1
Zn Zy
wo wy + wo w1 + wa w2 < Wy + wa
—
1
wy + %wz w1 + qw2
Wi Wsy
3 3. 3,
QW2 QW2 W2
()
—
wa < wy +wa w2 w1 + wa w2 w1 w2
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