oooooon

gd o

20200 70 60

gooboobobooboobbooobooboooboobbooboobbooboobboobooo
gooboobobobooooooooooboobobobooobooobooboobobobobobobobooo
goooooobooboooboobooobobooboobboobuoobbooboobbooboboobo
goobobobobooooobooboboboboooooo

goboobbooboobobooobooboooboobboboboobobooboobobooboob
gogbobooboobobuoobboooba

() 0000000000 0ODO0000ODO0O000ODOUOODODOODOD

(i) 0000000000000 0O0O0OOOO

(i) 00000000 D0O0OO0ODO0OOLO0ODOOOO0ODOOOODODOOOOODOODOO
(v) D0DO00O0OD0O0O00OOOD0OO0DOO0O0OO0DO0O0OO0DDOOOODOOOOD

(v)y 0DOOD0ODOOODODO0ODOOO0OOOO0O0ODO0OOO0OOODOOOOODOO

0oo0oO0oo0oo (i), vy DODODODODO0OD0ODO0OD0ODOO0O0DO (), ) DOODDODODO0OOOOOODOOOD
0000000000000 D* 00000000000000000000000D00000*00000
ggbobooboobbooboobobooboobooobooboooboobobobo

gon

(1] 00000000000 DO0O00O0 (1966, ¥1900/274pp)0 000000000 DODOOOODOOOO
obooooooooooOoocoOooboocOooOoboOoobOOoOooOooOooooOooOoOoOOoOoOooOboOooDn
2 0000000000000 (1974, ¥3400/339pp) 0 0000000000 O0OOOODOOOODOO
goboooooooboooooood

(3] 00000000000 mMmOOOo (1980, ¥4500/460pp)l 000000000 OOOOOOODOOO
goboooooooooood

4 DO0DODOO0D0DOD-000MOO0ODO0O (1988, ¥2700/150pp)0 000000000 O0OOODOOOO
gobooooooooooboboooobooooooooooooooboooobooboOoooDo

*1 0000000000000 0 http://sss.sci.ibaraki.ac.jp/teaching/linear/1a2003.pdf

*20000000000000000000000000000000000000000000000000000000000
gooooooooooooboooobooooooooboooooooboooOooobobooobboooboooDbOoboboooDDobDO
goooooooooooooooobooooooobooooooboboooOoboobobooooOoboobobooooboooooDboboo
ooooooooooo



6] D0 00D0OLO0DOU0DUODO0OODOUODMODODn (1994, ¥1500/128pp) 0 00 000O0ODOODOO
goooooooogono

(6] 00000000000 OO0OOO (2007, ¥2800/278pp) 0 000000000 DOOOOOOOO
goboooooooooboooboooobooooooooobooooDooo

(7 0000000000000 00000 (2015, ¥3300/408pp)0 000000000 DOOODOOO

goooooo

gd

1 ooooao 3
2 ooooooooon 5
3 ooooogo 11
4 oooooooon 15
5 ooooog 17
6 oooooooo 20
7 ooooogo 25
8 ooooog 30
9 oooooooo 33
10 oooooo 37
11 ooooocoooooo 43
12 ooooo 51
13 oooo 58
14 ooooooo 63
15 ooooooooon 71
16 ooooocoooood 73
A ooooo 77
B oooood 78

C gobobooooooo 79



D ooooooo 81

E ooooocooooono 82
F ooooooo 83
G ooooooooooooooo 85
gooo

0 0 0 *3(natural number)0 0 0 (real number)d 00 O (complex number) 00000000000
N:{Ovlvzv"'}v R, C

0000000000000000000000000000000000000000000000000
00000 *(scalar) 0000000000

1 DODOOoo

00D00000000000000000000%— Arthur Cayley
0000D0000000000000 (matrix*®) 0000000000000000000D000000O
gobooooboooobooooooooooOooOoobOoOoOoOoobooOooobooOoOoooOOoOoOoOOoOoobboOoOoon
goboooooooooooobooooboooooooooboooo
coooooobobocoobooooOoOoOoOoOoObocOoOobOOoOOoOOOOoOOOCO0b0ObOOOObOOOOODnn
gobooooboooooooooobooooobooboOooboooobooooooooooooooDoDoboOooDbboOooon
goboooboooobooooooooooOoooobOooobooooooOooooOooOoooonoo

s +biy+cz=dy
a2x + by + coz = ds
asx + b3y + c3z = d3

goboooboooooood

ar b o a b o di
as bg C2 ooo a9 b2 C2 d2
as by c3 az bz c3 d3

000000 000oo0ooo00oDooo0o0ooo00Od0e,b,ce00000O0O0OD dO0D0OQOOODOOOOO

ooo
a1 b1 C1 dl
ay by cp|do
a3 by c3|ds

*O0ooooo0000ooO0onooo

* 0000000000 000000000000000000000000
*O00000000000000000000000000000000000000

* 0DD000000000000000000000000000000000Omaytrics00000000000000



gooobooboboboooooooooooboboboboobobooboobDobDobUobobobobooo
gogbooboooboobooobuooboobboobuoobboobUoobboobooboobDbooo

T Yy z

al b1 C1

az by e

as bg C3
ggbooooboobobooobooboobbooboobbooboobobooboobbooboboobo
goooboboboboooooooooobgobobobooooobooboooboboboboboboboooo
gooboobobobooooooboobooboboboooo

ap b1
az by e
as by c3
gooddddddoooooooooobobbbbobobbobobooboooga
goboodobobooboobboobooboboooboob bbb boobUoobbooboOoo
pgooooddddoooooooobobbbDbobobbobbobobbb0dddiooouoUu o
goooooboobobooboobboobobooboobDboobuoobbooboobbooboobo
goobooboooboobuooboboobooboboobooooboon
o000 oo oo oo D00 ooDoOoon
000000000000000%00000 row O column 0000 *0
dy
row = (a b c), column = | dy
ds
goooobbbooobboobbooobbooobb oL bbuoobbuobobbo
0 (a,b,e) 0000D0O0O0ODO0OODOOODODOODOOOOOOODOODOOOOODOOODODOOOOOOOD
gojjoooooooboboobobtbddooooooDooDb oo oooobbobobooboo
0000000000000 0000000000000000000000000O0000000000
000000000000 (row vector) 0O0O0DO0O (column vector) DO0DODOODOO
goobdooobboobobbooobboobb oo oo oo b oL obDooon
goooooboobbooboobboobobooboobDbooboobbooboobbooboobo
pgogotododdddbDoDbDbbbbbobbbbobbbb0ldlloUUULU U
oo ooooooboobooo
oobodbobooboobobooboobobooboobDboobUoobOboobUoobbooboOoo
000000o0000oo0oooooooo*'0o0o00o0000000000000000n0ooO0onooOn
gooboooboobbooboobbooboboobuooboboobuobbooboobbooboobo
gl ooooooboobon

*0000000000000000000000000000000000000000000000000000000000
00000000000000000000000000000000000000000000000000

* 000 row 000000000000 0000000Ocolumn (00)00000000000

Y 00000000000000000000000000000000000000

0000000000 (Hadamard product) 000000000000



0000000000000 000000000000*'000000000000000000000
goboooooooooooooboooobooobooobooooooOoooooDoooooDoOooDboboOoon
goboooocoboocobOooobOooobOOoooOo0oOoOOoOoOO0OoOo0OoboOoOobocOobooobOoOobOOoOoboOoon
goobooooo

T =18+ ast
y = P15+ Bat
z =78+ 72t

ugpbobod s,tgo0bogooooo

(@10 + 0181 + c171)s + (a1 + b1 B2 + c172)t
(az01 + ba 1 + c271)s + (agaa + bafBa + caya)t
(aza + b3B1 + c371)s + (agag + bz B2 + c372)t

oobboooooooooooobObocOoOoOobocOoobooOoOoOoOoOoOoOoOOoOooonon

ara +b1B Feyr aran +b1fe + 1y a b o a1 Qg
ag001 +baf +ca1 Gz +bafBa+cava | = a2 b2 e B1 P
asaq + b3 + 31 agan + b3fa + c372 az by c3 M2

goboobobooboobobooobooboooboobboboboobbooboobboooboon
0000000000000 0000000000000000000Oaz+by+cz0 x=at,y = Gt,z=~t
0000000000000 00(ax+b8+cy)t0DO0ODOO

e
aoz—i—bﬁ—&—cv:(a b c) Io]
~y
gooboddddooooooooooooobobobobobbobbobbo0ddddodooog o
goboboobuooboboobooboboobbooboboo

ay bl C1 x d1
az by e yl=1d
as b2 C3 z d3

00 Arthur Cayley 000000000000 000000000OOOOOOOOOOOOOOOOO
goooooboobooobooboobobooboobDbooboobbooboobbooboobo
oogd

2 0DO00OoOOoOoOoon

0000000000000 00U00O0U0dd— Hermann Weyl
goboobobooboobbooobooboooboobbooboobbooboobbooboOoo

goobooboboboooooooooobooboboboooboooboobDoboboboboboboooo

gooooooboobooobooboobobooboobbooboobbooboobbooboobo

11 goppopooOo0O000000000O00O0000



0000 POOD QUOOOODOOOODODO POOD QUOOOODOOOODO*?(0OOOOO,
displacement vector 000 ) v 0000000000 DO0O0O0O0OODOOOOOO v:PﬁDDDDDDDD
goboooooon

000 POOOOOD »0000O0OPUOOOOO0 »000000000000DOD QULDDODDOOOO
Q=P+0v000000000000000D0000OO0O0OO0O0DOOOOOOOOOOOOOOOOOO
dooooooooo(P+v+w=P+(v+w) 000000000 DO0ODO0OO0OOODODOOOOOOD
oo0o0oooo0o0ooo0o00Db0v=R-—-POOODO @:Q—PDDDDDDDDDDDDDDD

P+v+w

v+ w w

P P+wv

0000000000000 00000000oOo0HP +---+t,P, (t1,---,t, 000)000000
000000000t +---+t,=1000000*B0# +---+¢,=00000000000000000
goboooooooooooooooboboooooOoooooboboOobOoOoooDObooDbOoO00 1oooboobo0o0on
ooooooooooooobooboooooooooobooooooooooooo

cooboooooboboooboooooooooobobooooo0ooooooooboboooboOoOooboOoOoOoooDn
gobooobooooboooooooooooooboooooooooooooan

021 t4+---+t, 0000 10000000HPA+---+t, P, 000000000

oooo tuPA+--+t, Py (i 4+ +t,=1,¢t,>0)00P,---,P, 0000 (convex combination) O
ooo

0 22 0000 COO0000000PQeC =tP+(1-HQeC (0<t<1)0000000
p,---,P,0000000 P,---,P,0000000000000nr=2,3,4000000000000

ooo0oooOoO0oO0oboOoOoO0boOoO0OO0O0bOOO0OO0O0bOOO0OO0O0OOO0OO0OO0ODOOOO0CODOOOOGODOOO0
0000000000000 0000000D00000D00000D00000O00 (position vector) 0 OO0
ooo0oooOooooOo0o00oOO00O0000bOO0oO0oOO000O000b0O000000000O000O0O0000
00000000000 o0000O00o0O000O0000D ¢, 5, k0000000000000000000
O00wv=wxi+yj+2k000000000000000000000C0O0OOOOOOQO (z,y,2) 000
00000000000 D0O000D0O000DO000DO000DO0O00D (component) 10D OO0

oo0o0ooo0o0oo0o00oo0o00ooooo0booo00oo0o00ooo0oo0oooooooDon
0oo0oo0oo0ooo &7, k000000000000000000000C000O0O0O00O0O0O0O0O0OO0
goooooooOooooO0o0o0oooOoO0o0O0bOo0O0O0bO0O0O0bOOO0O00bOOO00OOO0O00ODO0O0
(coordinate transformation) 00 0000000000000 0O0O0D0O0OOOOOOODOOOOOOOD

*1200p00000000000007 00 v 00000000000000000000000000000000000000
goooooooooOoO0oO0OO0OO0O0O0b0000000000
*13 Mobius 000000000000 0000000000000 182700000000000000



oobooobooooooOooooboOoooboooooooo

i =ai+bj, j =cit+dj, O —O=sittj

P-O=zi+yj, P-0 =2"i+yy5

goooooooooooa
r=ar +cy +s5, y=>0br +dy +t.

000000000000000 O=00000 s=t=00000000000000000000D0
ggbobooboobobooboboooba

gboboooooooogoobooboboboooooboooooobobobobobboooooboooDoDbo
0000000000000 00D00000DO0000DO000O0D0OO [»|000D00D000ODO0O0OOOD
0000000000 #0000 (vlw) = |v||wcosd DODDO0D0DDO00000O* (inner product)
000000000000 (bU0LO0DDO0O0D0DDU0O0O0OO0O0DO0OOLD0ODO0OODODOUOOD)OOUOD
00000ooooooooooon s 7, k00000000 100000000000000O00O0O0O0O0O
0000000000000 000O0000ODO00DO0DOD 1000000000000 (unit vector) OO
00000000o0o0ooooooOooo (x,y,2) 00000000000 DOO00OOOOOOOOO0 (x,y,2),
(2',y,2) 0000000

Ve =)+ (y —y)? + (2~ 2)?

00000000000000000000000 (Cartesian coordinates) 10 000000000000
0000000000000 v=(a,B3,7),v =(/,8,7) 00000

(v|v') = aa’ + BB" + v+

ggoogoooboooobogoo
oboboooooooooooobobobooboooboobooooboobobobobOobooooooDoDbo
gogbbooboobbooboobbooboo
gbobooooooooobooboboboooooboooooobobobobobobooooooDooDbo
ggboobooobooboboobobooboobbooboobbooboobbooboobbobboobo
goooooboobobooboobboobobooboobboobuoob bbb boboboobo
goboooobooobooboobooboooboboobbobooobbobooboDboOoboobboOoo
goooogoooooobboobooooooooobbbbbbbbobboooooooLb b oo
0 Hermann Weyl 00 000000000000 O0*0000000000 VOODOOODDOOODOO
gogoobobbooobboooobboooobbooobbboooobbooobbbooobbooon
00000000 (Euclidean space) 00 000000000000 0OO0OODO0OODOOOOODOOOOODO
0000000000000 0ooDo00 WeylOOODOOODOOOOODOOOOOOOOODOOOODOO
gobooboooboobooobooboobbooboobbooobooboo
oooooboobobooobobooboboboboobobooboboboobboobobooboboboobo
gogooooooooooobooooooooobobbbobbbobooooooooooooLDbbDbo

4 Qppopoo0D000000»-wOODOO0DO0O0O00DO0D0O00000000000
*15 Raum, Zeit, Materie, Springer, 1923.



0 LO000O0LD LOODODOO0O0D ALOOOODOOAL={p—¢pgel} 000000000
Rl={sl;scR}0000000000LOO pp000000000L0000 pO0p=po+tl (teR)
000000oo00Ud pp00O000l#400000000000000O00O0O00OOOOOOOOOO
0000000000000 0000000O00D000000000000000000 (the parametric
form of a line) 00O OO

tm
tl m /
/1
Po

bo g

00000 HOOODOODODOOODOHO HOOOODODODOODOO AH={p—q¢;p,qe H}ODDOODO
AHODOODOODODODOOOODOOODOO00OO00000000 !, mOOO0OO0AH=RI+RmOO0OQO*
000000000000HOD0O0 po000000000HOOOO0O00O p=po+sl+tm 00000
0000 s t00000000000000000000O00O0 (the parametric form of a plane) 0000

ooo0oooOoO0oO0oboOoOoO0boOoO0OO0O0bOOO0OO0O0bOOO0OO0O0OOO0OO0OO0ODOOOO0CODOOOOGODOOO0
000000000000 00DO00DO00 poODOOODO (z,y,2) D000000D0OO0DOODOOOOD
0000000000000 0000000000000000000000000000AH OO0OODO
0000 (o,8,v) D0000pe 0OO00ODO (%o,90,20) DO0O0OO(p—po) L (o, 8,y) D0D000ODODOO
O0000a(x—x0)+B8y—yo)+v(z—20)=00000000000000 (the equation of a plane)
000000000000 ar+Py+v2=00000000000000000000 (w0, Y0,20) OO
0000a(z—20)+BHy—y)+7(z—2)=0000000000000 (z0,%,20) 00000000
(e, 3,) 0000000*" 000000000000 00000OO0DO0OO0OOOOOOOOO0O0OO0
oooooo

(o, B,7)

Po p

00000000000 O000O00AL =RI00000000000000000000 (a,8,7),
(o/,8,7/)00000000000py = (z0,%0,2) € LO00000000000LO0000 p(a,y,z) 00

1600001, mO0O0O00 sl+tm 00 (s,t 000)0000000O0OOOCOO

*17 normal vector 000 0000000000000 00000OOnormal 00000000000000000000000O0
0MOooo00o0o0oo000o0000000000000Onormal 00 0000000000000 OO0DOO0OOO0OOOOO
oo0obo00o0o00b0000000000000000O0000000O00O0O0O0O0O00000



gooooooo
a(r —x0) + By —yo) +7(z —20) =0, o(x—m0)+ B (y—wo)+7(z—2)=0
gooooboooooooooboobobooon
ar+ By +yz=90, dz+py++z=0
goooooooobooooooooboboooobouoooooa
021 00000000O0O0OOOOOOODOOO000000OOO

(1) oooooon L(x,y,z)z(1,2,3)+t(3,2,1),H(x,y,z):(1,1,—1)+s(—1,171)+t(1,—1,1)
gboooooogo
(i) 000 L:ax+2y+32=—1,—2+y=1,H:v/22x—y+2:=30000000000000

0 23. 000000b0oboboboboooooobooboboboboooooobDuoDbo

00 HOOOOODOO ¢0O0D00000D000000OD |p—¢ 0000000 peHODOOOOODOO
00000000000 (foot of perpendicular) 0000000000000 D0O0OOOOOOOOOOO
000 Weyl OOOOODOOOODOODOODOUOO0OOO0OAH=RI+Rm OO0, mOI0000000000O0
00000000 AHOUOOODOUOOOO nOUODQOOOOOOOO

qg—po=ul+vm+wn, p—ps=sl+tm
00000000s,t0 HOOO pO00O0O0OO00OO0O0ODOODOODOODOODOOOOODO
lg—pP = (u— )+ (0 — ym - wnf> = (s — u)’ + (¢ —v)° +

0000000000000000 (s,t) = (u,0) 00000000000 pO000 (p—q¢) LAHDD
0000000000000000 |p—¢=|w 00000000 ¢00000000 (a,b,c), HOD
000 az+fBy++2=00000000000 q—po 000000 (a—a0,b—yo,c—2) 000000
n=(a,5,()/ /2 + 5 ++20000 (O(x,6,7) 0 HODOODOODODOOOOD)O00O000000O

w = (njul + vm + wn) = (nlg — py) = ala = zo) + B — yo) + vle — ) = catpbtyed

/a2 + B2 + A2 /02 + B2 + 2

00000000 g(a,b,e) 000 H:ax+pPy+y=60000000000000000000O00O0OO

|aa + Bb+ vye — 4|

Va2 + 5% 442

goboooobooooboooooon

024. (1) 00 L:z+2y+32=-1,—2z+y=1000000 ¢(1,1,0000000000000000
ooo

gogoboooboooboboon



0000000000000 0000 ex+by=s00000000000000000000O00O00OO

goooooood
ar+by=s, cr+dy=t

O00000000000000 az+by=s0 cx+dy=t0000000000000000000OO
000000000000000000000000000000000000000000000000
O000ad+#be 0000000000000 0000000D0O00000000000O0ad=0bc00000
000000000000000000000000000000000000000000000000
(a,b,s) 0 (¢,d,t) 00 000000000000000O0
0000000000000000000000000000000 ajz+By+7v2=20; (j=1,2)0
000000000000000000000 (aq,B1,7) 0 (az,82,7,) 000000000000000
000000000000 LODO000000000000000000000000000000000
00000000000000000000000000000000000

L

L=H,NH,

ip Hs

000000000000000000000000000000 (a4, 84,7;) (7=1,2,3) 000000
gooboboboobobooooobo pObob0obob0obobO0bOobOOOobOOobDOobOobOobOoOn
gooboboooobboooboboooobbooobobbooobbbooobbboobDbbooon
gooooboobgooooobooooboboboooboobobooboboobobobooobOoDoon
gogboboooboobooboboon

gooooboboooboobbbbobootboodddooooooobbbbboooooLo oL o
gooboobobobooooobooboboboboooooooo

goobooobobooboobooobooboooboobbooboobbooboobbooboOoo
gbooboobobobooooooboobobobobooooo

025, () 0000 (1,1,1) 00000 LODODOOLOODOOOOOOODOOOODOOOOOODOOOOO

cooooooboobooobooooOooOoOoOoooOoboOoobOOoOoOoOoOoOoOoOoOboOobOobOOoOoOobOOOoOoOoDnn
gobooooooooooooobooooobooOoobo0oooooooooooobOoooDOoDOooDboboOooon
gobooooboooobooooooOooOoooOOo0oobOOoOoOobOOoOoOoboOoOooOoOOoOoOOOoOoOoDbboOonon
gobooooooooooooobooooobooOooboOooooooooooooOoooooDooOooDboboOoon
ooboooooooooon

10



3 Uooboon

000 (index) 0000000000000 (array) 00000000000000000 {1,2,---,n}
goooboooboobooobobooboobobooboobbooba
Remark 1. 00000 {0,0 }0000000000000000000O00OO00
(0,0)~apgn, (0,0)~apn, (0,0)—agg, (O0,0)+—agn

O00000000000000000000000000000000000000000000000000000
gooooooooooboooooooooooboooooooooooo

anp  app

agg  app )’

oo app
(aDDaaDD7aDD;aDD)7 )
oo apo

ooooooooooog*

ail a2 - A1n
a21 Az -+ A2p

A= . R .| = (aij)i<i<mi<j<n
Am1 Am2 *°° Omn

OmxnO000 (matrix) 00000000m=1000000000 (row vector)dn=100000
0000 (column vector) 000 0Onxn 00000 nO000000O (square matrix) 00000
goobbooobobooooboboooobboooobObbooULDb bbb booUbobbOoo
00000000000000000000000000000000000000* 00000000
goboboobooboboobooboboobooboboooboobDbooboooboo

e 0 (addition) O 000 OO O scalar multiplication0 0 000000000
o [J (product) OmxnO0 A= (aij)lgigm,lgjgn Onx!0O0O B= (bjk)lgjgn,lgkgl gooog

n
C= AB, Cik — Zaijbjk
j=1

oooooo mxlOOOOOO
e 000 (zeromatrix) 00 O0O0O00OOOO OODDOODDODODDOD O, 0000000000
oooooobo oO0OO0OO0OO0OO0OO0 oOO0O0O0O0O0O0OO0O0OO0O0O0OO0OO0OO0OO0OO0OO0OO0O0O0O0O

ggoboobooboboobo
by

(a1 . G,n) = Z ajbj
j=1

bn
gobooobooooooOooooboOoobooOooooooa

*18 ppoOoo00000D000DO00OnD

*190ppoo00D0000000D00000000000000000000000000000000000000000000

*20 QOO0 00000000000000000000000000000000000000000000000000000
0000000000000000000000000000000000000000000000000000000000
000000000000 0000000000000000000000000000000000000000000000
000000000000000

11



03.1. 000o000ooboboooooooooomoooooooooooooobooOoom
00 3.1. 00000000000000000000000000

(i) 0DODODO0O0DOO0O0ODO (associative law) 00000 (commutative law) 000000
(i) 0000000000000 000O000O0D0O0O0O0O0O0O0O0ODOOO0O0ODOO0
(i) 0D00D0000000000 (distributive law) 000000

e 10000D0DODODOODOODDOOD*O0DOO0DOOODODDOODO

3 (DDDDDD)

oooooo

n
coboooooooobooobooonn 1,2,-~-,nDDDDDDDDDDDZakDDDDDDDDD

k=1
cooooooobooooo

e 00002 (unit matrix) I,, = (;%)1<jk<n 0000000000000 (Kronecker’s delta)

1 ifj =k,
5j,k:{ J

0 otherwise.

0 3.2. 00000000O00DO0ODOOOLOOO0OOODODODO0ODODODODObOODODOOOODODO

(a1+~~+an)(b1+~~~+bn)(cl+~-~+cn)(Zai> ij <ch> Z a;bjcy.

k=1 1<i,j,k<n

0000 A(BC)=(AB)C 0000000 f(j,k) =ai;bjre; 000000000

SN FGER = > fGR =YD G R).

j=1k=1 1<j,k<n k=1j=1

ooooogooooo l1ooo0oooOoocOoooooooooopbooooo

D Gijajn=aix < InA=A

j=1
033. (x+y+2)"00000000000000000D0000 (multinomial theorem) 0000

n!

n __ a,b_c

(z+y+2)"= Z YA
a+b+c=n

00oo0o0o0o0o0000a,b, c00000 a+b+c=n000000000000000000000

0 3.2. 00000000C00O0O0O00O0OO00OOOOODOOOO0DOO

(abc) (abc).

o o
o o

*21 Q0000000000000 0000000000000000000000000
*22 00000 10000000000000000000000000000000000000000000000000000
007 (00 identity 10)000 E (00 Einheit =00 unit 00)00000000

12



0 33. ())00DU00O0 AABUOUOAB#BAOU AB=0000000O0O0OODODOOOOD
0 3.4. 0000 (ajx)i<jh<n 0000000000

n n n k

DD wk=D ) i

j=1k=j k=1j=1

gooooooo
035.mxnO0 AODODOODAIL,=A0000

00000000000000000000(A+B)+C=A+(B+C)0 A+B+C 0000000
00 (AB)C =A(BC)0 ABCOOO0OO0O0OO0DO0O0O0O0O0OOOO0ONON0O0O0O0O000000
0000000000000000000000000 ABCDOOOOOOOOOODO

((AB)C)D, (AB)(CD), A(B(CD)), A((BC)D), (A(BC))D
000000000000 0000O0000000DO (XY)Z2=X(YZ)0ooooooooooooooo

goooboboobooooboboooobboooobbooo™WooboobDb bbb booobbo
gooboobobobooooobooboboboboooooooo

00 3.4 (000000*3). n000000 A14,---4, 000000000*400000000000

Proof n 00000000000 0000000000000 000O00000O000O0O0O0
0000000000On 0000 Ay,---,4, 00000000000 By = (A1 Ap)(Agy1 - 4An)
(1<k<n-1)0000000000B =B;=---=B,,00000000000000000000
000 Ap--Ap = Ap(Apg1---Ap) O Ay Ay = (A1 Ap_1)Ar (2<k<n-1)000000000

oa
Br1= (A1 Ap 1) (Ap(Apgr - An)) = (A1 Ap1) Ap) (Apy1 - Ap) = By

00D0D0O0000oo000ooO00Do00o0oo00mo00oDoooo0oDooooDoo0ooDoooooo O

nO00000 ADOOO m(m=1,2,---)00000A0mO0000000000*%0 Am=A---A
0000000 AQ m O (the m-th power*?¢ of )0 0000000 (AY)™ = Alm, AlA™ = AH™ 00
0000000000 *oooogAlAm=AmAlooon

035 000000000000 000OO0ODOOO0ODOODOOOOODOO
(A+B)?=(A+B)(A+B)=A(A+B)+ B(A+ B) = A + AB + BA + B?
0000000 A2424AB+B2000000000000 AB=BAOOOO

036. (1) (A+B)?0000000000AB=BA0D000000OODOO0O000OOOODOOO00O0

*23 Generalized associative law. 000 0000000000000 O0000D000O0DOO0O00ODOOO0ODOOODOOOO
2400000000 2n—2)!/(n!(n—1)) 0000000000000 (Catalan number) 000001,1,2,5,14,42,---.
*25 0000000000000 000000000D0000000000000D000000000000000000O
*26 ;= 2,3 00000 Osecond power, third power 00000 square (00), cube (00) 0000000
*27TQQoo0o0000000000000000000000
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0 3.6. 0000000

T a1 b c T
Tnl = G180 + bidin 01 voir | = (a2 b | [
Ynt1 = A2y + bayn + C2 "1+ 0 0 1 1"
00000000O0Ooooooo*®dooooooon
Tn a b o
vh=|wm], A=laz b e
0 0 1

gogoogooboooobood vn+1:Av_n>DDDDDDDDDDDDDDDDDDDDDDD

vy = Av,3 = A%, b= = A"0¢

00o0oU00o0o0oU0oOO0oO0oUo0o0o0oU0oooD AnoU0ooooUuooood

037. NOOOOOOOOOOoOOoODOOOOOOOOOOoOoOooODOOOOOOOOOOoOoOoOooooo
gooo {1,---,N}O0OOOOOODODODOD:0000O0 0000000000 ;; 000000 NO
00000D00000D000000 (adjacency matrix) 0000000 AODOODOOOOOOa; OO0 40
gooboboboboooooogo

coood0o:00bOoO0obOO00DOOoO0OOO00O00U0DOOoU0b0D nODODOUODOOO jUOODOODO
0000 A0 (4,5) 0000000000000 DO0O00C0DOO0O0OODOOOODOOO

03.7. 0000000000000000000000000O0O0O0O0O0O0O0O0OO0OOO0OOO00
3

b

I
= O =
SO
o = o

goooooo

0000000 A, BO0ODOOODOOODOOOOOOO Ay, B, 0000000000O000O0O0
o0ooooboOooooon A;B;, 00000 4,5,k00000000000000000000C000DO
ooooo C=ABO0O00OO Ci7k:Ein7ij7kDDDDDDDDDDDDDDDDDDDDDDDDD
000 (block matrix computation) 00000

O 3.8.

— —
() 00 ADDODOOO &,---,4, 00000000 BOOOOOO by,---, 000000000
00000 ABOOODODO0O0O0000000O0000O00O

& &B
Aoy .. w)=(ab, ... an), | |B=| : |,
(b ) = (ab) ') o o

*28 00000000 column 000000000 sequence 000000000000000000000000000
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& T T

: :% " :_>
b Sbr ... &b
%
(i) 00 ADDOOOO a,---,a, 00000000 BOOOOOO by,--,6, 0000000000
0000 ABDOO0O0DO0O0O0U0O0O0UOUOUOOoOoOooOoo

by
<_
@ ... @) | |=ath+ - +ab.
(_
bn
0000BOnO0O00OO0O0O0ODOOOO
b1 bl
Al =@ ... @) |:|=baf+ - +bua,.
b’ﬂ b’I’L

%

(iii) 000 n 00000 A, B,00000 @, b 00000\ x00000
_>
b

EDE D )

00000000000 0000000000000000000000000000000000*2°C
0000000000000 00000000000000000000000000000 1000000
0000000000000000000000000000000000000000000000000
0000000000000000

00000000000000000000000000 X000000000 X=X;U---UuX,00
0000000Y =Y,U---UY,, 0000 Z=Z,U---UZ, 000000000 A = (Gzy)zex yey;
0000000000C=AB00000 Cig = (Ce)rex,zcz, 0000z € X, ye 2, 00000

m

Coz = Gayby: =D Y tgyby. = > DA ;B O (2,2) 000=0Y A;;Bjp 0 (2,2) 000

yey j=1yeY; j J

I:II:II:II:II:II:II:II:II:II:II:II:II:ICi,k:Z£1A17ij7kEII:II:II:IDDDDDDDDDDDDDDDDDDDDD
gogbooooobooobobooboobooobooboooboobbooboboobbOobLbOoobo

4 DOOO0OOOoODO

ar+by=s a b\ (z\ (s
{cw—l—dy:t = (c d) (y>_<t>

sd —tb at — cs

TS = YT ad—be

goboobogo

Uz, yOOOOOODO

0 4.1. 000000O0OOO

*290000000 (100 [2]000000000000000000000000000000000000000000
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a b
DDDDDDDDDDDDDad—MDDDsz( d)mumm(@mmmmmﬁﬂuuuu
C

a b
det(4) = |A] = |, d‘
ooooOo®¥ooooo0o00oo0oooooooooo
a bl |s b a bl |la s
e dF Tt d e dlY T e ¢t

ooooooo
00 ADODDDOOO A=(W,?)00000

(i) OO0 (linearity) 0000000000000 DO0OO0OODOOOOOOO, BO00O0O0OO
det(ad’'+8U", V) = adet(d', V)+Bdet(0", V), det(d,a?'+6V") = adet(d, V") +Bdet(d, 7).
(ii) 0O DO (alternating property)d
det(, V) = — det(V, ).
(iii) DOO00OO (normalization condition)d

10

det(Iz) = '0 1

-1

Remark 2. ¥ 00000000000000C0CO0O0O00O0OOCOO
det(d' + ", V) =det(W, V) +det(7”, V), det(ad, V)= adet(d,7)

oooooooooogd

ooo
ar+biy+cz=t (1)
asx + boy + coz = 1o (2)
a3 + bsy + c3z = t3 (3)

oD z0000000D00O0DODO y,z0000000

bg Co tQ — a2x  C2| t2 Co as C2

- - - €, (4)
bg C3 tg — asx Cs tg C3 as Cs3
b2 C2 5 — bg t2 — a2 _ bQ t2 - b2 a9 x (5)
bg C3 bg tg — asx b3 t3 b3 as

0 OOoDoOo00mMO0000000000000000000000000000000000000000000000000
goooooooooOO0OO0OO0O0OO0O00O0000000000O0O0O0O0O0O0O00O0O0O0O0O0O0O0O0O00000000
<l oooo0000000000000000000000000000000000000000000000000000
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by c2

oooo(1) oo 000000 (4), (5) 00000000

bs ¢3
by ¢ az cz az by o, b2 e ta ¢ ta b
(al bg C3 bl a 3 ta as b3 uT_tl b3 C3 bl t3 3 ta t b3
goobddddddddooooooooooooo
ap b1 C1
az by | =a bz c2 by | P e | b2
bs c3 as C3 az b3
as bg C3

000000 (ooO0000b0O00)00000D0DO00O0D0DDUOODODDUOODODO

a b o t1 b a
as b2 Co| T = tQ bg Co
az by c3 t3 b3 c3

gooooogd
gobodbboobooboboobooobobooo

_>
() 0000000 det(d, b,¢)000000000000000000000
%
(i) 00009, b, ¢ 000000000000000000000000000000000
(i) 000000

1 0 0
det(l;) =0 1 0| =1
0 0 1
0 4.2. (ﬁ)DDDDDDDDDDDDD y,2030000000000000
5 OdOooon
n00000 n—1000000000000
a a1 a
11 1 1n . a1 - az] - am
agy e ag; o as, -
=Y ()" ay,
j=1 a e Qo e a
ap1 - Anj Ann nl [ n]] nn
DDDD|:|[|DDDDDDDD[agj],...,[anj]DDDDDDDDDDDDDDDDDDEDDDDDDDDE

cobo0oooooOoOoobo0oOoooOoOoO0oOoOoO0oOOoOobOOoOobOOoObOOObOOObOOOO0oOO0omOb
goboooobooooboooon

() 0000000 det(al, - ,a,) 000000000000000000000
(i) 00004, - ,a, 000000000000 000000000000000000000
(i) 000000

1 0 0
01 --- 0

det(L,)=1|. . . 1 =1.
0 0 1
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0D0000a; O Ef(k<l)DDDIZIDDDI:IDDDDDDDDDDDDDDDDDDDDDDDDDDDD

azy - lazg] o+ aom
> (1) ay,
kg a1 0 lang] G
a1 -+ lagk] -+ ase asy - laz] - azn
+(=1)"ayy, + (=1)"*ay,
ani - [amk] 0 amn ant - lam] o Gnm

0000000000000000000000000000000000000000000000000
0000 00000000000000000000000

n000000 @, 5 00000000 f(ﬁ,?)m 2,5 00000000000000000000
000 f(%,d)=—f(d,5)00000 @, 0000000000000000 f(7,@)=00000
0 ¥ 000000000000000000000@=79,6=¢00000f(¢,¢)=000000
00000000 ¢00000000000000000000

0=f(T+b.T+b)=Ff(a@,3)+ /(@ 0)+ (b, D)+ (D, b)= (@, )+ f(b, D)
O51. n=400000000000000000

— N
0 5.2. 0000000 AZ = ¢ 00 ,...,2, O |Alz; = det(al,...,a; 31, t,a541,...,a,) 000
0*200000000000000000000000000000

mxnO00 A= (a;)i<i<mi<j<n 00000 *33(transposed matrix) 'A 0 A= (a;;) 00000

a11 a2 -+ Qln aix a1 - Qml

a21 G2 -+ G2n ' a12 a2 - Gm2
A= . . . . P A=

Am1 Am2 e Amn A1n A2n e Amn

000D000000D00%*A)=A0000000000000000000000O00D000O0DODOOO0
goobooboboboooooooon

0 5.1.000000000%AB)=('B)(*A)00000 (000DO0DO)O
O0D0AB=C=(c) 00000000000 %¢; 00000000 % =¢; 00000000

tcki:Cikzzaijbjkzztbkjtaji
J J
0o00!C=t'B*A0D0D0D00DDOOO0
goboobobooobooboooboboobooomboobboobuoobboobodm

oo 5.2.

() DODO0DO00O0OO0O00O0ODO0OOODO0ODOOODOO

*2 0000000 (Crameér’s rule) 000000000000000000000 Hamilton-Cayley 1000000000000
*3 0000000000000 AT 00000000 0000000000 AD TO00O00D00O0OOO00
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(i) 0000000000000 000000000000000000000 (chess board rule)d
(i) 0000000000000000000
(iv) A, BO n0000000D000D00det(AB) = det(A) det(B).

0 5.3.

() 00000000000 D0000000000000 00
(i) 000 (0)0D00D00000 (0)00000000000000000

0000000000000 0000000000000DO0OO0O0O0O0OOD (()oOOoDDOODOo0OO0
go0oo0o0oobo0obOobOO00bO0O0o0D ooODDbOOoDOU0O0ObOO0OOoDbDUObObOObDOODbOObDOODObODOnb
gbooboobobobooon

0 54. 00000000000 O0O0O0O0O0O0O0O00O0O0O0O0O0O0O0OO

0 5.5.
1 1 0 0 4 5 6 1 0 0 4 5 6
det [ [2] (4 5 6)) =det{ |2 0 0][0 0 o)]=det[2 0 0]det{0 0 0]=0
3 3 00 0 0 O 3 00 0 0 O
0 5.6. 0000 (triangular matrix) 00000
a11 Q12 Qi3 e a1 0 0 0
0 292 a23 ... a21 Q22 0 0
0 0 aszz ... =las1 azy azz 0| = a11a22...0nn.

0 0 0
0 5.3. [tA| =t"|A] OO O*40
0 5.4. (1)) 00000000 (a;,b;) (1=1,2,3)0000000000000000000000000

x? + y2 r Yy
a% + b% a1 b
a% + b% as by
ag + b% as b3

— e

0 5.5 (*). Vandermonde 0000000000000 D0O0O0O0O (x0000)00000DO0O0OOOOO

AoAF o

Ao A2 DT

o B | BV EPH)
- I : 1<i<j<n
1 Ay A2 o ant

40000000004 = |t/|A|000000000000det(tA) 000000000000000
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6 Dooooogoo

0000 »n000000 a,---,a, 000 det(af,---,a,;,) 0000000G) 000000000 (i) O
00000000(G) 00000 det(ef, - ,e,)=1000000000

1 0 0
0 1 0
6_1>: 0 7?2: 0 7"'7671):
: : 0
0 0 1

0000000000000000000000000000000*0000000000000000
00000000000000000

000 000000 &,---,a, 000 f(af,---,a;) 0000000000000000000000
00000000000000000000000000000000000

00 1,2,---,n 000000000 n 00008 (permutation) J0000 ¢, 7 0000000000
c0i000000 ¢(d) 00000 = (0(1),---,0(n)).

06.1. 0=(31,2), 7=(3,51,42 0000
o(1)=3,0(2)=1,03)=2, 7(1)=3,7(2)=5,7(3)=1,7(4) =4,7(5) = 2.

gobodbbonO0bObobbO0ObO0O0ObDbOO0ObUO0ODbDbDOO0ObOODDbOODbUOODbDOODbOOD
gopoooboodn=300000000D00C00DOOOOOOOODOOOODDOOODDOO

00 6.2. 00000 nOOD0OO coDOODOO

f(ea(l)a c aeo'(n)) = det(ea 1), °° 760(n))f(6_1>a T 76_n>)
Proof. OO
f(€—1>, 36_77«>) :det(e_f, ,€_n>)f(6_1>, ,a)

000000000 fO000000 det00000O0O00O0O0OO0DOO0OO0OOOOOOOOOODOOOOO
gobooooboooooooooobooooobooboooboooobooooooooooooooDoOoOooDbboOooon
goboooooooboooooooooooa O

od 6.3.
f(aaa@v"' 7a—n>) :det(a_l)v aa_77,>)f(6—1>7 76—n>)

Pmof.DIZIDDDDEIDDEIDDDDDa—;D

n
aj = aij €;
=1

*#¥500000000000000000000000000000000000000000Ostandard basis 00000000
0000000000 fundamental vector O 0 standard vector 000000000000 standard basis vectors 0 0 O
goooooooooooooooono

*#¥60pooooo0ooo0o0DDD0D000ODD0O0000DD00000D000000000000000000o0oNoNononoooononoon
JOo0000o000oooO0o0o0O00000000 =sigma, 7 =tau 000
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ooooooooOofoooOooooon

f(a_1>’ 7a_n>) f(zahlaz"“ 7Zainn67n>,)
11 in

— —
= Z Qi1 Qign f (€3], €.
i17"'7in

f000000004,--,i, 0000000000000000000 f(&,---,&,)=00000000

00o0ooooooooo (i,--,i,) =c0c00000000000000O00O0O0DOOOOODOOOO
goog
— — — —
f(ala"' aan):Zaa(l),l"'aa(n),nf(ea(l)a"' 760(71))'
o

goooobooooooooo
f(a—1>a 70’—n>) :f(6—1>, ’e—g)zaa(l),l"'aa(n),ndet(eo(l)a"' 7ea(n))'

OO0 fO00000 det0000CO0OO0O0DOOOOODOOOOO

det(av T 707:) = Z A5(1),1 """ Qo(n),n det(ea(l A n))

ggboboooboobobooboobbobobooboo O

00 ¢ 000 (signature) O
SgIl(O') = det<ed(1)a T 7€a(n))

ooooo
000000000000000000000000000000000000000000000000
0000 sgn(o)=1,00000000000000 sgn(o)=-10000

0 6.4 (00000000).
|A] = Z sgn(0)ag(1),1 - - - Ao (n),n-

06.1. () n=30000000000000D0O0O0O0ODOOODOODO
0 6.2. 00000000000000O0O0O0O0O0O0O0O0O0O0OO0OO0OO00O0OO00OCOOOmMOOOOOOOOO
0 6.5. 00000000OO00O0ooOOo0oooooobooooooonog
00 6.6 (000000). mxmOOO0O A0 nxnO0OO BOOOOO
‘A
0 B

A 0
|A|B|\ \

x B
Proof. 000000 m+n 000000 COO0O000c¢; = a5 (1 < 4,5 < m)OcCmikmer = bu
1<kl<n)Ocnik,; =0(1<j<m,1<k<n)000%0Om+n0000 pO00000O00O

€l =D s8n(p)cpa),1 - Coptmetmymesn
p

*7T0po0O0000«0000000000000000
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OO0 c¢o1),1 Com),m 00000000000 {p(1),...,p(m)} 000 m+1,m+2,..., m+n0000
00000000 ¢pa)1- Comym =0 000000 {p(1),...,p(m)} ={1,2,...,m} 000000000
gbooboboboooooobobdpbobtOmdbdD o0 nO000O0 00000

(p(1),...,p(m),p(m+1),....,p(m+mn)) = (c(1),...,0(m),m+7(1),...,m+ 7(n))

000000000000000000000000 sgn(p) =sgn(o)sgn(r) 0000000000000
oooo

|C| Z Sgn Sgn 0(1),1 -+« Co(m),mCm47(1),m+1 - - - Cm4-7(n),m+n

= Z Sgn Sgn aa‘(l),l s aa(m),mbr(l),l oo b‘r(n),n

<ngn ag(l ) (ngn T(1),1 - b'r(n),n>

= [A[]B].

0 6.3. 00000

A C
0 B

'=AB—00|=|AB|=|A B
00O00o0ooOoOoooooooo*™oooooooooooooooooon
0 6.4. nOOO0O0OO0OO AO (i,j)DD ai’jDDD

a;; =0 fori+j>n+2

0000000000 A 000 ayp,62m-1,---,0,1 000000

o0 5200000000000

00000000000000000400 40 (i<)00000000000000 A= (at, - ,a.)
0i00 ;0000000000 4000

f(a_1>a"'va—n>):|A/|
0000000000000 ooooooooooooooo fooooooooooooooon
goobobdddoooooooooooooooo
f(a77a_n>):det((71>aaa_n>)f(e_l>7ae—n>)
— det(A)|T'].
0000 I'000000 00 jOO00D0O0O00000D00000O00000O00O0O00000O00000
II'l=—|I|=-1000000000000

A = f@t, - ah) =~ Al

)

*8 Q0000000000000 00000000000000000000000000000000000000000
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coooo:00000000C ¢cO0O0O0ODOOODOOOOOODOOODOOODOOODOOODOOODOOO
000 (100000000)0000D¢DO0O000DOO0

n

Al = (—1)Hai;| Ay
j=1
0000000000A; 0 A0OD 00 0000000000 (n—1)x(n—1)000000A4,;0 i
00000000000 000000000 oobobobbobobOo0ob0o00:000000000000003
0000000000000000000000 f(af,---,a,;) =[tA|0000000000000000
000000000000 f00000000000000 f(&,--,6)=|1=||=1000000

‘Al = f@i,- - an) = |Alf(e, - &) = Al

000000000000000000000000000000000000
0000000000000 |[AB|=|A||B|00D00O0OD0 ADDDDOODOD BOOOOOOOOOO
oooo

%
bn

F(br, - by) = |AB|

— —
00000|AB| =det(Aby,--- ,Ab,) 00000 fO00000DOOOOODOODOOOOOO

— —

0 6.5. 00000000 OOODODOODOODOOO

0 6.6 (). 0000000 0O0ODOODOOODOODOODOOOUDOOOO (DOODOO)O

0000000000

DDDDDDDDDEﬁ?mmmumﬂ?jﬁuumuuumm7[?DDDDDDDDDDDDDD
000000009, b 0000000000*°00000000000000000000000000
000 S(¢,3)000000000000000000000000000

S(@+A0,8)=5(d, ), AeR

00oo0o0oOo0OoD SOoooooUooOooooooo

S(@+7,8)=5(d +a@+80,8)=5((1+a)T, b)) =(1+a)S(d, D)
—5(@, B)+ 5@, b)=5(T, V) +5(7, D)

*90000000000000000000000000000000000000000000000000000000000
goooooO0obooooO0oO0oO0OO0O0O0O0O0bObOOoOoOO00000000O0O0OO00000O0O0OOODO0O000O0O0000O
J00ooooooooooooooooooOoO0oO0oOoOoOoOoOoooooooobOOoO0OOOO0OOoOoOoOoOO0oO0oO0o0o00O0oO00o0n0a
jdooooooooooooooooooooooooooooooooooooooooonooooooooooooooa
gooooOoOoO0o0o0ooO0O0O0OOO00b0O000O0000000OO000OOO0O0COOO00COOO00O00O0O0O000O0O000O
0oooooooooooooooooooooooooooooooooooooooooooooooooooooonoon
0doooooooooooooooooooonoooooooooooooooooooononoooooooooooooon
000000000000000000000000000000DO0O0D0D0O (Buridan’s ass) 000000
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Jd00O00 SOobOo0o00bO0oooooooooooa
S(@, ) = det(d, B)S(@}, &) = det(d, b).

0000000000000 000D0000000 (signed area of parallelogram) 00000000000
0000000000000 00D000O0 (signed volume of parallelepiped) DO DO0O0OOO0OOO

=

eV
a

— —
0 6.7. 00000000000000000000000000O00@Mdet(d,b,¢)00d,b,¢ 00

goboboooboobooobooboobbooboobo

3

0 6.7. 0000000000 (aj,bj,¢;) (j=1,2,3) 000000000 (z,9,2) 000000000
(aj —x,b; —y,c; —2) 000000000000 0000000000000000000

ag—x bi—y c—z
ag—x by—y cog—2z|=0.
az—x by3—y c3—=z

0 6.8. () 0000000000 (a;,b),¢) (j=1,2,3) 0000000000000000000*0

T Yy =z
a b1 o
ay by c2
a3 b3 c3

— =

1
0 6.9. 000000 O0,4,B,C0000000000000O00O0C0O é\det(ﬁ,(ﬁ,(ﬁ)]mmmm

0 68 (0000C0). 000DULDODUOLODOODOOUODOODOODOUOLDODOOOOOOUOD

_>

ogooooo 72(0,170,270,3),bz(b17b27b3)DDDDDDDDD
— 7 (laz ba| |az b3| |a1 b
aXb_<a3 b3’a1 b17a2 b2

— —
EIDE), b 0opoooooooog 77 b 0000000000 0oooOoooon

0 6.10. (@x b) € =det(d, 5,¢)00000000000000

b

al

06.11. 00 @x (b x@)=(d-)b—(d-6)2 000000000 (T x
(@ @)D -B)—(@-8)20000

) - (

*0 0OoDOo0000000000000000000000000000000000000000
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( ODoODbhoOood

ooooooboooobootbooboooboobobooobobooobooobooog f{,-n,ﬁl]l][lﬂl]
MZi 4 +Nz (A,---,A00000)00000000 4, ---,2; 00000 (linear combination)
gooboobobobooooooooooboboboboooboooboobDobobobobobobobooo
g oooooboD

O00AO0 mxn0O00D000000000O0*2 (asystem of linear equations)

1

Tn

0000000000000000000000000 (homogeneous) 00000000 DOOOO
%
S={7;A7 =70}

000000 (the space of solutions) 0 000000000 0D0OO0OO0DODOOOODDOODOOOOD
z,---,7;0000000000000000000000000000O0%,...,7,€S00000000
000000000000000

AME 4+ NT) = MAT + -+ NAT = 0

O00MZI+--+NT€SO00000
O0000000000000000 Z 00000

AT =0 <> B7 =0 <« 07 =0 «— D7 =0.

000o0BO AQOUDOOOUOOOUOOOOUOCO ADUDOUOOOUOOODOODOOOOUOODO
AD00D00OODOO000000000O0O00000000000000000000 AZ =00000000
0 A00O0O0O0O0O0O0OO0O0OO0OO0O0OO0OO0OOOOUOoOOoOOO

(i) AD0DDOOoOooOoOO
(i) ADODDOOOODOOOOODOOOODOO
(i) ADDODDOOD 0OOOOOOOOO

0000000000000 00000000000000O0O (elementary row operarion) 000 00O
000000000000000000*3(matrix of echelon form) 000000 (000O00*) 0000
0000000000000 0000D00 000000000000000000D000000000000
000@MO0000000000000000000000000000000 0000000000000
00 j1,j2,...4 00000000000 »r0000000000000000

1 O0OoDo0000C0linear 00000000000 MO0O0O0O0O00DOOOD0DOOO0O0OD0OOO0000OMODOOO
gooboooobobooooooooooooooooooooboboooobboooboboooooDoooDOboobbUoDbooo
*20000000000000000000000000000000
*30p000000000000000000000000000000000000000000000000000 echelon
00000000 échelle (00D ) 0000000 DDDODODOODODOOOOOOOO
*40p0Qg00C. F. Gauss (1777-1855) 00000 Gaussian elimination (000000) 0000000000000000O0
oo0oo0o0oo0o0bo000000000b0000000000000O000O0O000O000DOOO0OOO0OO0000CO0O0
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7 J2 cee I

@ oo

00 71. 0000000000O0O0O0ODOOOOOOCOOCOOOOOOO0O0O0O0O0OOOOOOOO0OOOO
gooooooooooooooooo 1o0000ooooooooo0o000oo ooooooooooo
000000000000000000000000000* (reduced) 0000

Proof. 0000000 DOU00ODOODODOOO0ODOODOUODODOOOOODODOOOOOODOOOOOODODOO
gooboboboboooooobooboboboboooo O

0 7.2.000000000000000000000D00O0O0O0OOCO0ODODOO0OOOOOOOOOOOO0n
0000000000000 0O000000000000DO0000000DO0OO00OOO (pivet000O) DO
gogobooboobboon

0 %7.1. (§)30000000000000O0O0O0O0OOOOOOOOO

00 7.3. mxn00 ADDODDDDODOOODODD 0000000000 A000O*8(rank) 000
rank(A) 00000000 Orank(A) <m D0 rank(A) <n00000000000000000000
00000000000

000o0ooOo (oo)ooo

oo0oo0o0oo0moooo0o0o10000000000000 r00000Or;, 000 ®j,41,.-.,%n
oloooooooooooooodr—-10000002;,_, 02 _,41,...,2, 00000000000
good z;, O00xj,.41,...,z, DOOO0O0OO0000000O00000OC0O0O000O2;,_,41,--.,%5,-1 0
Jjr—Jjr—1—1000000000000000O0x,,...,z;, 000000000O000O0O0O00O0O0O0O0
gogd

0000000000000000000000000000000000000 Z 000000000
00000000000 2/ 00000000 2" 00000000000000000000«' 0 2”00
0000000000000 000002z" 00000 (D00O00)0D0O0D00D0O0O0DOOOOOO0OO

0 74. 0000000000000000000000000O0O0O0O0O0O0O0O0O0O0O0OOOOOOOOO

072 (1) 0000000000000 0O0O0ODO0OO0OO0OOOOOOOODOOODOOOODOOODOOOD
gobboooobooooooooobObocOoOoObocOoOoboOoOoOoOoOOoOoOoOOO0OObOOOobOOOOoOon

(177131771)3 (0703233)

073 mOO000000 W#£00 0000000 %#£00000 w9 00000 mxnOO000

*5 0000000000000 00000000000000000000000MO00000000000
*6 0ODO0000000000000000000000000000000000000000000000000000000
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o0 1000000000010 mxnbOO0OOCOCOOOOOOBDO

ooooooooooooooon v_1>,--~v_>dDDDDDDDDDDDDDDDDDDDDDDDDDDD
oobooobooooooon

AT =0

=1
00000000 A,---,A 000000 (M =---=XA=0000)0000000000000
v1,---,00 00000 (linearly independent) 0000000

0 74. 000000000000
075 0000000000000 v_>1,~~~v_>dDDDDDWDDDDDDDDDDDDDDDDDDDDDD

000 A0DDO0OODOOO A00000000000000 S0000000000(y,---,tq) =
(1, &) \{zjy, 2} (d=n—rank(4)) 0000000000401 +---+tqog 00000000
0OoosSOO0oO0oo0oooo og,---,04 0000000000000000000000 401 4 -+ + tavy
0ooooo0j, -, 00000000¢,---,t4,0000000000000000%9,---,v; 000
0000D00000000000

o 7.5.

o O O
OO
O = O

a
b
0

= O O
o QU0

00000r=30000(,j,73) =(2,3,5)000000d
ti=x,to=a4,ts =2 000000000000000

6-3=3000000000 zq,24,2¢ O

T 1 0 0 t1
To 0 —a —c —aty — cts
T3 . 0 —b —d o —th — dtQ
| = tq 0 + 19 1 + 13 o | = t
Ts 0 0 —€ —et3
T 0 0 1 t3
ddoooobDOoOoooon

1 0 0

0 —a —c

0 —b —d

?1 - 0 b ’U_2> - 1 b @ - 0
0 0 —e
0 0 1

_)
000000000 t10;4+t0 +t303 0 1,4, 6 0000000 ty, to, t5 D0 O 0t105 4 ta0s + 305 = 0
O0ti=tb=t;=00000000000000000 v,03,03 0000000000000

0000000 SO000000000000000 o1,---,0g O

() 00000000
(i) S0O0000000 ¥ 0 w,---,0; 000000000000
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00000000000000000000 SO000 (basis*’) 000000000 DOO0OO0DOOO0DOOOOO
o000 A=00000 SO0000O00O0OOOOOOOOOOOSO0OODOOO0OODODOOODODOOO
gobooobooooooOooooboOooooooo

Remark 3. 0000000000 DO00OO0OODOO0OO0OOODOO0OOODOOO0OODOO0W,0, --,vs O
05, V1, ,04 00000000000000000D00000000000 (ordered basis) 000 (frame) 000 D0
000000000000000000000000000000000000000000000000000000
0000000000000

0 7.6 000000000000 ef,---,e,00000000000000 (standard basis) 0000
0 7.6. (1)0000

12020

001 30

00001
0000000000000000000000000 ADODODOOOOOOOOOOOOOOOOOOO
0000000000000000000000 AZ=000000000000000
00 7.7. A0 mxnOO0O0BO nxmOO0000AB=1, 00000m<n0000

Proof. 000m >n00000B000000000000000BY =0000 mO000000
7+4000000000000AB7Z =1,7 =72 000000

[00]m>n00000000 ADDODDO mO0000000m—-n000000 mxm0O00O A
00000 BOOOO mO0000000 m—nO000000mxmO00 B OOOOODOOOO
0 AB=A'B'000000000000

1= || = [A'B'| = |A||B'| =0
0000000000 O
00 7.8 (0O0D0000).

%
() 0000000 A7 =0 00000000000000000*80
(i) 000 SOO00000000000000000000000000000000
(i) 000 000000000000000000

Proof. (1) 0000000 () 000000 Z4,---,Z0, y1,-+-,y. 0000000000000000 (id)
oooo
T = ijiy_;’, v = Zcija
7 [

000000000000000000000 (()00000
BC =1, CB=I,

gogboboobooboooobuoobbooboboobr<ss,s<r,ddb0b0 r=sggnon

*70000000000000000000000000000000000000000000000000000000000
*485':{0}DEIDEI 0000000000000 D0O0O0OD0ODODODO00000000000000000O0DOOODDDO (0f=1)0
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(i) 00000000000 DOO0OOO0ODOO0OD ()bOoooOooDOooo 0
0O 79.0000000000000000D0DOO00O0DODOOOO0O0 nOOOOO

00 7.10. 000 SO0O0O0O0O0DOOOOOOOOOO SOO0O (dimension) 000000 dimS 00
ﬁ
00sS={0}00000dimS=0000000000

go0poooooogoooo -
A7 = b

ﬁ
00000OmxnO000 ADODOODOODO 6 000000 mx(n+1)00 B=(al,...a,,
000000000000

().
-1

0000000000000 0000N0N0N0ooooooooooooooooooonoA
gooboboboboooooooobogon

e 00 BOODOOOOCOCOCOOOD n+ 100000000000 OOOOOOOOOOOOYK41 =0
gboooooooon

e JOJ0OO0OOIDOOOY,«, ODODODOOOOOOOODY,«=—-100000000000D00000
000000000 n—rank(B)=n—rank(A) 0000000000000 OOOOOOO

077 () 00000000ODOOOOOO

%
O 7.8. rank(B) —rank(A) 0 0000 10000000 A7 =6 000000000000000000
rank(4) =rank(B) DOO0OOO0OODO

000oo0o0oo0oU0o0o0oo0o0o00 m=n00000AOU0O0O nOOODODOOODOOODOO
ooooopOOOoOoOOoOO

1 0 C1
C= :
0] 1 ¢,
gooooogoao
€ 4]
C(—?1>:6><:> =
Tn Cn

0000000o00oooooooooooooooooono coooooooo
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079 (YOOUUOO mxnOO ADODODODOOOODOOOOODOOD nOOOODOODOOOOOD
oooooooooooooooo (h,Je,-0-,4-) 0000000000O0DOODO0 AODDODOOOD

g LOoOobOond

nxnO0O ADOOOO
AB=BA=1,

000 nxnO0O BO ADODOO (inverse matrix) 00 00AD0DOOOODOOODODOODOODOOOD
0oo0oCO A0000O0O0OO0OOUOO0O0O0OlI=ACUO0000 BOOOOOB=BAC=IC=C0O00O
000000AO0OO00D0D0DDOO A-'D0000D0D0O0O0O00O0000000000 (invertible) 0000
(non-singular) 0000000000 0O0O0OO (0D0)0000ODODOOOODOOODO

_>
081. 0000000 AZ = b 00000 ADODOOOOOOOOOOOOOODOOODOOOOOO
_)
00 Z=A"'b 0000000

g0 8.2. 00000O0oOobOOoboOobOobon

() oopoooooo(A—H—t= A
(i) 000000 (A1 Ag---A)" L= A7t A AT
(iii) 0oDOO0OOYA™Y) = (tA)~L.

00000000000000000 A™"=(A"H)"0000A4°=/0000000000000000
00000000000000000 k100000AFA =AM (AR =AY OoDooo

0 8.1. 00000000
082 n00000 A BO AB=BAOOOODDADOODDOODOAYB=BAF (k0D0OD0)000DO

00 83.000 1<4,j<n00000(,7)00000 10000000 00OODOOOOOO E; ;00
pgooood *49(matrix unit) goodaogo DS@J(S) =1I,+sk;; (Z #+ j)DDi(T) =I,—E;;+rE;; (T #* O)
oo T;,;,=I,—-FE,;, —E;j;+E;;+FE;; 0000000000 (elementary matrix) 0000

1 0 1 0

Sij(s) = R ; T;; =

0 1 0 1
084. 0000000000000 OOOOOOOOOO0N

Sij(s)7t = 8ij(=s), Di(r)"'=Di(r7Y), T} =T,

*490000 (unit matrix) 0000000000000000000 identity matrix 0000000000 0000000000
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oobobooobooooooooobOoOoOooOOoOoOobOboOoOobOOoOoOobooOoOoooOoOoOoOooDooo

00 8.5 (Sylvester). mxn 00 AO nxm OO0 BOOOOOdet(l,, — AB) = det(I, — BA).

I, O\ (L. A\ (I, A
-B 1,)\B 1,)~\0 I,-BA

Proof. DODOODOODOOOODOOOODODOOODOO

In —A\ (In A\ _(I.—AB 0
o L)\B )"\ B L)
000000000000000 (D0 6.6)00000

I, —AB 0
%—Am_‘ B L

O

O0000000000000000000000 AOOODOO |A]|A7Y =]AA7Y =|I,|=100
|A|£A#000D00|A7Y=|A|"! 00000000 |A|#00000A00000000000000000
00000000 BOODODOOOODODOO ADOODODOO COO0O0D0ODOO0O0D|C|=|BA|=|B||Al#0
(|B|#0)000000000000000000000000000000000Orank(A)=n0000
0000D00000DC 00000 [,00000000B (00DDO0O0OO0OOODOO B~'oOO)O
A=pB7'C=B"'00000000

0 83.i0 00000 n—-10000 4; 00 n0000 C (adjugate™® matrix 00 0)
C=(-1)"A;) 0000D0D00AC=CA=|Al, 00DO0DOOO |A|7EOEID[IDA*1:ﬁCD
ooo

00 86 (J0D0DDUODDO). nxnODO ADDDODOODOOOO

() ADDDODOOOO

(i) [A] # 0.

(i) 00 ADO0OOOO &,...,a, 00000{as,...,a,} 000000
)

(iv) rank(A) = n.

Proof. (i) < (ii) < (iv)000D000() < $={0} 0000000 (v)0ODOOOOD
0000000000000000 O

087 . n00000 AUDODOOUOOOOUDOOOODOOUOOOOOOOOOOOOO

() 00D0DD0D0O0LO0O00O0D ADODODDODODOODOOO a,...,a_,)l[lDDDD[IDDDD
(ii) AB=1, 0000000 BOOODOOO
(i) BA=1, 0000000 BOOOOOO

Proof. 000000 ADOODOOB=A"'000000 (i), (i) 000000000 (i), (i) 0000
000000000000000000A|#£00000000A4A00000000

000000000000 ad 0 jugate 1000000000000 00000000000000000000000000
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(i) = (1): 00000000 Z 00000BZ 0000 Ay,---,A, 00000

A
T =ABZ =A| : | =Nal +- + M.
An

() = (ii): 0000000 &f,...,a, 00000000000000000 BOOOOO AB=1,0 O

Remark 4. n=30000000 |A|0D00O0O a,a—g,@I][IIZIDI:IDI:IDDDDDDDDDDDDDDDDDDD
00 000000000 ()0000000000000000000000O (O0oOooooOooooo

0 8.4. ()00
1 2 3
t 1 0
1 ¢t 1
go0oooooooooo toooooooo
0 85. () 000000000
x a a’ a”
yl=1b|+s|V | +t]|D
z c/ c//

gobboooboocoobooooboooo

rz—a a a”

y—b ¥ b|=0
z—c ¢

ooboooooooooo
0 86.n00000 A BO AB=A+BOUOOOUODA-I,00000 AB=BAOOOO

00000000000000000000%!0000000000000000000 ADDOOOO
00000000 A/0D000D000A' 000000 0000000000000000000000000
000000000000000A4 00000 [, 00000004 00000000000000000
0000000000, =A'=BAOD0O0OO00 BOOODOOOOODOOOODOOOO0OOOB=A""
00000000000 BOOOOOOOOOOO0O0O0O0000000 B(AlL,)=(BAB)=(,B)00O
0000000000 (AL,)00000000000000000000000000000000000
00000D000nx2n00 (A1, 000000000000D00000 BOOOO ADOOOOOO
0000000004 IL)~I, A oDooo

0000000000000000000000000000000000000000000000000

00 88. nI0IIODO AUDUDODUODDODODODODOOD nODDOODODDODODODODOOODOOODOO

087. mxnOO AOnxmUOO BO AB=1, 000000m=n0000

*»$lOoooo0000000000000000000000000000000000000000000
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O DOoODooood

000000000000000000000000000000000000000000000000
0000000000000000000000000000000000000000000000000
00000D00000000000000000930009500000000000000000000
00000000000000000000000000000000000000000000000000

000000000000000000000000000000000000000000000000
0000000000000000000000000000000000000000000000000
0000000000000000000000000000000000000000000000000
0000000000000000000000000000000000000000000000000
00000000000000000000000000000000000000000000*2000
ooooooo

0000000000000 mxnO00000 M,,(C)0O0D00000000*30000 M,,(C)=C",
M;,(C)='C" 000000000, 0000000000000000000000000000000
0000000000000000000D00000000D0 veC®"0000,000000 *welC”D
000000000000

00000000000 n0D00D000D00000 VCChO C"00000** (subspace) 100000
Vv 00O00000000000000000000000

v,V eV, acC= v+, aveV.

000000000 vy, ,u € VOOOO aq,+-, ¢y 00000aqvi +--4+oqu, €V O0OOO0OO
0o{0}000000000000C"00000000000000000000' " 000000000
00000000000000000 {C"00000000000000000000000000000
000000000000000000 78000000000000000000000OO000O00O0
000000000000000000000

00 9.1. 00 A€ M,,,(C) D000000000kerA={veCAv=0}0000000000AD
0 (kernel) 00000000AC" = {Av;0 € C"}00000ADD (image) 0000000000000
Ch,C"O000000o00n

092 . 0000000 ADUDODDOUAC"O ey,---,e,000000000000D0000O dimAC™ =r0

09.1. () A=(d1,---,dn) (d; €C™)0000AC"D ¢, 00000000000000C™ 000
0000000000000

00 9.3 (0000). D0O0DDODO0ODOOOOOO »m,---,v, €eC"O0000D0D0DODOOOOOOOODO
000 C*"000000000000DD00O00 m<nOO0OOO

*20000000000 (field) 0000D0000000000000000000000000000D000000000000
0000000000000

*3 0000 Mpm,n(C)=mC", Mp1(C)="C, M, ,(C)=C"0000000000000000000000

*4 000 sub0000000000000000000D000000000@MO00000000000000000000
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Proof. 0000 (e1,...,e,) 000000000w,---,v, 000000000000000000000
00000000000 vpyr 00000w,--- ,0m,0my; 000000000000

tivr + - + vy + tm+lvm+1 =0

000000 ¢ 000000

tm
Um—!—l: U1+"‘+ Um,
m—+1 tm+1
Oov, - ,v,000000C0CCCCOCOOCOOOODOOOOOO0 tw+1=00000

t1v1+~~~+tmvm:0

oooooOvy,...,v, 0O0OO0OOODOODODOOO0O, =---=t,=0000000000001, - ,Vm, Um+1
goobooooood
dooooooOoOooooooooooooooooonO {v,---,v} 00000000000 e, 000
0000000000000 00000DO0000D0O00000D0O00O00D0O0O000D0D0O]{vy,...,u}
odoooooOooO0oLOO0oO0O0oLOO0DOOOOoDUODOO0OO(n,--+,w)0DO000ODOODOODODODOOODOOOOD
Ooo00oooOn=l>m0O0000 U

00 94. C"OU0ODO0ODUOODODOODOD

Proof. 0000 VCC*O0O0O00O v,wm,--- 00000000000000000000000 9300
00000000 mO nO00000000000w,---,v,0 VOOOOOOOOOOOOO veV OO
000w, - ,um,v 0000000000000

AvL+ -+ AU A =0

000 (A, 5 Am,A) #(0,-+-,0,00)0000A=0000000vy,--- ,0,, 000000000N =--- =
A =0000000A#£00000v= w1+ Antm)/(=A) 00v;,---,v, 0000000000 O

D0000000 V,WcC"ooooooo0 V4+W={v+wveV,weW}00OOO0O VAW O
00000000000000MO00000000000000000000(M

09.2. 0000 V,WO0O00O0O0dim(V+W)=dmV+dimW —dim(VNW)00000000000
000 U,V,Ww 000000000

Am(U+V +W) = dim(U) +dim (V) +dim(W) — dim(UNV) — dim(UNW) —dim(V W) +dim(U NV W)
000000000000000000000000000

000000000000 00000000000000000 AODODOOO A 000000000000
000000000000000000A’ =BAIBOOO0O0O0D00OO0OO0O0OOOOODOOOOOODOODOOO
0000000000 9.2000dimA’"C =rank(A)D000000OO AC" OO0 (vq,---,v) 00000
(Bvy,---,By) 000000 AC'=BAC" 000000000 O0dimAC" =1 = dim A'C" = rank(A)
gooboobobobooon

00 9.5. mxnOO ADOOOOdimAC™ =rank(A) 000 0dim AC" +dimkerA=n 000000
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Proof. 00000000 710000000000000000000000000O0000O0O00O0O0OO0

0000 kerAOO0O (vy,...,04) 0000000000000000 C*000 (vg,---,v,) 00
0000000Avgy, - ,Av, 0 AC* 000000000 0AC" 0000000{Avy,...,Av,} =
{0,...,0, Avgyq,..., Av,} 000000000000

Ad+1Avg1 + -+ A Av, =0

0D000Y Ao €kerADDODDODOOD {vy,---,v4} 00000000OOOO0OD

n d
Z )\k’l)k = Z)\j?)j
j=1

k=d+1
0000 Aq,---, A 00000004v,-+-,v,} 000000000000OO0OO Ay=---=X,=000
0000000 Agg1 ==X, =00000{Av441,---,4Av,} 0000000000O0OOOOOOODO
gbobobobooooogooboboobon O
O

0 9.3. (§) Bv,---,By 0 A/C"00000000000ODOOO

09.6. 0000 »n00000 BOOOOOrank(AB)=rank(4) 000000000000 OOOOODO
gooboobooobobooboo

Proof. BC" =C" 000000dim((AB)C") = dim(A(BC")) =dim(AC™) DOO0O0OD O

0 9.7. 0000000000 A=BA0O0OOODO0D AC"000000000D00000D000000O
0000000000 ji,j,...,/ 0000000000 ADOODOOOOOOO (a,...,a;;) 00AC"
0ooooooo

00050 ji,...,5, 00000000000000000 Z 0000000000 2, =0 (k¢
{j,j1,--,4-}) 00 2; =100000AZ =0004a; O {a;,...,a;;} 000000000000000
000000dimAC" <+ 0000000dimAC"=r000000000 {aj,...,a;;} 0000000
000000000

noo{a;,...,a;;} 00000000000000000000000 A 00000000Oe, = Ba;,
(1<k<r)0000ey,---,e, 0000000000000{ay,,...,a;.} ={B e, ---,B le,} 000
ooooooo

094. (1)) 00DODODOODODOOOOODO

Remark 5. n 0000000000 ai,-+-,a, 0000000 A= (al,---,an) 0000000000000
0 ji,...,j00000a,---,a, 100000000000000 a;; 0000a;, 000000000000 a;,0
{a;7,a;;} 000000000000 @;;0000000000000

00 98. 0000000000000 0000000O000O0O0O0O0OOO*® 0000000000000
goobooboboboooooooobooobobobobooobooooobooboboboboboboooon
gogbobooobooboobobooboobboobo

*5 Q0000000 0000000000000000
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099. mxn0O0O AO0ODODDODOrank(*A) =rank(A) 0000

Proof. 0OD0OO0O0O mxmOO BOnxnOO COOBACOOOOOOOOOOOOOOOOOOO
0000YBAC) =tCt*A'B 0000000000 D00O0DOODDOOOOOD'A00O00 AODO0OOOO
oooo O

gooogo
goobodobobooboobbooobooboooboobbooboobboobUoobbooboOoo

00o0o00o0oo00 AeM,,,(C)D0OO00O0DOO0O0ODOO0OODOO0OODODOOO0OODOOOOD

gooooooboobooooboobooobobooboobbooboobbooboobbooboobo

cokerA = {'v € 'C™;'vA = 0}, 'C™A = {"vA;'v €'C™}

0000000000 AODO (cokernel)dO O (Coimage)DDD*sﬁljD[IDDDDDDDDDDDDDD

goobooboboboooooooooooboboboboobooooobooboboboboboboooo
0000000000000000000000 (0)00D0D00D00O0D00D0D0000000D00O0OO0o

goooboboboboooooobooooboboboboboooboooooobobobobobooo
0000 ScC"0000000000*7 (dual complement) 0

St = {tv € 'C";'vw = 0 for any w € S}
0ooooo Tc'c"ooooo
T+ = {v € C";'wv = 0 for any 'w € T}

gooooosStcCh, 7t c"CO0000DD0000000D000000RCS = StCcRtOO
00Sc(SHtooo*80000 (ACY): = cokerd, (IC"A)t =ker ADDODOODODOOOO

00 9.10. 0O0ODOODOOD ay,--+,a, 0000000000000 “by,---,%, 00%;a, =6;, 000
00oooooo

tbl

Proof. 00 A= (a1, --,a,) 0000 BO B=| ! | 000000000000OO *y,---,%, 000
tbn

oooo O

00 9.11. (Yt 0DO0SOO0DODOOODOOOOOODOOOOOO Vooooo(whHt=vooo
000000000000000000dimV +dimV+t=n000000

Proof. 0000 VO SOODOODOSc(SHtc(whHtoooooooooo(wh)t=voooooo
0000000000000 0000000o0o0oovV o000 aq,-+-,a, 0000000000000
ooo "CoOO00 a1,-++,a, 00000000000000000 %by,--+,%, 0 'bja, =6;, 00000

*56 cokernel 0 coimage 100 0000000000000 OOOOOODOO

*7000000000000000000 polarset 00000000000 O00O000O0O0OODOODOcokernel, coimage O
0000000000000000000000000000000000000000000000

8y e S, twe St I00wy=00000000000
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00000'%pt1,--,'%, 0 V00000000000 eC" 0 'w=37_,4'%; 00000
tweVt «—= fwa; =0 (=1,....m) < B;=0(0G=1,...,m).

00000 dmV+4+dimVt=m+(n—m)=n000000000u=>}_,aa,€C" 0 (VH)+ OO
00000000%ju=0(G=m+1,...,n) < a;=0(j=m+1,...,n) < ueV. O

0 9.12. 00000000 VcCC'O V=kerADOOODOOO
Proof. V- =!C"AD00000000V =(VHt =(C"A)*+ =ker A. O

095 (SH100SOU0DDD0OO0O0O0DDOOOOODOOOOOONOD0O0OO0O0OOR C SOOO
R*>St0000Q,RC™COD0D (Q+R)*=QtNnR+*00000D

096.2x400 A000000000O0O0O0O00O00O0O00O0O0O0O0OO00OOODOOO0OOOO0OODADOO
gboobobobooooooobooobg

09.7.mxn00 ADDDD r000000000000000000 {us,---,ur} CC™, {v1,-- 0.} C

C"ooooooo

tU1

A:(u1 ur)

oobooooood

000000000000000000000000000000000000000000kerA000
0000000000000 00000000000 cokerADDD AC"00000O0O0OOODOODOODO
0000000000000000000000000000000000000000000000000
000000000000 00000000000000000000000000000000000OQ
0ooooo*®o

00000000000 000000D0000000D000000000000000000000O00O0
000000000000 D0000000000000000000000000

10 DOoOoOoOod

00o000o0oooooooo0o00oUoooooooOOoUUooooDooOD Dooooooooooo
0 (diagonal matrix) 00 OO
A0 O

00000 nxnO0 ADDOOOODDODO nxnOO0 TOO00DD00O T AT (ADOOOODOD)
0000000000000 00D0000D000 (diagonalization) 0000000 OD0OO0OOOODOOOODO

9000000000000 GL,(C) 0 GL,(C)O M, ,(C) 000000000000000000000000000
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0000000000

00000000 (0D0)0000000000000000 A0D0OO m(m=1,2,---)00000
A0 mO00000000OOO0 Am=A---A0000000 AOmO000D0O0O0ODOOOOOOO
(Ahm = Alm AlA™ = AH™ OOD0000000000

0 10.1. 0000 DOOOOOD2 D3, 00000000000 (T AT =T"tA"T 000000
0000000000000007 0000000 7T =(%,...7,) 00000AT=TD 000000
AT =Nz, j=1,....n

0000000000 AODDOODODDOOO Z#00

AT = \7
000000000007 0000 (eigenvalue) A0O0O0OOOO (eigenvector) 00000
00 10.1. 00 AO0OOO AODOO0O0OO0O0OO0OOO, eigen*equation, 0000

tl, — Al =0
O0000000000000000(™
Proof. OO 86 0000 O
0 10.2. 00 ADOODOODOOOOD *tAD0O0OODOOCOO0O
0 10.2. n00000 A BOOOODOOOOOO AB, BAODOOOODOOODOOOOODOODO
00 10.3. 00 AO0OOODOO fa(t)=|tl, — A OO

Fa(®) =t" = (ar1 + -+ apa)t" 4+ (=1)"|A]
00000 ¢t0 n00000000000000000
|tI, — T AT| = |tI, — A.

000000000000000000000000000000%*!0

Proof. 0000000 |tl, — T *AT| = [T~ *(tl, — A)T| = |T|7!|tI, — A||T| = |tI, —A| 0000000
0oOoo0o0oo
|B| = ngn(a) bo(1),1 - -+ ba(n),ns B=tl,— A

ootoooooooooooo byg,...,b, 000000000000000OO0OO0OO00OO0OO0OO0OOOOO
gobooobobooobooooooooooooooooooobooooboooooO00D to0bb0 n—2
0000000000, -Al000 10000000000

(t—an)(t—an) - (t—ann) =" = (a11 + - + Qpa)t" " -+

*0 0000000 0000000000 characteristic 00 000000000000000000000O000000O0
*l 0ooDo000000000000000000000000000000000000
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0000000000000000000000000det(—A)=(—1)"det(4) 000000
000000000 »n000000000000000000000 (00 B1)000000 O

0 10.3. (1) 0000 AODODOOOD ay1 4+ +anp, 0 ADD*200000000 (trace) 00000
tr(A) 0000000000000 000000000000000000000000 tr(AB) = tr(BA)
oooooo

0 104. () D00 det(X) O X OODOO 2; 0 000 ¢t000000D00000

d d d
&det(x_{,...,x—g):det(%zc_{,...,ac_g)+~~~+det(x_1>,...,%x—n>)

_>
gobbodooboooobooooooOooOoobOoOooboboOooobooOoo A:(?,b,?)DDDDD

aq b

ar ¢ 1
as by

as €3

by c2

b3 C3 T

@WQA)tS(m+®+%W+<

>tdet(A)
gooo

00 104. OO0 AODODOODOO M,...,\. 00000000000
[l — Al = (£ — A)™ - (t— Ap)™
goodddddddn; 0000 )\jEIDIZI[I (multiplicity)DDDD

00 10.5. 00 AOODOD ADODOODOOODOO0OO (M,—-A)Z=00000 ker(Al, —A) 00D
0 ADD0O0O0O (eigenspace) 000 V, 000000000

00 10.6. OO0 AOOOO AOOUODOOOOOD V,OOO dO0ANDOOOOOOOOOO

Proof. 0000 V4,000 4,---,240000000000000 (00 9.3)07T = (&4,---,%,) 0000

0A0000O0O00DOO
(M, B
ar=1 (% 2)

0000000000, —A| = |tl, — T AT| = (t — \)|tl,_4— C| (00 6.6)000000 O

00 10.7. 00 ADDOOOOOOOOO0OOOOOO {\,---,A\} 0000000 A 00000000
0 40000000 n, 00000000 ADDDODOOODOOOOOOOOOOOD0OO0O00 1<i<r
0000d,=n;, 00000000

Proof 00000000000 00OOOO0DOOOO0O0OOO00O00O0R<Y ), ,d. 000 d;<nm 000
Y,n;=n000000000000000

00000000000000 (Zij)i<j<a; 00000 V4, 000000000000000000000
00000000OepO0000D0000000000000O0OODODOO0O00000000000O0OOOOO
oooo*¥ooooooooo

r d;
> D tiig =0

i=1 j=1

*20pooo00000mMmOO0O00nonog
*63 0ppoOo0oO00000 C.20000000
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00000Y, ti;#; €V, 0000000 A 0000000000036, =0(@G=1,,r) 0O
000 (Zijh<j<a, 0 Vo, 00000000000¢,;=0(1<j<d;,1<i<r)0000

00 108. 000000000000 O0O0O0O0O0O0O0OOO ooOOODOODOOOOOOO oO0OOO

Proof. A\1,...,A, 0000000000%;,...,2, 000000000000000000

B4t =0
0000000z =---=2;,=00000000(A-A)---(A—X_1) 000000
_>
0 =(A=M) (A=A )F =M = M) (A = AT

00z =000000000000000 O
0 10.5. A7 =) 7 00000

A—oD)- - (A—apn)Z =A—a1) - (A —am)Z.

gooooon

uggoogo boobboobooboboobooboboooboobobooobooboboobon

goooo booobobooboobobooboobbooobOoobUboboboobboobboobo

goobo o0oboboooooooboobobOobOoboboobOoboOobOOobDOobDOobOobOobOobOobooon
goobooboobobooboobbooboobboooboobboboboobbobbooboo
gobooooooooobgoboboboooooobooooooboboboboboooooboobooDo
goobooboooboo

T:(:LTl)a ax—TL))a A:ZT;Z)\]IL’—;
ooooo
A 0 0
T-YAT = 0 X 0
0 O

gobooboobbooboo

coobOoooboocoobooooOooOoOoOoOoOboOoOobOOoO0OoOOOoOoOOCO0ObOOOOobOOOOOoonn
gobooooboooooooooobooooobooboooboooobooooooooooOooooDoOoOooboboOooon
goboooboooobooooooooobooooboooooooooooooooooooooboOooon
ooboooboooooooooboooon

0 109. 0000CO000O0O0OOOOOOOOOOOCOCOOOOODOOOCOOOOOODOOOOOOOOO0O0
goboooobooooooooobooooooooboobobooOoooooooooooooa

2 -2 -1 a 3 2 1 6a — 2b — 3¢ 4a — 2b — 2c 2a — 2¢

-2 3 1 b 1 1 0)=|-6a+3b+3c —4a+3b+2c —2a+2c

-1 0 1 c 3 2 2 —3a + 3¢ —2a + 2c¢ —a+ 2¢
0O 10.6. (%)
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() 00000a,b,c00000D00OO0O0ODOOOOODOOOOODOOO
(i) 00D TODODODDODOD 7-'00000000000000000000000000000000
coomooooocooobooomm

go0o0o0oooo0o0oooo0o0oooooooooooooooooooooooooooooooo0oo
oooooooooooa
a b

gobbooboobbooboobbooboo

ooooooooo
‘ta —b

42 _ —
e t—d‘_t (a+d)t+ad—bc=0

0000000000000 L000O000O0ODO0U0DO0ODUO (DDO)O
000000000000000000000 (multipleroot0 0000000000

(a+d)? —4(ad — be) = (a — d)? + 4bc = 0

0000000000000 D0 A0DOODOOA=(e+d)/20000000000000000000D0

goooogoooood
(A O\ 1 _
A_T<O )\>T — AL

000000000a=d,b=c=00000000
0D000002x200 A0D000O0O0OO00O0O0OO00DO0O0OO000({) ADO00ODOOOODOOOOOOOO
000 (i) (a—d)*+4bc# 000000

0 10.7. a,b,c,d 00000000000 DOOOOOOOOOOOOOOOOOODOOOODOOOOOOO
gobooooooobooooooo

0 10.8. (a—d)?+4c=0000000000000000

a b
—-b a-+2b

0 10.9. 000O0O0O0OOOODOODOODOODOODOOOODOOO

0 10.10. OO

O0b#£0000000000O0OODO

coobooooobobooobooooooooooboooobooOooooooooOoboOooboOoobooOoOoOooonn
gboboooooooooobooooboooooooooobooooooooooooobooooooooon
gobooooboooobooooooboooooOooOoobOOoOoOoobooOooboOoOoooOOoOoOoOOoOoobboOooon

ooo1oo0opoOO0O0O0O00O0O0C0COODOO




oo0oooooo0ooooO0o0ooO0 000000000 yOOODOOOODODOOOODODOOO a, b,

cOO000O0O0OO0OOODO
iz z\ _ (—a—=0 b T
a2 \y/) b -b—c) \y

ggoobooobooboobbooboon

(" ) ()= 0)

oggooooo

gopooooogg
d2
@f:Af(t)
gooooo

0 10.10. (1) 000000000000 k0000000000 a= (a—k)/k 8= (b—k)/k v=(c—k)/k

goooooooooono
—a—>b b
b —-b—c

00oo0o0ooUoO o, 6,y000000000O0OOOODOCOOO

goboobobooboobbooobooboooboobbooboobbooboobbooboOoo
goobooboboboooooooooooboboboboobobooboobooboboboboboboooo
goooooboobobooooboobooobooboobDbooboobboobo0obbooboobo
gooogoog
0000000000000000000000000000000000000000000 A -\,
goobobobobooooobooobooobobobobobobooooobuobobobobob

1 0
1 0
1 -1

A:

o O Qe

goboooobooooboooooobooOoooOooOoobOo0oOobooOooboOoOooOoOOoOoOoOOoOoobboOoon
gooooooobooooooobooboooooooooooo0ooooooooooboboooboboooooD
gobooooboooobooooooOooOoooOOoO0oOobOOo0obOobOOoOooboOoOooOoOOoOoOOOoOoOoDbboOonon
oobooooboooooooooboooobooooooobooooboooon

a— A\ 1 0 1 a— A\ 0 1 a— A\ 0
0 1-—A 0 = [(1-AX 0 0 = 1 0 —(A+1)
0 1 —(A+1) 1 0 —(A+1) 1—A 0 0
1 a— A\ 0 1 a— A\ 0
=10 A—a —-A+1) ] =0 A—a —(A+1)
0 1-XNA—-a) 0 0 0 —-A+1H(A-1)

gobooobooooooooobooooooooon
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0000 {#1,¢} 0000000000 O0000 a®2#1 00000

A=1
1 a—1 0 Y 0 T . 2
0 1—-a -2 |z])=10] < |y =3 2(a—1)
0 0 0 z 0 z 1—a
A=-1
1 a+1 0 Y 0 z 0
0 —(a+1) 0|z =(0] < [y]=1]0
0 0 0 z 0 z z
A=q 0000000
10 0 1 0 0
0 0 —(a+1) =0 0 —(a+1)
0 0 —(a+1)(a—1) 0 0 0
ogoooo
1 0 0 Y 0 T x
00 —(a+l)||z|=|0] < [y]=1]0
0 0 0 z 0 z 0

oooooOoO0oO0OO0000 e=+£10000

11 O000D0Oo00oOoOoooo

0000000000000 — Agsaryim Ghuamie

000000000000 000000000000000000000000000000000000
000000000000 0000000000000000000000000000000000000
000000000000 0000000000000000000000000000000000000
000000000000 0000000000000000000000000000000000000
000000000000 00000000000000000000

0000000000000 00000000000000000000000000000000000
000000000000 0000000000000000000000000000000000000
000000000000 0000000000000000000000000000000000000
000000000000 0000000000000000000000000000000000000
0000000000000 000000000000000000000000000000000000
000000000000 0000000000000000000000000000000000000
000000000000 000000000000

000000000000 000000000000000000000000000000000000
000000000000 0000000000000000000000*00000000000000
0000000000000 00000000000000000000000000 YX, 0000 CX,0
oo YNoooooooo

*64 0000000000000 000000000000000000000000000000000000000000000
00000000000000000000 innovation 0000000000
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0000000000000 0000D0000000D0000000D0000000Do000ooooog
0000000000000000000*0000000000000KO0O0*0000000K=R
0000 K=COOOOODODOOOOO0OO00D0DO0O0O000000000000 KOoOoO0o0ooooooo
000000 (scalar) 00OODO

KOOODODDOOO (vector space) 000 0000000000000 00000OOV OO0 v,weV =
v+w eV OODODODODacKveV =aeV I0ODODD00000DO00000000D0O0* 0000

(i) (u+v)+w=u+W+w),v+w=w+w.
(i) 00000 (zero vector) J0DDO0D00D 0V ODOD0OD000 veV ODOO00w=0
(i) 0000 veV OOOO0 1y = .

)

(iv) (aB)v = a(Bv), (a + B)v = (av) + (Bv), a(v + w) = (aw) + (aw).

00 () 000000000000000000000000000000000000000000000
00000000000 000000000000000000000 v+0=1v+00=(140v=v00
00000000 (-1)p00—v000000w+(—v)=w—v0000000000v—v=1v+(-1)v=
(1-1)w=00000

000000 VO0OOOO WcVOOO0O0000O000000000000000000000 VOO
000 (subspace) DOODOOOOOOW 000000000 00000OO0OOO

Remark 6. 0000000000000000000000000O0O0O0O0O0O0O0DOO0O0O0DOO0OO0DOO0OO0DO0OO
00000000000000000000000000000000000000000000 va=av000000
a(wB) = (aw)B, v(ef) = (v)f 00000 DODOO0O0DODDOOOO0ODOOOOODODODOOOODOOOODODOOO
0000000000000000000000000000000000

0 11.1. a0=0 (€K OOODO)OOODODOOOO

011.2. 000gboooo0oboboobooboobooobobooboooboboooboobobDobobooDbOoo
gbobobobobooooooobobobobooooboooog

0 11.3. VOooooo w,wooooowuw' ooooooooooogw cw/ooo wow'oo
gooog

0 11.1.

() 0000000000000 00O0ODO0O0LO0ODO0O0ODO0OOUODUOOLODODDOOUDODOODOD
ooooboooobooooooooobooooboboooooooooooooOoooooboOooDbbOooon

*65 0 (field) 0000000000000 0000000000000000000000000000000000000000
000000000000 0000000000000000000000000000000000000000000000
0000 00000000 1000000000000000000000000000000000000000000000
00000000000000000000000000000000000000000000000000000000000

*6DpoOo000000D0000D0 Koérper0OODOO

*7 pODO000000000000000000000000000000000MO000000000000000000000
000000000000 0000000000000000000000000000000000000000000000
000000000000 0000000000000000000000000000000000000000000000
00000000000000000000000000000000000
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00000000000000000000000000*0000000

(i) 00D00D0O00O00O0 M,,(KOOODOOODOOOO0O0O K* =M, (K)0ODOO0OOO0O
K™ = M ,(K)O

(i) 00000000000 KX ODODDOOD KXOOODOOKX 00000000000000
f:X-KOODODDODODODODDDDDDDDD000 KN ooooooo KNO

(v) 0000000000 00000 K[ 00000000000 K[ c K[[]]0

(v) 00000 »>00000000000000000 C[[t]] € CEI0Y,50cnt™ € Cflt]] <
limsup |c,|"* < 1/r 000000000 C[t] € Cool[t]] € C.[[t]] € Co[[t]) DO O DO

000000 vioooooooooooood vn,---,0 000000000000000 VOODOO
00000000 {v,-,v.} 00000 *(linear span) 00000 (vq,---,v,) 0000000000
duv,---,v, d0odoooobooobooboobboobbooboobbooboobboobo
goo0o0oO0oooo SOo0oooooooooS 0000000000000 ooooooooooo
ggobobooobobooobboo (linearlydependent)*7ODDDDDDDDDDDDDDDDDDDD
gooobobobobooooooooobgoboboboooooooobooboboboboboboooo
gooooog vn,---,0, 00000000000 ODO0OO0ODODOOODOOOOOO

avr + -+ v = for+ o+ Brue = ar =P, e = B
0 11.2.
() 0000 Ejx € Mpo(K) 0OOOOODOOOE;, 00(j,k) 00000 10000 000000
000000000000 ¢;=E;; €K* te;=F,;€K*000000000000000
(i) 000 " €K[] (n=0,1,...) 0000000000
(i) 00000000 {eMeCuff;A€CO000DD0 (0 12.6,0 5.500)0
(ivy 0ooooooo {cos(az),sin(bzr);e > 0,b>0} CcC*(R) 000000

0 114. 00000 00O0U00ODODOOOODOOODODUOOOODOODOD(G) D (vyODODOODO

oooooooo w»,...,oy 000000000000 OOOO0O0O0O0OOOOOO0OOOOVDOOOO
O (finite-dimensional) 000 0000000000000 O0O0OOOOOOOODOO

0 11.3.

() 0000 KX 0OODO0OO0OD0O0D0000000000X 00000000000

(i) 0000000 ¢=(c1y...,6,) €'C" 00000000 Zpgn = AZhin1 + - + cpzp (k> 0) O
0000000 (z;);5 000 CN ooooocY ooooo cNoooooooooooooo
¢=(0,...,0,1) 0000000 nO00000000000000000

0 11.5. (1) 00D0DO0OO0O0ODOOOOOOOOOODOOOOODOOOOOOOO 11.60000000

*68 Newton 0000000000000 000000000O000000000O000000O0 (1687) 00000000 DOOOO
000000000 Euler (1750) 0000D0O0O0O0O0OO0O0OO0OO0000O0O0OOODDODOODOOOOOOODODOOOOODOOO
0000000000000000 Grassmann (1840) O0OODOODOOOODOOODODOOODOOOOOOOO

*69 span 0000000000000 00000000O00000000000MO00000000000000

*70 dependence 000000000 OO0DONOOODOODOOOONONDOOOOOOOOOO

*71DDDDDDDDDD{}I]DDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD
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0000000000000 D0O0OD00O e=(ey,e2,...,e,) 000 (basis) DO0OO0OO

(i) {ei,...,e,} 000000000000
(i) VO0OOOOOOOOO ey,...,e, 000000000000

oooooooooooboooobood

00 11.4. 0000000000 VOOOOOO*?000000000000000000000000
000oooo voooooo dmV OoOOO

Proof. O0O0ODOUOOOOOO0OOOUOOUOUOUOOUODOODODOODODODODODODODODODODODOOOOOO

00000 e=(e1,-.-yem), f=(f1,..., fn) 0000 m=n0000000mxn00 AO nxm0O
0 BOOOOOf=eA e=fBO0000eAB=fB=¢, fBA=c¢A=f0000 AB=1,,, BA=1,
00000000 7700000000000 00O00O0O0O0OmM=t(AB)=tr(BA)=n0000000
gooog

[0 0000000000000 00000000DODO000DO00OOOO0O0DOODOOODOO

00000000 e=(e1,...,e,) 000 f=(f1,-,f,) 0000000f00000 f' =(fl,...,f)
000000000, (e1, »em, flas1r--+,f,) 0000000000000

000 »O000000000000m=100000e, 0 fO00000000DO0D00000O0OOO0O f
000000000 00000000000 DOO0OO0O!ey, fs,....f,}000000000OOMODO
0ooooooooooooo {e,..,emenmy ) 0000 mODOOODOOO0ODODOOOOD fOD00O0OODO
(s f2) 0000 €mss 000 (1, sem, flarts-- f4) 000000000000 fl,q,...,f, OO
00 o0000D0OU00O0DODoOoDOoOOO {ey,...,em1}0000000DODOOOODODOMOOOOD
00000000 {f,,....f2} 000000000 f2, ...,/ 00000, fofltses 1)

0 (fi,--, f,) 000000000000 (e, emits frrya---,f/)000000000000000
00 O
0 11.6. 0000000 (e1,--+s€mes1s frngas---» f5) 000000000000

Remark 7. 000000000 DDOOODOOOOOOOOOOODODOOOOOOOOOOOOODODOOOOOOO
goooooobooooooobooooboooooooboobooboooo

0 11.5.

() 00000000 {E;} (0O0DO0O0OO00)0 M,,,(K)DODOOOOOOdim M, ,(K) =mn
oDooo

(i) DODODODO (g), (fe;) 0 K, 'K"OOODDOOO0O0dmK" =dim’'K"=n 0000

(i) 0000 (20,21, ,&n_1) = (§jk)o<ken 000000 ¢000000 §; (j=0,1,---,n—1) 0
0000661, 6,10 CNOODDDDOO dmCN =n0o0oOD

0 11.7. () 00DOCDOODOOOOOO

00 11.6. n0000O00OD VOOOODODOODODODOOODODDOODOOO vg,-+-,v, 00000OmM<n

2y ={0}00000000000000000000000000 dmV =00000000
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oooooooog ov,---,v, 0 VOOODOOOODODOOOODODOOm=n000000000000
000000 VOODODODO Woooooooo*#0000 dmW <dmV 000000

Proof. 00 930000000000000000O00O0ODO 0

011.8. 00000000 VOoOOOoOoOOoOoooooooooooooooooooooooooovao
000000000000000000000000 2dimV 0000000 dimpV =2dimV 0000
0opoo0d dmpC=20000

0000000000000000000000000000000000000000 {V;}1<i<~
(V;#{0}) 00000v, +---+v, (v; €V;) 0000000000 Y7, Vi=Vi+---+V, 000000
0000000000000000 {Vih<ic, 00000000000

v+t =0, e€V,) = vy=--=0v,=0

00000000000 Vin(Y,, V) ={0}(i=1,...,r)00000000*™000000000 {v;}
(v, #0)00000000000000000000000 {Ky;} 00OOOOOOOD00000000O0
000000 VODOOO0O0V;(1<i<r)00000000000{%}0000000V=Vi+---4+V,
00000000000V =WV&---¢V,00000000*000000000000000000 V;
00000000000000é=1,---,00000000000000000000000000000
00000000

0 11.9. 000000000000 V=WVi+W+Vs00 VNV, ={0} (j#k) OOOOOOOODODO
oobooooogd

googo
000000 VOOoOOOooOoO woooo ¢:V—-WwOooo (linear) 000000

P(v+1') = d(v) + 6(v),  dlav) = ad(v)

0000000000000000000000000000000000000000000000000
0000000000000000000000000000 ¢(v)=¢v0000000000000000

0000 ¢ 00000 kergp={v e V;¢(v) =0}, d(V)={¢o(v);veV} 0000000000V, WO
0000000000000

00 11.7. 0000 ¢ 0000 0Okergp={0} 000000 ¢ 00D00O0O0DODOOOODODOOO

Proof. 00 O¢(v) =0000 0#veV OOO0ODO¢(v) =¢(0)0000 ¢ 00000000000
p(v) =) 0D0000¢(v—2)=000 v—0v' €kerp DODO0DO00Okergp ={0} 000 v=0o 00O
RN O

*BO0O00D0O0000000000000000000000000000000
*74DEII]DDDDDDDDDDDDDDDDDDDDDWDW:{O}(i;ﬁj)DDDDDDDDDDDDDDDDDDDD
*SO0Oo000000000000000000000000
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000000 ViooUOoOooOoo wobouoooooo L(v,w)yoooooL(v,w)ooooooo
gopbooobooooboooon

(P +9)(v) = p(v) +9(v), (ad)(v) = ag(v).

0 11.8. 00 Ae M, ,,(K)00ODOODOOO0OD0DO000000 [4:K*"—=K"00000D000 KOO
K" O0O00O0O0000000000000000000000000000000000000000000
00000000000000000000000000000000

[A+B] = [A] +[B], [M]=Al4], [AB]=[A]c[B]
000000000000M,,,(K)0 LK*,K™) 000000000000
gooooo voooooviouooooooo mOooooooo Vvroooooooooo
(U17"';Um)+(w17"',wm):(vl+w17"'7vm+wm)7 )\('Uh'”7vm):(>\vly"'a)\vm)
0000000000000000000 VOOODOOOOOO (multiple vector space) 00 0*760

00 11.9. 000000 v = (v1,...,0,) € V* 00000 ¢:V - WOO0O0O0OO A= (a;) €
M, ,(K)OOO ¢gv € W™, vA€ V" 00000

¢v:(¢(v1)7"~a¢(vm))» UA:(Zviailan-,Zviain)
i i
00000000 0vA00DOD0O0O0OO00O0 »00D00DOD w=wA0O00O0DO0OO

00 11.10. 0000 ¢v,vA00000DOOO0OOOOOOOOOODOOO

1) 0000 ¢: VoW, p:W—-XD00000e(gv) = (pd)v.
(i) 00 A€ My ,(K), Be€ M,;(K) 00000 (vA)B=v(AB).
(i) 0000 ¢:V>W OO0 A€ M,,(K) 00000 (¢pv)A = p(vA).

000000000000 0000000 e¢v, vAB, pvAODO000O0OOOOOOOOO
0 11.10. 0000000000 DO000O0D0OUO0OD0O0UDO ppvABOOOUOOOOOO

0 11.11. 00000 ¢:V W OO0O00D00¢(vr, - ,0m) = (é(v1),-+ ,é(vy)) 0000000000
0000 (¢v)A=¢(vA) 00000000 ¢000000000000000

0 11.11. 000000 v= (v, - ,uy) €V"OO0O000 ze K" =M, (K)OOOOOOOOOOO
0000 p:K"—>VOOO0O0OoOOoOoOo

1
W:x=| ! | —ve=xvi+ - +zpv, € V.

Lm

00 K"OO0O VOoooooooooooooo

*6 K™ 0ooo0o000000000000000000000000000000000000000000000000000
00000o0ooove™ oooooo
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000000{v, - ,v,} 00000000000 ] 000000000000000V = (v, ,0m)
000000 p]0000000000000000v=(vy,---,v,) 000000000 [»)000000
ooooooo

0 11.12. (1) 000D00000v = (v, --,v,) 0 VOOOOOOOOGy =0= ¢ =00vA =0—
A=00

0 11.13. 0 11.800 1111 0000000000000000v 000 A€ M,,,(K) 0000000
[v]o[A]=[vA]0 K" OO VOOOOOOOOOOODO

0000 ¢:V-WOOOUOOO0DODOOooooOooOO (linear isomorphism) 0000000 (isomor-
phism) 0000000000000 O0OO0OOOOODOOOOOOOOOUOOODOUOOOOUDODODO
DDDDD*77(iSOInOI‘phiC)DDDD‘/%WUDDDDDDDD

0 11.14. () 0000000000000000000000
0 11.12. 00000000M,,.(K)O M,,,(K) DOODOODOODO0OK" D K" 0000000

0 11.13. 0000 C:(Cl,---,cn)DDDDDCDDDDDDD (CIC\IDD IC"opooooo ¢ O
d((xk)k>0) = (o, 21, ,&m—1) 000000000 <= m>n,¢ 000 < m<n0000O
O000¢ 0000 < m=n0O000

0 11.14 (000000). T:Cl[]] 3 5, art® — (Klax)kso €CN 00000 (00DDDDOOO0O0DO) 00
DDDDDCNBOm%+ZQO%ﬁECWHDDDDDDDDDDDDDDDDDDD
D007 000 Colft)) 000 TC[[t]] = {(ax) € CN;limsup |ax/k[/* < 00} 00DOODDDOO

00 11.15. 0000000000000 V, W 000000000000 00000000000000
0000000n,000000000000 K'OODDO0O0O0O000000 ¢:K* =V 0O VOoOoo
e=(e1, - ,e,) 00000000 ¢=1[] 0000 ¢(z)=ex (zreK")OODOODDOOODODOODO

Proof. 0O0OOODO VOOO (e1,---,6,) 0000000[]:K"—-V OO0OODOODODODODOODOOOO
0¢:K'—>VOOODOOe=(¢(61),---,4(6,)) 00V ODO00D000¢=[] 00000000000
e:V>WOoO000O0O(p(er), - ,p(en)) DO0W ODOODO0O0DO0O0dImV =n=dimW 0000 O

0 11.16. 0 11.110000000000L(K™,V) DO V" 0000000000000000 V™ =
LK™ V)O0ODDO00O0OODOv =[] 00000000 m=10000V =L(K,V)D000000
veV OOOOOK>A— eV OIOOOO0ODODOD00000000000000

ooovood e=(er,...,e,) 000000000 D0OD00veV Ov=x1e1+ - -+a4e, 0000
0000000000000000000000D000 (z;) 0000 e0000 0o0000000O0DOOO

*TO0Oo0000000000000000000000000000
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000000 e=[¢:K"—»V 00000

Z1 Z1

Ln Ln

goooobobo

0000 f=(f,....fo) 0000000000 e0000 § 0000 (pij)icicy 00000F =
(3, pireir- - S pine;) 0000ODD0000000 P=(py;) 00000f=eP 00000000000
0 f0000 e 0000 (¢;) 0000000 Q=(g;) 000 e=fQO00000P,QOOONODNM
0 (change-of-basis matrix) 00 00nxn 00000000000 K' =K' O0OO0ODOO0OOOP =e1f,
Q=fled00ODDPOD QUUUDDOOOOOODOOOOODDOOOODe, fO0000 v0O0OO
0D0D0000000000000 2,ye K*'00000ez=v=fyO0O0z=c¢'fy=Py0O00O
y=flez=Qe=P 'z 00000000000000D (0000000 )0000

0000 ¢: VWOV, WDOO00 e=(e)1<j<n f = (fi)1<k<m 0000000 A€ M, ,(K) 00

(b(ek) = Za'j,kfj — (¢(€1)7 T ’(b(en)) = (fla T 7fm)A — ¢e = fA

|:||:||:JDDDDDDDDDDDDDDDDDDDD[A]=f71¢6[||:||:||]|:||:||] 0000 o000 e, fO
0000000 *™8(matrix representation) 100000

LW

d [
Kn Km
(4]

0 11.15. 00000000000000L(V,W) = M, ,(K)0ODOO

00000000 (D0 95000000000)00D000D00ODOODOODODOODOOODODOO
oooon

00 11.17. 0000000000000 0O000O ¢: VW OOOOOdim¢(V) =dimV — dimker ¢.
O000¢ 000000 DDOD00DO0O000 dmW =dimV —dimkergp 0000

0 11.18. dimV =dimW <oco 000000000

(i) 000 (ker¢ ={0})0
(i) o 0OD (W =¢(V))O
(iii) ¢ 00000

0 11.16. (1) 00000000

coobooooboocoOoboooOoOoOoOoOoOoOboOoOobOOo0OOoOOOOoOOCO0ObOOOObOOOOODnn
gobboooooooooooobbooooboobooooboooobooooooOboOoobboOooooOooooon

*78 representation 0000 00000000000000000000000000000000000
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12 O0OO0O0d

0000 V=W ooOooooooooooooooo0o0oo0o0000 (linear transformation) 000 00O
0000 (linear operator*™) 0000 D0*¥00000000000D000O0O00OOOOOOOOOO*®O
00000000000000000000000000000000000 VvOOOOOoooooooo
L(Vv)DopooOooooooooooo M,,K)=M,(K)0ODODODODODODOOOOODOOOOOOOOO
000000000000000000000000000V 00000000 (identity map) O Iy 00O
00000 1000000000

00000D00000000000 VOOO e= (e, ++,6,) 00000000000000000DO0
00000 L(V)2 ¢~ [e] 1¢lel e M, (K)OOODODODODODODOOOOODOODODOOODOOOOOO

oooa (e~ ele) (el vle]) = [e] ' (e)le] (¢, € L(V)).

0 12.1 (00000). 0000000000000000000 VODOOODO 400000000 ¢0
0000000000000000RO VOOOOODOODOOVOOOOOOOO0O00000000000
0000000§1300) (e1,e0) 00000000

@(e1) = cosfe; +sinfey, ¢(ex) = —sinbe; + cos eq
Ooo0o0obo0oooooooon

sinf  cosf

RO) =070 = (g o).

0 12.1. () n 00000000000 00000000000000 ¢, : p(t) = pt+a) 00D
1,t,---,t" 00000000 S, 00008, =S,., 0000000000¢,b000000000

0000000000000 00000000000000000000D00D0DUOOO Koo
oobooooboooooooooboooon

oo oo oo
St | (Sut) <3 5 st
§=0 k=0 1=0 j+k=I

goobobobooooooooobogobgobobobooooooooobobobobobobooooon
(ring) DODODOOOO

0 12.2. 0000000000

o0
00 12.2. 0000000 K[f#) 00000) at* 00000000000000000a,#00000
k=0

*79 operator 0000000000000 000D00000O000000O00000O00D00000000000O000D00On
goooooooooOoOOOOO0OO0OO0O00O000OOooooobooOon

0 0Oo0000000000000000000000000000000000000000000000000000000
gooooO0ooooooo0oboooo

¥l 00000000000 00000000000000000000000000000000000000000000000
jdbooooooooooooooooooooooooooooooooooooooooonoonooooooooooooo
oo0ooo0o0oo0o00b0000000000000000O0000000OO00O0OO0O0O000O00 000

o1



oooon kaktkDDDDDDD To,T1,22,--- 10 00000O00O0O0O0OCOOO0COOO

apglog = 1,
apx1 + a1xg =0,

g2 + a1x1 + a2y = 0,

0 12.3. 000 AeCOOO0OOO0D0O0O0 14+M+X2+... 00
A=A (TH+MFNE+ )=+ M+NE 1= X) =1

00000000000 1+M+ M2+ =25 0000000000000
OO00eM=) 1, 4" 000000000000eMe =eXWt00000

1 <1 1

k 2 L an

(zk)(zl)z
k=0 =0 n=0
000000000000000000e MO MOO0O0O00oOo

0000000 K[ 000000 (300) D K[ = K] 0 D(C s at?) = Xyso(k + Dagsat
0D00000D(fg)=(Df)g+ f(Dg) 0000 (Leibnitz rule)d

0 124. 000000 T :C[t]] — cNoooo b C[t]] = C[}t]] bODOOD OO (shift operator)
s.cN N ((Sa)r =ary1) 0OODODDODO*2:

) —X— N

o Is

) —— N

000O0cO0DOOO0ODOO Cchker(S”—cls"—l—---—cnI)DDDDDDDDDD ker(D" — ¢; D71 —
. —¢,) 00T 000000000000000dimker(D" — e, D" ! — - —¢,]) =n 0000

poosE)ccNooooooooooooooooso cNooooooo (6, ,6,.1) 0000
0O0OoO

0 1 0 0
0 0 1
(S507' o aS(;n—l) = (607' o ’5n—1)c7 C= . : . . 0
0o 0 ... 0 1
Cn Cp—1 .. Co C1
00007 ' €ker(D" —¢; D" 1 — ... —¢, ) 00000000000 0(T6;)®(0) =65 (0< 4,k <

n—1)000000 CO ¢cO0000000DO (companion matrix) 0000

0 12.3. 00 C 00000 det(tl, —C) =t" —¢yt" ' — . —¢, 00000D

*82 T intertwines D and S 0O 07T O intertwiner 0 0 0000000000000 00D00O0O0O0O0OO0DOO0OOOOOOOO
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DDDAGCDDDDD@H:Zk%ﬁeCmWHDDDDDDDDDDDeﬂw%qﬁﬂmuuuuum
OD0OC[Y)00000000ND Q0 Qx(f(t)=eMf(t) D0DD000QNQ,=Qx+, 000000 OO
00Q,'=Q_» 0000000 Leibnitz rule 000DQy = QD +XQ,\00000 Q\DQy' =D — Al
0000000000 Oker D™ = (1,¢,--- ,t™~ Y 00 Oker(D — AX)™ = M(1,¢,--- ,t™~ 1) 00000
Dker(D — AI)™ Cker(D—A)™ 000000000ker(D—pl)NkerD™ ={0} (u#0)0 Q00O
O Oker(D — p/'I)Nker(D —A)™ = {0} (\# ¢ )000000D — /T (A# ') 0 ker(D—-A)™ 0000
0ooooooo

00 12.5. 00000000000 A,---,A 0000000000000 eMClt],---,eMCl) 000
oooo

Proof. 000 eMipy(t) + - +eMip.(t) =0 (p;(t) eC[t) 0 m; 00)000O00D-AN 0000000
oooooQ

0= (D - )\1])1+m1 . (D _ )\T_l)1+mr71(6/\1tpl(t) R BArtpr(t))
= (D =MD" (D= Np_g) e (1),

0000D—MI,---,D—=X\_11 0 ker(D—\I)Hm 3 eMtp (1) 000000000000000000
0oo00deMip.()=000000 O

0 12.6. {Mt; € C,i>0}0 C[t)j 00D0DODO
000 t" —ct" P —oi—cpqt—c, O (t=A)™---(t—X\)™ 000000000
ker(D — A\ 1)™ + -+ +ker(D — A\ J)™ C ker(D" — ;D" — .. — ¢, 1)

DDDDDDDDDDDDDDDDDDDDDDDD[IDD[IDDDDDD{eAittl/l!;lSjﬁr,0§l<mj}
0000000 ker(D" —¢; D" 1 —...—¢, [) 0000000000 jO000D00DOO0OOO

PR 0

D(eM e Mt ... M (m— D)) = (M, eMt, - MM (m - 1))

gogboboooboon (CIC\IEJEI[ID[IDEI

= —ji—M” 1<i<r 0<l
N T i A
ooo*spooa
M, 4 N, 0
(Sei,---,Se;) = (e1,--- ,er) , Sej=(Sejo0, -+ ,5€m,;-1)-
0 ADpn, + N,

*83 X, =000000e;; =6 (1=0,1,...,m; —1) 000000
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Ooo0ON, 00000000 mOD0OO0OO0OODOO

0 1 0
0
N,, = .
0 0
ooooooooo Ccooooood t"—clt"_1—~-~—cn,1t—cnDDDDDDDDDDDDDDD

coooOooobOoocoobooooboooobooooOooOoOoOoOoooOooon

0 12.7.n=200000000000000000¢=(a,b) (b£0)000000000000O0O0O0ODO

oono
2

d d
(0 = a (0 + b1 (1)

000000000000 22—aex—b000 (00)ODODOoDDOOODOoDOooDOOOoOoOo

Tiy2 = aTpy1 + by,

() 000000000 (a244b#£0) 00000 A#, 000000000
zr = aXt + Buk,  f(t) = aeM + Bett.

(i) 00000 (a2+4b=0)0A=q/2, m=20000000a#000000000
zp = (a+BR)NY, f(t) = (a+ Bt)e.

0 12.4. (f) 00000000

ooooooo

0000000000000 D0OO0OO000000000000 V=W&---9V,00000VO0000
vO0Ov=vn+--+v (b €V;,)000000000000000000000000O0OOO0OO0O0
O0v 0000000 V;00 v 0OOOOOO v—v; 00V OO0 V,0000000000000000
V;0 VOOOOOOOo0OO0D00000DO0OoO VoD Viooooo B, 00000000000000000
E;00Ewv,=v (v;€V;) D00000E?=FE, 000000000F?2=FE00000000000%*
(projection) 000000000000 E,00Eju=0(j#4) 000000000000 EE; =46,E,
000D000000v=FEw+---+Ev(veV)0OODOD0DO0D0OE,+E,+---+E.=1,00000

000V OOoO00oo00o0000 {Eh<i< (000 E;#0)0 E;E; =6,;E, 000000000000
oo {v,=fFV}00O0O0OOO0O0O0ODOOOO Ev+---+E. =, 000000V=V,e---¢V, 00000
000000000000 Iy 00000 (resolution) 0000000000V 000000 Iy OOOO
00000000000 DoOoOoon

0 12.8. 000000000D000000000000000001y = E, + E,, E? = By, E2 = By,
E\E, = B,E, =000000000000000000FE2 =FE, (0000 E2 =FE,) 00000
E,=I,-FE 00000000000000000CO0O00000000000000000000000
00000000000000000

*¥40000000000000 E00O000DDOOOD0DO0000000000000N0Nonoon
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0 12.,5. VOUOOODOOUOOD FOOODOO({I-E)YV=kerEOOOO

0000000000000 0000000 (0D)0D000000D00DO0O00O00OO0OD0ODO0DODDOOOO
oo00000oooO0O0000ooO00000ooOO0O0000n ¢:V—=VOOOOO AXOOOOO
0000000 o= 0000000 040V OOO0OOMND ¢oO00O0O0OO0ODOOOODOOODODOOO
00 v00000000D000O0ODO0DO0 AODODUODOOO Vy=ker(p—Al)={veV;¢v= I}
ooooon

0 12.6. () C[[t]) 000000000 DODOOODOO0 ADOOODOOOODOOOODOOOO CeM
oooo

00000000 WcCcViOoUOe¢OOO (invariant) 000000 ¢(W)CcW OOODOODOODODOODOO
000¢0 WOOODDODODOO WOOODDODO WoODO WobhboOoooooooooooooooo

oooo v,ooooooooooooooooooooooooooooooooooooooooDoo
goooooooooooooovooooooooooooooooooooooooooooooooon
gobodooboooobooooooooobooooboooooooooooooooooooooboOooon
gobooooboooobooooooooooOooOoobOboOob0oobooOooboOoOooOoOOoOoOoOOoOoobboOooon
goboooooooooooobo0oooooooooooobooooboooboboooooboooooDoboOo

0 12.7. 0000000O0O0ODOOOOODOOOOODOOO (§l0)OboDooOooooo
00 12.9. 000000 WOOOOOOODOO (er,---,e,,) 000000 VOOO e=(e1, - ,6en) 0
0000 (m=dmW <n=dimV)00000 ¢(W)CcW 0000
1 A %
[e] " dle] = 0 B): Ae M, (K), Be M,_,(K).

00000 [e]'¢le] € M,(K) 0000000000000 000000000000ey,-+,e,} 000
0000 (e, - ,en,) 00000000000

00 12.10. 0000 W OOO € = (e, +,e,,) 0000000 W O ¢ 0000000¢e =’A00
000 Ae M, (K)DOOOOODODOOOODODOOD A0DODODOW DO ¢000DOO

00 12.11. 0000 ¢: V-V OOOOOOODOOOO0DODOOOO0ODOD V=We---eV, 000000
0000000000000 00D o000 ODOOOOO

Ay 0

0 A,
goooooooooooooooooooooooooooobo oo oo oD oOooo
00000000o0ooOooooooono Vv, 00000oo0ooooaov g {Vi}DDDDDDDDDD

0 128. 00000O0ODOODODOO

0000000000 0UoUUoUU0oUUoooooooooooooooDoOn epw: V=V OO
000 (commute) J0D0DDOO0DODO (commutative) 000000y =¢ 000000
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00 12.12. 00 FOODOODOOOOO EVOOO (I-E)V O ¢oU00Q00OO0O0ODDOOUOOODOOODE
000000000

0 12.9. 00000000

goog

gooboooobooooooooooooooooooooooooooooooooonon ay,ag,a3 00
0000000000o000oooogooog by,be,bs, c1,c0,c3 00000000 O0DODOODOODOO
uoob z,y,z0000000000DO0O0OOOOOO

aq bl C1

N T = as b2 Co
a3 bz c3

T

INEINSI

00000000000 TOOOODO (stochasticmatrix) 0000000000000 O0O0O0OOOOOODO
gooooooooo rooopoo0Uoooogooogoooooooo

1 1
(11 1)T=(111) < 'T|[1|=|1
1 1

00000001 00000000000000000 102000010 70000000000000
O00000a=by=cs=0000a2=a,b3=b,cq=c0000000000000000000O

0 1-b c bc—b+1 bc—b+1
a 0 1—c¢ ac—c+1]| =lac—c+1
1—a b 0 ab—a+1 ab—a+1

ooooooo 1000000000000 000 To00o0o00O000

1 bc—b+1

E= ac—c+1 (1 1 1).
ab+bc+ca—a—-b—c+3 ab—a-1

000000000MMO00 E2=E00000000L
0000000000000 (b—E)R}=kerE={z+y+2=0}0000000

1 0
o], [-1
~1 1
ooooo
1 1 0 0 1 0
T 0 ])|=—| 0 |+(Q1-a—-¢)-1), T|-1])=0+c=1) 0 |+(c=-1)|-1
~1 -1 1 1 ~1 1
000000000 [7T)000000
1 0 1 0
o] r{-1]]=(0 =1 (1__f_ b*ﬂle>
~1 1 -1 1 a-e c



goboooobooooboooooon

t+c 1-b—c

__ 42 P N
ate—1 t+lfc_t +t+ab+bc+ca—a—b—c+1

00000000 =ab+bc+ca—a—b—c+1 000000000000
{ab+bc+ca—a—b—c+1;0<a,b,c<1} =10,1]

0000000 e=1000000a=b=c=1000 a=b=c=00000000 ¢c=0000000
{0,1} C {a,b,c} DOODO

0000000000000 000D000000DO0000D00000D00000D00<e<1/40000
00000000 (-1,-1/2) 0 (-1/2,0) 00000000001/4<e<10000000000000
00 1000000000000 oDbo0ooooon —1/2DDDDDDD

o= = (@ 1/20-1/2)+ b 1/2c—1/2)+ (e~ 1/2)(a—1/2) =0

0ooooo(1/2,1/2,1/2) 00000 (1,1,1) 00000000000 0000000000000000

(17fcbﬁcil>=(_32 %J

000000000000 0000000 —-1/200000000000000000000000000O0

-1/2 1
0 —1/2
000000000000000

(4 (4 ) o

00000000<e<x10O0O0DOO

n

0 1-b c 1 bc—b+1
lim a 0 1—c¢ = D 5 ac—c+1 (1 1 1).
n—oo \ b 0 ab+bc+ca—a—b—c+3 ab—a+1

00000000 Yz,y,2) 00000000000000000000000

bc—b+1
ac—c+1
ab—a+1

1
ab+bc+ca—a—b—c+3

goboooooooboboooo
0 12.10. (1) D0DO0ODOO0OOOOOe=1/2,0=2/900000000000
0 12.11. 00000OO0OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

Remark 8. 00 0000000000000 O0O0O0OOOOOOOOOO (Perron-Frobenius 000 )0

*85 5 0 (a,b,c) 000DDO0OOOO (1/2,1/2,1/2) 0 (+,—,—) 000000000000 154000

o7



13 00OOO

000000000000000000000000000000000000000000000000
000000000000000000000000000000000000000000000000
K=ROOO CODO00O0O0OCOO0O0DO0000O0 20000000KO0OO0O0O000 VOOO
000 (inner product) 0000000000 v,weV 00 (vjw) e KOOODOOOODOOOO0OODO
000O00o0o0oo

(i) (vlw) D wODOODOO

(ii) (v|w) = (wlv).
(ili) (vJv) >0000 (0D00)D(vjo)=000000 v=0000000 (000)0

()0 (i) 00000 (vlw) O v 00000000 *¥(conjugately linear) 0000000000
0000000000000 D0000D0 (inner product space) 00000

0 13.1. 000000000000000000 (i), (i) 00 (i) (vw) 0 v 00000000 (i)
(vp) >0000000000 (vjw) =—(w) (v,weV)OOOOOO

0000000000000 0O0O00D0O000DO0O000DOD0O0 AeM,,(C)00DDO0O0O0ODO
00 (complex conjugate*®”) A € M, ,(C) 0 A= (a;;) 000000000 (Hermitian*®® conjugate)
A* € M, ,,(C) 0O A*="A=TA00000AB=A4B, (AB)*=B*A*000000000n00000
A= (a;) 00 (trace) 0000000 tr(4) = a1 +ag+---+a,, 000000000000000

0 13.1.

() 0000 My,(K)0ODOOO (A|B) = tr(A*B) = tr(BA*) = Y, , @xbj 00000
(i) 0DD00000000 K 000000 (vjw) =v'w=),0w; 0000000

0 13.2.

(i) 00000 [, 0000000000DO0OOOODOOOOOODO VOOOODO

b
(flg) = / Fa(t) di

0 VvOoOoooooooooo
(i) 000000000 C000000o

o = [ et 2 dt

gobooboogoood

*86 (v + aw|w) = (v'|w) +a(v|lw) 00000000000 (anti-linear) 00000

*700000 con (000)0 jupeumO000000000OC0O00OOOOCOOOOOOOOOOOOOOOOOOOOOOOOOOD

*8 00000000 Charles Hermite (1822-1901) 000 000000000000000000000000000O0000
0000000000000 0000000000000000000000000000000000000000000000
00000000000000000000
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00 13.3 (000000, 0000000000 |(vlw)]? < () (ww) OODODO0O0O0O00 {v,w} O
000000000 000000

Proof. v, w O0U0D00O0O0OU0OO0O0O0O0O0OO0O0ODO0O0OOODO0O0ODOOv#0,w#00000000000
OAXDODODOODOOOOoOoo

(A +wld +w) = [AP(v]v) + Avlw) + Awv) + (w]w)

00000MA=—(w)/(opy) 0000000000 (wlw) — |(v|jw)?/(vpy) 0000000000 > 00
0000000000000 000000o0000O0D0U0DLO0DO00OOU0OU0D0 =0000w =—-M\v
00000{v,w} 00000000 {v,w} 0000000000 v=0aw D00 w=pv00000
|(v|w)]? = (v[v) (wlw) DOODDOO0O0OO0O0OO0 O

Remark 9. 000000000 DDOOODOOOOOOOOOOODODOODODOOOOOOOOOODODOOOODODOOO
0000000000000 (semiinner product) 0000000000 DDOO

A (0]0) + X(v|w) + Awlv) + (w|w) > 0

00000000000(w)#0000000000000000000000000000 |(vjw)]? < (v|v)(w|w) O
0000000 (wp)=0000000000000 (vjw)=000000000000000000000000000

0000000000000 v 0000*° (magnitude) O |jv]| = +/(v|jv) 000000 ||av| = |af ||v]|
(«eK)OODDDDODODOODOOOOOOOOO (triangle inequality) |lv +w| < |lv|| +|Jw|| OOOOOO

0 13.2. 0000000000000 O0O0O0O0O0O0O0O0OOOOOOOOODOOOOOO0

0000000000000 0000000000000O0O000ODODOOOOD #(0<H<m)O

(v|w)

cosf) = ———
[[v]] {Jw]]

0000000000000 0O00000000D0000DO(ww)=00000000000000O000ODO
00000000000000000 SO00000V OO000o0 S+0

St ={veV;(ww)=0 for all w € S}

000000000 Sc(SHtoooosSo0000 wWoooooow+o woooooO (orthogonal
complement) 000 000000000000000 WnW+={0}00000O0O

WL

el

*89 0 0 Cauchy-Schwarz 00000000 Schwarz 000000000000000000000000CO000O000000C0O
gooooO0oO0oO0oO0oO0oO0O0OO0OOOoOoO00000O0OOO0OO0000000O0OOOOO0O0000O0O0OO0O00O0O0000O
Schwarz D00000000O

0 ogoooooo0 (length)OOOO (norm) 000000000000 0000000000000000O0OOOOOO0OO
oo0ooo0o0oO0o0ooo0oooooooa
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0 13.3. (1) St 0DOoOoopDOoOOOOO0 Sc(SHtooo wnwt={0}o00oooo

000000000000 e, - ,en O0(ejler) =0 (j # k) 00000000 (orthogonal system)O
000000 (ejlex) =46,, 0000000000 (orthonormal*! system) 00000000 10000
00000000 (unitvector) 000000000000 O0OD0O0ODOOO0DDOOODOOODOODOOOOD
000000000000 0000O0000DO00DO0ODOU0ODOO (orthonormal basis) 0000

000 ey, ,e, 00000000000000000000000000 ey/|lex], - ,em/|lem|| OO
00000 (normalization) 000000

0 13.4.

() 000000 00000000000000000000000000 4,4,A00000000

(ii) K"DDDDDDDDDDD {6,}00000000000

(i) 'C" 00000 f; = (1, e2mii/n 2miZi/n .. e2min=1)j/ny (j =1 ... p) 00000000000
(ivi 00O [0,277]DDDDDDDDDDDDDDDDDD[II]IZI[IDIZIDIZI[IDEI

{cos(nz)//7,sin(nx)/vT;n =1,2,...}
ogoooo 1/\/2FDDDDDDDDDDDDDDDDDD
0 13.4. (/) 0000 (i), (v)O0ODODODO

00000 ey, - ,6, 0000000000 ey, ,e, 0000000000000000000000
00 v=3Y",)e; 0 ¢ 00000000000

n
(ex|v) = Z)\J exlej) = Mg
j=1

DDDDDDU:E?:l(eHU)ejDDDDDDD v=00000 \=000000000e€y,-+-,e, 000
gboobobobooooooobooobg

m

m
(wlv) = Z wlej)(ejlv) OO0 (v|v Z| ejlv)]?
j=1

j=1
gooog
o0 e, --,6,, JO0ODODO W CV OOODDODODOOODODOODOODODOODD veVOOOoOoOd
v =v—) (elv)e; DOODDO (exlvr) = (exlv) —32;(ejlv)(exle;) =0 (1 <k <m) 00000000
vi €Wl O0DDO00O00vD WOO0O0O Y, (ejlv)e; 0 W 00D0DOD »- 00000000000
O0000000WNWL={0} 0000000V=WeW.00000OO
00o000ooopoooo0oU0UooooO vooooooooooooooooooooooooooo
ooodd e, -,e,, 0OO0OOW =Ke1+---+Ke,, 00000000000 0OegW OOOOODODOO
00000#v, =v—Y (e|v)e; e WL ODOOD0 epqr =v1 /o] 00000 €1, ,emyemer 000
goboooooodo0ogoooogooovoooooooooDoOooooUoooooooogoooooo

M pormal 0000000000000 000000000CO000000000O0000000000000000000000
00000000000000000000000000000000 orthonormal 000000000000 O0O0OO0OOO
000000000000000000000000000000D0O00D0DO0O0DO0O0D (orthounital) 000000000

60



000000000000 Gram-Schmidt 0000 (Gram-Schmidt’ orthogonalization) 0000000
gogbobooboonoboobogn v,ve,--- 0000 DOOO0ODLDOODDOO

(v1) C (v1,v2) C (v1,v2,v3) C - -+

0000D000000000000000 eg,eg,--- 00wy, ,08) = (eg,--+ ex) (k=1,2,---) 00

€Lk+1 O
Vg1 — (€1|vkt1)er — -+ — (ex|vgt1)ex

gobboooobooooooooobooooboooobooooon

Remark 10. 00000000000 000O00 fi,f2,--- 00000000000 ex = fi/||fk] D0O0DDDOODO
goooooobooooooooooooOoooooooboooo

k

j=1

O000000000000000000*20

00 13.,5. 00000000 VOoOOOOoooooOOoooooOoooooooooooooooooooo
gobooooooooooooboooooooooboooDboooo

00 13.6. 0000 VOODOOO WOODOOOOOOOveVOODOOOv—weW+tOo000 weW O
v0 W DOOODOO (orthogonal* projection) 100 000000000000000000000Ow €W
0000000000000 0w—w =@w—w)—(v—w)0 WNW+Oo0Do0o000000

WJ_

Ul A v

w oy

00 13.7 (0000). 0000 VOOOOOOOOO WOOOOOV=WeWLooooooooo
00000000V 0000000000 WOoOOOO0OO00000O0O0O0veV O WOOOOO wOO
W OoOoOoooD0O e, - ,e, 00000

w=> (elv)e;

m
j=1

000000 (0000)0000000000000

0 13.8. 0000000000000 WOoOODoo(WhHt=woooooo

Proof. ve (WHL 0DODO0= (vi|v)=(vi|v) OO v, =0000000v =73 ,(efv)e; € W OO
o O

2 000000000000 0000000000000000000000000000000000000000000
*93 ortho 000000000 DDOO000DOOD0ONDOOODN0ONONDOOOOON0NONON0OONO00n (gon) DO DDDOOOO
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Remark 11. 000000000000 0OO0OOOOOOOOOOOOOOOOOOOO (OO 114) 00000000
gooooooooooooooooboobobooobooobOoboboOoobOboOoOobOOoOOObOOODODObOOObOOO
ooooooobooooooboooooooooboobooOogo

0 13.9. R 000 v =*(1,1,1),v9 = ¥(1,0,0),v3 =*(0,1,1) 0000000000000 O0O00O0
ooo

0 13.10. R*°00000000O0000C0OO00O0O0O0O0O0D0O000O0C0O0O0000000000000
00000000000 00R® 000000000000000000000000000000000

0 13.5. (1) 0000 %(1,-2,2)eR* 000000 W= {!(z,y,2) eR*z+y+2=0} 0000000
000 wWtoooooooooooooo

013.11. 0000000000000 0000000000w£000000000000000 W =Kuw
00 veVOODOO0 vy =3y 000000000v, =v—vy e WtOoODDOOO

(wlw)

|(v]w)]?

(wlw) -

0 13.6. 0000000000 f=(f1,--,f,) 0 Gram-Schmidt 00 000000000000000
Oe= (e, -,e,) 00000e0 000000000 e !f, fle00000000000

(v|v) = (vwlow) + (vi|vi) > (vwlow) =

0 13.7. (1) 00000000 (00D0)000000 13.200000000000 Ct)000001,¢,82,---
0 Gram-Schmidt 0000000000000000000000000000000000000000
ooo

VooooowoOO WOoooooooooooo P:U'—)Zj(ej|v)ejﬂ Vooooooooooooo
0D0000000000000000 (projection) 100000000000000 P=Y,lej)(e;/ 00D
00000 (Dirac000)*¥0000 W=V 0O00O0POVOOO0O007000007=3;e;)(e;
000000 (resolution of identity) 000000

0 13.12. C" 000000 ey, -+ ,6, 000000000 W =Cey+---+Ce, 000000000
eref+--+ene, 000000000000 O0C? 0000000 Ye/?cosh, e /2sinf) 00O ODODO
0000000000000000000000000*5(Euler’s formula) e = cost +isint 0000
e?/2 cos i . cos? @ e*? cosfsiné
i —ip/2 ip/2 o = )
<€_“"/2sin9> (e cost e smH) e " cosfsinf sin? 0 ’

0 13.13. R®*O00O0OOOoooomO W={(—-y+2:=0)00000000000000

00 13.14 (0000). 0000 VOOOOOveV 000000000 WOOOOO Po=>Y(ev)e;
0000 Waww |v—w|00000000000000000000000

000000000 a,,q 00000 y= f(z) = Y, 0;f;(x) 0000000 (ax,4) (k =
1,---,n) 000000000000 0D0O0O0O0OOOOO0O (the method of least squares) 00000

*4000000000000000000000000 X ;eje; 00000000000000000000000DOOOOD
S OpOO0000000000000000000000000 t+00000000000000000000000 Taylor 00
e =1+z+22/2+23/3l+..- 0 2=t 00000000000000
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oono
2

S o =D agfitan)
k J

00000000000000 «000000000000000 *(y,---,y,) 000000 "ROOOO
ooo

fi(z1)

W=>R[ :
J fi(xn)
00000000000000000000000000 o;000000000000000000000
000000 00000000000 n0000000dimW =/00000000000000000
Gram-Schmidt 00 000000000000 0000 o, 00000000 0000000000000
ooon

k

> yk—zajfj(xk) filwg) =0 (@=1,---,1)

O 0000000000000O0000OC0O0O0O0O0OO0000O0O0 o, 000000000000000
ooboooobooooboooooobooooooo

0 13.8. f(z)=az+400000000000000 o, 400000

14 O0O0ODOO0O0

oo ooobobobobbobobobobbtbodddoLDbL Db
g ooooboboboboobbbobobbo0d0ddgooooogo
oo boobobooodooooboboobbbbbOo0ooooUgbooboboboo
gooooddddooooooooooooobobbbbobbbbobbo0dddddooooogo
gobobooboobobooboobboobuooboboooboo

00000000000 ¢:V—->WOO000oooo0d ¢: W —V 0Ouw|¢v) = (ew|v) (v e V,we W)
0000000¢ 00000000 (hermitian conjugate) 1000 =¢* 0000000000000
0000000000000000¢ 0 ¢00000000000000000 (Ywlv) = (w|év) = (puw|v)
00000 veVOOODOOOODOO0=®w—vwv)d v=¢w—pwd0000yw=pw (weW)O

0 14.1. 0000000000 OOOOOOO0OOO0OO0ODOOOOCOODOOO0OOOOOOOOOOCObObOOn
0000o0o0ooDooDo0O0000O00D00000000000AEM,,,(C)0veChweC"OOOOO

(w|Av) = w* Av = (A*w)*v = (A w|v).

cobooobooodoboobOdoboOooOoboOoobooooOooOoboOooOooOoOobOobOOobOOobOboOOOoOOnn

000
(p)" =9 ", (¢")" =9

*6 00000 (adjoint) 0000000000000 000000000000000000000O00joinedto 0000
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0000¢00000000000000000000¢* 000000 (¢~Y)*=(¢*)"' 000000
00 14.2. 00000000 VOOOOOO WOOOOOO ¢000000000000

Proof. VODOOODDOO {e1,--,e,, 000000000000 o:W =V 0O ow)=>(P(er)|w)ex O
goood
(pw)lo) = S (wlo(en))exlv) = (wlo (3 exlenlv) ) = (wlo(v)).

O

0143.v €V ODOOOO C>A= eV O0000000000D0DODOOO v*:V —-CO0O
v* v (vfr') €eCOO0000000v'w = (vjw) 0000wv* : V -V OO000000 V 30
wlv) = (v )w eV 0OO0DO0D000000 |w)(v| 000000000000

000000000 C*"000000 VOOoOooooo vrod e=(ay, - ,a,) 00000000aeD
0oooood e¢*:V—-C*O0D0

aj (a1|v)
a = : U :
ar, (anlv)

gobooooood
0 14.1 (*). DO00DOCOOODOOOOOOD CODOUOOLODOOOODOOODODOOODOODOOO

00 14.4. 0000000000000000 ¢:V = W 00 (¢()|o()) = (u|v') (v,0' € V) DDOOD
000000000 (unitary*™® map) 0000000000000000000000000OO0DOO0O0
000000000000 000D0000D000 (isometrically isomorphic) 000000

00 14.5. 0000000000000000 ¢:V—->WOO0ODO000O0OD0DO0000000000000
p*=9¢9 ' 000000

00 14.6. 000000000 O00ODOOOOODOOO ¢:V>WOOOODOOOOODO

() 0000000000
(i) VODOOOODO ey, ,e, O ¢ler), - ,d(e,) 0 WOOODOOOOODOOOOODOOOO
(i) V0000000000 e, ,e, 00000¢(eq),--,¢(ep,) D WODOOODOODOOD

014.7. 0000000000000 O0O0O0O0O0O0O0O0O0O0OOOOOOOOOOOOOOOOOO0
0 14.2. () 000000000 O0ODOOOO0OOOOOOOOOOOOOOOOOOOOOOOOO

0 14.8. 0000 VOoOODOOD (er,---,e,) 00000000 @:C" -V OOO0O0O ®(4;) =e;
(1<j<n)000000000DO0000ODOG; 0 C"OO000DDOOO0OODDOOOOODDOOOO0
ooobooooo

*97 Dirac notation 000000000 Gibbs 0 dyad 00000000 Grassmann 000000000000000000
8 unit 00 0000000000000 000000000000000000000000000000000000000
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00ooUooOooo ¢:V—-VOoOoooo AO

*

el el eler ... ejey
(per,...,den) =1 * | (e1,...,en)A = =1, A=A

%

*

en

00000o0oooooo*g

00 14.9 (0000 polarization identity). 0000000000000
4(wlv) = (v+ wlv + w) — (v —wlv —w)

gobobogooboobogopobooo

3
4(wlv) = sz (v + i*wlv + i*w)
k=0

gopoogo

Proof. 00O0DODOODO 2ww)+2w)=@w+wrv+w)— (v—wv—w)JD0OOO

3
Z i* (v + i*wlv + i*w) = 2(v|w) + 2(w|v) + 2i((v]iw) + (iw|v)) = 4(w|v).
k=0

O

0 14.10. 0000 VOOOOOO WOOOOOO 4000000000 veV O |¢@)| = v 00
O (¢p(v)|p(v") = (v]v') (v, € V) DDODOODOO

Remark 12. 00000000 VOOOOOOOO v,weV 0000 [v,w] 0000000000v 0000000
D0wODOO000D000000000 (sesquilinear form™®) 0000000000 [v,w] = [w,0] 0000000
000000 (hermitian form) 00 00000000000000000000000000000000000000
000000000 o] eR(veV)OOOOOODOOOODOO

00 14.11. OO0ODO0OO0ODO vDOOOODODOOO odbDbOOODOOOO

() 0000 veV DO (gl = vl

(i) 0000 v,we VIO (¢v)|p(w)) = (viw).

(iil) ¢

(lv)ngDDDDDDDDDDDDDDDDD
Proof. (i) <= (i) 000 (i) <= (iii) < (iv) 0000000000 (G) 000000060 VOOOD
0000 vVOoOooOOooOooooovoUOOooOOooOUoOooOooOoooOoooooooooo (vyoooo O»

000000000000000000000000000000 (orthogonal*°! transformation)d O
0000000000000000 (unitary transformation) 00 000000000000000000—

0 NQ000000000000000000000000000000000000000
*100 gesqui = 14+ 1/2 00000000000000000000000000000000000000000000000
*101 000 orthonormal 00 000000000000 O0OO0OODOOOOOO
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0000000000000000000 YT =1, U*U=1000000000000R"000 C*"O
oobooooooooooooboooboboooooooooboooooDoOooDo
000000000000 000O00o0Oo00OO000o000ooDD VOoOoooooooooO e=

(e1,--+,en), f=(f1,---,fn) 00000

*
€1

fel=(fr,  fu) | | = frei + -0 Sy

*

€n

OVO0oooOoOoo ¢0000000¢0000O0DO0OO

fien ... [fien (filer) .. (filen)
fre=| ¢ on =
fren oo fhen (fuler) .. (falen)
0000000000000 D000O0ooooooOoo(fce) (ffe)=e*ff*e=ee=1000000000
oooooooooo

0 14.3. J0O000o0oooOoooooooooooooooobooboooobooooo
0 144. 0000000000000000 10000000000000000000 £10000

0 14.5. 0000000 TOOODOODO 7=det(T) 000ODOOODO
0oooo oo I'(rl, - T)=—74(rI, — T)O

0 14.12.

() 00 a,8,7,0 00000
€' cos —e~"sinf
e~ Pging e Hatht) cogh
0000000000000 a=8=y=00000000000 (§16DD)DDDD
(i) nDO00D0 o= (0(j)i<j<n DO0ODDOODO
T = (60(1)7 e 760(11)) = (6j,a'(k))1§j,k§n

0000000000000000*9(cyclic permutation) o = (2,3,...,n,1) 0000

0o ... 0 1
1 . a0
T:
0
0 1 0

goboobooboboobooo
0 14.6. OO0O0O0O0OOOODOODOODODOODODOO

0 14.7. 0000 700 TF (k=2,3,...,n) 0000000000

*102 gpOooO0000000000000000000000000000000
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T*=T000000 (00)0000000OUDOUODO0OO0O (symmetric operator/matrix)0 00000
000000000000 (hermitian operator/matrix) 00000000 T*T=TT* 000000000
00000 (normal operator/matrix)*!®30 000000000000 —000000000000000O0
0Oo0o00000o0oo00n

Remark 13.
(i) goooooOooooooooogoooooooobbbobobDoDDDDoooooooooooDooooboooD
poooooooo
(ii) poooooooboboboboooooooobbobodooooDbO bbb bDbObbOoOoUoOoOoo

0 14.13.

() DODOoDOooOoooooOoo
aq b1 C
bl a9 b2
c E as

0000, 0000000000000
(i) 00000000000 DO0O000D0U0O0DODOO0O0DOPaUli DOODODOO

a0 = 3) o )
1 0)° i 0)° 0 —1
00000 L O0O00C0OO0D0O000000000000000000000000000
0 14.8. (1) 00000000000000000000000O0O0000000
0 14.9. 0000 @ = (ay,a2,a3) e R* 000000 - d = ay01 + az00 +azos 00000
(0-@)o-B)= (@B +io- (T x D).

00 14.14. 0000 V OOODDOOOOD FEOOODDOOOOOODOOOOOO E2=FE=F*)00
000000000000 FOOODOOEP 00000 W=EV OOOOOOOOO

Proof VOODODDOD E0O VOODOODO V=EVe(-EVODODOODOODODE =E < EV 1
(I-E)Y 00000000 (Ev|(I-E)w)=@|(E*—E*E)w) 0000000 E*=E*E00000O
0000000 E?=E000000 E*=E0000000000000 O

0 14.15. 0000 C*°00000000000000000000000000000000000000
000000000000000000000000000000000000000¢C(})=c(*,’)00
00000000 weC=CuU{occ} 00000000000000000000

1 1w
E=—
1+ Jw]? (w wl2>

00000weCOOO0ODO0O0DOO0OO0OO0DO0OO0OODOOODDOOODOO E»L—-EOODOOODOO
z——1l/w000000000O0OO

*103 00Do000000000000000000000000000000000000
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ocooooooobooo FOOOO

_1(1+z T — iy

o T+ iy 1—2)7 vy z €R

2

0000000000000000000000 E2=E0000000 2244y2+22=1000000C
00000000000000000000000CO000000000000000 (0,0,+1) 00000
w=0,0000000000

0 14.10. FO0ODOOCO0ODODOOODOOOO

0 14.11. 0000 V=We.---@V, 0000000000000000000OOOOOODOOOO E;
ooboooooooooon

00 14.16.

(i) 00D0D0D00D (D0oDO0OOoO0O)o0oDbOOoooo
(i) DO00O0O0OO0 (DOLO0OO0OO0)0DDOOOODOO 10D0DOOO

Proof. 000000000000 Ay=XM00000A*=A00000A(v|v) = (v|dv) = (A*v|v) =
(Avjv) = Avlv) DODO X = A
A*=A"100000Aw=30v000000N(vjv) = (Avv) = (v]A™ ) = $(vfv) 000N =1. O

cosf)  sinf cos@ —sinf
sinf —cosf )’ sinf  cosf

0 14.12. (3) 0D

gobooooood

0 14.13. 0000000 UDO0O00O0 I0000000000000000 00000 X273 000
ooo

00 14.17 (Schur). 0000000000000 O000O0O000 (triangular matriz) 000000
ooo

Proof. 000000 n00000000000D00000 n—1000000000000000000
000000 n000 ADODDOOADDOD 000000000 ¥ 000000%W,=7"/|¥|00
0000000 (dy,...,4,) 0000000

A<7u~~7m)—<m,...,m)(g ;)

ooooooooooooono poodO0o0On—-100000000000000000 BOOOOOO
goooogooooooon—-100000000 TOOT*BTOOODOO n—-100D0D0OODODODOO
gobobooobooboooboooo nOOOOOOOOO

U:(m,...,m(é ;>

ooooOoouUu*Av oooooooooooooo O

*104 OO0 000D00000000000000000000000000000 00000000
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00 14.18 (Schur-Toeplitz). 0000000 0D0O0O0O0OOOODOUOOUOOODOOOOODOODOOOOOD
oooo

Proof. 00000000 DOOO0UOOO0OOOODDOOUOOUOO ADDDOODOOOUOOOOODOO
U*AU 0000000000000 00000
Oo00o0oo0o0o BoOOOO

BB*=B*"B < BOOOODO

goboooooooooooobooooooooooooooooo O

Remark 14. 0000000000000 DOO0OOOODOOOOOOODOOOOOOOOOOOOOODODOOO
o0ooo0oooO0oo0oO0o0oo0ooo0oOo0oOoUoOoooOoooU0oOoUoOooD coooo

0 14.14. 00O0O0OOO0DOOOO U, VOO U+VOOOOOOODODOOOODODOOOODODOOOOO
0 14.15. 0000000000000 OO0OO0O0OO0OB=000000000A, CO0O000OO0OO0
A B
(0 o)
coobOooobOoocooboooOoooOoooOoboOooono
00 14.19. 0000 ADOOOOO

(i) AZ =\7 0000A*Z7 =X7 0000
(i) A7 =\7, Ay =py A\4£p) 00000007 0 ¥ OOOOOO

Proof. (i) OO
0=((A-XDT|(A-X)T) = ((A* = X)T|(A* = XI)T)

00000@MO00000000AA* =A*A000O
(i) 0 () DoDOOOO
wW@Y) = (Z|AY) = (A Z[F) = MZ|V)
oooo O

0 14.16. 0000 AODOO AOUODOOOOO 00000000000 Cv+CoO0oADOO A0
goboooooooooooobbooooboooooooooono

gogoogoobooobgod

oobodo bOooobooooooboooo
uobod bOooobooooooocoooboooooon
gobod bOoooooooobOoboOoOoobOobocoOooboOoOoOoOOCOcOOOOOO0ObOOOOOOOOODOOO

coboooooboooodooooboobooobobooboobooooooooooobooboOoooboon
goboooboooooooooboobooooboocooboooooOooOoOooooOooOooboboOooon

0 14.20.
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() D0ODO0(§1600)00000

cosf —sinf 1 vio [ 1
] =e .
sinf  cosf +i +i

(i) 0000000000000 0000O0000O0O0000ODO0000ODO0OOOOO

X X
1 T n 1
T T2 &
T | =X]: = . =] . = xp = A "z, NV =1
o - : :
Tn—1 Tn

(i) ADDODDOOOODOOOOOOOOOOOOO

i) X1
T+ X3 T2
: =\ : = zjs1F+ 241 =2 <j<n—1),x3 = Ax1,Tp_1 = Azp,
Tp—2 + Tn Tn—1
Tn—1 Tn

0000000000 21 +%k1 = Mg, (k> 1) 00000 20 =000000000000
z,,1=000000000000000 #¥-M+1=0000 ¢*'00000A=q¢+¢ '0000O
r,=¢"—q¢*(1<k<n)000000000000¢*2=1000000000¢q=mil/(n+1)
(1<1<n)0D000 A=2cos;Z2; 0000000000000 a3/2 =sin = (1 <k<n)0O
ooo

0 14.17. () 0000000000000 OOOOOODO
gobooboboobobooboobbooboobobooboobbooboobn

00 14.21. OOO0ODOOOOOOOODOOOODOOOO

0 14.18. 00000000 OODOODOOOODUOOOODODODOD

0 14.19. 0C0O0ODO

(005(29) sin(26) )

sin(20) — cos(20)

ggoobooobooboboobo

00000 ADDODDOODODOOD {o} 0000000V, 000000 E;000001y =3 ,FE;
000000000A=),q,;E; 000000000 A0DDOOOODO "% (spectral decomposition) 0
0000000000000000000000000000000000000000000000000
ooooood

000000000000 000000000000000000000000000000000000
0000000000000000000000000000000000000000000000000
000000000000000000000000000000000000

*105 00000 spectrum 00 00000000000000000C0000000000000O0OO0O000O0O0O0OO0000000
oo0oo0o000000000000000000C000O0O00O0O000C0O00DOOO0O0OO00O00O0CO0O0OO00O0O0000
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00 14.22. J000 VOOOOOOOOO HOOOOOOOOOOODODOOOOOODODDOOOOO veV
0000 (w/Hy) 0DOODOODODOOOODODOOODODH ODODOOODOODOODOODOODOOO

max{(v|Hv);v € V,|v| =1}, min{(v|Hv);v € V, |v| =1}
gooogoo
00 14.23. 00000000 VOODODODOD HOOOOO®) (i) 00000000 (iv)-(vi) 0000

(i) 0000 veV 0000 (v|Hv)>00000

(i) H=A*ADOOODOD VOOOOOOOOD AODOOOOO

(i) HOOOODODOOOOOOOODOO0D000000000

(iv) 0000 0£veV 0000 (v/[Hv)>00000

(v H=A*ADODDODOOO VOOOOOOOOO ADODOOOOODOO0O00O0
(vi HOOOOOOOOOOOOOOOOOOOoOo

I]DDDDDDDIZIDDDDDDDDDDDDDD*IOG(pOSitiveSemideﬁnite)DDDDDDDDDDD
(pOSitive)DDDDDDDDDDDDDDDDDDDDDDDDDDDDD (positive definite) 000 O

0 14.24. 0000000 C"0OO0OUOOO0OROODOOOODOODOOOODOOODOODODOOOODOO R™
oobod»n0O0000O0O0O0O0ODOOOODOOO

15 O00OOooooooo

00 zy,...,5, 00000
Q)= > ayzz,0

1<i,j<n
0« = (x1,...,2,) 00000 (quadratic form) 0000000000000 A= (a;;) DOOODO
a;; =a;; 0000000000000

T
Q(z) ="'zAz, ==

Tn

0000000000000 00OD000O0ODUOO0ODOO0 (real quadratic form) 0000
0 15.1.

a(@®+y* +2°) + 2@y +yz+zz)=(z y z)

)
—Q =
Q =
<

0 15.1. 0000
Q(x,y,2) = 2V3xy — 2yz + 32°

goboboooboob

106 Qo000 000000000000000000000000000000000000000 (non-negative) 00000
000ooooooooooooooooooooooooooooooooooooooooonooooooooooooooa
oo0ooo0o00o0o00000b0000000000000DO00O0O00O000COO0OOO00O0000
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coooboooooboobOoboOoocOooOooboOobOOoOOoOobOOoOoOoOOoObOOOOoOODOobOObOOnn
goboooooooooooobboooooooooDooo

r=Ty <= y=T"'x

0O0000000000000000
Q(x) ="y'TATy

0000000000 AD0 YTATODDODDDDDDDADDDODODOOOOYTAT 000000000
00000000000000TAT 0000000000000000000 TO000000000000

00 15.2. 0000000000 Qx) 000000O0O0ODO TOOODODODOOODODO 2=TyQ000D0OO

n
Qz) =Y ay;
j=1
000000000{e;} 0000000000000
Proof 00D00D00O000T=T"'00000000 1421000000000000000 O
0 15.3. 00000 Q(z) 00000 A0 00ODOODODO (0000000000)000

(i) ADDDDODO0DO0DOO00000000000 (positive definite) 00 000Q(z) 0 z € R 00
0o0oooooo
Q(z) > afz?
000000000eO0O00000O0
(i) ADDDDOODDOODOODO0D0O000000O0 (negative definite) 00000Q(z) 0 x € R* 00
00000000
Q(z) < flz/?
000000000 00000000
(iii) 000D00D000Q(z) 0 xeR" 000000000000 (saddle point) 0000

0 15.4. Q(z,y,2) = a(z? +y*> + 23 +2(xy+yz+20) 0000000000000 000000O0OO
000000000000 00000000000000000000000
A—a)z=y+=z

= ((A—ay=z+z=MN—-a+llz=AN—-a+1l)y=A—a+1)z
A—a)z=z+y

A

SRS
|
>

SIS

00 A=¢-1000000000000V,,02+y+2=0000000000000000
O0M#¢—-1000000000000000000z=y=20000000A=ae+20000
Vare =R%(1,1,1) 0000000000(1,1,1) 00000 Z0000000000 X,Y0OOOO

a(z® +y* +2%) + 2(zy + yz + 22) = (a = (X +Y?) + (a +2)2°

00000000000000000000000 QO0e=1000 ¢=-20000000000Q0
0000000 (e>1)0000 (e<-2)000 (—2<a<1)00000000000

*107 0ODO000000000000000000000000000000000000000000000000000
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00000000000000000000000000D000000 ¥1,-1,00 €V, ;00000
Hx,y,2)€V,1 0 ¥(1,1,-2)00000000000000000000D0DODOO0OOOOOOOOOO

0o0ooooooo
1/vV2  1/V/6 1/V3
T=|-1/vV/2 1/V6 1/V3

0 —2/v/6 1/V/3
ooooog
a—1 0 0
'TAT= 0 a-1 0
0 0 a+2

goobooooood
0 15.2. J0O000ooo0ooooooooboooooboboooobooooooog
cooooooobooobooooooOooOoooOobocOooboOooo

00 15.5 (Gaussian Integral). 00000 Q(z) DO0DOODOD0O0ODOO

n/2
/ e QW) gy = T

V/det(A)
0 15.3. 0000
/ e‘z2_y2_22+$y+yzdxdydz
3

gobooooo

16 OOOOOoOoOoooog

coooooooon obObOObOOOOODOOOODOOOODOOOODOOCOODOODOODOO
oo0oooOoo0o0oooOooOoOoooobo200000000000C00000O0O0CO00O0OOCOOOOO0
goboooobooooboooooobooOoooOooOoobOoboOoOobOoOooboOoOooOoOOoOoOoOOoOoOobboOoon
0000000000000000000000000 0000000*%000000000000onona
00000000000000000000000000 (z,y), (¢/,y) 0000000000000 0OO0O

2\ _ fa b\ [z n s

vy )] \c d)\y t
DDDDDDDx/,y'D z,yUOOODODOOO0ODLOO0ODOOO0OLOOO0ObLOO0O0O0bOOo0obLOoOoobOoOobDoOoo
000000000000 000000000000000000000000000U000g ad—bec#0

0000000000000 000000D0O0O00D00O00D000000O00D jad—belDO0O0DODOODO
gooooboboobooo

0 16.1. 000000000 C={!z,y);|z|<y}0 COO0D0D0D00O00D0000O0

108 0 affine 0000000000000 O000O0O0O affinis (ad+finis) 0000000 Daffinis 0000M(000)000
00000mOo00o0000obo0o00000lnear 00 000000000000 DOO0D0O0O0O0O0O0O0O0ODOOOlinear =0
O0000affine=0000000000000M000000000 affine00000000000O0DOO0
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0 16.2. Z? = {*(z,y);2,y 000 }00OOOO0OO0O0OOO00O0O0OOO0O0 Z°000 Z200000000
00000000000

0 16.3. 00000O0OO0OOOOOOOODOOO0ODOOOOOOOOOOOzsOOODOOODOOOOOOOO
gopbooo

0000000000000 0000%Y0000000000000000000000D0O000000
gooogogoooooooooooooooooooooDOoO0UOOUOLDUUOD 411o0o0o0DOO
goboooobooooooOoooOobOboOooOoOoOoOoOooOoOooono

gogod
0000000 TOO0OR?0000000 e,f00000T=(e,f)0000000e00OO0DOOOD

ooooo
o cosd
~ \siné
00ooodguouogug foooooooooooo
—sin@
i(cos@)

T— cosf) —sinf
~ \sinf  cosf
000o0o0o0ooo0oOoU0o00D 000000000 DO0O0 POOODOODOOOO ROODOOOOR

000000000000 0000000D000D0O00DO0O0OOO0 »>00000 700 rRw)OOODO
gogoooobooboooobuooboobobooboobboobg

R 1 o cos 0 0 . —sinf
“\0 sinf )’ 1 cos

0o0o0o0o0T0O ROOOOOO

gobooooo

0 16.4. 00000 0O0OODOODOOODOOOOOOODOOOOOX0g

cosf sinf
= (sin0 — cos 9)

00000000000 y=«tan(f/2) 00D00DOO0O0ODOOODDOOODOODODOOOOODOOOD

+1000000000000000D
cos(6/2) —sin(6/2)
<Sin(9/2)> ’ < cos(0/2) )

gogo

ggoooboooboobon

109 Qoo O00000000000000000000000000000000000000000
*110 0opDoo0000000000000000000000000000000000
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000000000000000000000000(2,y) 000000000000000000000
0 (+,4/) 000000000000000000000000000000000000 (2 — 2,y —y)
00000000 000O0DO

y+y _x+a
2
000 2/, 00000000

tan(6/2), (x —2')cos(0/2) + (y —y')sin(0/2) = 0.

2’ =xcosh+ysinh, y =xsinf —ycosh
goooooroooood

0 16.5. 00 y=otan(¢/2) DO ODOD0O0OD0O0O0O0O0O0O T, 0000000000000000 T,T, 00
oobooooooono

0000000000000 0000TO0O0000D000O0OTOO00O000 f(t)=dettI-T)D0 tO
0000000 100000000000limy+0 f(t)=4tco 0000000000000 OODODOOO
f()=0000000000000000D00000D0O0O0 veR*0O000 Twv=tv000000OT
000000000000 000000OR=100000000000000k=v/[vJ000DO0O0O0OODO
7,J, k0000000000000 TOOOOOOOOO TOoOOoOO

S 0
=7
o00o0o0oo0oo0oorTooo0oo0oUo0oUoOoUoOOoUoOon SoooooOoUooooo
ooboooooog

(i) t=1,S000000000000T0O0O0O0OD KkODODDOODODO

(i) t=1,S00000000000000000O0O0DOD jOODODOODODOTOOODOO ¢00DO
cooooooboooboooo

(i) t=-1,S0000000000 kODODOD0OOD0ODOUOODOODKOODOUOOODOOOOOOO
gboooooooooom

(ivy t=-1,S0000000000000000O0ODOU0OLOOD 7 O0OODOO

0000000000000 00det(T)=+100000000000000000000O0O0O0O

R 0
0 16.6. 0 14500 T =
0 det(T)

)EJI:I[II:J[II:JI:I[IEJI:I[IDDDDDDDDDDDDDDDDDD

ooboooooon
coobooooobooooobooooooooooboOoooo0oooooooDObO0ooDbDOoooooOOoOooDO
ooooooooooooOoooooOoOoooboooOoOo rooooo tooooooOooooooooon

gooooooo
P:o+r—o+Tr+t

000000000 o000 oJ 0000000000+ r=0+7'

o+r'—o+Tr+t=0+Tr' +(T—1)(0 —o)+t

(0]



gbooboboboboooooooboobobobono too
t'=(T-1)(0 —o)+t
gooood

() 7000000000 0det(R—1)=(cosf—1)2+sin?0>0000000¢ 0 #=000000
OO0000O00oooooooOoeUoUooOoOoUoOoooOoOooDoOoon

(i) 70000000000O0OO(-T7)/2000000000000000000000000000OO0
gt¢:tooooooobobobooobooooobobobooboooobLDobobobbobobooDo
0000000000000 0000000D00000D0000000 (glide reflection) 000 O

(i) 7 0000000000 T-100000D0OO0OOOO0ODOOOODOOOODOOODODOOOOODO
000000000000 000000000 (Chasles000)00DO0O0ODOODOOO (screw
displacement*!1) 0000

(ivy TOODODDOODOD - 000000000 0000000 O0DO0OOOOOOOODOOOODOODOO
0000000 (boo)oooo

016.7. 00 0000000000000 0ODDODOOOOO00O0000OO0ODOO0O0OOO detT=1000
googo

Remark 15. 000000000000 0O0DO0OO0OOOOOOOOOODODOOOOOOODOOOOOOOODOOO
goooooobooooooooobooooooooooboooooooooooooooooonog

oooooboooooooooooboooOooOoboOoOoooOoboOooOoObOoOoOoObOOOOObOO0OODbOOOOODObOOO
gobooooooooooooobooooooooooooooooooooooooooodooooooooogn
gobooboooooooooooooooobo0ooOooooOoOoOoOoOoO0OooOOob0OoOoOoObOO0OoOObOObObOOboOn
ooo

*111 gerew drive 000000000000
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OOA O00O00

0000000000000 0000000000000000000000000000000000
00000000D00000000000000000000000000000000000000000
000000000000 0000000000000000000000000000000000000
0000000000000 00000000 global 0000000 O000O0DO universal 0000000
000000000000000D00000000000000000000000O'?00000000
000000000000 000000000000000000*3n

00000000000 0000000000000000000000000000000000000
0000000000000000000000000000000000000000000000000
00000D000D00000000

D000000000000Menge (000000000000)Densemble (00000000030)0set (O
00000000)0000000000000000000000000000000000000000
00000000000 0000000000M0000000000000000000000 map (O
0), application (0100 00), Abbildung (0000)000000000000000000000O00
0000000000000 0000000000000000000000000000000000

o0 set gooo oo map ogn
OoOoQO | element oo 0000 | identity map | DOOOO
0000 | subset ooooog oo composition ood

? supset oooooo O image ooooo
ooo empty set oooood oo inverse image | 00000
0000 | universalset | OO OO0OO ooo inverse map gooog
ooo complement ooo 00 injection gopooo
god difference set | 00O oo surjection gooogo
0000 | union ooo ooo bijection gooogoo
OO0D0 | intersection ooo ooo domain ooo

gono product set gobooono EEN range ogn

0000000000000 000000000000000000000000000O000 AO0OO
0000U0oo0o0oUoooo0o AO0Oooooo

000000 A BO AUD0OOOOO BOOODOOODUOUDADO BOOOODODOBO AODOOOOOO
O00AcCcBOOOO BOAODOUDOOOOODODOO

AUB={cce ADOO ce B}, AnB={¢gce ADDO ce B},
O0000D0DA0O BOOOUOOOOOUOODODOODODODAUDOD BOOOOOOOO

A\ B={a€c A;a ¢ B}

*112 https://researchmap.jp/read0168181/-Cheap-Learning/
*113 0000000000 000000000000000000000000000000000000000000
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O000D0AD BOOODOOOO

000000 A BOOOODOADOO ¢0 BODO bOODO (¢,) 0000000000000000
00000000000AxBOOODODOOOOOOOOOOOOOOOOOOOOOOOODOOOOO
000 A,B,COO00D000 AxBx(COOOOODOOOOODOOOODOOOOOOOO AQDOOOO
Ax---xA=A"00000O

000000 A, BOOOOOADOO O BOO bOOODOOOOO0OO0DOO0O0O0O0O0OOO00O00OO0 A
00 BOOOOOOOOOOOOf:A—B,a—b=f(a) 0000000000A00000 fO000O
0MBOOO0O0 f0000000O0OOOOOOOO0O00 ADODOD BOOOOOOOOOOOOO
0000000 BAOOOOOOO0O00

AO00 ADDDOODOOOf(e)=e¢00000000000000000I, 000000000000
f:A->B,g:B—»(CO0000000000000a ¢g(f(e)) 000000 ADO COOOOOO f
0 ¢y0000000gofO0000000000000D o0000000000gf 0000000000
00000000000000000000

000000000000000000000000000000000000000000000000
0000000000000000000000000000000000000000000000000
000000000000000000000000000000000000 f:A—BOOOOOBO
0b0 ADDeD b=f(¢) 0000000000000 00O00O0O0OBOD ADDDOOOOOOOOO
000000000000f°'000000000000000000000000000000000000

000 f:A—»BOOOOO A'CcA, B cBOOOOO

flAT={f(d');a' € A}, f7[B]={a€ A f(a) € B}
000000A 000000B 000000000
D00000000000000000000000000000000000000000000000

000000000000 0000000000000000000000000000000000000
Ooooo*tg

O0B OO0DOOO

00000000000000000000 z2=2+4 000000 (z,y)=(rcosd,rsingd) 00000
r(cosf +isinf) 0 20000 (polar form) 0000000000000 0000 r=|2/000000
0000000000 cosf+4sinf 00000000000000000000000000O00O0 ¥
000000000000000000000 e?e% =¢¥+9) 00000000 00000000000
000000000000 =e%# =e*(cosf+isind) 00O OD0

0000000000000000000000000000000000000

00 B.1. 00000000 f(2) = 2" +@z" '+ +¢, 00000 ¢,y 000D f(2) =
(z—¢)--(2—¢) 000000000

Proof. () 000000000 f(2) 00000f(¢)=0000000 ¢0000000|f(2)]0 2000
00000 limp, e |f(2)| =00 00000000(f(2)| 00000000 (000000 f(2)0 2—¢0

*114 Qpoo00D 0000000000(0D000)000000000000000000000
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goooooo
f@) =fo+ iz = O '+ fir(z = O 4+ + falz = Q™ fi#0

000000 f0#000000Jz—¢|00000002—¢000000000000]f(2)|<|fel00D
OO0|f|=|f(¢))0000000000000000f()=00000
()00 f()0 »—¢0000000000000 () 00000000000000000 O

O0C O0DOOoDOOooooood

goboobobooboobbooobooboooboobbooboobbooboobbooboOoo
000000000000 oOoooooooooo C"=vie---V, 0000
000000000000000 AOOOOODOOOO

A 0
0 A,
0000000000000 000AQ00O0O0O0O0OOoO0oOoo0OD A, 000000000000 0000

000000 AODO0O0OODOO0O0O00UDO0O0DO0O0OOOO A, 000000000 DOOUOOOOO
0000000O00AQO0OD AODOOOOODOOOOO (generalizedeigenspace)V)‘[ID

VA={veC™3Im>1,(\, — A)™v =0}

0oooovAoOoO0oO0oO0O0O00 V,00000000000A0 (M,—-A)™O000000D0O00ODOD
goboooboooobooooon
oooog (AM,—-A™=0000 m>1000v0000000000000000OC

ker(A — A) C ker(A — A)?> C --- Cker(A — A)™ C ---

0000000000000 000DO0D0000D0O000O0 nOODDDOODODOOker(A—A)™ =
ker()\—A)erlDDDDEID m>10000000000000000

A=A =0 = (A—Awecker(\— A" =ker(\ - A)™ = A—A)" Ty =0
IZIDIZIEIDDDDDDDDDDDDDDV)‘zker()\—A)mDDDDDD m0O vV OOODOOO0OO

oo C.1.
C" = ker(A — A)™ @& (A — A)™C".

Proof. 00 ker(A—A)"N(A-A)"C"={0} 000000 v € ker(A—A)"NA-A)"C" 0 v=(A—-A)"w
000000=M\—-A)?w 000w € ker(A\—A)?" =ker(A\ - A)" 000000v=(\—-A)"w=00
0000000000000 dimkerT+dim7TC"=n000000000 O

000000000000 ADODOOOOOOO000000A,, B, 00O0OD0O000000AD ByOO

0000000000000000AD B,OOOOO0OO00000£we (A—A)™C"00Aw = 000
0000000weker(A—A)N(A—A)™C" 00000000
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O0000AO ByOOOOUOUOUOOODOOOOOOUOUOUOOOOODOUODOOOOUODOOOODOOOD
000000000000 0000000AD VM OODOODDOODDOODOO A 000000000000
0000000000000 A, 0000000000 OODUOO0(N-4,)»=00000000000

00 C.2. A0D0O00 {Mh<icr 00000

Cr=VM@. . .oV,
0000AD00D00000 det(tl, —A)=({t—A)™---(t—\) 000000000000On; =dim V>
(i=1,---,7)0000VY =ker(\; —A)™,m; <n, 0000000000m; 0 VM OOOOOOO

000000000000 ADODOODADOODOOOOOOO AOOOON=A-AOON"=000
0000000000000000 (nilpotent0 000000000000000 ADODOOOOOOOO
000000 NOOODOOOOOOOOOOOOOOO000 Camille Jordan 0000000

0000 mxmOO0000 mO00000000000000N@m)™*+#0, N(m)"=00000

01 0

o
0 0

00 C.3 (Jordan form). 00 O00O0O0O0OO0 NOOOOOOOOOOOOOOOODOOOOODOODOODO
0000000000000 o0 mO0O0O0O0O0O0O0OO0OOOOOOO NOOOOOOO

00o0o0ooo0o0oo0o0oooo0o0ooooOo0o0oooOO0o0ooO00O0 NOOODODOOOOoOo

ker N CkerN2C---Cker N ! Cker N" =V
OoOoNOOODOOOODOOO0ObOO0OOoOoOooooooo

00 C4. 0000 veC"O000 A€ M,(C) 0000 +>1000007v=0,T"lv#£00000
oooooooo0{v,Tv,---, 77"} 000000000

Proof.
Av+MTo+ -+ M 4T w=0

oo —4L772,... . T 0000000000MN =0,X =0,---,\_ =00000000000
ATt lo=0000N_,=000000 O

00000000000 000000 VoOoooo wooooovooooooooOo {vy,---,up 0

wooooooooo
Mui+-+ iy eW =X \=---=X=0

oooooooooooogCo+---+Cy+WoOOooDOoooooooooOoq{vy, -+, 000000
000000000000 ooo0V=Cnh@---eCyeW OOOODOO(v,) 0 V/WDODOODOOOOD
ooogoooov/wod v,---,y 0 WOOOODOOODOOO VOODOODOOODOOODOO
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o000 {vy,--,u} 0 ker N°OOOOOOOO{Nuvy,---,Ny} O ker N*-1 0000000000
Y AiNv; €ker N1 0D0OOO0ONKY, \v;) =00000
000000000000000000000

00 Chs5. WOOODODOODDODOOOO w,--+,v, 000000000 V/WOOODOODOOOOODOO

000000000000000000000000000 {vy,---,v,} 00
NFv, k>0,1<i<r

0000000000000 0000D00D0000000Do00go

000000000000 {v,---,v} 00000000000V/ker N*™1 00 vy,---,0v;, 000
000000{Nvy, --,Nv;} Cker N* ' 0 kee N* 2 000000000000000000000
{vit1, - ,v;} Cker N™ 1 000000Nwv, -, Nvj,viq1,- - ,v; O ket N/ ker N*=2 000000
0O0000000{N?vy, -+ ,N2?v;, Nvjyq,---,Nvj} Cker N 20 ker N* 3 000000000000
000000000 {vj41, -, Cker N 200000 0ON?vq, -+, N?v;, Nvigr, -+, NUj, 041, Uk
O ker N 2/ker N2 0000000000000000000000000000 {vy,---,v.3 000
ooo

OOD 0000000

0000000000000000000000000000000000000000 (Jordan-von
Neumann 00 0*1)000000000000000000

() (@ODO) o] >o.
(i) (000D00) v+ w| < o] + flw].
(it)) (D0 D0"1) o+ wl? + [[o — w2 = 2|2 + 2fw|>.

000000002 w) =|v+w|*>—|v|]?—|w|? 00000 (v/w) 0000O0O00O00O0000000O
0000000000000

00000000 v=w=000000|0/|=00000000v=00000 ||—w||=|w|00v=w
0000 |20 =2|v| 000000000 ||+£20=2|v| (0000)000000000 —v| =|jv| C
(i), i) DO0O||v)l - |wll| < lv-w|| D0DO0O0D0O000 |[sv+w| - [[tv+w|| <|s—¢||v]| D0O0D00
[tv+w| 0 ¢t00000000000000000000000000000O0 ()0 (ii)0000
000000000000 (vw)>0000000 ()0D00000 (vjw)=(wp) 0000000000
00000000000000000000000000000000000000000000

2(ulw/2) + 2(vw/2) = [u+w/2|* —|Ju]* - [w/2]” + [lv +w/2* = |lv]* — [w/2]
1 1 1
= 5lutvtw®+ e = = ful® = [ol* = 5|w]?

2

1 1 1
S+ v+ w]? = Ju+ ol - ]

= (u+ vfw)

*115 Pascual Jordan and John von Neumann, On inner products in linear, metric spaces, Ann. Math., 36(1935), 719-723.
*116 OOOo000000000000 parallelogram law (00000000000
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O0w=00000000 2(vw/2) = (vjw) 0000000000 000000

000 (twlw)=tlvlw) OODDODODOO0OOOOD t00000OD0O0ODOO0OOODt0DDO0O0ODODOOOO
0000000000000 t+0000 f(¢) 00000000 f0000 f(s+t)=f(s)+ f(t)0000
O0f(¢)=tf(1) 000000000000 U0O0O0OOODO0UOD QUUODODODODODR>100000
f) = fA+-+1) = fO) 4+ +f1) =nf(1) 0D ne QOO OO0 DDOL0) = £(0+0) = £(0)+£(0)
O000€Q. teQOOOO0=f(0)=ft+f(-)00 t€Q. te@QO0 n0O0O0DO0O0O0O0
f&)=ft/n+---+t/n)=ft/n)+---+ ft/n)=nf(t/n) 000¢/neQ. 00DDDDOD QUOOO
goboooooooooo
Remark 16. 00 (i), (i) 000000000000000000Q 0000 (Hamel basis) {e;}ic; 0000000

2 =Sl v= 3 wes
iel icl

000D000000000000000000000|v|?c€ Q0000000 £ 00000000 |to]=|¢|v]| 00
oooo

O0OE O0OD0OOODOOOO

000000000000000000000000000000000000000000000000
0000000000000000000000000000000000000000000000000
0000000000000000000000000000000000000000000000000
00000000000 00000000

00000000000000000000000000000000000000(vfv)=v=000
0000000000 (semi-inner product) 000000000 0Remark 9 00000000000000
00000000000000000000000000000000 A= (a;s)0 Gr=ay 00000
00000000000000000000000000000000000 (v|dw) = (4vjw) (v,w € C")
0000000000000000000000000000 A0DDOOOO(v[4v) 0000000000
ooo

000000000 C*'00000 WOO0OO0000000000000 W, 000000000000
(C, D0C"0000000000000000

000000Orxn 0000000 ADDOOOOOO (ay)i<j<, 0 C*O000000 (e1,--,e,) OO
Aej =aje; (j=1,---,n) 0000000000000

Proof. (C*); 0000000000000 (C");3v~ (v]dv) 0000*170 o, 000000000 e
O g = (e1]Ae;) 000O0DO0000D00000D000(w) = (v|Adv)—ay(op’)00000(|)0000
0000000 [(uo)2 < (o) (| 0000000000 (e|e;)=00000000

(vler) =0 Vv € C" <= (v|de1) = a1(v|er) Vo € C" <= Ae; = aqey.

gbdbU0Oe, D000 ;p OOOOODODODO
00000000ADDO0O0O0D0O ¢; 000000000 e,---,e,00e; 00000 o; 000000

o = min{(v|Av);v € {e1, - ,ej_1} ", (vjv) =1} for j=2,--- r

*117 0gpDO000000000Bolzano 00000000000
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00000000 »r000000D00000000001<r<n000000000000000OO0
W= {e, ,e}t 00000W, 0000000 Wy dw— (wAw) 00000 o, 00000000
000000000 e eWDOOOODODODODOODMMOODOOD 13.70000dmW =n—r>1000000

0000 N{wlw') = (wdw') —a,p(wjw) 0 WOODO00D00D0000000000000 (w|(Aepsr —
ari16r41) =0 (weW ={ey, -+ ,e.}) 000000000

(ejl(Aeri1 — artrerin)) = (Aejleri1) — arpa(ejlerin) = (@ — argr)(ejler41) =0 (1< <)
goo0oOoooooouooooo Aer+1:ar+1er+1 go0000ooOOoOoooooooo O

A0D000O0O00O0O0O0O0O0O000000000000O00000000000000000ADOOOO
0000000 R"O00000000000D0

Remark 17. O0O0O0OOOOCOOOOOOOOOOOOOOODOOODODOODODOODODOODOODOODOO
gogboobooobooboboobooboobbooboobbooboobobooboobbooboboobo
goboboobooobooboooboo

00 X0O0O0O0O0OOOOOoO0ooOOoO f(x) 0000000000000 0000O0O0O0DO0O0
max{f(z);z € X} = max f(z)
zeX

0000000000000 000000ooo0oooooo0 minODOODOOODODODO

00 E.1 (mini-max principle). 0000000 ADDOODODOOOOD0 ey <ae<---<a, 00000
gopooooo

= i Aw); w, =1}
ap =  min max{(w|Aw);w € W, (w|w) = 1}
Proof. 000000 (e1,---,e,) 0 Aej =je; 000000000000W N (e, €xt1,---,en) = {0}

0000D0dm(W + (eg, - ,en) =k+n—k+1)=n+100000dmC" =n 0000000
W N (e, erqt, - ,en) #{0}. 0000000000 u=Aep+- 4 Anen €W OOOOD

max{(w|Aw);w € W, (wlw) = 1} > (u|Au) = Zaj|)\j|2 > g Z N2 =
j=k

oooon
O0OW ={(e,---,e,) 00000000000 e, e WDOODOODO (eg]dex) = 000000000
ooboooooooooon U

O0OF O0O0O0O0O00O0
ooo zi,...,7, 000000

Q(ZL’) = Q(:I,’l, . ,xn) = Z A5 T35, Aj5 = Qjj eR

1<i,j<n

O z,...,2, 000000 (real quadratic foom) 0000000000000 Q(z) DOODODO

ail a12 NN A1n

as1 a22 . Qaon
A =

apl  Qp2 ... Qnp



oooon

Tn

000000000000 Qu(e) D00O0O0D0O0O0O0O0O0O0O0OOO0 T'=(t;) 0000000 21,...,2, O

1 ti1 ... tin Y1

T th1 ... tan Yn

000000000000Qu(z)=Qs(y), B='TAT 000D

00 F.1 (Lagrange-Sylvester). 00000000 AODODODDDOOOODDO TOOTAT 000000
ooboooooond

cooboooooobooooboooooooOooooboooobo0ooooooooDOoOoobDoOoOooooOoOooDO
o0oAQ0OUOOODOOU0ODOO0OUDOOOO0OOOOO0OOO0OOO0ODOOUOOODOOUDOOOUODOOOOOOUOOO
gooooo

Proof 00 ADDDOOOOOOOOOOOOOOODO ADDODOOOOOOOOOOOOOOOOOO
a1 A0000000

Q(x) = ana} + 2x11(boxa + -+ - + byay) + R(xa, ..., 1)

1 1
= 7((1111‘1 +boxg + -+ bnxn)2 + R(l‘g, Ceey xn) - 7([)2%2 + -+ bnil'n)2
a1 aiy

goooooooo
y1 =anxy +baxo+ -+ by, y;=x; (2<5<n)

goood

2

1

Q(x) = l +R(y2,'~'7yn)7 (b2y2+"'+bnyn)2
a1 a1

gobooooooooood
00000000000000000 A#0000000D00a;; #0000 ¢# 000000000
a2 0000000000

00000000000
1 1\ (0 1\ /1 -1\ (2 0
-1 1)\1t oJlu 1 )70 -2
g ooooobobboooo
D0MO0000000000000000000000000 7,7 00000
dy d
‘TDT = A='T'D'T', D= . D' = . :
dy d,
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dy>0,...,d;>0,dis1 <0,...,digm <0, djgmsy1 =++-=d,=0000000000000000<1'0
000000000000000000

tin ... tin
x1
th .t )
t) t) =0
r+1,1 o W
. Tn
/ !
nl - ton

00000l+(n—0l')<nD0000D00D00000 2000000y=Te,y =T'20000
00000000 Q@) =tyDy<000 Q(z)='%'D'y >000

vy
v
/I ’
Y= 1o
0
ooooo
Q(z) =dy(y)*> + -+ +du(yp)> =0
00000y, =--=y,=0000000000T 2=y =000000000 z#000000
000000/=/0000000000000000m=m' 000000 O

000G DO000OO00OoOoDoDoooooon

gobooboobboobooboboobuoobboobooba
obobooooooooog
gobooboobbooboobbooboobooobooboooboon
gbobooooooobooobooboo
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