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E Kuratowski-Zorn 0 0 O 101
F Baire 0 O 104
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gooboboooobobboooobboooobobboooobobboooobLboboooan
ggobobooooboboooooobbooooboboboooobobooooboobooog
gogooooogo

http://sss.sci.ibaraki.ac.jp/teaching/fourier /fourier.pdf

http://sss.sci.ibaraki.ac.jp/teaching/integral /integral2007.pdf

gobbogoobobboooobbboooobbobooooboboooobboood
gooboboooobbtbooobbbooobob bbb bbb bboog
ggobboooobobbooooobboooobobobuooooboboooobbooog
ggoo

1 OOoOooo

gobboooobbbooobbtboooobbboodobbboooobbbooon
oooobobobOo 2z 0000OO0O0OO

f(:z:)':,%ao—f—alcosa:—kbl sin x + ag cos(2z) + be sin(2x) + - - - + ay, cos(nx) + by, sin(nx)
0000000000000000000000000 ag, a1,b1,...,an,b, 00000
0o0oooob0obooobobot2n+10000000000000O0DO0OO0O0O 2n+1
000 @g,21,...,22, (0000z; =27j/(2n+1))00 fO000000000000
ggobobooooboboboooooobbooooboboboooooboooobobooog
oo ooboobuoobooouoooooo
00oo0o0ooUooooooo0ooooooooog {ag,...,b,) 0000000

g000oOo0oOoooo0oOoooOoUobDboOoooooooD f,gODOOOODOOO

/O (@) - 9(e)? da
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ggobbboooobbboodobbuoooobbooooo

1 2 1 [

ar = — j (x) cos(kx) dx, bk:% i (x) sin(kx) dx

ggoo
gobobogoobobbooobbtboooobobobooooboboooobobooon
oo oobooouoooooouoooooa
ggoboboooobbtboooobbdooobobbuoooobLboooobbbooon
ggoboboooobboooobbbooooboboobooon
gobobogoobobboooobbboooobbobooonoboboooobboood
gobbbooooobbooogobbbboooobobbbbbooobobboo
goooobbooooooooboboodoooobbboooouobbboooooboboon
oboboboooobooooobobobOoboooooU0oobobUobOoDn FODOO
00000 (Euclidean space) 00 0000000000000 D00D0ODO0ODODO &0

oo
ExEB(m,y)r—)@Gg

goooobbbbboboooooooooooon

(i) yt = -z

(il) 7§+ y% = 2.

(i) 0000000 s € EO00DDOO ve£00000v=2) 000 yc EODDO
0oooooo

gobobogoobobboooobbboooobbobooonoboboooobboood
oo ooobbobobobbobobbbbbboboooooguog
gogoboboooobobboooobobboooobobobuoooobobboooobbooog
ggoboboogobobbooooboobbdoooboboboooooboooobbooon
goobboooobbboooobobbooobob bbb bbbooon
ggoboboooobbbooouobbbooooobobooon

goooon ODDDDDDDDDDDDDDDDEBPH)O?E(‘:DDDDDD
OO00OD0OFOO0ODO0ODOO E0000000000D0000000O0000O0ODOO0ODO0O
0000000000000 0DDO00 00ooUoUupDoooooooooooopgé
oboobOobOOobOOooOOooO0oOobOOobOobOobODOooOobObOOobDOoDbD FOOODODOO



00000000000*0000000000000000000000000000
0o0o00 (O,(e) 00000000000
000000 £000d0000000000000000000000000000
000 E0O00D0000000000000000000000000000000
O0000ORY000000000000000000C0O0O0000000000000
RY000000000000000000
D00R{O000000O000O0O0000000000000000000000

I‘:(aj‘l,...,xd)E]Rd7 |m|: Qj%—f—..._f_x?i.

00000000 z,yeREOODODOO0z -y 0000000000000 0000
OO0 REOOOOOOO

01.RY0O0000 SOO0O0000000O0O00000O0O0SO00000000Q

02 RIOODODOO0 {zeR40<2; <1}000 {zeR%|z|<1} 0000000
D000 {zeR%0<Y,2;<1,2;>0,0000000000d—00000000
oooood

gooboooobobboooobboooobobobooooboboooobbooon
ggoboboogobobbooooboobbooobobobuoooooboooobbooog
gooooobbboobbbbboobboooo0ogougo e-bbbObODODOO
ggoboboodgobbtbte-obbboooubbooobbbooobbboog
ggobboooobobooooobobooooboboboooooboooobbooog
goobboooobobboooobobooooboboooon

goboboooobbuoooobbtbooobbbooobbooobobbuooobobobo
ggoboboooobobooooobboooobobobuooooboboooobbooog
gogobboooobbbooobbbooobbbooooboboooobbooog
gjoddooo@mobobbbobooobobobobobbbdiooo o @
oo @moooouood0do U O Q@
ggoboboogobobbooooboobbooobobobuoooooboooobbooog
goobobooobobobtoooobbuooooboboooobobboooooo

00 1.1 (Bolzano-Cauchy). 00000000 R* 00000000000 OOO R,

*1 Cartesian coordinates



Cooooooo
goobooodooobuooooobobooonobd
00 1.2. 0000 X OODOODOOoDOOoOoooooooo

(/) X 0O0ODO000O0D00O000000000
(ii) Heine-Borel 000D DOOD0OOOODO
(iii)) X 0000*00000

03 REODDOO SOO0O0ODOOODOOO0OOOOOOOOODOOOOOO

(i) S0000000000
(i) S0000000000000000000
(iii) Heine-Borel 00000000000

0000 (X,d) 000000 T:X —»X 00
d(T(2),T(y)) < pd(z,y), wz,yeX
000 0<p<1000000000000 (contraction) 00000
00 1.3 (00000000Un). o000 T7':X—-X0o0o0ooo
T(z)==x
0000 zeXOT OOODOOODOOODOOOODOO

Proof. (1) 0000 700000000007 (z)=z0000 z€X 000000
0000000
(i) 0000000 2€X 00000

x, =T"(x), n>1

00000{z,} O Cauchy 00000000dT™(x), T™(z)) < pd(T(x), x)
0000000

d(T" (@), T™(2)) < d(T"(x), T"" (@) + - +d(T™ (@), T (2)) < (0" +p™ F 4p™)d(T

20000 X 0000 (totally bounded) DO0OOOOYe >0, 30000 F C X, Vo € X,
Jy € F,d(z,y) <eDOO00OO



(iii) DOD0DO0D0O0OX OoOooooOoo

y = lim z,
n—oo

obdb ydobodog
(iv) yOOT OO0OOO (fixed point) 00000 T(y) =y0 0000

ob 1. 0ogboobooboobobbooboobo

0000 CO0O000D000O00 QUUOO0O000O000O f(2)0 QOO0 C
00000000000000 a0 fla)2000000e 000000 UCCO
b=f(e) DOODDOO0D VODOODOOUDOODDOOOOOODOO

(i) fO0UO0D0O00O0O0OOUOO0OOOOOOO VOOOOOO
ii) f:U—-VO0O0O0OD0 ¢g0000000 VOODODODODODDODODODOODODOOOOOO
goobooooooooo

00000000000000000000000000U 000000000000
ooo
Proof. 00000000 wOOODODOOD ¢u:Q—CO

1
f'(a)
00000w=f(z) <= ¢u(z)=2000000
(JeODOOOOOO UcCQOO

Pu(z) =2 + (w— f(2))

00000000000
(i) U 0000 29,20 0000

|pw(20) — duw(21)] =

1
d |
/0 Coultzr+ (1=t dt] < L]0 — 2

oo
2

| (a)
0000000000 f0UDO0D000000000000

£ (20) = f(z1)

|20 — 21| <

6



(i) 000000 UD f0000 V=/U)000000000000000000
oooo

VOOO wo=f(z) (20 €U) 000007 >00 Be(z)cUODOODOOOOOO
0000 |jw—w| <|f'(a)|r/20000 wOOOOO

bw(Br(20)) C Br(20)

00000000000000¢, 0 0000000 By(z) 00000000000
00000000000000000¢,(2)=20000 z€ B,(20) CcU0O000DO
Bip(ayr2(wo) C f(U)D00OO0DOCO f(U) 00000000

(iv) 000 ¢g:V—-UO0D000000¢ (w)=1/f(2) 000000000 O

Remark . 000000000000 00000O0O0OO0DOO0OOOOOOOOOOOOOOOO
ggoooogoooooooooboobobbboooooooooooobbboboboooooooag
0000 Dieudonne [1] 0000

00 2. 00000000000000 (X,d) 000000 7T:X —»X0O00000O
0000000z#y€ X 000 d(T(x),T(y)) <d(z,y) 000000000007 O
000000000000O0OO0

() 00DO0D0O T7TO0OO0OO0ODO0OO0DODOOODOOOO

(i) 000 d(T(z), T(y)) <d(z,y) (z,y € X)DOOODODODO0O0O0 2~ T2 0000
000

(iii) 0000 X 22—d(T(z),z) 0000000000 «00000Ta=a0000
000d(T?(x),T(x)) <d(T(z),r) 000000000000 d(T?%(a),T(a) =
d(T(a),a) 000D00000D000D0DO00 T(e)=a000000

gobobogoobobboooobbooooboobooooobooooobobooon
goobboooobbbooobbtbooobobbooooboboooooboo

2 OJOooood

0000 (X,d)(0000000000)00000X000000000000 C(X)
0000000000000000000000000000000000000000
0000000000000000feC(X)00000

If]l = sup{[f(z)|;z € X} € [0, o0
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goobobboooobobooo

@) |If>00000|f|l=0000000f=00000

(ii) f,ge C(K)DOODO|f+gll <[fl+ llgll-
(i) feC(K)O xeCOOOOO|Af]=|Alf]. (D0000-co=0000000)

D000C(X)={feC(X);|f| <ocolODDDDOC,(X)D C(X)O0OO0D000OO
| |00C,(X)000000000000X0000000000000C,(X)=C(X)
obooboooboboo
0000000000 VOOOOOO0oO0o0oo0oo |u|(weV)ooooooon
00000V OOOO (norm™) 000000000000000O0O0O0O00000O0
0 (normed vector space) 000 0000000C(X)O00O0O0DO00O0OO0OO
obobooboodabgaobd

d(z,y) = ||z -yl
00000000000000000000000000000

0 4. 00000000DOODDODO0O0O00O0O0O0O0O0ODUODULODDDODODODDDOUOUOUOUOD O
ggoboboooobobboooobbbooobobobuoooobobooon

gogooouoooobbobooooooooooooboooon
lim v, =v <= lim |v, —v|| =0
0—o0 n—00

0oo0ooooooon
0000 C(X)0000000000000000000000 {fu(z)}ns 000
00 f(z) 0000000000000000

05.00000000000000000000
0000000000000000000000000000000000

B(z)={yeVillz—yll<r}, B.(x)={yeVilz—yl<r}
0oooooo

0 6. 0000000bbboooooboboooobobooon

*3 00000 normad 0000000000



O 7. 00 ET(Q:)DDDD B.(x) 000000000 OUOOOOOOODOODOOOO
gogobobooooobooo

08 00000 VOOOODODDO WOODODDOODODO0O0 Wooooooooooo
goobooogd

0 9. 000000 VOOOOOOOooOoo |||, |/000000000000000
0a>0,>000000000

loll < afloll’s ol < Bllvll, veV.

gobboboooooobooooobbbooooooooobobbooooobooboo
goobobbooooboboboodobbuoooobbbooooobbo

00 2.1. 00000000 V,wioOOoooooooooooobooogooooooo

$:V W 00000
[@(W)l[w = [lv]lv, veV

0000000000000000000000000000000 (isometric isomor-
phism) 00000

0 10. 0000000000 A, BOODODODODOOOC(A) O ¢OB)ooooooo
oo

00000000 {v,} 00000 0000000000 ||vm — vl < ||lom =2+

|, —v|| OO0

lm  ||vg, —v,| =0
m,n— 00

0000000000000 0O0O0Cauchy 0) 0000000 OO0OOOOOOOO
00 (complete) 00D 000000000000 0OOO0O0OOOODDOOOOOOO
(Banach space) 000000

00 2.2. 00000 Cp(X)DODODODOODDODODDODOODODODODODDOODOOOO

Proof. 00000 Cy(X) O Cauchy O {f,} 00000000 zeX 00000

lim |fr(z) = fu(@)| < lim_|[fm = full = 0

m,n— m,n

ggobobooooobooooodgn

f(z) = lim z,(x)

n—oo
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oooOoooooooooo {f,} 0 fOO000DOUODOOOfOOOOODOOOOOO
gogobobooooobooo U

0 11. 00o0booooobogooon

0 12.
Co(a,b) = {f € C([a,b]); f(a) = f(b) = O}

00000oooo C(e b)) 000000000 0O0O0O0OO0OOOO Banach 00O
oo

0 13. 00000 VODOO0O0O {vptn> OO

)
D llonll < o0
n=1

ggobobooooobooo

n
Jm 2o
k=1
O0000o0ooovoOoOoooooooooo
0 14. *000000 VOOODOODO woooooooooo v/wooooo
o+ Wil = o+ wliw € W)

ggobbboooobbboooobbomboboooobbooooobo

000000000X 0000000000000 000000000000000
0000000000XO000000000000X 000000000000 Gy(X)
00000000000 000000000000000ee X OO000000000
reX00000f €Cy(X)O

fz(t) = d(x,t) — d(a,t)
00000f,=0000000000000
[fe(t) = fy(0)] = |d(x, 1) — d(y,1)| < d(z,y)

000000t=2,y 0000000000000 f.—f,|=d(zy) 00000
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000000000000000 XO0O000000000000X00000o0o0o
0000 X 00000000000 0000000X0 X000000000000
000 z={z,},y={y,} 0000000000000000

d(z,y) = lim d(zn,yn)

n—oo

00000d00X 0000000000000 00000000000000000
00X OoOoOoOooOoooo

x~y <= d(z,y) =0

000000d0000 X=X/~0000d0000000000 X—>X—X0O
000000000X 0 X00000000000000000X 0 X00000O
000X O00000000000000000000000 (X,d 000000000
0000000000000000000000000000000000000000
00000000000 0000000000000000000000000X 00
0000000 z={z,} 00000{f,,} 00C,(X)000000000000000

C,(X)D0DOO0OOoODoDooOooDo
fo= lim f,

n—oo

0D00D0000000000000 y={y,} 00000 f, € Cy(X) 000000
ooo

“fﬂc - fyH - nh_{réo ”fa:n - fynH - nlggo d(xnayn) - d(az,y)

00000000 X920 fL, €C(X)00X 00 C(X)0000000 2 f5 O
000000D000X O G(X)00O00000X O C(X)000000 X0000
Ooo0XOoO00000000

0 15. 000000000000 f: X -YOOOOYOOODOOODOOf0O X0OO
yooooooooobooooooboooooboobooooboobooo

ggoo
000000 {x,}n> 0000000000 ¢ 00000000000

[2]loc = sup{|zn[;n > 1}

O0000O0bo0oo0boonDOoD 1<p<oonOonoO

oo
D JzalP < oo
n=1
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ooooooo {z,} 00000000
PCcl ifp<q and P F#01 ifp#q.
oo 2.3.

(i) Holder 00001<p,q<oc00 1/p+1/¢g=10000000

> wiyi| < llzllplylla-
i

(i) Minkowski D00 0z,ye? (1<p<oc)0D0000O
1z +yllp < llzllp + [lyllp-

Proof. OO0OD0OO0O0DODO0OOO1I<p,g<oo000000O0O0DOOOOOODO
(i)00 logt 000O0OO0DOOOOOOO @,b>000000

a/Ppl/e < 4. b
p q

D0000000a=|z?/|zl, b=y;|¢/ly|l¢ CO0D00; 0000000000
>zl < lelpllyllg-
i
(ii) Minkowski 00O OO
D iyl < gl Pyl + oyl
i i i

0000000 Holder OODOOOODDOOODO

O
00 24. /P 00/° 00000O0O0O0O0OOO
oo 1/p
Hpr=<Zlfcn\p>
n=1
gooooooooooooooog
PTOOf.DDDDDDDDDDDDDDDDD O

025 . 0000000 R°00000p=100 p=0co00000000000000
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0 16. p<q¢DO000|z|, <]/, 00000000000000p <q 0000
|Znllq =000 ||2,],=1000000000000000000008%+1< (t4+1)»
(A>1,t>0)00000000000

Y =00 00 ) t<oo
k k

000000 {00000
0 17. 000000000000
by ={z = {x,} € £°; lim z,, =0}
n—oo
000004 0 ¢ 000nooooooon

Oooooooo (Qup) 0000000000 f:Q—=>CO000 1<p<o00O
ogn

171 = {<f9\f<w>|pu<dw>>”” ifp < o0
" linf(M > 0:(If] = M) = 0} ifp= oo

000|fl,<co000000000000
fr~g <<= f(w)=gw) for p-ae. weN

00oo000o0o0ooooooo Lp(Qu) 000000000
Q0 ROD0DO0000O0O0D0DOO0O0O0ODEO00O0O0O00O0O0 QOOO0O0O0O0O0
0oo0ooooLP(Q)oooooo

0 18. Q@ =NOu(A) = |A] (counting measure) D0 O0O0O0OLP(Q,u) = 00000
goond

0 19. 00000000

/f)|f(x)g(x)m<dx) = (/|f(x)|p M(dx))l/p </\g(x)lq/~c(da:))l/q

gooooo ||-|, 00000000000/ 000000000000p=¢q=200
ggobobooooboboboooooboboo

0 20. u(Q) <ocoO000D
i) Ifllee > M 0DOOOliminf, o ||f], >M DOO0O
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(i) 1<p<g<oo0ODDO|fll, < [Ifllgu(@P/Pi00D0O
(iif) limy o0 [[fllp = | flle BODDO

021 |Q>0000000QU0000000000000

00 2.6 (Riesz-Fischer). 000000 LP(Q,u) 00 |, 000000000000
00000000 Lm [[fy—fllp=0 (fu, f € LP(Qu) 0000
n—oo

lim f,(x) = f(x) for p-a.e. xz € Q.

Proof. p#00 00000000LP(Q,p) 000000000 {f,} 000000000
000000000000000000000*0]fur1—fal,<1/2"0000000

gdod
( / (Z () — fk<m>\) u(dw)>
Q \g=1

Un—oc0cdgggog

1/p n
<Y e — fellp <1
k=1

/ (Z\fkﬂ(x)—fk(:v)!) p(dr) <1
€ \k=1
ooooooo

Z |fer1(z) — fe(x)] < oo for p-a.e. z.
k=1

0ooO
fa) = file) + Y (e (@) = fr(2))

Oo0o0oooO00d zeQOOOOOOO

oo

> (frrr(@) = ful@)) € LP(Q, )

k=1

000felP(Qu) 00000000

(@) = (@) <D [fora () = fi(@)]
k=n

* 000 {Ngte>1 O
m,n > N = ||fm — fullp < 1/2F

gogooooooo
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O pO000000OMinkowskiODOODODOOO

o0 o0
1
||f_fn||p§§ ||fk+1_flc||p§ E 2—k—>0 as n — o0.
k=n

k=n

0 22. L>*(Q,u)00000000000O0O00OOO
0 23. J000O00OOOOOLPO00OODOOODOOODOOODOO

00 2.7. 00000 VOOOOO SO0V OO (dense) J0000O0S=V OO0
00000000000000000000000 (separable) 0000000

024. % (1<p<o0)0000000DOO0ODOO

Remark . LP(Q) 00O OD0ODO (Lebesgue space) 00D ODOODOM OOO0DODOODODOO
F. Riesz (1910) DOOOOOO

00 3. 000000000 KOOODOOOooOoooo ¢O(K)ooooooo

ggoboboooooooooon
gooooobooobbbbooooooooooobbooobbbooooooog
gogoooood

0000000000000000000 {v,},> 00000000000000
{up} ~{v,} <= lim |Ju, —v,| =0
n—oo

00000000000
000000000 VOOOO{v»,} 00000000 30000000veV 00

00O0v,=0v00000000 {v,} 00000000 ¢(v) 0000
VOoOoo0oooooooooo

U+v=u+v, A=A

00000000000000V 00000o0oooooo
O00000 Voooooooo

ol = lim_ o
gooooooooooooa
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00 ¢:V -V OOOO0OO]|¢0)|=|v|0000000000VOO0000OO0O0O
00V 0000000000 VOOOoooooooooooooooooooooooo
00000000000000 VOO0O0D00000000000000000000
000000000

0000000000000000000000000000 VOoOoOoOoooo w
0000000000000000 @:V WO ||[®0)|=|v| (veV)DODOD
0000000000000000000000000000000000000000
0000000000000

000000000000000000000000000 ¢:V —»V/ 000000
0000000000 :V V' 00®o¢p=¢ 0000000000000000
oooo

0 25. 000b0goboboooboobobooonog

026 00000000000 ®:V-WOOOO0OOOoOooOooooovVvV —-Wwao
gogobbooooboboooobobod

OoOoooo woobooooo vooooooooooooboooovoooooo
Vowioooooooooooooo

00000000000 00D00000000D000000OSobolev0OOOOOO
0000000 nOO0O0DOOC™2) 00000 QcRIODDDO0O0OO0OOODO C*O
goobooood

CP(Q) = {f € C™(Q); > [ |0°f(2)]P dx < oo}
X

OO0OO0O00O0g Sobolev OOO

1/p

/]

w= | T [ rara

lo| <m0

0000000000000000000000 (Sobolev space) D00 W™P(2) OO
000000000000 WoP(Q)c LP(Q) 0000000000000000000
000000000000000000000000000000
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3 000oooooon

gobobogoobobboooobbboooobbobooonoboboooobboood
ddduoooouoguo LP(Rd)DDDDDDDDDDD]):OODDDDDDDDD
O00000000000L®RY) 0000000000000 DO0DO00000000
ggobobooooooboogd C’b(Rd)DDDDDDDDDDDDDDDDDDDDDD

goooo
Co®’) = {f € CR"): lim_|f(x)] =0)

gogooooogd C’b(Rd)DDDDDDDDDD

0 27.000000feCyRY) 000000

1]l = max{|f(z)]; z € R}

gogooog

0000 X00OOO0OOoooOoo fO000 (support) OO

[f] ={x e X; f(x) # 0}

goooo

Remark . support 000 0000000000000 000D000O00DOOO0OO0OOOOO0O
oooboobooboobbom bbb oobooboobooboooo
ooon

DO000O0Oooo RYOOO0O0 QOOO000
C.(Q) = {f € C(Q);[f] is compact}

0000C.(Q) CcLP(Q) (1<p<oco)00D0O0DO

028. 0000 feC(Q) O {zeQf(z)#0}=0000000f(z)=0 (Vze)
oooo

0 3.1. C.(RY) O Cop(RY) 00O (dense) 00D D00000000CH(RY) 00OC.(RY) O
00000000000000000000000000000 0<6,(x)<100

1 if <

0 if x| >n+1
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0000000000 fu(z) = 0u(x)f(z) € Co(RY) 00000 limy, o || fn — f]] = 0
0000

0000000000000000000*®0000000000000000000
goobo

00 3.2. 000 QCRYO0OD0ODDO0O0O000 Co(Q) O LP(Q) (1<p<o0)OD
0000000000LP(Q) 00C.(Q) 0000 |||,000000000000000

0 29. C.(Q) 0000 || ||l 00000000000000000000000

RYOO0OOOO f,gO00000O

(f*g)(z) = Rfﬂw—y%ﬂwdy

0000f0 ¢g000000% (convolution) 000000000000 0000000
0000 zeRIOODOOODODODOOOOOOOOOOOOOOOOOOOOOO
0000000000 f+xg=g+f000000000
0000000000000 f:Q—2RO0Oz=e00000000000000
f(a)eR*OO0DODOO
fla+y) = fa)+ f'(a)-y+o(lyl)
00000000000 f00z=e¢0000000000

f'(a) = (D1f(a), D2f(a),...,Dyf(a)), p, =2

oxy
0ood
00 3.3.
(i) f,gec LR 0DODO0O00fxge LYRY) ODOOO
1 *glls < [1fll1llgll1-

O000he LMRY) DOOODO

(f*xg)xh=fx(g*h).

00000000000 000000000000000000000000000
*6 convolution 0000 00000000000 O00OOO0O
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(ii)) f € Co(RY), g€ LY RH) 0O0DOOfxge Cp(RY) OODODO
1f * glloe < 1 fllscllglls-

000 feCyRYH OO frgeCo(RY) ODDDO
(i) 000000 feCRYH)ODDLKDOO0DDOO000O0000OD,Sf € Cp(R?),
ge L'RY) 0DD000fxg0 kOO0DDOOODDOOODDOO

Di(f *g) = (Dr.f) *

000 (%) D00 Dk(f*g) € C,(RY) 0OODO
(iv) f,ge L>(RY) 0000 f*xge€ Co(RY) DOOO

IS * gllsc < £l ll9]l2-

Proof. (i)

/(/ #z=v) ”dy) dw:/(/w— Idw) dy = |flls gl < o0

00000000000 zeRY0000 f(z—y)g(y) 0000000000000
0 fx¢gO000000@G) 0000000000000000000000000000
0 (Fubini 000)000000

(i) 000000000000000000000000* 0000f+«g00000
0000feCRY) 0000f+x¢g0000000000000D0O0O000000000
ooo

(i) OO

(f xg)(x +teg) — (f xg)(x)
t

— (Dif * g)(x)
- / <(f(x—y+tek) — flx —y)

- t

(Def) (e — y)) o(y) dy

1
flx —y+tex) — f(x) :t/o Dy f(x — y + utey) du.

* 00000000000 {f} 0000000 g0 |fe(x) <g(x) 0000000000000

lim / Firo(z) do = / lim_fi(z) dr.
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goobooboood

1
/ dy g(y) / du (Dyf(x — y + utes) — Dpf(x — 1))
0
gdodoooodd DkfDDDDDDDDDDDDDDDDDDDDDDDDDD
1
P_I}(l)/dyg(y)/ du (Dy f(x —y + utey) — Dpf(x —y)) =0
0

gogobooboooooo
(iv)y D0D0ODO00O00O0O0Oooo

J 1= watan < ([ 156 - nPay) - ([ 1at1an) el

O000fxge Co(RYH) DD0OO0DO0D0O0O0O fo,ge € Co(RY) O ||f — fell2 < e,
lg—gcllo<eDOOODDOO

1f %9 = fexgelloo < |[f = fell2 lgll2 + [ fell2 lg — gell2 < lgll2e + ([ fll2 + €)e
00000000 f+g €C.(R) 0000000000000 0O00f xg¢€ Co(RY)
0oooooooo-g O

0 30. (i) 000000000000 U0O0O0OO0OO0(Gv)D00D0DO0OODOUDOOOOO
goobbboooobobboooobbboooooo

Remark . p,q,r € [0,4+00] 0 1/p+1/q=1+1/r 00000000 f € LP(RY), g € LI(R%) O
0000f+ge L' (RY) 0000Young 00D D ||f*gll- < || fllp llglly D 00000 (Reed-Simon
11§9.4000)

0000000 (approximate delta function) 0000 OO OO {0 < §, €
Co(RY)}n>1 OO
Q) [ duards =1,
Rd

(ii) Ve >0, lim On(x)dzr =0

n—oo |m|2€

gooooooon
0000000 (0)0ooooooooo

1=z ifz] <1
W):{Iﬂ( 2l if fa] <1,

0 otherwise
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ogn

goopoooooo cood
gooo

00000< pe Cy(RY),

ogn
0 31. 0000000000000 O000UO0OUOO0O (ooo)o
0 32. d=100000

() Dooooooo

2n 2 (n!)?
I, = I, I,= 4n
on+1 "t 2n + 1 (2n)!
gooo
(ii) Stirling 000 n! ~+2mnn"e " 00000
2 — [
I ~Y Y _—
"o2n+1 ™ n
gooo
g 33. 00O

h(x) exp(W;_l) if |z] < 1,
0 otherwise

DO0C>*RY) 0000000000000000000000D0000000O00000
0000000 CXRY)OOOO0

00 3.4. feCy(RY) DOODDODOOODO

Ve > 0,36 >0,z —y| <6 = |f(z) — f(y)| < e

21



Proof. 0000000 ¢e>0000000r>000000000]>r= |f(z)<e
000000000 f(z)0 |2/ <r+e¢000000000000<d6<e000000

oooooo,
lz—y| <o, |z|<r+ely <r+e=|f(z)— fly)| <e

000000lz—y|<d<eDDO0O0OO0|z|>r4+e00000y| >z|—|lz—y|l>r

nfslufsluls
[f(@) = f) < |f(@)] + | f(y)] < 2¢

DO00000ly|>r+e0000000 O
0 3.5. feCRY) DO yeRIODODOO fy(x)=f(z—y) 00000
R? 5y~ f, € Cp(RY)
ooooooo
00 3.6. 0000000 {6, 000000
(i) fECHRYH ODODOO,*feCo(RY)ODODO
lim (|6, * f = fllec = 0.
n— oo
(i) fe LYRY) 000006, xfe LYRY) OOODO
lim ||6, % f— f]l1 =0.
n—oo

Proof. (1) 00000 3.3 (i) 00000000feCy(RY) 00000000000

(6 % £)(@) — f()] < / 5. () (& — ) — F()\dy
=1/D64wvm—w—f@w@+/" 5o ()| f(x —y) — F(y)| dy

ly|<r

<2 flloe / 5 (y)dy + ¢ / 52 (y)dy
ly|>r ly|<r

<2 flls / 5u(y)dy + ¢
ly|>r

goooog
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(i) 00D000000 33 (1) 00D0DODLYRY) O C(RY) 00O0DDODOOOOODO
000 16, flli <lloull1[Iflh=Iflh D00 feC.(RY) DODODODODODOOOO
e>000000

fle={yeRLETz R, f(2) £0, |z —y[< e} = | Be(a)
F(z)#0

00oo0oO0oooofU00O0 [f]O e000D0D0OD0O0O0ODODUODODODOOOOODOO
feC.RYH)ODOO[f]000D0D0O0D0DO000O0DODOOODOOOOOOODODO fO
gogoboooogd

/ (6% £)(@) — f(a)| do < / 5.(y) / @ —y) — f(x)| dudy
= on(y) d dr|f(x —y) — f(x
/W (v) dy / f@—y) - f(@)]
on(y) d dr|f(x —y) — f(x
T /m (v) dy / @ —y) - f(2)
<2 1 577, d
<2)f] /M (v) dy

+-ka}FR§{HfQ-foJ On(y) dy

yl<e

<2 fl / @)y + (7] sup 15y~ Sllo)
Y| =€ Yyixe

O

Remark . 0000000000 0O0000O0OOFriedrichs O molliier 00000000000
0000000000000 DOSobolev UOOOOODODOOOOODODODOODDODOOODO Dirac O
0o0o00odoobooooooooooobobooooooooooooooDoooooooooon
000000000000 00000000000000 approximate identity 000000 O
000000000000 approximate delta function 1 00 000000000000 O0O0OO
OO0Dirac 0000000000000 OODOOOOOODOOOOOOOOOOOOOOOOOO
O000GibbsOOOOOODOOO0ODOOOOOOOOOOOOOOLOOOODOOOODOODOO
ogoooooooon

P.M.A. Dirac, Principles of Quantum Mechanics (1930).

S. Sobolev (1938), K.O. Friedrichs (1944).
0 34. 00000 LY(RY) OD0D00000ODODOOOOOOO

0 35. 000o0on El(Zd)DDDDDDDDDDDDDDDDDDDDDDDDDD
gogobboooobobooooboboa

23



0 36 (F. Riesz). 0000 (X,d) 0000000000 KOOOOOOOOOODO
h:K —[0,400) 00000

h(x) ifr e K,
9(x) = d@JQnmx{Mw'yeK} ifrd K

d(z,y)’

0 X00000000000000d(x,K)=min{d(z,y);yeK}O0000

00 3.7 (Weierstrass). 0000 f € Co(RY) 000000 KcCcRIODOOODO
r=(21,...,24) ERIOD0000000 {fu(x)}n>1 OO

Jim [ fp = fllx =0
000000000000000||f]x =max{|f(z);z € K}.

Proof. 0000000 ¢e>0000000000 p(e)00||f—p|lxk <eDD0O0000D0

000000000r>000000000000 |f(z)]<e(jz|>7) 00 K C B,(0)

Doooooo000f=g+h(|g| <e[h]CB.(0) 00000000
0000000z <2-000000000000 6,0

L1 BRY
one) = 1 (1 oz (el <20

0000000 nO00000000|6,%h—h|<e0D0000|z|<r0000

i) = [ ae-ra= [ (1-E )

Uz ODOOOOOOO

1f = 0nx hlle <[ = 0n % bl < |[f = Al 4 [[h = 0n x| < 2¢
0ooo O

0 3.8. 0000000 T={2€C;|z2/=1} 000000 fO0z0 Laurent 000
000000000000 000000 270000000 f(/)00000f0000
DooOooooooo

goooog
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03.9. 00000 KCcR'OODODODODODDOODODDO C(K)OoOoOoOoOoOoO
0 37. 0000DbO0b00O0OO0bDO0bOOOooOOobOobooOoboo

0 3.10. 00 f(t)=+vI—¢ () <1)000000000000000000000

oooooooon
f)=1+crt+cot? +...

00000c¢, =f™0)/a'<0000000

n n
Sled =1- e
k=0 k=1

O0d00<t<10000O0

oooooooo t—=1-—

n
0§—§2qﬂ%§—§:%ﬁ:ﬂ—wﬂ—t§1
k=1
000000
n

1 _ 1 k
1-— cp, — 1 hrnOcht < 2.
k=1 k=1

oooo
o.¢]
> lerl <2
k=0
0000000000 fot)=14+at+---+¢t"000000(-1,1)) 00000
lim || f, — fIl = 0.
n—oo
00000000 CX(RY) ODO0OOO00OO0O00DO0O0ODO00OOO0
00 3.11. 1<p<oc00000CXRY) OO0LP(RY) ODDOOOODO

0 38. 003.600000000000000 000C>®RY) 0 L*RY) 00000
ooooooo

4 OQUooooouogon

00000000 VOOOOOVxY 0000000000000 V xV 3
(v,w) —» (vjw) e CO0Dw 0000000y 000000000000000000
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0 *8(sesquilinear form) 000000000 (vjw) = (wjv) 000000000000
00 (hermitian form), 000000000 (ww) >00000000000 (positive
semidefinite form)00 00 (vjv) >0 (v#0) 00000000000 (positive definite
form) 000000000000 O000O000O0O (inner product) 00000000
ggoboboooobobboooobobbodooobobbuoooobobboooobbboOoog
00 (inner product space) 000000000000 (pre-hilbert space) 0000

00 4.1 (Cauchy-Schwarz 00 0). 000000 VOOOOO (vlw) D0OO0OO
|(v]w)[* < (v]o) (w]w).

00000000 =+/p)0oood|i] =M (AeCveV)DDoono
00000000000 |lv+w|| <|v|+|lw|0000000000000000O0
0000000000000000000 (Hilbert space) 0000

0 39. 000bopoboboobobobooboobuobobobuoobo

§= nlggo §ny M= nlggo m = (n)= nlijgo(fn!’ﬂn)

000000000 20 L2(Q,p), W2(Q). L2(Q,u) 0000000000 L3(RY),
L2(T), L2(S™).

ub 4.2. J0oooOobooobooboboooboobobooobuooboboobo
0 40. OOOOOODOO

000000000 & neHd 00000 (orthogonal) D00 (Elp) =0000000
000000000000 0000000000000000000000000000
000000000 ScHOO0O000

St ={¢eM; (&) =0Vne S}

000000 S+ 000000000000000000
0000000 {ej}jes OO

1 ifj =k,
(ejlex) = {

0 otherwise

*8 sesquilinear 00000000000 sesqui= 1+ 1/2000000000000001+10000
gbogooooooo
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000000000000 (orthonormal system) 00 0000000000000
{ejij € 3 ={0}

0000000000000 (orthonormal basis) 0000000000000 ({e;} O
goooodoooogodn
2 Ce

jedJ
0HODODOD0ODO0O0ODOO0OODODOO0OO0O0ODODODOOO0ODODO000DODOOO0OO0ObOO0OOoODO
ogn

ub 43. Jboobooboboobuoobobboobmuoobobbooboom

Proof. 000000000 Gram-Schmidt 0000000000000 Zorn OODOO
gboooooooooad U

Oo00000O000DOO000ooo00oDOo00 HOOO boobodimHAH OOOOO
gooboboooobobtbooobobbooobob bbb ubbbooo
ggoboboooobobboooobobboooobobobuooooboboooooo

04.4. 0000000 /200000000
en=(0,...,0,1,0...)

00000000000 00000000000MO000000000 dim#? =X, (O
ooo0)oooo

0 4.5. 0000000 L%(—m,7) 00000000

1 . 1
et = (cosnt +isinnt), n=0,+1,+2 ...

Var Vo

0000000000 M0o00000000000 Weierstrass 000 0 0O [

en(t) =

O 41.

(i) 0000 cosnt, sinnt (n=1,2,...) 0000000000000000
(i) 00O

1 1
cost, sint, cos 2t, sin 2t, .
{ V2r’ \/_ \/_ \/_ \/_ }

O0L*(—-#,n) 0000000000D0000O0
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0 42. [2[0,1] 00000 (Walsh function) {wy, },>0 O
wy (t) = sgn(sin(2"nt)), 0<t<1
ooooo

(i) {wn}nso 00OOOOOOOOO
(i) DOODDO0OO0D §#Fc{1,2,3,...}00000

/1 [ wn(®)dt =o0.

0 ner
0000O00oO0oOoO0O (Gram-Schmidt orthogonalization)
Q0 0000000000000 D00O0O0ODOO0O LQ(Q,M)DDDDDZL‘"DDDD
0O Qoooooooo {1,x,x2,...}DDDDDDDDDDDDDDDDDDDDDD
000000 (orthogonal polynomial) 0000000000000 O00O0OOO

0000000 Q = (=1,1), p(dt) = 1+ )*(1 —t)fdt (-1 < t < 1)0D DO
a>-1,>-10000000000000 (Jacobi polynomial) J,(¢)00 O
O0a=pF=00000Legendre 00 UO«a = =-—1/2 0000 Chebyshev 0O
ggd

000000 pw(dt)=etdt (t >0). Laguerre 0000

00000 pu(dt)=edt (t €R). Hermite 0000

D00000000000000000L3(Q,u) 000000000000

0 43. 000000000000000000000000 feC,(-1,1)00000
f(t)/(1-#)00000000000000000000

gooobbibodoboooobooboooobbbooooobbbbboooooobn
ggobbboooobbbooobbtbooobbbuooobobboo

0 44. 000000 OOOOODOObOObOOObDOoObOon
gobobooobbboooobbuoooobobooon

00 46. 0D0O0O0O0OD0O HOOOODOOOOHODOODODODOODOODOODODO
ggooood

00 4.7. 0000000 HOOOOOOO {en}n> DOODOODOOODOOO £€H
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oo
Z enlé)en

00000000 (Parseval’s equality)

oo

(€lm) =Y (Elen)(enln)

n=1

goooog

Proof. 000
o0
§= kaek
k=1

000000000000z, =(exl§) OO0DODODODOO
000 n0O0000OO

n

&= (exlf)ex

k=1

goooo

n

(€l€n) = D _(exl€)(Eler) = (€nlén)

k=1
0000 0Schwarz’ inequality 00000000 ||&)| < ||¢|000000000000
0000000 n—oo00000O00O0ODO (Bessel’s inequality)

o0

> lerlo)* < lI€N?

k=1

gooo

n

m = Eal® = D I(exl®)

k=m-+1

godooooobooooooon
lim &, — &% < lim [(exl6)* =
m,n— oo m,n— 00

0000000000 {&,.} 00000000 HOOUOODODOUODOOooOooooooo

gogd
n— 00
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00000000000000 £€=¢(,00000000000000 (exlén) = (exl6)
forn>k 0000000

(exl€ = &) = lim (exl¢ =) =0

00000 £>1000000000000000 €¢€-¢6,,0000 {ex}p 000000
0000000000 0¢E=¢,, 0000
Parseval’s equality 0 000 00neH OOOO

o0
= (exlnen

k=1
goooo

n

(&ln) = lim_ (§n|77n)=nh_{{)loZ(f|€k (exln) = _(Elex)(exln)
k=1

k=1

gogooooogd U

04.8. 000000000000000000000O/ 0000000

Remark . LP(R) 0 ¢* 0000000000000 0OO000DOO0OOOOp#A2000000
gooooobobooboboooboobon

<I>:€p—>Lp(R)DDDDDDDDDDDDDDDDDDD {@(6n)}DDDDDDDDDDDDD
00000 (N.L. Carothers, A Short Course on Banach Space Theory, Cambridge University
Press, 2005.)

0000000 L2(—m,7) 0000000 {enlnez 000000000000000
ggoboboooobooooo
int 1 —int
=3 fa€™, fo=o f() dt
2T
nez
000000 f(t) DDODDOO0OO (Fourier expansion) 00 0000000000000
0000000000000 0000000000000000o0D0ODOnf(y)O0

oo obobobobbobobobobbobobbobbobbb™on
goobooooonomd

00000000000 000000000000000000000000000000000000
gbogboooobooooooo
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0 4.9. 0000000 H=L%-nn) 000 &#) =t (—r<t<a) 000000
0000000000000

/” inty gy _ {27Ti(—1)"/n if n 0,

0 otherwise

—Tr

O000O00Parseval DO OO

gogooog

0 45. 00 €(t) =2 (—n<t<w)00000Parseval 1000000000000
oooo

0000000000000000000000000000 {e;j}je; 0000000
00000000000000 Y,.,Ce; 0 HOO0D0D0000000000£€H O
D000Je={jeJ;(ej6) #0} 0000000000000 0O0OOOOOOODOON
oooo

D (el < (€16)

NISPLS
DDDJgDDDDDDDDDDDD
foo = Y _(e[0)e; €Y Ce;
JjE€Je JjEJ
DDDDDkGJg DDDDDek(f—foo)ZODDDDDDDD k‘%JgDDDD
(erl€ =€) = —(erléoo) =0000000¢—é €{e;}- 00000E=6,, 0000
00 4.10. 000O0O0O0OO0OODODO HOOOODODOOOOOOOO

(1)) 00000000000000000000O000O00O00O0OO0
(i) 000D00D000000O0000000O0DO0OOO

ggoboboooobbbooouobbbooooboobooboooan

Proof. (i) = (ii) 00 Gram-Schmidt 00000000
(i) = (i): D0DOO0O0O0ODO0O0O0OO000D0 {e;};> 00000

> (Q+1iQ)e;

J=1
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000000000000000000
O000HOODO0O0000 SO0000000000000 {ej};e,00000¢ € S
O lle; =& <1/200000J3j¢€S00000000005#k00000

=v2-1>0.

N

1
16— &kll = llej — exll = ll&; — el = 16k — exll = V2= 5 =

00000 (Projection Theorem)
000000 Vooooo Co

r,yeC = ter+(1—-t)yeC for0<t<1
000000000000000 (convex set) 0000

O 46.

() 0000000000000 0000000000000000
(i) 00000 VOoOOoooooooooo
(i) 00000000 R2O00000

{(z,y);2* +y* <1} C C C {(z,y);2* +y*> < 1}
Ooo00O0 Ccooooo
00 4.11 (0000 Parallelogram Law). 000000000 z,y 00000
lz + 1 + o = ylI* = 2(ll=[* + [ly*)-

00 4.12 (0000D0O0). 00D00OD0D0OO0 HOOOOO COO0DyeHOOOOOC

good
Co>zw |z -1y

0000000 0000000000
Proof. 000000 y¢C OOODOO
p=inf{llz —yl;z € C}
00000C 0000 {2y}es OO
Jim |z, =yl = p
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gooboboooobobooo
00000{«,} 0 HOOODDOODOODOODDOOOOOO

|z = 2nll® = [[(@m = y) = (@0 = y)II

T + T,

= 2l|m — ylI* + 2l|zn — ylI* — 4 5

<2z — ylI* + 2|z, — yl|? — 4p°

— 0.

gobbooobbbooobbooaon

Too = lim z,
n— oo

gooood
O000CO0D00000000020,€eC 0000

[Too —yll = lim ||z, —y| = p
n—oo
DOoOoO00o0000O0OoO0ooon

Ooo0O0OC0COOOO00000g0 zecOpoOOOOObOODbODOOOO

Too + X

2
5 <24 2u® —4u* =0

lzoe — 2]* = 2llze — ylI* + 2l|lz — yl|* - 4

Y

U000 z=z,, OOOOO U

Remark . Clarkson 0000000000000LP(Q,u) (1<p<oo)0000000O0OO0
0000000000

00 413 (00000O0). 0000000 HOOOOOO POOOOOOOOO

reH OO
r=y+z yeEkE, ze Ft

goooobboboboon

Proof. EOODOO
E>y = |ly -zl

0ye FO00O0D0DDDODODOOOO00O0Oz=2—y€E+-00000000000
000 ecEO000OD0OODOOOO

R3te |ly+at — x|
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00t=0000000000000000y =y+te 0000
(alz —y) + (x —yla) =0, ac€kE

0000eD s« 00000000000000(alz—y)=000000z—ye€ E+D
00000000OO0ENEL={0}0000O O

0 4.14. 0000000000000 O0 EOOOOO
(EH)* =E.
Proof. E+ = (E)* 00000000 H=E+Et0000 O
0000000000000 000000000000000000 #, K00000
000000 HekOoOOoO
E@®nlg en’) = (&g + 0ln)

Oo000oooo0oooO0d0HeKODOOOOODOOOODOOOOODOOOOODO
00000ooo0o0o0oo0oooo0o0o00 bcHOO KOODOoOOO T7ooooo

I(T) ={¢&T¢¢ e D}

000000000HeKOODOOODODOO0ODOOO0 INT) 000000000 TOO
00000000000 H=K0O0O0O0O00000O (closed operator) D00 OO0
O00oo00ooO0o0oO0oO0oooooo

047. 00000000 VOOOOO ||-|00|z+y|2+|lz—yl?=2(|>+ |y|?)
(x,yeV)DODOOOODO

1 _— o
(@ly) = 7 (Il +ylP* = llz = yllI* = illz +iyl* + ille - iy|*)
D0V O00000000000000

00 4. 0000000 @2 000000 E,FOOE+F={z+y;z€ E,ycF}
000000o000000000
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5 oo
CUODO00D0O0D0 VOoOOOoOvOoOoO ¢:V—-CO0
p(v+w) =) +ew), @) =2Arp(v), v,weV,AeC
000000000009 (linear functional) 00 0O
0 5.1.

(i) V=Cr0OU0OU0D0O0O00000000D00D0000 :V—>COO

U1 U1

n
v=| el )| =D e
i=1

Un Un

000O0000¢,...,en € C.
(ii) VOOOOOOOOO0veV 0000000000 v*0

v (") = (v|v'), VeV
ooooooooooo
0 5.2. 000000 Cla,b] 00000
() D00DD00 c€a,b] 00000
[ f(o).

0000000000000000[e,b 0000000007 <7< <7,
000 wy,...,w, 00000

f — ijf(Tj).
j=1
(i) 0000000000 A(H) DOO0OO

b
ﬁa/jﬁﬁ@ﬁ

*100000 (linear form) 00000
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gooboboooobobooo

0000 () 0000000000000000000

n

fe Ru(f) =D (t; —t;-1)f(75)

j=1
0000000000000 00@) 0000000000000 0U0o0ooOOooooO
ooo

b
f s R(f) = / F(t)dt
gdoddodgooog fDDDDDD
R(f) = lim Ru(f)

n— oo

gooboooogd

goboboooobbtbooobbtbooodbbboooobboooobbbooon
gogoboboooobobboooobobboooobobobuoooobobboooobbooog
gogobobooooboobouooooon

00000 VOooooooo f:V—-COO00 (continuous) 00D 0DO0O
lim v, =v = lim f(v,) = f(v)
n—oo n—oo

0000000000000 VOOOOOOOO0O0O00 V*00000V*0000
(f +9)(v) = f(v) +g(v), (Af)(v) = Af(v)

0000000000 00000D0 VODOOOO (dualspace) 0O0O0O0OOODOOO
V*£{0} 00000000000000000000OO0OOOV*00000000
gogobboooobobooooobod

0 5.3. 000000 f—R(f)00000O0O0O0OO0DODOOODOOOOOOOOOOO
ggoboboooobboooobboooobbboooon

00 5.4. 00000 VOOOOOOO f000 (boundend) 000000
{lf(W);v eV, vl <1}
00000000000000000000 M>00000
o<1 = [flv)l <M
nfalufaluln
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00 5.5. 00000 VIDOODODOO pop0D00OO0OD0ODOODODODOODOO

(i) p 0000000
(ii) p DOOO0D0DOO
(iii) o~ 1(0)={v e V;p(v)=0} 00000000

Proof. (i) = (i) = (ili) 00000000
(iii) = (ii): pv) = inf{|lv+z|;z € ¢~1(0)} ODOODO

p(Aw) = Ap(v), p@) <|vll, plo+z)=p), AeCveV,zep (0)

00000000 Y(0)000000000000p(v)=0 < veye Y(0)0000
O000weV O ow)=100000

V =¢""0)+Cw
D00000v=2+ A 0000 p(w)>00000000

Alp(w) _ p(hw) _ plv) _ 1
p(w) — pw)  p(w) ~

(V)] = Al =

Oo000ooOdo fooOOO

If1] = sup{[f(v)|;v € V,|vf| < 1}
000000000000000)f)]000000 V*O0O0000000

00 5.6.
IfII = inf{M > 0;|f(v)] < Mllv|| for any v € V}.

00 5.7. 0000 V*OOOOO ||f| 0000000000000

PT’OOf. HfHDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD
gfdoooooogoogooogooouooogo
lm |[frn — fol =0

oo

m,n—

000000000 veV O00000{f,(v)}n>1 0 (000000000000000O

gooogono
f(v) = lirrlnfn(v)
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0000o0o0oooopoooooo f, 000000000000 0O0DO fDOOODO
fO000000Ve>0,00000 m,n>NOOOOOO

[fm(v) = fa ()| < ([ fm = Fallllo]l < €llv]

00000 vO00000000000m—oo00000

1f () = fa(0)|| < eflv]]
000000000000000000 f—f, 00000

If = full <€, ¥n > N
00000000f=(f-fu)+f, 00000000

Jim [[f = ful =0
oooo O
0 48. 00000000000
0 5.8. 0000 VOOOOOOO o*(veV)OoOoooo|v=uv.

05.9. 000000 4y ={(z,) € £lim,x, =0} 0000 |[(x)] = max{|z,|;n >
1}000000000000000000000 ¢=¢ 0000000 (¢1)* =¢® 0
ogn

gboobogdooobuoooobuoooobobooooobooooon

00 5.10. 0000 (Q,p) 00000 LP(Q,u) 000001<p<oo, 1/p+1/qg=1

0000
(LP(Q, )" = LYQ, p)

afafafafalala
LY, p) C (L=(Q, )"

0 49. Holder 00 000000000000 00000000000
LA(Q, p) € (LP(Q, )"

O000p=200000(L%(Q,u)* 0 L3A(Q,u) 000000000000000
0000000000000
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00 5.11 (F. Riesz). 0000000 X O0O0000O0000 ¢:H—COO0O000OO
00 zeHOOO00O o(z)=(zz), e H000000000000000¢ =2*M0
000e 0000 00000000 =|2|00000

O

Proof. E={yeM;f(y) =0} 00000FO0 HOOOOOOOE=HOOOOOO
»=0000000000E#H400000000000D000K=FE+E+-0000
DO0E+ #{0}. 0000ae E+ 0 ¢(a)=10000000000000z—¢(z)acE

(zeH)DDOOODO -
(Aa|z) = (Aalp(z)a) = Aala)p(z)

0 ¢(z) D000D00000A=1/(ala) 000000000z =a/(ala) 0000000
000007 €eHO 0000000000000 (2—2z) = f(z)— f(z) =00

r=z—2 0000 z—Z2=000000
gddoooooooogooooooooboooonoo

|Gl)| < Izl =]l = NIzl if fle]] <1,

0000 |o| <2/ 0000z=00000000000002£000000000
0000 z=z/||z| 000000

lp(@)| = [(z]x)| = [|=]
0DoooO0O0|e|> |2 000000000000000000000000 O
0000000000000000 0000000000000 ®*00000

Ho>x— " eH

0000000() 00000000 ((i) 000000000 0ouoooooooooo

0ooo
(z*]y") = (ylz), w,yeH

0000 H*000000000000

OO0OH™OoOooooog
[ U )

000000000000000000000
e (y7) = (@) = (ylz) = y" (z)
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000000000 z—2 0000000000000 0O0x0O0 220000000
00000000 H"=HOOOOO

OoO000OoO00DOoO00ooOoOooovooooooooooooov ooooo
000000ovV* 0000000000000 000000000 X =HOOOo
oo

0 5.12. 00000000000000f€ L2RY),ge LRHYNLA(RYH) 0OO0OOO
fxgel*RY)0DODDODODO

1 * gll2 < [Ifll2 lgllx

000000000000000Ahe L3(RY) ODODOODO

[11 s g@mi)ld < [ [ 15 - yatu)hie) dody

< [alal ([ 116 —y>\2dx)1/2 (/ rh<x>\2d:c)1/2

= [[fllz I~z llg]lx
000000 fxge L2RY) 000 ||f=gllz<|fll2llgl 00000

O00000000000000dvon Neumann 00 O Radon-Nikodym OO OO0
gooooooo
o000 (X, M) 00000000 w,»OOOODOv D 00000000000

ogn
w(S)=0=v(5)=0

gooooooo

000000 p: X —[0,00) 0000 v(de) =p(z)u(de) OO0DDOO0O00rv O p0O
gogoooood

Radon-Nikodym 00000000000 OCOOOOOOODOOOODOOO

Let p and v be o-finite measures in a Borel space X. Then w = p + v is o-finite
(think of {E,, N Fy,}mn>1 with p(E,,) < oo and v(F,) < oco). Let X,, 1 X with
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w(X,) < oo. For f € L?(X,w),

/Xn |f(z)|pu(dz) < \//Xn |f(x)|2u(dm)\//xn 1p(dz)

< W(XR>\/ /X (@) w(dz)

shows that

L2(X,w) > fy/a /X (@) plde)

gives a bounded linear functional, whence we can find ¢,, € L?(X,,,w) such that

| r@ntn = [ eaorf@)widn)

Xn Xn

for any f € L*(X,,w). Thus u(dz) = ¢, (r)w(dz) on X,, and then
p(dr) = p(r)w(dz)

if we set p(x) = ¢, (x) for z € X, \ Xp—1 (n =1,2,...). By the positivity of u, we
have ¢ > 0.

Similarly, we can find a measurable function ¢ > 0 such that v(dz) = ¥ (z)w(dz).
From the expression, u([¢p = 0]) = 0, whence ¢(z) = 0 for w-a.e. x € [p = 0] by the

absolute continuity of v relative to u. Now the measurable function

) {:ﬁggg if () # 0,

0 otherwise

does the job.

doo0dodoooooooouoooooobooooooooooooa

O000 XO0DOODOOoOOOooOODOOO e0000O0 BODODODODOODOOOOODOO
0000000000000 (Borelset) 000D X O0O0OD0OD0OOOODOOO fOO
00000000000e<f<beB(a<b)'O0000000000000000
0000000000000 BOOOODODOO0OOO0OO0DO0D0DOoOooOooOoon

00 5.13. 0000 XOOOOOoooOobooooboooobooooobooooo
O00o0ooooooOo w,vyO0OOOOOOOODODOOODDO f>00000

[ s@utdn) = [ fa)van)

o< f<b={z€ X;a< f(z) <b}.
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gogobobbdp=v0OOOO

Proof 0000000000000O0 d/(1+d) 000000 d0000000OO0000

000X 0000 FOOOO wF)=y(F)00D0OO0OO0DO000O00X 00000
00 d(z, F) = inf{d(z,a);e € F} 000000d(z,F) =0 < ze€ FOOOOO
00|d(z, F) —d(y, F)| <d(z,y) 0000000000000000000O000O0OR
0000000 0< h, <100h, » 1o (00000000000000000
fa(z) =hp(d(z,F)) 00000 f, -1, 00000000000000

n—oo n—oo

p(F) = m [ fule)plde) = T | fa(o) vide) = v(P).

O0000000o0o0oooooogn &UoO pd0vdoOoDoDOoooooooa
00000 {Fihcjcn 00000000000000F A---AFx (FC=F 00
0 Fe=X\F)OOOOOOOODOODOOOD FNO=F\(F\0)OOOOOOOO
wWFNO)=uF)—pu(F\O)=v(F)—v(F\O)=v(FNO)OODODOOpO vOOO
O0D000&E UDDOODO0O0DO0ODOU0OO0DOoU0OO0DoOUDODOooDoOoDOoOooOOoDO
agooo

OO000& DOOooooon £EcBO ulg:V|gDDDDDDDDDDDDDDDD
O00000D00O00000DéEDnD e 00DODOOOOODOOO E=BOO0OOOOO
Upep=rvogoooog U

Remark . 0000000000000 D0O00OOOOOO [a< f<b 00 (0D0DD)0O0ODO
gbooooboobooboobobooobooboobobooboobboooboobooboon
ooooboooobooboobooboboboboob0oobooOooDbUoobOoobDooboboOoo
0000000000000 00DoOo0o00ooOo00ooDooOUn BaireOOOOOOOOO
OO0 BorelOO0O0ODOOOOOOODCOOOOODOOCOOOUOODOOOUOOODOOOOO

00 5.14 (Riesz-Radon-Banach). 000000000 X 000000000 ¢:
CX)—»CO f>0=¢(f)>000000000000000000 XOUOOOO
uboobd pdboobobbobodbodonbo

wﬂ=waMM)

Proof. 0000000 D0OODODOODODOODODOOODOODODOOOODODOO
ogn

42



D00000 0000 000000000 UcX 00000
p(U) = sup{p(f);0 < f € O(X), [/l c U}, [f] ={z € X;f(x) #0}

0000 AcXOODooo

pt(A) = inf{u(U); A C U}

0000u(X)=¢(l)<ocoOOO00
p*0000000000p*(A)0 u(U)0000000000000 {U;}0000

M(U Uj) < Z n(Uj)

oooooooo
U=U,U; 0000u(U)0000000<feC(X)000000
(U} 00[f]00000000000000000 FOOOOO

f1cJu;

jeEF
00D0D000000000000000 {0<h;ljer ([h;] CU;) 00000000
[fh;]CU; 000000

o(f) = e(fhy) < uU;) <> uU;).

JEF JeEF J
000 UOOw* 00000000000000000 VOOOO
p(V) 2 p(UnV)+p (VnUe)

000000000000V 00000000 AOD0DO0O0O0000000k(V) <
p*(A)+e00000000

prA) +ezp(V)Z2p (VnU)+p (VU 2 p (ANU) + p" (AN US)

goooog
OoO00ooo0 vnu ooooooooooo foOoOoo

0<f, [flcVvnU, p(VnU)<ep(f) +e.
0000000 V\[f]000D0000000 g,

g=>0, [glCcV\[fl, w(V\I[f]) <¢lg) +e
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00000000000 f[f+g]C[f]UlglcVOOOO
w(V) = o(f) +elg) > u(VNU)—e+pu(V\I[f]) —e>p*(VNU)+p"(VNU®) - 2e

goobobooooboboooooboo
O000UOe 0 000000000000 O0O0ODOOO0L fed(X)uooao

[ f(z)p(dz) =¢(f) D0DO0DODO
00 e>000000[f> (n+1)dC[f>nd 0000000000 0<h,<100

[f =+ 1D Chn €[f >ne],  @(hn) < p(lf > ne]) < p(hn) + €

poooooooof =YW/, oooono<f-f.<eDDDODODODO
e(f) —ep(l) <o(f) <p(f)BDDODDODO

I £11/€ I f11/€
[ tutds) =Y [ o) utdn) < Y ulls > ne)
n=0 n=0
I £11/€
<e > (o) +€) < p(f) + el fll + €2
n=0
1£1l/€ 1£1l/€
e [a@adn) = e > ulf > 0+ 1)d)
n=0 n=0
I £11/€
> e o(hn) = @(fe) — ep(ho)
O0000D0e—+0000000000O0O0O00OOOOO O

O
0 50. Carathéodory 0000 0DO0O0O0ODOO0OODODOOODODOOO

0000000000000 0DO00DOO000DbO00bOo0oDoOOoO0DO Koooo
00 {U;}000000000 0<h; <100[h]cU;, Y, hi(z)=1(zeK)DDDO
goooooooodooo xE[f]DDDDD:L‘DDDDDDDD K, CcKOOK, CU;
forsome 00 OO0O0O0OO0OO

K c|J K,
k=1
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ooobo00kK,, CcU; 000 K, 00000 K;00000K CK;O00000000
0000 0<g;<100g(z)=1(z€K,),[¢gJCU; 000000000
9j
hy = =—
’ ngj

gogooood

0 5.15. 00 T={2€C;|z/=1}000000000000000 ¢(T)O0O0O0O0D0
000000000 ¢:C(T) - CO0TO0000000 00000

o) = [ fGnld
T
gooobodoooodgbdood pbOdboooodan

Remark . 00000O0OBanach 00000000000 Riesz (0000O0O), Radon (0D OO
00000000000)0000000o0o0oo0000 Markov, Kakutani (000000000
00000000 0O000D0OO0O0O0O0 Riesz-MarkovOOOOOOOOOOODOO

0000000000000 00000000000D0Daniel 000O0O0OO0OOOOOOOOO
00000000000 0000D0000Daniel 00 0000000000000 0ODOOODOO
ooooon

0 51. pe C(K)*0000000000000000O00¢||=¢(1)000000
ooo

OoO00odOooo vooooovooooooooooooooooveogoo v
0000000000000y eV OOOODO ODDODDOOO ov™:V*>COO0O0ODOO
goobbooooboboo

() = flv), feV?

00oooo|f(w) <|f|llv] D00Dv™* 0000O0|0*| <|v| 000000000
00 v o™ 0000000
VO0OOOOOO0O0O000000000000000000000000000000
0000000000000000000000000000000000000000
00000000000000000000000000000 @M
0000000000000V - V* 00000000000V CcV* 000000
00000000 weV 00000

sup{|f(w)|; f € V7 Ifl <1} = [Jwl]
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oooooo
000000000000000 W CcVooooooo fOo0|f(w) < |||
(Vw e W)D0D0D0D00000000000f0 |f(w)]<]|v|(WweV)ODOOOOOOO
000000000000W 00000 wO0OOOOOO0000000000000
00 )owe AMw|00000000000000000000000000
000000000000000000 (Zornlemma) 0OOOO0O0O0000

00 5.16. Let V be a normed vector space and W be a subspace. Let f: W — C be

a linear functional such that

|f(w)] < ||lw]|  forwe W.

Then, for any v € W, we can extend f to a linear functional on W + Cuv so that the

above inequality remains valid for elements in W + Co.

gobboooobobboooobbboooobobobooooobobooooobobooon
gogoboboooobobbooon

00 5.17. OO0OO0OOOO VOUOOOO Ccoooo (CODVGXSGt)DDDDDD
r,yeCl0<t<l=tae+(1—-t)yeC

g0o0000ooO0ooDOooOobOo voooooooobobovioooooooooooo
ggoboboooooboooooo

0 5.18. 0000000 VOOOOO |- 000 >000000
{veVilvl<ry, {veViull<r}

gooobooboobuooboobobobobobobbooboboobDbooboobOooD
O |v|=000000 v=00000000000000000000000000
000000ooooo0 V —10,00) 00000 (seminorm) 0000

O 52. Let || be a seminorm on V. Then W = {v € V;|w| = 0} is a linear subspace
of Vand |v 4+ w| = |v| for v € V and w € W.

00 5.19. Given a convex set C' C V' containing 0, define a function |-|c : V — [0, o]

by
lv|e = inf{t > 0;v/t € C},

which is called the Minkowski gauge of C'.
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From the assumption on C, we see
{t >0;v/t € C} = (Jv|g,0) or {t>0;v/teC}=]|vc,o0).

A convex set C' containing 0 is said to be radially open if these are open intervals
forallv e V.

A function V' 3 v — |v| € [0, 00] is called a Minkowski functional if it satisfies
[tv] = t|v| (0- 00 = 0 by convention), |v+ w| < |v]| + |w|
for any real t > 0 and v,w € V.
ggd 5.20.

(i) The Minkowski gauge of a convexr subset C' > 0 is a Minkowski functional.
(ii) Minkowski gauge and Minkowski functional are the same notions, which are

related through radially open convexr subsets: If C is radially open,
C={veV;lc <1}

Conversely given a Minkowski functional |-|, C = {v € V;|v| < 1} is a radially
open convex set and we have |v| = |v|c forve V.
(iii) The Minkowski gauge of a radially open conves subset C satisfies |\v|c =

|A| vl for any scalar X if and only if C is balanced in the sense that

IA|=1,ve C = lveCl.

(iv) The Minkowski gauge of a radially open balanced C' is a seminorm if and only

if it is absorbing in the sense that V = U;~otC.

Proof. (i), (iii) and (iv) are immediate.

(ii) By the radial openness, the condition v € C' is equivalent to 1 € (|v|c, ), i.e.,
vl < 1.

The radial openness of C' = {v € |v| < 1} holds because he condition v/t € C' with
t > 0 is equivalent to |v| < ¢, which also implies |v| < |v|¢. If |v| = oo, this gives
|v| = 00 = |v|¢. Otherwise, i.e., if |v]| < oo, v/(|Jv|+€) € C and hence |v/(|v|+¢€)| < 1,
i.e., |v|c < |v| + €. Since € > 0 is arbitrary, this implies |v]|c < |v].

(iii) and (iv) are immediate. O
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00 5.21. 00000 ¢:V—->RO0DO00 CcVOOODO0ODO0O0O0O ¢(e) <1
(VeeC)DODODODODODODOOO0O0O0¢(w) <|le (WweV)OOOOOOOOOOOOO

0 5.22. 0000000 VOOOODOODO [0|00000¢0 C={veV;jv]<100
0000000000000|¢(v)|<|v|00O0O0OoO0

00 5.23. JO00O0OOOO VOoOOO CcOooOoOovooooo wooooooo
00000 fO0ODCNWODODOODOOD0OOD0OO0O00O000000000000 veV\W
00000f0 W+ReOOOOOO fD CNn(W+Rv) ODODDOOOOOOO

Proof. 0000000c=f(v) 00000000000000CN(W+Re)0000

oo
weW, teR, w+tveC = f(w)+ct <1

00o00ob0o0oo0obOo0obOoDt=000000D00000OD0O0ODOODO
t>0, weW, wttve C = f(w)Ltct<1

gooooboboboon

wy) — 1 1— f(w
wl,wQEW,tl>O,t2>0,w1—tlv€C’,w2+t2vEC:>%SCS#
1 2
gooooooooooooooog eo00OOOOOOOOO0OOO
wy) — 1 1— f(w
wl,wQGW,h>0,t2>0,w1—t1U€C,w2+tgv€C:>f( 1) < f( 2)

t1 to
goobobooooono

to t1
wy + w <1
erHgl m+@2)—

gooboboboooooo

to t to
w1 + we = wy — t1v) + wg —tv) €eCNW
nan T e T s T g e )
goooobbbbbbboobooogo |
0 5.24. Let V be a real vector space with a Minkowski functional | - | and W be a

subspace. Let f : W — R be a linear functional such that

|f(w)] < |w| forweW.

Then we can extend f to a linear functional on V' so that the above inequality remains

valid for any element in V.
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Proof. If we apply the lemma to C' = {v € V;|v| < 1}, then for any v € V' \ W we
can find an extension to W +Rv with the domination kept. Now apply Zorn’s lemma

(or just the ordinary induction when |- | is separable) to get the assertion. O

00 5.25 (Hahn-Banach). Let V' be a complex vector space with a norm ||-|| and W be
a subspace of V.. Let o : W — C be a linear functional of W such that |p(w)| < ||w]|
forw € W. Then ¢ can be extended to a linear functional of V' so that |p(v)| < ||v||
forveV.

Proof. Let f = Re(p). Then
p(v) = fv) —if(iv)

and the real-linear functional f satisfies |f(w)| < ||w| for w € W. Thanks to the
corollary, we can find a real-linear functional F' : V' — R so that f(w) = F(w) for
w e W and |F(v)| < ||v]|.
Now set
®(v) = F(v) — iF(iv),

which is complex-linear and extends (. Moreover, letting ®(v) = |®(v)|e??, we have

[(v)] = e ®(v) = ®(c"v) = F(e™v) < [le™ ]| = |v]l.

0 5.26. Given any w € V', we can find a non-trivial ¢ € V* satisfying

p(w) = [[wll]l¢]-

Proof. Starting with the functional ¢ : Cw — C defined by p(w) = ||w]|, we extend
it to the whole space V so that |p(v)| < |lv]|. Then |¢|| = 1 and the assertion is

clear. O

Remark . v € VOOODOO¢, € V* O ¢u(p) = ¢v) 000000000000
¢:V -V 00000000000000000V* 000000 V*O000000
000000000000000000000000 ¢y 00000000000000
000000000000000000000000000000000000

000 Hahn-Banach 00000000 O0O0ODOOO
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00 5.27 (Geometric Version). Let A and B be disjoint convex subsets of a normed
space V. with A open. Then we can find a bounded linear functional ¢ of V and a real

number t such that ¢(a) <t < ¢(b) fora € A and b € B.

Proof. Choose ag € A, by € B and set C = A — B — ag + bg. Then C is an open
convex subset containing 0 and by — a9 € C by AN B = (. If we define a linear
functional ¢ on R(by — ag) by ¢(s(byp — ag)) = s, it supports C N R(by — ag). In fact,
if s > 0 satisfies s(bg — ag) € C, then s < 1 (otherwise by — ap € C) and we have
d(s(bp — ag)) = s < 1, whereas ¢(s(bp — ag)) = s < 1 is trivially satisfied for s < 0.
Let ¢ be extended to the whole V' so that it supports C'. Since ¢ is bounded on the

open set C, it is continuous. Next, for a € A and b € B,
¢(a—b+b0—a0) < |a—b—|—bo—a0|0 <1,

where the first inequality is due to the supporting property of ¢ and the second
inequality due to the radial openness of C. Thus ¢(a) < ¢(b) for a € A and b € B.
Since ¢(A) is open and connected, it is an open interval of R and this inequality
implies ¢(A) does not touch ¢ = inf{¢4(b); b € B}. O

Remark . This geometric version in turn implies the isometricity of V' — V**: Let
A={veV;|v| <1} and B = {w/||w||} with w # 0. Then ¢(a) < ¢(w/||w||) for any
a € A. Since A is balanced, this implies |¢(a)|||w]] < |¢(w)| for any a € A, whence
¢ # 0 and ||| [Jw]| < [p(w)].

6 DO0ooooooon

goobboooobobbooobbboooobbboooobboooobbbooon
ggoboboooobobooooboobbooooboboboooooboooobobooog
gogobboooobbbooobbbooobbbooonoboboooobbooog
gooboboooobobtbooobbbooobob bbb bbb boog
ggobooooooo

00000000000D00O0ODOO0O0ODO00ODODODOODOOD 6, 00000 ¢0O0OO

oo
$(6k) =D dikd;
J
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000000000¢ 00000 (¢;,) UDOODO0DOODOOO0OOOODOODOOOOO
(pjr) 0 j,k—o0o 0000000000000 DOOO0ODOOODOOODOOODOO
ggooboboogoboboobuooooobobooon

0 6.1. 0000 (1<p<oo)000000000D000O000DO0O (dk)k>o 0OO

goooodod
D=Z(C(5k
k

oooooooog ¢o:D—-D0O00O0O
&(0k) = adr + brr10k+1 + bp—10k—1

000000000 (ar)eso, (ke 0000000000006, =0000000¢
00000000000 ag,a1,as,... 00000000000000000 by, by, ba, ...
000000000000 00000000000000000 (Jacobi matrix) 0 O
000000000000 000000000000000000000000

gbobogbobogoboboobboooboboobbooobboonobooobba

() 0000D0000000: 0000 (X,p), (Y,y) 0OOO0DO0D0000 ¢: X —
Y OOu(¢Y[B)=vB) (BO YOOOOD)OOODOOOODOOOOOOO
000000000 fo fod ' OOLP(X,p) 00 LP(Y,y) DOOO0DODOC
O00000D0000X=Y=R"0OD0Op=v0000D00D00DO0O0OOaeR”
O0O0o00Oo0D0 R">z—2x+eceR"000000O00O00OOCOOOOODOO
O f(z)— f(r—ae)00000000000D000ODO (translation operator) O
goo

(i) D00D0: 000 QCR*"O000000000 a€Z? 0 o <NODDOODO
0000 ¢, €C®(Q) 00000

D= Y ca(z)D" Da:ﬁ

= ot
0000000000000D0 CX(Q) 0000 C®(Q) 0000000000
0000000000000 (differential operator) 0000000000000
DDDDDDDDDDDDDDDDDDDDDDDDDDDDAZD%-F'“-FDEL

00000
A WH(Q) — L*()

ol



000000
(i) 00000: 0000000000000 K (z,y) 00

/Q YﬁKﬁuyﬂuxﬁhﬁuy@w)<cw

00000L®(Y,py) — LY (X, pux) O

(Tf)(x) = /Y K(z,9)f(y) v (dy)

ggooooooooobbbbn

/ K (2, y) P (dx)py (dy) < oo
XXY

00000L%(Y) — L*(X).

(iv) DDD0O0OO0: 0000 (Qu) 0000000 he L®(Q,u) 0000000
f=hfO00LP(Qu) D0000000D0O00O0OODOOOO0 ARODOODOOO
000 (multiplication operator) O 00O

OOooDOo0O vooooooo wgoooboo T:Vv—-Wwoobhooooo
od e6.2. JOdOoO

(i) |Tv]| < M|jv|| (v €V)0DDOO M>0000000
(i) TOOO0DDO00O
(iii)) W 00000 B={weW;|w|<1}000 T-}Bjcv 0000000

Proof. (i) = (ii) = (iii) D0D0O00OOO

(iii) = (i): By(a) cT7}B] 0000 |T(a)] <1 00000#0v€V 00000
IT(a+v)|<1@ =rv/|lv|) 000000000000

ol ol 2
IT@)) = " T +v') ~ T(a)| < " (1T o+ )] + [T (@)]) < 2l

|

00 6.3. 0000000000 DO0OODOO0OO0OOO (bounded) 0000000 OOOO

oooooo B(V,W)oooooooTeB(V,W)o0o000

T
|Hﬂ:mm{ﬂlL0#v€V}

o]

gooo
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Remark . DO0O0DO0O00O0O00O0OO0OO0O0OO0O0O0OO0O0O0OO0OOOOODOOOOOOOOOOOOO
gooooboobooboobboooboobooboboooboboobobooboobooboobooon
goobooobobooboobgobobobooboboboobobooooboboooboong

0 53. 0000000000000000000000000 BOOO T-YB]00O0
r00000000|7T| <2/r.

00 6.4. B(V,W)OoOooooooooow ooooooooooooB(v,Ww) oo

000000000
17| = inf{M > 0; || Tv|| < M]Jv[}.

000 SeB(U,V)00000TSeBU,W)O000
TS| < (| [15]]-
0 54. 000000000000000000000000

06.5. ()0o0ooooo|r=1.
(i) 0000000000 (A: W22 — L2 <1.
(iii) 0000000000

IT - (¥, py) = L (X, )| < /X K )] oy (),

H711Lzﬁfuy)—+17(Xlux)HEéx/[; YIKKw,yﬂzux(dwﬁn4dy)

(iv) 00000000000 |LP(Q ) 5 f s hf € LP(Q, )| = || h]oo.

O0000000000000D000000 Stefan Banach OO0 00000 O0OO00O0O
0000000000000000D0000[Reed-Simon, II1. 5]

000000000000 0000000000Baire0000000DOO0ODOODOOO
000000 (category theory) DODDOOOODOOO

00 6.6 (Baire Category Theorem). 000000 X0 X=|JF, (F, 0 X OO
n>1
00)00000000000000000 F,000000000000000000

o000bO00O0O00O0Db0 XOoboooooooo

Proof. 00O F, 0000000000000 OOOOOOFR 000000000
00000 X#£ F 000000 X\F 0000000000B,,(z1)CcX\F 00
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0000 z,€eX00<m<1000000

0000F 0000000000000000000B,,(«)\F 00000000
0000000 By (#2) C Be(z)\F, 000 2, X0 0<r,<1/2000000
00000 {2} 0000 {re} OO

1
BTk (lek) C Brkfl(xk—l) \ Fk, 0< Tk S F

gogoboboooobboooobboooobo

1
ok—1

d(xpy1,zr) <71 <

000000{z}0000000000X 00000000000000 000000
O000x, €By(n) CX\F (k>1)000000

CEEEH(Z])CX\F[, [ >1

DDDDDX:LJBDDDDD O
1>1

0 6.7. 0000000000000000O000O0O000O0000O000000000O

0000000000000000000000000000000000000000

0000000000000000000000000000000000000000

0000000000000000000000000000000

0 55. 0000000000000 {Un}n> 0OO0O0OONU, 000000

00 6.8. 0000000000000 0D00O0O0OO0O0ODOOODO (meager set) O
gogobboooobbboooooboboooobbooooboo

0 6.9. 00000000 RO000O0D0D000000O0O0OOOO0OOOOO0OOOOO
gooobuooboboobobo ooboboboboobobooobobboobUooo
gogobboooobbbooobbbooobbbooonoboboooobbooog
gooboboooobobtbooobbbooobobbuoooobboooubbboog
00000000000000000000RY 000000 {an}n>1 00000r >0

gooooooo
Ur = UBT/2"(an)

n>1

D000D00F.=RI\U,00000000000000000|U,|=0(% 0000
00000000000000000
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056. 1<p<g<oo0000

(i) {xet;Y |2,/P <1} 004 0000000000000
(i) ¢4\ 00 00000000000
(i) # 00 000000000000000

O

00 6.10 (Principle of Uniform Boundedness). V 00 000000W 000000
oooUooOooOooooooo BeB(V,Ww)ooooOd

sup{||Tv||lw; T € B} <
00000 yeV OoOOOoOoooo
Sup{|T|:T € B} < oc
dododMoooooooooooboboooooO
Proof. OODOOD0OO VOOOODOO
F,={veV;|Tv| <n, VT € B}

nooopoooooo v=y,s, £, 000000B,.(v)CF,0000n>1,7r>0,
v eV O00000000000B,,,(v/n) cTHBOOOOOO|T <2n/rO0
00 O

gogodouooooobbbbbooooooooooa

0 6.11 (Banach-Steinhaus). 0000000 T, :V - W OODODOOO veV O

{(T,v} 000000000
Vove lim T,v=Tv
n— oo

gooooooooo
IT] < liminf [T,
n—oo

Proof. 00O
[Tnoll < [T flo]]

On00000000000lminf <lmsup OOOO00OOO

7ol = lim | Tol|timinf |7, | o]l < limsup [T, | o] < sup{|Zull;n > 1} o]
n—oo
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gogoboboooobobbooon

sup{||T,.||;n > 1} < co.

0O 57. Regard e as linear functionals on L'(R) for n =1,2,.... Then

lim [ ™ f(t)dt =0
n—oo R

for f € L*(R), while ||e")]|» = 1.
ggooboooobon:

00000 norm convergence
lim ||T,, — T = 0.
n—oo

OO0 strong convergence 0 v eV OOOODO
lim || T0 — Tvflw = 0.
000 weak convergence  veV O w*eW*OOODDO
nli_)n;(j(w*,Tnv—Tw:O.
0 6.12. OO00O0ODOOOOODOOOODOOOODOOOO,V,Ww OoooooooDo
oooooo {S,} cBUV),{T,}cBV,W)ooooo SeB(UV), TeB(V,W)
000000o0oo0ooooooooo{T,S,} 00TSO00000O0O0O0OO0OOOO
000|7,| 0000000 ooooO

0 6.13. 0000 f00fLYQu) C LYQ,u)00000f € LP(Q,u) 000000
000 (L9)*=LP 0000

fu(z) = {f(x) if |7 < n and |f(z) <n,

0 otherwise

0000000000 é,: LY — C,

du(h) = / ful)h(z) p(de)

ggobboooooooooan

n—oo

o(h) = Tim ¢ (h) = / F(@)h(z) p(d)
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00000000000000 fel?P00000
0 6.14. fe LP(RY), g L} RY) ODOODO f*xge LP(RY) OO
1+ gllp < [1fllp [lgllx
000000 0000000000000000000
058. 1<p<ooDODO0O
lim |6, « f = fll, =0, feLP(RY)
00000000000 CX(RY) O LP(RY) OO0O0OO0DOO0DO0OO

00 6.15 (Open Mapping Theorem). DOOOOO0 V OOODOODOODO WoOOOO
0000 7TO0O0O00OODODO0OoO0ooDoOOoO0 roopbo0oobooooaon

PT’OOf. Jdogoooogogdg BT(O)DDDDDDDDD
Vi={veV;|v|<r}, W,={weW;|w|]|<r}

00000000000 r>000000W.CT(V,) OO0 e>0000000000
ggoboboooobobtboooobobtboooboboooobbbooobooboa
gogob -roobbooooooon

o007 000000oooog

w= )TV

n>1

gogoboboooobbboooobobbooobob bbb bboooobbbooon

T(V1) 0ODOD0O0O0O0O0O00000B,(0)cT(Vi) (beW,r>0000000000

W, ¢ %(BT(b) + B,(—b)) € (V)

gdoooooooooooooooooodo
Wa—syr CT(V1), 0<d<1.

000 weW,00<6<100000wy="T(v) €eT(V1)0O |[w—wp| <dr 0000
00000000OWs, c T(Vs) 00000 0w, =T(vy) € T(Vs) O |Jw—wo—wy|| < 82r
0000000000000000 w, =T(v,) € T(Vsn) O

w—wy —wy — - — wy|| <"y
0 1 nill =
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00000000000000w=T(v)00000v=)_, s,vp,€V 00

" 1
HUH<25 =1_5

n>0
gooooon .
. C ——T
WC1—5 (Vl)

gooood U

0 6.16. 000000000000 0000O0D0000O0O0O0ODOO0O0O0O0OOOODO
0000000000000000000000000000000000000]-|//,
|- 000 VvOOOOOOOoO0O000000000000]o|=|| +|v”ocooo
ooooooovooooooo(V,|-)oo (v, ]/)00000000000000
000000000000000000000000|jp|| <M 00000 M >0
00000000000000000000

0 6.17. 0000000000000000O0D0O0000000O0O0O00000O0O0
000000000000000000000000 E, FOO0OODO0O000 EaF
0000 |z2dy| =z +|y| 0000000000000000000000000
0000000000000000000000000000000000000000
oooo

00000000000000000000000 VOOOOOOOoO E, F
OOENF ={0}00V ={z+y;x € E,yc F}00D0DO0O000O00000O0
E@F>20y—~r+yeV O000000000000000000O

00 6.18 (Closed Graph Theorem). 000000 V OOODOOODOO WOOOO
00 700000000 {v,}, {Tv,} OOODODODO0OO0O0O0OOOOOOODOOOO

(i) lim,v, 000000
(ii) lim, Tv, 000000
(i) lim, Tv, = T(lim,v,) 0000

00000 (i), (#) 0000 () 00000007 0000000

Proof. DOOO T:V W OOOO0O GT)={veTveVeW;veV}DOOOO
00000000 VeWwW OOOOOOOO00000000000000000000
000000000mM (@), (i) 000 (i) 000000000000000000000
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00000007T0000000000000000000G(T) ODoOVeW OOOO
00000000000ooooouoooooo GM)sveTv—oveV OOOO
000000000000000 VovrveTveG(T)ODODODODODODODOODOOO
Vov—=ToveW OOOOOOO |

0 59. 000D00ODOODOODODODOOOOOOULOOOD HODODODOT:H—H

O
(EITE) eR, E€H

ooo0OobO ToOODOoOooo

0 60. JO0DOOo0obObOoobboobboobboooboboobboobboooo
gooo

( Uouoooooogooood

Oooooo0o HOoOooooo I'-H—-HUOOOOOOODODOOO0OOO HOODODO
00000000000000000 {e;h<j<p, 000000000

tll . tln

Tej = Ztijei, (Tel, ce ,Ten) = (61,.. . ,en)
=1 tni oor tam
0000700000 [T)=(t;) 0000000000
[S+T]=[S]+[T],  [ST]=[S][T]

ooo0obobOHODbOOO0OOODOODOOOOODOODbDOObOODOODbDOO
0 e6l. 00oooooO

000 ANOOO0OOO0 TOOOO (eigenvalue) 000000000000 0OOOOO
ggooood

(i) TE=X 0000000 0£&eH 0000
(i) 000 A/ -7 00000000

gooboooobobboooobobbooooobbooooboboooobobooon
gooboooobbooobtoodbbuooobbooboboooobboobbood
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00000 HOOO0OOO0OO0OO0OO0D0O000000000000000000000000
00000 () 0000000000000 () 0000000000000 (spectrum)
00000000000 7000000000 ¢(7T)000 70000000000
0000000000000000000000000000

0 7.1.00000 T:L*0,1) — L3(0,1) 0 (Tf)(t)=tf(t),0<t<100000
O0e(T)=100,1]1000000000007T 00000000000

000000000000 0DO0bO000O0bD0oDO0bOO00oDO0bD0o0ODOODO0OHO

oodooooo Koo
EeK=TE{eK

o0oo0ooooOobOooToO0Oo0oDO0bD DobDobobo#HdHODOODOobOOoTOOODO
0000000000000000T 00000000 o(T)OO0DDO0ODOO0ODODOOO
goobooboood
goboboooobobbooobbboooobobobooooboboooobbooon
ggobobooooboboooobbooon

o0 7.2. 0000000 HOOODODOD T:-H—-HOOOOODOOODOODODO

000000000
1T = sup{[E[Tm)]; 1€l < 1, [Inl] < 1}

00000 TO T <+4cc 00000000000 (bounded linear operator) O
0000HOOODODOODOD0ODO0ODOO BH)ODODDOODOODDODOODODODODODOOOODO

073 H=/0000000 {a,}n> 00000
(A)n = anén
O00D00AeBH)ODOODO
|A[l = sup{lan[;n = 1}.

0 62. 0000000000 {a,} 0000 AODDDOOOODOOODODOOODOOO
00 éef?0 Ac¢/?2000000000000000000000

00 74. 0000000 HOOOOODDODODOO KoOoOoooooo T:-H—-KOO
ooooooooo I :K—-H OO0

(n|T&) = (T"nl§), §eH,nek
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0000000000000000 T00000000 (hermitian conjugate) 0O 0 O
00000 (adjoint map) D000

Proof. 00D Riesz 000000000000 nekX 0000000000

H 3¢ (n|TE)
0000000000000000000¢ eH 00

(n|T€) = (£'¢)
0000000000000 ¢ 00000000000 700000 O

Remark . D0O0D0O00O000O000MOOOOOODOODOOOOOOOOOOOOOOOO
ooobooooobbooobooooboboooobbooobobbooooboDboobbbooo
gobobooobobomboboobooboboobooobobooooboboooboobOobon
0000000000 conjugate 0000000 O0ODO0O0ODOODOOODOODOOODOODOODOO
oboooooboboooboobgobooobonog

0000000 HO00000000000000000 {e}0000000KDOO
000 £000D000DODOon

1

n
£ = ijej = (€1,...,€n)
j=1

Tn
o0ooooooooDooo0 T-H—-HO0OO0O0OO

n t11 tln
Tej :Ztijei, (Tel,...,Ten):(el,...,en)
=1
0000000000000000 [¢, (700000
(&[Tn) = [¢]*[T][n]
DDDDDDDDDDDDDDDDDDDDDDDDDDD[T*]:[T]*.

00 7.5 (0000000000). 00000 TeB(H) 000007 —»T* 0000
00000 (ST)* =T*S*, (T*)* =T 000000000000 0ker(T) = (T*H)*.
0000000000000 (star algebra) 0000
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o0 76. 0000000O0D0ODODOOOTODOT=T"000D0O0OO00O0ODOODO
O (hermitian operator)d ({|7€) >0 (¢ e H) DO OO OOOOO (positive operator)d
T*T =100000000000 (isometry)DT*T =1 =TT 00000000
00000 (unitary operator)D7T = T* = T2 0000000000 (projection)d
TT*=T*T 0000000000 (normal operator) 0000

O000000000000000 ROODODODOODODALB < B-AOOOO0OOO
goooo

gooo T:H—)KDDT*T:IHDD TT" =L, 0000000o0ooooooo
(unitary map) 00 0000000000000 00O0O00O0OOOOOOOOOOOOO
goooo

O

00 7.7.00000 F0O XO00O0O0O0O0 E0000MMOE=EXOODMOOOO
D00000000F=FHOOOOOOECF < E<F,F=&" < E+F=1
oooo

00 7.8. 0000 T:H—KOODOODOOODOOOODOOOODOO
(T¢|Tn) = (&n), V¢ n e H.
00000 T:H— KOOOOOOOOOOOODOOO0000000000000000

07.9. 00000002 0000000 (shift operator) O

6—1 1fn217

(Sg)n: " .

0 otherwise
0o0ooooosSUO000000D0o00oUUUoooooooo

0 7.10. 00000 TOODOOOT*T0bO00O0OO0OODODOODODDODODOOD
ggoboboooooboooobboooobbboooobbboooobLbooaon

0 63. 0000 A=diag(ay,...,a,) 0000000000

() 0000000 <= ai,...,an € R

(i) 000 <= a3 >0,...,a, >0.

(iil) 0000000 < |ag] = = |an| = 1.
(iv) 0000 <= ag,...,a, € {0,1}.
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00 7.11 (0CO0O0OOOOOOOOO).

(i) 1T < |IS|HIT-
(@) |7 = [Tl
(iii) |T*T| = [T,

Remark . 0000000000 0000000O0OOOC*00000000000 C*~0000
000000000 C*000000C*0000000000000000000000

000 C*00 ADDDDOOOODOOOOO ¢:A—B(H) 000000000 00000
ooo

gooo0ooooooooooooooooooooooooooo
0 7.12. 0000 A:(al,...,an)DDDDDD
|A|| = max{|aa],...,|an|}

0000000000000 000000O0000D00000 ADODDOOOOODOO
goooooooomd

A = max{[\;A0 A0ODO Y.

000000000 (i) 0000000000 AODOOOUDA*ADOOOOOOO
ggoboboogoboogao

0O 7.13. 00O

goooog
al? ab
ATA = ’—
(‘ﬂ’ |aP-+|H2>
ggoboooooon

b + V/4al? + [b[?

IA]* = la]* + [b]
064. 00000000 UOOOOO|UTU| =|T].

00 5 0000000 HOOOOODOOOD0OOD0OO00O0 ROODODOROOOOOO
A< B = (§JA) < (£|BE) VEeH
000000000000000000
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() 0DDDO0O0D0DO00D0DOO0O00O0

i) 00000000 BOOOOODOOOOOOOO {An}e>: 004, < Ay
(n>1)00 A4, <B(n>1)00000000{A4,}000000lim, A, <B
oooooo

(ili) 0< A<B= A< B?0000000000000

¢ ooood

00 fel'Y(R") 0000000 (Fourier transform) O

F© =] fl@e™¢ds, ¢€R"
-

000000000z-é=x16+---+2,6,. 0000000000000000000
DDDDDDDDDDDDDDDDDDDDDDDDDL2(R”)DDDDDDDDDDD
gooogd

oo oggoooooogb oo oo oogo
oo ogboggooobooogbo oo boooooo ooogonoog
gooodooooooogooguoboooo oo oo oo ooogonog
gDt onuoba
gfdoodgooogoogbooogooobo oo oo ooogoog
gooddoooooouoooouooogoboog

ggoooooogono fDDDDDDDDDDD

00 8.1 (Riemann-Lebesgue). DO00O0O0 fO000000O0O fooooofe Co(R™)
D000 flle <lflh DOOODD

Proof 00000D0DO0DO0OOOOOOOOOOODODOODOOOOOOOOO
0000000000000 00000000000000000000000M000
00000000000000000

000000000000000000 C®R*) c LY(R») 00000000 (O
033,0036)00000hecCER™)O|f-h<e0dD0DODODODOOOO
00000000

il / h(x)e™ " dr = / Dih(z)e™ " dx, Dy = aﬁ
k
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00000000k 0D00D00DOOO

(€114 -+ 16DAE) < [ 3 1Deh(a)| o
k=1

0oooo ~
lim |A()] =0

€] =00

OO0oooOooo fooOoOooOo

FE] < I(F = R)E)] + [RE] < If — Rl + [R(E)] < €+ [R(€)]
00| —-ooc 00000000 O

gobboogobobooobbooooboo

~

Fxg(©)=F©OG©), [ =1, f(z)=F(u).

0000 a=(a,...,a,) €ZF 00000

n

o a1 0% [0 2 (%) 0% _ —

=it -xpr, D*=D7-- Dot ol =01 4+ Qg a!—Haj!
Jj=1

gobboooooooboooooooobboooobobbooooooobboon

oon
fal o

(x4 +a)V = )

|la|=N

a!
goooooo a,ﬁEZZL_D feC>*R"yDOoooO
1 £llap = sup{|a*D? f(x)]; x € R"} € [0, +o0]
agooo
00 8.2. 00000000 R* 000000000 *2(Schwartz space) [
SR™) ={f € CTR"); [[flla,p < 00,Ver, f € 21 }

goooo

*12 00000000 Laurent Schwartz (1915-2002) 000 00000000000 Hermann Schwarz
(1843-1921) 00D DOODOOOOOODOOOOOOOO
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gobboooobobboooobbboooobbbouooooo
oo 8.3.

(i) fESRM DODDDfeSRY) OODDODO

_ 1 7 1€
G [ Foe e
(i) f,g € S(R") 000OOO fg,f+geS OO
fxg=173. fo=TF*g
Proof. (i)

H 1+ |z2)|f ()|

000000000 feLY(R") 00000feCy(R") 00000000000000
oooooo

~

(ﬂ£+tm—-(O=i/dxﬂxk‘”q€4””—1)
0000000 =e ™ 000000

1
wﬂ%mﬂ®+¢®%ﬁéwﬁwﬂ—uwu

gogooo

/\

f(f’-i—tn) f(& zt/f z)z-ne” " dr — t2/dxf( )(z-m)3e _mg/o due™ T (1 —y)

t? 2
5 [ 1@l 92 ds

DDDDDDDDDD?DDDDDDDDD

goobooboooooo

Dkf )= —i | f(x)zre ™ da
(

DDDDDDDDDDDDDDDDfGCOOR”)DDDD

:(—z’)O"/f(:z:):z:ae_imE dx



ogoododod
Jdddooooddogoooooggon
o f(e) = (—i)le / D f(a)e " du

000feSRY) O0O0000
00000000

/dfemg/dyf(y)e—lyf — llm dg/dyf _l(y :I})§ T|§|2

= hm /dy/dgf —Z(y z)E—r|E)?

_ M2l ~Ja—yl?/4r
i, ()" st
— 2m)" 1i
(2m)" lim (5, * f)(2)
= (2m)" f(x)
gooooboboboboooo 51/TDDDDDDDDDDDDDDDDDD
(i) f€S000000000000000000000DDDDDDDDD

& = [ do [y (e = gty
:/ﬁg/mﬁm—ymwk%“
/dy/duf —i(u+y)£

oo oooooboboobobobooooood f*gDDfZ]\ESDDDD
0000000S0O000000D000(fxgeSO00O00O0D0O0DDO0ODOOUOOOO
HREN |

Remark . 00DOO0OODO0ODOOO*0000000000000O0O
/ e " dr = 2mH(€)

D0oDO00O0ooooo*™o

*13 P.A.M. Dirac (1902-1984)
*14 Lord Kelvin 00000 MOO0OO0O0O0OO0OOCOOOD 14+1=20000000000000000
0000M0O0000000000000
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00 8.4 (Plancherel formula). f € L*(R") N L%(R") D000 f € Co(R™) N L2(R™)
0000 f,ge LY(R*)NL*(R") 0000

~

(flg) = (2m)" (fl9)-

Proof 0000000000000 O00O0O0OO0O00O00O0OOO0fel!NI20000
(FIf) = @2m)™(f|f) 00DO0OO0O0DOOO

0<IF©OF = [ ay [ an T oS
= [awes [ayru-y)s0)
— [ (s s pyw)

ggooboooooboooooo

[delf©F = tim [ dee " [aue (s pyw.

0000 f*fel}(R") 0000000000 0000OOOOO

/du (f* *f)(u)/dfe‘”fz—iuf = <E>n/2/du (f* * £)(u)e~1ul*/4r

— (2m)" / 5110 (W) (F* * £) () du

DDDDDDDDf**fGC’O(Rd)DDDDDDD r—4+000000

o~ o~

(f1F) = @m)"(f* * £)(0) = (2m)" (F1f)-
O

0 85. 0000 F:LYRY)NLARY) — L2R™) O F(f) = (27)™/2f 000000
FOOL*RM OOODOOOOODOOOODOOOO0OO0O(Ff)(z)=f(—2) (f e L*R"))
ooooo

Proof. FOODOODOODOODOL?(R") OO LA R") 0000000000 O0O0OO0O
D0F0 SR™) CL'NL?0000000FS)=8S000000F00000000
D00000000000 A 00000SR 000000000000000000

00000000000000L%2RY) =SR*) 0000000 O
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0 65. S(R") c LP(R") (1< p<oo0) 000000

066. 000000 A>00000000

1o 1 i€
1 =g | o

goobobboooobobooo
T
fasr(@) = = fola)

o000+ 0000000o00o0o0oooooUooooooD f, 0000
ggobobbood nObOOO0OOO0DDbDDOOOODDDbDOOO

0 67. (i) 0000 L,yoooooooooood

. * gin? g
(ii) >— 00000

000000000

00000 f(z)— e /2f(z) 0 LAR,e"®dz) 00 L2(R) 0000000000
00000000000000 ¢ */2000000000000 Clzle®/2 0 L(R)
00000000000000000000g€ L3R) 0 Clzle® /200000000
D00g=0in L?(R) 00000

00000000 h(z)=e®/2g(x) 0 LY(R)NLA(R) 0000000000000
ooooooo .

WO = [ gy e s

— 00
000000000 ¢eROODODDOOODOOOODOOODDOOODOOC=¢4+meCO

DDDDDDDDD(DDDDDDDDDDDDEDDDDDDDDDDDDDDDDD
0000000e ™ 00000000000 00000000000000

[o@) . k
Z 23 / g(x)e ™™ 20k dy
k=0 o0

HEN

,;k/_oo 2)le 2||d<z \// |2dac\// e g2k gy — 7r14||||z
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ggobbboooobbbooobbbooobbbuooobobboo

7z o (i&)F [ —a?/2, k
h(¢) = g(x)e x¥dr =0
kZ:o k! /Oo

00000000000000000g0 /20 [2(R) 00000000000
00000000000R=0in L2(R) 00000000000 0L3R) 00 L3(R)
0000000000000 00000000A=0in L3R) 00000000000
g(z) =e*/2h(z) 0000000000 2 ROODOD 0000000000g=0in
L*(R) 000000

068. fel?2(Ry) 0 e 2" (n>0)0000000f=0000000000000

00 6. 0000000 hy(z) O

—a? /2420t —t> - e
e = Zh”(‘r)ﬁ
n=0
goooooooooooa

(i) e’/2h,(z) 0 nOODOO0DOOOO

/OO B () I () dz = /72" 016, 1

— 0o

Fhy = (=i)" .

O Doooooon

000000000000000000000000 {¢j}jes 00000 (summable)

gooooo
Z|cj\<oo
jeJ

gogooboooooobooogon

» le;;FO J0O0000O0
JEF
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go00oooooooooooono D(% #0000 jeJOODODODOODOODOODO
ZC]' eC
Jjed

ggoboboooobobobuooooobobooaon

> el <) el

jeJ jeJ
gooao

00000D00000000000 {4}, 000000000000000
Siesll4jll < +o0DDOOD

> A € B(H)

jedJ

goooobobbbbbboooooooooooooon

DA< II4

jed jeJ
googo

000000 A(t), e<t<b00000000000000000000 [ A(t)dt
oooooo

D ATt —ti1), T € [t t]
j=1

ggoboboooooooooan

b
/ A(t)dt
googoog

000000000000000D 00000000000000 A(2) 0000
(analytic) 0000000 e DOOO0002 000000000 |z2—2|<r0 D
0000000 0000O00o0oo

A(z) = Z An(z —zo)"

n>0

< / JAE) |t
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000000000o00o0oo0oooooUoU{4,} 000000000

S llAullz — zol" < +oo, |z 20| <
n>0

0000000 A(2)0 2000000000
0000000000000 Cauchy DODDO OO

f{; A(2)dz = 0

000000000000 A(2) 0 Cauchy 00000000000 DOOOOODOOO
000000000000{2€C;|z—2|<r}CcDO0O0OD0OOr>0000000
000000002 0 DOOOODODOOO d000O0OO

D Al < 400, 0<Vr<d
n>0

gaoo
0 69. 00000O0DOODODO0ODOODbUODOOUODbDOODbOD

00000 AcB(H) OO0 (invertible) 000000 AB=BA=1000000
00 BeB(#)0ODODODOOOOODOOOOBO ADDOOOOOB=A"'0000
00000000000 #O00O0D000000000 GL(H) 00000000000
oooo

00 9.1. 0000 AeB(H)0DODODOO
og(A)={AeC; AN -A¢ZGL(H)}
0 A00O0000 (spectrum) 0000000
r(A) = max{|A\; A € 0(A)} O

0 AD0DDO0OO0O0O0 (spectral radius) 0000
gobboooobbboooobbboooobbboodobbboooobbbooon
000000B(H)UODOODODOOD0D0O0U0D0O0U0oooooo

0 9.2.
(i 0000 AUDOOUO0Oe(A) 0 ADDUDDOOUDOOOOOOOOOO
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(i) 0000000 H=@MN)OOODODD0DO000 AD

(A&)n = %fn; n=12...

goooog )
U(A):{O}U{ﬁ;nzl,l...}

000 1/n(n>1)0 ADDDDDD0000000000000
(i) 0000000 H=L%0,1)00000000 AO

(AL)(t) = t&(1)
0000000(A)=[0,1]0000000000000000

0 70. 0000 e(t) 0000000000 0OOOODOOOOO

0 71. (23(2) 000000000000 A0 (A2)y = Zpny1 + 2,1 0000000
o(A) 00000

072. () 0000000000000 A, BOOOOOABeGL(H) 00000
00000000 A, BEGL(H)00O0O0OD
(i) 00000 AO0O0O00 f(A) 000000000

o(f(A) = {f(A); A e a(A)}

goooogad

oo 9.3.

(i) Ae B(H) 000000(A%) = o(A).
(ii) Ac GL(H) 00000 (A7Y) =0(A)~ L

00 9.4. 00000000 A=A*€B(H) 000000(A) CR.
Proof. 0000000000000000 -A€GL(H) 000000000000
IGT = A)g|* = [IE* + 1Ag]l*, €€ H

0000O0000ker(il —A)={0}000 ((I-A)HDODO0000000000000O
0000000 ker(T) = (T*H)L 0000000@GI —AH=H 0000000000
il—AeB(H)0DDOOO ((l-A)¢—£0000000000000000000
00000 10000000000000000 O
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00 9.5. 00000 Ae B(H)0DOOOAeCO Al < |\ DODOOOODO
M—-AeGLH)DOOD

_ 1 A A2 A3
(M —A) = A<I+/\+)\ +ﬁ+~-->.

0 9.6. GL(X) DOB(H) 000000D00GL(H) > A AL e GL(H) DO0OD
ooo

Proof. BEB(H) O B=AI+AY(B-A)00000000|B-A4|<1/[|A™Y
D000BeGL(H) 0000

IAH21B — A

<D AT B4l =

n=1

1B~ =A™ =

S ma

gogoboboogoboobouooooon |

L—[[A=H[[|B = A]

00 9.7. 00000 ADDOOOO ¢(4)00000000000000 r(A) < |A4]
000000000000000 (2I—A)"'eBH)ODO0zeC\o(A) DODOOO
000

Proof. 00 C3 2z 2l —AeB(H) 0O GL(H) 0000000000000000O
0000 p(A)=C\o(4) 00000D000000{|2 > ||A]} Cc p(4) 000000
r(A)<||A|000000000p(A)32— (2I—A)"'0000000000000O0
000000000000000000lz > ||A|00O

1
-1 _ n
(21 —A)" = E anLlA

n>0

oooOr>||A| 0000

2mil = Z/ Zn-i-l / (21 — A)"'dz
|z|=r

n>0

000000000000D000 0(A)=00000000000 Cauchy OODOODO
oo oooobobog
|

098 00000000 U:H—-HOOODODOe(U)CT.
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Proof. |U||=10000000(U)C{zeC;|z2/<10000000

o(U) ' =0(U ) =0(U*) Cc{z€C;|z| <1}

OO0O0|A>||A|000D0DO

()\I—A)*:;Z(

DDDDDDD)\EC\U(A)DDDDDDDDDD
dododooooogodn
ZHAnH
[A|™

n>0

goobobboooobooobooooooo

(M —A) Z Algn | = Z A AT Z N1 gntl

n>0 n>0 n>0

O00o00oo0o0oDooOo0obOOo0o00ooOoO0U0bOOooOoooODO Iogoooooooo
O0D0ONM-AU0D0000O0O0O0OO0OO0OAMA¢0(A)DODOO
0000000 #X xeCOOOOO

zﬂhw

n>0

000000MA¢o(A)D0DDDDDDO0OO000Ae0(A) 00000
E:WMH_
= A

gogoboboooobbboooobbbooobobbuoooobobuooooonoo

00 99. 00000 A0DO0O0DOOO {|A"|Y"},> 00000000000
inf{||A"|"/™n>1} 000000

Proof. a, = log||A™| 00000 amen < am+a, 000000000000 m O
n>mUO00000n=mg+r00gdon

a_n<qam+ar
n -~ mqg-+r
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gdbb0On—o00oU0000 g—ococUO0DOOOOonO

. Qnp Qm
limsup — < —
n—oo I m

obodobm>1000000000000O0OO

. (079 . Am
limsup — < inf —

goog
lim a—n:infa—n
n—oo N n>1 n
oooooooooo O
000000000000000Aeo(4)00000|A <lim,_e A"V 0000
r(A) < lim [|A™|M"
n—oo

000000000000000000O0 r> |4 00000

)\n
AP — A) " td\ = / dANAF = 2miA™.
[oyor-ata=y [

k>0

0000000Cauchy 000000000 D0O0OOODOO r>r(A) 0000000
ogn

n 1 n — n
e M R

M (r) = max{[|(\ — A)7'[;|A| = r}

ogoooon
lim ||A™|Y"™ <7
n—oo

oooodr>r(A)0r(A)00000OOOOOOODDOOUOOOOOOOODOOOO
00 9.10 (Spectral Radius Formula). 00000 AO0O00OOO
) =l A7)
oo
0 9.11. 00000 AOO0OOOO
[A]] = max{[A[; A € o (A)}.
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Proof. 00000 BODODOD
1B2]| = 1(B*)*B2||*/* = |(B*B)"(B*B)|I'/* = | B*B| = || BII.

00000 ADDOOOO00A" (n=2,3,...)000000000000BO0000OO0
A A% A* A D0D00D0000O0D00O0

1427 = A"

00000000
r(A) = lim ||A2"||Y?2" = ||A].
m— 00

0 9.12. 00O

=00 9)

00000 1000000000(A)={1}00000ae¢#00000]A4] > 1.

10 O0ooooooon

goboboooobobboooobbboooobobobooooboboooobbooon
ggooo

00 10.1. 0O000O00D00O0 (unitary representation) 0000 GOOODOOOOO
0000000 UH)DODODDODODO »000000D0GUOOOO0OODOOOODOOO
D00000000000000GxH3(g,8) —»n(g)éeH 0000000000

0 10.2.

() 00000000 UDDO000000000 ZO0OOOO0OOO0 700
m(n)=U" (neZ) 0000000000000 Z0O0OD0O0O0O00000000
00000000000000000000000000 Z0O00O0OO0O00000
000000000000000

(i) L2(R") 00000000000 R" 0000000000000

0 73. 00000000 R*"ODO0OOOOOODOODOODOODOOD
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0 GGO0000000000000OD £eHOO0OGOOO0O O

©(g) = (&l (9)E)

0000000000000000GO0O000 {grhi<k<n 00000 {2xhi<<n, OO

agoo
2

0< > amlgn)é|| = D elg; o)z
k=1 1<j,k<n
0000000000
1
(go(gj gk))lgj,kgn

goooobbbooooooooooobooobbbn GDDDDDDD*15(pOSitive
definite function) 00 O0G U000 000O0O0OO0O0O0OO0O0O0OOOOOOOOOO

074. GOOO0O000 000003 e(g™t) =e(g), (i) |elg)]? < ¢le).

075.0G0000000 {o(g)}secD ¢(e)#0 (D0 GOOOD)0DDOOODN
0000000GOO0D000000 n:G—UMH)DOOOD 04£6eH 00000

¢(g) = (&lm(9))

goooobbboboood

00 10.3. D000O0O0OO0D VOOODOOOODO {e,} 00
sup{[[¢n[lin > 1} < oo
000000000 {eu} 0 e V* OO
nli_)n;ogon/(v):gp(v), YveV

ggoboboooooboooooo

Proof. DO0DODOO0O0OO0DODO {v,},> 0000000000D0ODOO0OOOO

{on(v1)}, {on(v2)},...

gogooooooobobodooooooboobobobbbooooooooobooboboooa
W=> Cv, 0000000 ¢0O

p(w) = lim @, (w)

n— oo

*150000000000000000000000000000000
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0000000000 |e| <M =sup{|jen|} <oo DODDDO0O0O0O0¢ e V*O000
0000veV OO0O000O0|v—w|<eDO00weW 000000

o (V) = (V)] < [@n (v =w)[+|n (W) = P(w)] + |p(w = )| < [P (w) —p(w)|+2Me
000000000000 O

0 104. 000000000 KOOODOOODOO {u,} D000D0OO0DODOOODOOO
ud poooooo,

lim f x) f (dx) / f(x)pu(dx), VfeC(K)

n—oo

gogobobooooboo

Proof. OOD0O0O0O0 C(K)OUOUOOUOOOOODO Riesz-Radon-Banach 0000000
|

00 10.5 (Herglotz *16). 000 ZO00D0DDO000 {pk)}kez 00D0DDOI0,27) OO
0000 w00

(k) = / ¢ 1(dh), ke
[0,27)
goooogoooooooooogog

Proof. 00 z=¢? 000 0,27) 0 TOOOODOODOODODOODOO n00O0 600DO0ODO

n

0< 3 o -kt = 3 e (n— i +1)

0<j5,k<n l=—n

gooooooo

pn(0) = ji: p(l)e™ (1__;S£LI)

I=—n

0000[0,27) 000000 g, OO

1
n(df) = —p,(0)do
fin(d6) = —pa6)

00000000 |k <nO00O

™ iy (df) = k(1—|—>.
[ et = ) (1 5

*16 B, Simon O 0 [5] 0 00 00O Carathéodory-Toeplitz 000 000000000000
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000O0u.(T)=¢(0) 0 nO000000D00000 {#}O0OD0DD0000O0

pw= lim g,

n— oo

0OC(MI0DD0O0D0D00D00D000N00N000N0000000noooooooonaon
O00O000O0o0ooon

000000*700 Weierstrass 000000 {e*},cz 000000000C(T) O
Oo00000O0ooOdoo O

076.0 TOOO0O000000 o(2) 30000 {¢, > 0}nez 00000

o(z) = Z 2"

nez

ggooood

00 7 (Bochner 000). 000 ROODODODOOOOD o) OOROOOO g O
oooo

o(t) = / e u(d)
R
oo ooooggdgoo

() ROODDOOOO f(t)00000

//]Rz (s —t)f(s)f(t) dsdt > 0.

(ii) f() =e "~ (¢>0,2c R) 0000000000

1 > -
1= [ ez

27 J_ o
(iii)
[ ene)dn = ol

— 00

(iv) ROOOO pe O pe(de) =pe(z)de 000D 0O0O0O0O p= liIEOMeDDDDD
e—

1T 0000000000000 00000000000000000000000000000000
gbogoobooooooobooooboboboboboboooboooo
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D000 EeHOOOO0OO0 Z0O0O0O0O00O00 we(k) 0000OHerglotz 0000
OTOoODOOO pe OO

@w%wiéﬁ%w@
gododdoobooogoobogod

00 10.6. 0000 X 00000X 0000 Borel DODDOODO B(X) *¥0000
00000000 CO000000000000000000000 f, € B(X) O
feB(X)0DDO0D00000O000|fullee <MDOOOOO MOOOODOOD ze€X

ooo0on
lim f,(x) = f(x)

gooboboooooo
goboboodoboobuoooobbuooooboboooobobooan

00 10.7 (Borel functional calculus). 00 0000000000000 00 UOOO
ooooooooooo B(Msf—f(U)eB(H)OODODOOODOOOODOOOOO
0000000o0o0o0néeH, feB(T)Ooooo

@ﬂ@@z/ﬂ@mwd

T

000000000000 {f,} cB(M O feBT)00O0000DO00O0O000O
VeeH, lim |fu(U)E— FU)E] =0,

0000000 f(z) =2 000000fU)=0U0000

Proof. B(T) 000000 ADODOOODOO0O0000000 A f— f(U)eH(H)
000000000000AOODOOOOOOOOOOOOOOOO f000000
000000000000000000 f(U)000000000000000000
00000000000000000000z=(242%)/2+i(z—2%)/20000000
f(z)=200000f(U)=0U0000

0000000000000000000000 ADOO ADODOOOOB(T) €A
ooooooooo

*BOOoOOo0000C,(X)CB(X)Oooooo
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Laurent 0000 Clz,27Y0 TOOOOOOODOMOOOO000000OCz,27Y] C
C(T)cB(T)0ODODOOD p 000000C[z,2 e AD0D0D0

00 Ae ADDDDDOODOOOOOO {f,}CAD feB(T)ODODDOOOOOO
000000000000000 f@U)0000000000000A5S f— f(U)D
00000000000000000000¢éeH 00000

| (U)E— Fu(U)E]P = / (£ ) ) £ ()= Fi(2) Fa(2) = i (2) fn(2) ) e (d2)

0000000000 {f(UV)} 0000000000000

£ (U)EN = (€l fr fu(U Lﬂh )2 pe(dz) < || fallZlIEN1° < M2(lE))?
00000000000 f(U)O
Jim f,(U)§ = f(U)E, VE€H

ggoboboooobobobooooobooon

(1)) = Jim €£.00) = Tim [ fu( pelaz) = [ £G)ne(a)

0ooOoo0O
0000AD0OOOOOODOOOOOOOOOO0OO000000O0 ADOOOOO
feADnooonf(U)eB(H) OO
f(U) = lim f,(U)
00000000000 00000000000000000000000000000O
00000000000000000000000f,geAO0000
= (lim £,0)) (lim gu(0)) = FW)g(U),

oo
(€L ) = lim (€]f5(0)) = Tim (fu(U)E]) = (FO)EI),

00000 fU)=(f(U))* 000000000 AeAD000000

Zoon 0O0OOOOO0ADDOOOOOOOOOOOD BO Clz,2~Y00000000
O0000000B=BOO0O0O0OOC(T)cClz,2-cBOOODOOOOBOODO
000000000000B=B(T)OOOOO O
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0 10.8. 0000000 LA(T) 0000000000 UOOWWE)(2)=2£(2) (2| =1)
000000TO00000000000000 f(z)00000

0 10.9. 0000000 L*R") 000000000 T, (ecR*) 0 fe B(T)ODO

000 |
FF(Ta)F = €(x) = f(e")E(),

000O0F0O L3R*) 000000000000

00000000TOO0O0O000 SODDOO0O0E(S)=15U) 0000000000
S=Up>15, 00000

E(S) = Y E(S,)

n>1

0000000000000 0OD0O0000E(S)DDOD0D0000D0DDDOOO0O0OOOO
o0 feB(T)ODOODO f(U)eBH)ODOODOOO

f(U) = / f(2)E(dz)

0000000000000000000 f(2)=z000000000000

U:AzﬂW)

0000000000000000 «w 00000000 (spectral decomposition) [
oo

0 77. 0000000000000000000000000O00f€eB(T)O000D0
0o {f,) 00000000000000f(U)0 E0O0OO

gooboood

El=T\ |J O
E(0)=0
goooon
00 10.10.
o(U) = [E]
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Proof. 00 015(U)000000000000000000O0(U)C[E)0DODODO
0welE]00000E, =E(B(wNT)#0000000000 &, 0 Eué, =&,
0000000000000000

(U = wh)énll =

1
< =
n

- @B,

/ (2 — w)E(d2)én
Bl/n(w)

o0o00obooU—-w/OD0OODOOOOODOODOOD U

078 (000000000). 0000 feC(o(U) 0 o(U)DD000 0000000
00 feB(T)OOOOO
o(f(U)) ={f(2);z € o(u)}.

00 10.11. 0000000000 HOOOOOe(H)CROODOOODO ROOOO
gooooog

H:/}mﬁ)
R
DO0O0OoO
Proof. 00 9400004+ H € GL(H) DO0O0D0DOO0D0DO0OO0O0OH 0000000
(Cayley transform) O
U=(Gl—H)(il+H)™" =Gl +H) (I - H)

goooouOoooOooooOooooogoo
OO0 XNO0DOO0OD

(I — H)Yil+H)™ =X = (i1 =\ -1+ NH)GI+H)™!

00000O0Meo(U)0000OO0
P!
=1
1+ A
000000000000Meo(U) 00

€o(H)

, — t
A=——") teo(H)
1+t

000000000000 -1¢¢(U)000000000O00OUOOODOOUOOO

H=iI-U)1+U)'=iI+U)"'I-U)
D0000O0OO0O0O0OA 000000000000 O
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0 10.12. 0000000 f() 00000 L% e,b) 0000000000 H O
(HE)() = f(1)E(t)

O000O0OO0E(}) OO (e,b) 00000 {s;f(s) <t} 00000 xOOOODODODOODO

goooooo

00 8. oooboboobbbboboboooooooobobobobbobbobooooooooboo
ogn

00 9(000D000UD- DOoooooooo).

() 0000 £ eHOOOODOLAT,u) 0 {f(U)§;feB(M)} 00000000
000000000000000O00U 0000000000000000000
000

(i) 0000 (Qu) 00000000 &: L2(Qu) -HOOODODODOO ¢:Q— T

00000
Ue(f)=2(of), feL*(p)

gobobooooooboooooo

00 10. 00000 (Stone000) 0000
000 ROOOODOOOOOO U(4) ((eR)00000000000000 B(R) >
f— f(U)eB#) 0DOO0DO0O0O000000000000000O000 (¢E|fU)E) =
Jo f(@) pe(de). DOOODROOODOO0 (£U#)E) O Bochner 0000000000
00000 pe 000
00000000000000 {f,)cBR)O0 feBR)OOODODOOOO0O0O0DO

VEEH, lim (V)¢ - F)E] =0,

000 f(z) = [pe™h(t)dt (he LY(R)) 0000 f(U) = [ h(

Remark . 0000000000000 0O0O0O0O0O0OO0DOOOOOOOOOOOOOOOOOO
goboboooooboboobboooobbooobbbooooboooobbooobbogoo
gbooboooboobooboobooboboobooboobbooobooboobooboon
oooooboobooboobDboobooboobobobDoobDboobOooboobobOoo
godoooooOoOoOoopOoooOoO0O0OooOOoCO0od0odg zooooooogoooooog T
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0000000000000000000000000 Z*000000 T 000000000
00000000000000000000000000000000000000000000
000000000000000000000000000000000000000000OO0
00000000000000

0000000000000000000 Hy,...,H, 000000000 &: B(R") — B(H)
0000000000000000®(z;)=H,; (1<j<n)00000000000000000

o0 n=2000000000000000000000DO0OO0ODOODOODOOOO

11 OO0Oooooog

0000000 H,KODODODOOOOO0OO Hen,KOOODmMooooooooo
00o0000o00o0o0ooooo)00ooUoooOooooo

O zjeuyld ahoy) => () (yslyL)

J k i,k
0000000000000 0000A KO0D0O00000000000000000
000000000000 {¢}, {7} 000000000000 {e}, {f;} 0000

oog
&= wirers 1= yiih
k 1
oogo

dGon =Y |z | e ®f
j

k.l j

ggobobooooboboooobobooon

QO &Gomly Gom) = > TxwiwFayler® filew ® fir)
i P ij ki kL
2

= Z mflﬁj,kyz_',lyj,lzz Zl’j,kyj,z
0,5,k kil | j

0000 He.KO0OO0DODO0DODO000000000000 O KOoOooooooo
O00HeKOOOO0DOO0O000000000K® . KOOH@KOOOOOOO0OO0O0O
00{e;}, {fe} 0 X, K0OODODODO0OO0000{e;® 3} 00H®KDOO00O0O00
gooooooood
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00 11.1. 000000 (X,p), (Y,v) 0OODDOOODODO (X xY,uxv)OODOOO
00000000 L3 X,p), L2(Y,v), A( X xY,uxv) 0000000000000O0O

00000
LA(X,p) @ L*(Y,v) = L*(X x Y, u x v).

Proof. fe L*(X),ge L*(Y)DOODDO fRge LA(X xY) O
(f W g)(z,y) = f(z)g(y)

ooooon
(foglfed)=(fRglf'RY)

000000000000f®g— fRgDODDOODODO L*(X)RL?*(Y)— L*(X xY)
0000000000000000000000000000000000000000
D00000000000 Fubini 000000 O00000000O0 {p,}, {0000
0000fel?(X xY)O

(¢ Kbl f) = 0,Vj, k

gboobobodobgobd
[ utdzyes @) [ vdgnto) ) =0
0000{y,} 0 [3(X)0000000000 k0000

‘/W@WMwﬂ%w=0 p-a.e. v € X

oo
N=UNe M=o e X [ vldpint)f(z.p) £ 0)
k

O0D000wu(N)=00000xz¢gNOOOO

[ranutse.y =0

DooooooO{y,} 0 L3(Y)0000000000000

[ranis@yp=0 c¢N
goobobobooooono
(ﬂﬁ=/ﬁw@/}wmﬂ%wﬁzo
gooo O
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000000000000000000 TO0OOO0O000DO00oo00 {e;} 00000

> I Texll?
k

000000000000000007T000000000000000 ||T),00000
AT |2 = A TN2, 1S+ Tllz2 < [[Sll2 + [[Tll2, 1Tl = T2

ggooo

Proof. Parseval 00 0000000000000000
ZHTGJHZ Z| (Tejl fr)l? Z| (T fles) P = D IT* fill*.
k

DDDDDDDDDKQ(J,'H)DDDDDDDDDDDDDDDDDDD O
0o 11.2. |7 < | T

Proof. £ =3, z;e; 0DOOD0DOO

ITEN? =D er| TP =D |> wjlexlTe))
p k|
<D lwlP ) IelTep) P =IPT35
koJ j

O

00 11.3. |T|: <o 0000000 DODDOOODOODODOOOOO (Hilbert-Schmidt
operator) 0000000000000 D0O0DOOD C(H)0D0D0OO|T| OO
C(H)DDD00O0OD0O0D0O0O0000000ODODODO0ODODODODO0OD00OOOOO

00 11.4. 00000000
HOMH = Co(H), (@1 :C— (n[)¢
0000000000C(H) 000000000000

Proof. 000D e HO n* e HX OOOOOE* € B(H) O (&n*)¢ = (n|()é 00O
goodn (f,n*)l—>§77*DDDDDDDDDDDDDDDDDDDDDDDDDDD
gooooooooooooao H@algH*—)B(H)DDDDDDDDPEMSGV&IDDD
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> (€lej)(ejlm) = (€l) 0DDOOODDOO0O0DDOH®HKH 00 C(H) 00000
D0000000000000007T €Cy(H) 00

Y Tej@e; cHOMH
J

000000000000 Parseval DOOOCOODOOCO |

Kel)(XxY)DODOOoOoooooo

T I2(Y) 3 g(y) o / v(dy) K (z,9)g(y) € L2(X)

ggoboboogobboooobboogooo

IT)2 = /X  ulde)uldy) | K.

(T* F)(y) = / w(de) K (@ 9)f ().

goooooogoooood
0000 X0O0O0OOOo Soooooooood

(i) 0o Sooooooo

(ii) 00 {=,} 0 SO0D0D000O00OOOOOOOOODOO {z,} 00000000
00000000limyo2y 0 SO0000000D000D0O00O0O0O0OIDOO
0000SO00000000000Mm

00 11.5. 0000 7:V W OOO0OO0O00 (compact) 000000000 {v,} O
oDooo{Tv,)00000000000000

0 11.6. 00000 T e BH) OOTHOOODOOO0DO0000000000 (finite
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Remark . 00 000000000000000000O0D000000 XO0000OOO
000 p00000C(X)00LP(X,p) (p#£oc0) 0000000

OO0C OO0o00n

S. P. Thompson: “Once when lecturing in class he [the Lord Kelvin| used the word
‘mathematician’ and then interrupting himself asked his class: ‘Do you know what a

mathematician is?’ Stepping to his blackboard he wrote upon it:

/ e~ dox = /7.

—o0
Then putting his finger on what he had written, he turned to his class and said, ‘a
mathematician is one to whom that is as obvious as that twice two makes four is to
you.” 7 (http://zapatopi.net/kelvin/quotes/)

00 St ={(z1,...,2q); (1) + -+ (29)?=1} 0000000 |8 0000

ggpoodg .
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gdogogooooobooguooogoog
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|| >r r

O0OD Tietze extension a la Riesz

O0D0000000X,YODOODOODO YOODOOoUoUDooDoXxY OoOoooooo
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000{y,} 0000000 yeo 0 0<d(a,ys0)h(a) <00000000000000
000000000000000000O0

h(yn) < h(yn)

d(xp,an)

h(yn) = h(a)

7}g269($n) ::nEH;>d(xn,yn)

ggoo
000 h(e)=0000000000000{y,} 0000 yoo O a0D00OOODOO
goobooboood

d(a,a)
d(a, Yoo )

A an)p 0y

hyoo) = 0 = h(a) = g(a)

0000000000
D000000000000d|¢gllx <||hlxk DOOOOOOOOOOOO

19 d(z,y) < d(z,2')+d(«',y) 0000000 yOOOOODOOOOO00000000 yO00OO0O0O0OO
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O0OE Kuratowski-Zorn 00O 0O

00 X0OOOOOOO0OO0oO0OOoO Pc2X00000000000000000000
0000MO0 POOOO X000000 {Th}ser O

T%CT]'OI'TJ'CTZ', Vi,j el

000000, ; €POOOD

00000T € PO
TeP, TcT =T=T

000000o0o0o0o0o0oUooo0oo0ooooooooooog (Kuratowski O
00)o

0ododoooooodouooooooooooodooonooooomood
goooobooo

Let S be a poset (partially ordered set). A subset 7' C S is said to be totally
ordered (or linear) if x,y € T implies z < y or y < z. Let T be the set of totally
ordered subsets (simply tosets) of S, which is a poset by set-inclusion. Choose T € T
and set To = {17 € T;To C T'}. A poset S is said to be Tp-inductive if every T € Ty
has an upper bound in S. We shall show that any Ty-inductive poset S admits a
maximal element mojorizing Tp, i.e., we can find an upper bound = € S of Ty such

that * <y with y € S implies z = y.

Proof. Let £ C T be linear. Then £ = U T c Sisin 7. In fact, z,y € UT implies

Tel
x €Ty, yeT,withT,, T, € L. Since L is linear, either T,, C T, or T;, C T}, happens,

whence z,y € T with T' € £ and then either x <y or y < x because T is a toset of S.
Let T' € 7o and U be the set of upper bounds of T'. By assumption, U is not empty.
If U C T, then U consists of one element, say u, which is a maximal element in S.
Now assume that 0T = U \ T is not empty for any T' € 7y and select u(T) € 0T
for each T' € Ty, from which we shall extract a contradiction.
Let o(T) =T U{u(T)} € To be a one-point extension of 7' and M be the minimal
family among subsets of Ty satisfying the following conditions: (i) Ty € M, (ii) £ € M
if £ C M is linear and (iii) ¢(7") € M for every T' € M. The minimal family exists
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because these properties are fulfilled by 7y and preserved under taking intersections;
just identify M with the intersection of all such families.
We claim that M is linear. This follows if

M ={M e M;M C M’ or M C M for any M € M}

satisfies the properties (i), (ii) and (iii) because it then implies M C M’ by the
minimality of M.

(i) Clearly Ty € M'. (ii) Let £ C M’ be linear and let M € M. Then either L C M
or M C L holds for any L € £. If M C L for some L € £, then M C L. Otherwise,
L C M for any L € L, which implies £ C M. (iii) Let M’ € M’ and consider

My ={M e M;M C M or p(M') C M}.

If one can show that My, = M, then p(M') C M or M C M’ C ¢o(M') for any
M € M, which means that ¢(B’) is comparable with every element in M.

To see My = M, it suffices to check three properties for M, by the minimality
of M: Ty € My, is obvious. Let £ C M, be linear. Then, for L € £, L C M’ or
o(M') C L. If o(M') C L for some L € L, then o(M’) C L. Otherwise, L C M’
for all L € £, which means £ C M’. In either case, we have £ € Mj;. Now let
M € My and we shall show ¢(M) € M. Since M C M’ or ¢(M') C M and since
e(M") € M implies p(M’) C (M), we need to focus on the case M C M’. Since
M € M, the property (ii) of M is used to see ¢(M) € M and then it is comparable
with M’ € M, i.e., M' C o(M) or o(M) C M’. The latter implies p(M) € My,
whereas the former gives M’ = M or M’ = (M) in view of (M) = M U{u(M)}. If
M' =M, p(M') C ¢(M) and therefore o(M) € M. Otherwise, p(M) C M’ and
hence (M) € M.

Finally the linearity of M gives a contradiction. In fact, if we apply the property
(ii) for the choice £L = M, then T = M € M, whereas the property (iii) shows that
©(T) € M and therefore o(T) C M = T contradicts with T # o(T). O

00 E.1 (Zornlemma). 0000 SO0000000 To, 0000000007, 00
goobobboooobobbuooooboboooo

Proof. 000 ToC2X 00000000000 Kuratowski 0000000000 O
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weW DOODODODOO00DO0O0 v@uw:V*xW*—=CO

(v@w)(p,¥) = p(v)(w)
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