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Abstract. In this paper, we introduce and study the notion of linkage by perfect modules, which we
call perfect linkage, for Cohen–Macaulay modules over Cohen–Macaulay local rings. We explore perfect
linkage in connection with syzygies, maximal Cohen–Macaulay approximations and Yoshino–Isogawa
linkage. We recover a theorem of Yoshino and Isogawa, and analyze the structure of double perfect

linkage. Moreover, we establish a criterion for two Cohen–Macaulay modules of codimension one to
be perfectly linked, and apply it to the classical linkage theory for ideals. We also construct various
examples of linkage of modules and ideals.

1. Introduction

The theory of linkage (to be precise, CI-linkage) of ideals in commutative algebra has been established
by Peskine and Szpiro [24] in the 1970s, and it then has further been studied by Huneke, Migliore,
Nagel, Schenzel, Ulrich [9–12, 18, 20, 27] and many others. One of the central studies about linkage of
ideals targets ideals linked to complete intersection ideals, so-called licci ideals, and it has turned out
that in a regular ring Cohen–Macaulay ideals of codimension 2 and Gorenstein ideals of codimension 3
are licci [24, 29]. These are the only classes known to be licci, while several results on licci monomial
ideals have been obtained [13, 15, 19]. On the other hand, the structure of linkage classes, especially
even linkage classes, has been deeply investigated by Bolondi, Kustin, Migriore, Miller, Nagel, Nollet and
Rao [3, 16,20,23,25].

The classical linkage theory thus deals only with ideals, but it has also been extended to modules. The
notion of linkage of modules has been introduced and studied by Strooker [28] and Yoshino and Isogawa
[31] for Cohen–Macaulay modules. Martsinkovsky and Strooker [17] have extended the classical linkage
without any restrictions. Nagel [21] has introduced a concept of module liaison that extends Gorenstein
liaison of ideals and provided an equivalence relation among unmixed modules over a Gorenstein ring.
Recently they have also been investigated by many authors; see [5–7,22].

In this paper, we introduce the notion of perfect linkage. This is a new notion of linkage for modules
centering on perfect modules, and includes the concept of linkage due to Yoshino and Isogawa, which
we call Yoshino–Isogawa linkage. For simplicity, let R be a Gorenstein local ring. Let M be a Cohen–
Macaulay R-module of codimension r. We call a homomorphism f : P →M a perfect morphism ofM if f
is surjective and P is a perfect R-module of codimension r. Perfect morphisms always exist. For a perfect
morphism f of M , we define the perfect link LfM of M with respect to f by LfM = ExtrR(Ker f,R).
Then LfM is again a Cohen–Macaulay R-module of codimension r, and there exists a perfect morphism
g of LfM such that LgLfM ∼= M . Two Cohen–Macaulay R-modules M and N of codimension r are
called perfectly linked if there exists a perfect morphism f of M such that LfM ∼= N . We should mention
that there exists only one perfect linkage class over a regular local ring, which is completely different
from the classical linkage theory. Thus we mainly explore perfect linkage over a singular local ring.

For each R-module M , let ΩM,TrM,XM, LM denote the syzygy, the transpose, the maximal Cohen–
Macaulay approximation and the Yoshino–Isogawa link of M , respectively. (The Yoshino–Isogawa link
is defined only for a maximal Cohen–Macaulay module.) Our first main result analyzes the structure
of the maximal Cohen–Macaulay approximations of perfect linkage, and gives the relationship of perfect
linkage with Yoshino–Isogawa linkage.
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Theorem 1.1. Let M be a Cohen–Macaulay R-module of codimension r, and let f : P →M be a perfect
morphism. Then Ωrf : ΩrP → ΩrM is a perfect morphism (up to free summands), and there is an exact
sequence

0 → Z → LΩrf (Ω
rM) → LfM → 0

of R-modules, where LΩrf (Ω
rM) is maximal Cohen–Macaulay and Z has projective dimension r− 1. In

particular, there are stable equivalences

XLfM ∼=st LΩrf (Ω
rM) ∼=st LΩ

rM, ΩrLfM ∼=st Ω
r+1TrΩrM.

This theorem immediately recovers the main result of Yoshino and Isogawa. Moreover, it yields the
following result on double perfect linkage of Cohen–Macaulay modules.

Theorem 1.2. Let M,N be Cohen–Macaulay R-modules of codimension r.

(1) Let f, g be perfect morphisms of M,N respectively. Consider the following four conditions:

(a) LfM ∼= LgN, (b) Ker f ∼= Ker g, (c) ΩrM ∼=st Ω
rN, (d) ΩrLfM ∼=st Ω

rLgN.

Then the implications (a) ⇔ (b) ⇒ (c) ⇔ (d) hold.
(2) Suppose that r ≤ 1 and that (c) is satisfied. Then (b) is also satisfied for some perfect morphisms

f, g of M,N respectively.

This theorem especially characterizes the structure of the double perfect linkage of Cohen–Macaulay
modules of codimension one. Using this result, we can obtain a criterion for two Cohen–Macaulay modules
of codimension one to be perfectly linked as follows, where (−)∗ = HomR(−, R).

Theorem 1.3. Let M,N be Cohen–Macaulay R-modules of codimension one.

(1) M is doubly perfectly linked to N if and only if ΩM ∼=st ΩN .
(2) M is triply perfectly linked to N if and only if (ΩM)∗ ∼=st ΩN .
(3) If M and N are perfectly linked, then they are either doubly or triply perfectly linked.

Making use of the above theorems, we actually construct a lot of examples of perfect linkage of modules
and classical CI-linkage of ideals, together with various observations on them.

The organization of this paper is as follows. In Section 2, we make the precise definition of a perfect
link, and state several basic properties. In Section 3, we investigate the relationships of perfect links with
syzygies, transposes, maximal Cohen–Macaulay approximations and Yoshino–Isogawa links. Theorems
1.1 and 1.2 are proved in this section. In Section 4, we apply our results to classical CI-linkage to
investigate when two Cohen–Macaulay ideals I, J of codimention r to be CI-linked, and then give a proof
of Theorem 1.3. Various examples and observations about perfect linkage of modules and CI-linkage of
ideals are also stated in this section.

Convention. Throughout the present paper, we assume that all rings are commutative and noetherian,
and all modules are finitely generated. Let (R,m, k) be a d-dimensional Cohen–Macaulay local ring with
canonical module ω. The notation (−)∗ stands for the R-dual functor HomR(−, R). We denote by modR
the category of finitely generated R-modules. All subcategories are assumed to be full and closed under
isomorphism. We adopt the convention that the zero R-module 0 satisfies dim 0 = −∞, depth 0 = ∞
and pd 0 = −∞. Cohen–Macaulay and maximal Cohen–Macaulay are abbreviated to CM and MCM,
respectively.

2. Perfect morphisms and links

In this section we make the definition of perfect links of CM modules over R, and state several basic
properties of them.

LetM be an R-module. The codimension codimM ofM is defined by codimM = dimR−dimM . The
grade gradeM ofM is defined as the infimum of the nonnegative integers n with ExtnR(M,R) ̸= 0. This is
equal to the maximum of the lengths of R-sequences annihilating M . The equality codimM = gradeM
holds since R is CM, and codim 0 = grade 0 = ∞ by definition. We say that M is perfect if pdM =
gradeM . Note that M is perfect if and only if M is a CM R-module of finite projective dimension. In
this paper we mainly deal with the following three subcategories of modR.

CMr(R) = {CM R-modules of codimension r} ∪ {0}

= {M ∈ modR | depthM ≥ d− r ≥ dimM} = {M ∈ modR | Exti(M,ω) = 0 for all i ̸= r},

MCM(R) = {MCM R-modules} ∪ {0} = {M ∈ modR | depthM ≥ d} = CM0(R),
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perfr(R) = {perfect R-modules of codimension r} ∪ {0}
= {M ∈ modR | pdM ≤ gradeM} = {M ∈ CMr(R) | pdM <∞}.

CM modules of codimension r and MCM modules over a quotient ring by a regular sequence of length
r are closely related with each other as follows.

Proposition 2.1. (1) Let M be an R-module, and x = x1, . . . , xr an R-sequence annihilating M . Then
M is a CM R-module of codimension r if and only if M is a MCM R/xR-module.

(2) Let M1, . . . ,Mn be CM R-modules of codimension r. Then there exists an R-sequence x = x1, . . . , xr
such that M1, . . . ,Mn are MCM R/xR-modules.

Proof. (1) In both cases one has depthM = dimM = dimR/xR = d− r.
(2) For each i the moduleMi satisfies gradeMi = codimMi = r. By [4, Proposition 1.2.10(c)] the ideal∩n
i=1 annMi contains an R-sequence of length r, say, x = x1, . . . , xr. The assertion follows from (1). �

We say that a subcategory X of modR is closed under extensions (respectively, closed under kernels
of epimorphisms) if for an exact sequence 0 → L→M → N → 0 in modR with L,N ∈ X (respectively,
M,N ∈ X ) one has M ∈ X (respectively, L ∈ X ). Let us investigate the structure of the subcategories
CMr(R) and perfr(R).

Proposition 2.2. (1) The subcategory CMr(R) of modR contains perfr(R), and is closed under direct
summands, extensions and kernels of epimorphisms.

(2) The functor ExtrR(−, ω) induces a duality of CMr(R).
(3) If R is Gorenstein, then the functor ExtrR(−, R) induces a duality of perfr(R).

Proof. (1) It is clear that CMr(R) contains perfr(R). In general, over a CM local ring A the subcategory
MCM(A) of modA is resolving (i.e., it contains the free A-modules and is closed under direct summands,
extensions and kernels of epimorphisms). Also, if 0 → L → M → N → 0 is an exact sequence of
R-modules and x = x1, . . . , xr is an R-sequence in annL ∩ annN , then x2 = x21, . . . , x

2
r is an R-sequence

in annL∩ annM ∩ annN . From these facts and Proposition 2.1 we observe that CMr(R) is closed under
direct summands, extensions and kernels of epimorphisms.

(2) Let M be a module in CMr(R). Proposition 2.1(2) implies that M is a MCM R/xR-module for
some R-sequence x = x1, . . . , xr. Note that ExtrR(M,ω) is isomorphic to HomR/xR(M,ω/xω). As ω/xω
is a canonical module of R/xR, the functor HomR/xR(−, ω/xω) makes a duality of MCM(R/xR). The
assertion now follows by using Proposition 2.1(1).

(3) Let M be a perfect R-module of codimension r. Let 0 → Fr → · · · → F0 → M → 0 be a free
resolution of M . Applying (−)∗ to this gives an exact sequence 0 → F ∗

0 → · · · → F ∗
r → ExtrR(M,R) → 0.

The module ExtrR(M,R) is CM of codimension r by (2), and hence it is in perfr(R). Using (2) again, we
observe that the functor ExtrR(−, R) : perf

r(R) → perfr(R) is a duality. �

Now we give the definition of a perfect link of a CM module.

Definition 2.3. Let M be a CM R-module of codimension r.
(1) A homomorphism f : P → M is called a perfect morphism of M if f is surjective and P is a perfect
R-module of codimension r.
(2) For a perfect morphism f of M , we define the perfect link LfM of M with respect to f by LfM =
ExtrR(Ker f, ω).

Remark 2.4. Every CM module admits a perfect morphism. Indeed, let M be a CM R-module of
codimension r. By Proposition 2.1(2) we find an R-sequence x = x1, . . . , xr such that M is a MCM
R/xR-module. Take an epimorphism f : P → M with P a free R/xR-module. Then f is a perfect
morphism of M .

Here are some fundamental properties of perfect links.

Proposition 2.5. LetM be a CM R-module of codimension r, and let f : P →M be a perfect morphism.

(1) The modules Ker f and LfM are also CM R-modules of codimension r.

(2) An exact sequence 0 → Extr(M,ω)
Extr(f,ω)−−−−−−→ Extr(P, ω)

g−→ LfM → 0 is induced.
(3) If R is Gorenstein, then g is a perfect morphism and one has LgLfM ∼=M .

Proof. (1) Note that there is an exact sequence

(2.5.1) 0 → Ker f → P
f−→M → 0.
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By Proposition 2.2(1) the R-module Ker f is CM of codimension r, and so is LfM by Proposition 2.2(2).
(2) Applying Ext∗(−, ω) to (2.5.1) and using (1), we obtain an exact sequence as in the assertion.
(3) Proposition 2.2(3) implies that ExtrR(P,R) is a perfect R-module of codimension r. Hence g is a

perfect morphism of LfM , and we have Lg(LfM) = ExtrR(Ker g,R)
∼= ExtrR(Ext

r
R(M,R), R) ∼=M , where

the last isomorphism follows from Proposition 2.2(2). �

The following result is an immediate consequence of Propositions 2.5(1) and 2.2(2).

Corollary 2.6. Let M and N be CM R-modules of codimension r. Let f : P → M and g : Q → N be
perfect morphisms. Then LfM ∼= LgN if and only if Ker f ∼= Ker g.

According to Proposition 2.5, taking perfect links preserves the CM property and the codimension.
We are thus interested in when given two CM modules of the same codimension are connected by taking
perfect links repeatedly. We make the following definitions.

Definition 2.7. Let M,N be CM R-modules of codimension r.
(1) If there exists a perfect morphism f : P → M such that LfM is isomorphic to N , then we say that
M is directly perfectly linked to N (by P ), and denote this by M ∼ N .
(2) We say that M is perfectly linked to N if there exist a finite number of CM R-modules M0, . . . ,Mn

of codimension r such that M =M0 ∼M1 ∼ · · · ∼Mn = N . When this is the case, we write M ≈ N .
(3) If there exist modules M0, . . . ,Mn as in (2) with n = 2 (respectively, n = 3), then M is said to be
doubly perfectly linked (respectively, triply perfectly linked) to N .

Remark 2.8. Assume that R is Gorenstein. It follows from Remark 2.4 and Proposition 2.5(3) that
each M ∈ CMr(R) is doubly perfectly linked to M itself, which especially says M ≈ M . It follows from
Proposition 2.5(3) again that if M,N ∈ CMr(R) are such that M ∼ N , then one has N ∼ M . Hence ≈
is an equivalence relation of the set of isomorphism classes of modules in CMr(R).

The direct perfect linkage is preserved by taking finite direct sums.

Proposition 2.9. Let M1, . . . ,Mn, N1, . . . , Nn be CM R-modules of codimension r. If Mi ∼ Ni for each
1 ≤ i ≤ n, then

⊕n
i=1Mi ∼

⊕n
i=1Ni.

Proof. For each 1 ≤ i ≤ n there exists an exact sequence 0 → Ki → Pi
fi−→ Mi → 0 with fi a perfect

morphism such that Ni is isomorphic to ExtrR(Ki, ω). Then there is an exact sequence 0 →
⊕n

i=1Ki →⊕n
i=1 Pi

f−→
⊕n

i=1Mi → 0, where f :=
⊕n

i=1 fi is a perfect morphism. We thus have

Lf (
⊕n

i=1Mi) = ExtrR(
⊕n

i=1Ki, ω) ∼=
⊕n

i=1 Ext
r
R(Ki, ω) ∼=

⊕n
i=1Ni,

which shows the proposition. �

A classical result on linkage of ideals asserts that all the complete intersection ideals of the same
codimension belong to the same linkage class. It would be interesting to compare with this fact the
following proposition and corollary.

Proposition 2.10. Let R be Gorenstein. Let M,N be CM R-modules of codimension r.

(1) Assume that M is perfectly linked to N . Then M is perfect if and only if so is N .
(2) Suppose that M and N are perfect. Then M is directly perfectly linked to N by M ⊕ ExtrR(N,R).

Proof. (1) Let f : P → M be a perfect morphism. Taking the kernel, we have an exact sequence

0 → K → P
f−→ M → 0. Suppose that M is perfect. Then Proposition 2.2(1) implies that K is also a

perfect module of codimension r, and so is LfM = ExtrR(K,R) by Proposition 2.2(3). This shows the
assertion.

(2) Put P = M ⊕ ExtrR(N,R). It is seen from Proposition 2.2(3) that P is a perfect module of
codimension r. Hence the projection f : P → M is a perfect morphism of M . We have LfM =
ExtrR(Ker f,R)

∼= ExtrR(Ext
r
R(N,R), R)

∼= N , where the last isomorphism follows from Proposition 2.2(2).
�

As a direct consequence of Proposition 2.10(2), we have the following decisive result.

Corollary 2.11. If R is regular, then any two CM R-modules of the same codimension are directly
perfectly linked.
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Thus, over a regular local ring there exists only one perfect linkage class for each codimension. Con-
sequently, our main interests are in perfect linkage of modules over singular local rings.

We close this section by stating a result on the minimal number of generators of a perfect module
appearing in a perfect morphism linking two cyclic CM modules of the same codimension. For a local
ring A with residue fieldK and an A-moduleM we denote by νA(M) the minimal number of generators of

M , and by rA(M) the type ofM , namely, νA(M) = dimK(M⊗AK) and rA(M) = dimK ExtdepthMA (K,A).
Note that for an ideal I of A annihilating M one has νA(M) = νA/I(M) and rA(M) = rA/I(M).

Proposition 2.12. Let I, J be ideals of R with height r such that R/I is directly perfectly linked to
R/J . Then for any perfect morphism P of R/I one has νR(P ) ≤ rR(R/J) + 1. In particular, if R/J is
Gorenstein, then P is generated by at most two elements.

Proof. First of all, note that R/I and R/J are CM R-modules of codimension r. Let 0 → K → P
f−→

R/I → 0 be an exact sequence of R-modules such that f is a perfect morphism. Then K is isomorphic to
ExtrR(R/J, ω) by Proposition 2.2(2). The exact sequence gives an inequality νR(P ) ≤ νR(K)+νR(R/I) =
νR(K) + 1, and we have νR(K) = νR(Ext

r
R(R/J, ω)) = rR(R/J) by [4, Proposition 3.3.11(b)]. �

3. MCM approximations and Yoshino–Isogawa links

In this section, we investigate the relationships of perfect links with syzygies, MCM approximations
and Yoshino–Isogawa links, that is, links in the sense of Yoshino and Isogawa [31]. First, we give a result
on the structure of a MCM approximation of a perfect link, by which we recover the main result of
Yoshino and Isogawa. Next, we relate the condition that two CM modules M,N of codimension r are
doubly perfectly linked with the existence of stable equivalences of syzygies, and in the case where r ≤ 1
we obtain a complete criterion for M,N to be doubly perfectly linked.

Recall that two R-modules M,N are called stably equivalent, denoted by M ∼=st N , if there is an
isomorphism M ⊕F ∼= N ⊕G of R-modules with F,G free. We denote by MCM(R) the stable category of
MCM(R). The objects of the category MCM(R) are defined to be the MCM R-modules, and the hom-set
HomMCM(R)(M,N) is defined as the quotient module of HomR(M,N) by the submodule consisting of
homomorphisms M → N factoring through free R-modules. Note that two MCM R-modules M,N are
stably equivalent if and only if they are isomorphic in the category MCM(R). Dually, MCM(R) stands
for the costable category of MCM(R). The objects of MCM(R) are the MCM R-modules, and the hom-set
HomMCM(R)(M,N) is the quotient of HomR(M,N) by homomorphisms M → N factoring through finite

direct sums of copies of the canonical module ω.
For each R-module M , denote by ΩM (or ΩRM) and TrM (or TrRM) the syzygy and transpose of M

respectively, that is to say, if F1
ϕ−→ F0 → M → 0 is part of a minimal free resolution of M , then ΩM

is the image of ϕ and TrM is the cokernel of the R-dual of ϕ. Note that ΩM and TrM are uniquely
determined up to isomorphism because so is a minimal free resolution of M .

Suppose now that R is Gorenstein. Then MCM(R) and MCM(R) coincide, and Ω,Tr induce an autoe-
quivalence and a duality of MCM(R), respectively. For each MCM R-module M the cosyzygy Ω−1M of
M is defined as (Ω(M∗))∗. This is uniquely determined up to isomorphism, and induces a quasi-inverse
functor to the syzygy functor Ω : MCM(R) → MCM(R). For an integer n > 0 we denote by Ωn,Ω−n the
n-fold composition of Ω,Ω−1 respectively. For the details of (co)syzygies and transposes, we refer the
reader to [1].

Next we recall the definition of a MCM approximation introduced by Auslander and Buchweitz [2].

Definition 3.1. Let M be an R-module. A homomorphism f : X → M of R-modules with X MCM is
called a MCM approximation of M if every homomorphism f ′ : X ′ → M of R-modules with X ′ MCM
factors through f . When this is the case, we set XRM = X.

Remark 3.2. If f : X →M is a MCM approximation, then one has an exact sequence

0 → Y → X
f−→M → 0

of R-modules such that Y has finite injective dimension by [2, Theorem A]. Conversely, if there exists
such an exact sequence, then f is a MCM approximation by [2, Theorem 2.3]. If f1 : X1 → M and
f2 : X2 →M are MCM approximations, then X1⊕ω⊕n1 ∼= X2⊕ω⊕n2 as R-modules for some n1, n2 ≥ 0;
see [2, Theorem B]. In other words, X1

∼= X2 in the costable category MCM(R). In particular, when R
is Gorenstein, XRM is uniquely determined up to stable equivalence for each R-module M , and in fact
one has XRM ∼=st Ω

−iΩiM for any i ≥ d− depthM by [1, Proposition (2.21) and Corollary (4.22)].



6 KEI-ICHIRO IIMA AND RYO TAKAHASHI

Now we state and prove the first main result of this section, which clarifies the structure of a MCM
approximation of a perfect link.

Theorem 3.3. Let M be a CM R-module of codimension r, and let f : P → M be a perfect morphism.
Then there exist exact sequences of R-modules

0 → Z → Lg(ΩrM)
ϕ−→ LfM → 0, 0 → ω⊕nr−1

∂r−1−−−→ · · · ∂1−→ ω⊕n0 → Z → 0,

where g is a perfect morphism of ΩrM induced by Ωrf , and ∂j is represented by an nj−1 × nj matrix
with entries in m for 1 ≤ j ≤ r − 1. In particular, ϕ is a MCM approximation of LfM , and one has an

isomorphism XR(LfM) ∼= Lg(ΩrM) in MCM(R).

Proof. Taking the kernel of f , we have an exact sequence 0 → K → P
f−→ M → 0. According to

Proposition 2.5(1), all the modules appearing in this sequence are CM of codimension r. Taking the rth
syzygies gives rise to an exact sequence

0 → ΩrK → ΩrP ⊕ F
g−→ ΩrM → 0

of R-modules, where F is free and g is of the form (Ωrf, h) with h ∈ HomR(F,Ω
rM). The depth lemma

implies that this is an exact sequence of MCM R-modules (hence ΩrP is free), and g is a perfect morphism
of ΩrM . We thus have Lg(ΩrM) = HomR(Ω

rK,ω). Take a minimal free resolution

· · · → R⊕mj
Aj−−→ R⊕mj−1 → · · · → R⊕m1

A1−−→ R⊕m0 → K → 0

of K over R, where each Aj is a matrix with entries in m. As f is a perfect morphism and K is a CM

module of codimension r, the module ExtjR(K,ω) vanishes for j < r and is isomorphic to LfM for j = r.
Hence, dualizing the above resolution by ω yields an exact sequence

0 → ω⊕m0
tA1−−→ ω⊕m1 → · · · → ω⊕mr−2

tAi−1−−−→ ω⊕mr−1
ψ−→ Lg(ΩrM)

ϕ−→ LfM → 0.

Letting Z be the image of ψ, we obtain exact sequences as in the theorem. The last assertion of the
theorem follows from Remark 3.2. �

We recall the definition of the Yoshino–Isogawa link of a MCM module [31].

Definition 3.4 (Yoshino–Isogawa). Let R be a Gorenstein local ring. Then the assignment M 7→
HomR(ΩM,R) makes an additive contravariant functor

LR : MCM(R) → MCM(R),

which is in fact a duality. For each MCM R-module, we call LRM the Yoshino–Isogawa link of M .

Applying our Theorem 3.3 to a Gorenstein local ring, we obtain the following result on the relationships
between MCM approximations, Yoshino–Isogawa links, syzygies, transposes and our perfect links.

Corollary 3.5. Let R be a Gorenstein local ring. Let M be a CM R-module of codimension r with a
perfect morphism f : P →M . Then one has stable equivalences

XRLfM ∼=st LRΩ
rM, ΩrLfM ∼=st Ω

r+1TrΩrM.

Proof. Using Theorem 3.3, we have an exact sequence 0 → ΩrK → ΩrP ⊕ F
g−→ ΩrM → 0 with F free,

and an isomorphism XR(LfM) ∼= Lg(ΩrM) in MCM(R) = MCM(R). As ΩrP is a free R-module, we have
ΩrK ∼=st Ω

r+1M . Hence it holds that Lg(ΩrM) = HomR(Ω
rK,R) ∼=st HomR(Ω

r+1M,R) = LR(Ω
rM),

which gives the first isomorphism. Since R is Gorenstein, XRN is stably equivalent to Ω−rΩrN for each
N ∈ CMr(R) by Remark 3.2. Taking the rth syzygy of the first isomorphism gives the second one. �

We immediately deduce the following corollary, which is the main result of [31].

Corollary 3.6 (Yoshino–Isogawa). Let R be a Gorenstein local ring, and let x = x1, . . . , xr be an R-
sequence. Then there is a diagram of functors

MCM(R/xR)
Ωr

R−−−−→ MCM(R)yLR/xR

yLR

MCM(R/xR)
XR−−−−→ MCM(R)

which is commutative up to isomorphism.
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Proof. Let M ∈ MCM(R/xR). Proposition 2.1(1) implies that M is a CM R-module of codimension r.
Let f be a perfect morphism as in Remark 2.4. The assertion follows from Corollary 3.5. �

Next we investigate perfect morphisms whose kernels are isomorphic.

Proposition 3.7. Let M and N be CM R-modules of codimension r.

(1) Let f : P →M and g : Q→ N be perfect morphisms such that Ker f ∼= Ker g. Then Ωr+1M is stably
equivalent to Ωr+1N .

(2) Suppose r ≤ 1. If ΩrM is stably equivalent to ΩrN , then there exist perfect morphisms f, g of M,N
respectively, such that Ker f ∼= Ker g.

Proof. (1) There are exact sequences 0 → Ker f → P
f−→ M → 0 and 0 → Ker g → Q

g−→ N → 0.
Note that ΩrP and ΩrQ are free R-modules. Applying Ωr to these exact sequences yields Ωr+1M ∼=st

Ωr Ker f ∼= Ωr Ker g ∼=st Ω
r+1N .

(2) When r = 0, the R-modules M,N are MCM and we have an isomorphism M ⊕Ra ∼= N ⊕ Rb for

some a, b ≥ 0. There are exact sequences 0 → ΩM → Rm
f−→M → 0 and 0 → ΩN → Rn

g−→ N → 0, and
we have Ker f = ΩM = Ω(M ⊕Ra) ∼= Ω(N ⊕Rb) = ΩN = Ker g.

Now let r = 1. Take exact sequences 0 → ΩM
α−→ Rm → M → 0 and 0 → ΩN

β−→ Rn → N → 0. As

M has positive grade, ΩM has rank m. Hence there exists an exact sequence 0 → Rm
γ−→ ΩM

δ−→ C → 0
such that C has rank 0. Since ΩM is stably equivalent to ΩN , we have an isomorphism X := ΩM⊕Ra ∼=
ΩN ⊕Rb for some a, b ≥ 0. The pushout diagram of α and δ gives rise to exact sequences

0 → Rm → Rm → P → 0, 0 → C → P
f−→M → 0.

Adding the identity maps of Ra, Rb to γ, β respectively makes exact sequences 0 → Rm+a → X
ε−→ C → 0

and 0 → X
ζ−→ Rn+b → N → 0. From the pushout diagram of ε and ζ we get exact sequences

0 → Rm+a → Rn+b → Q→ 0, 0 → C → Q
g−→ N → 0.

As C has rank 0, it has positive grade, whence dimC ≤ d−1. Since Rm and ΩM are MCM modules, it is
observed that depthC ≥ d−1. Therefore C is a CM module of codimension 1. Proposition 2.2(1) implies
that P,Q are perfect R-modules of codimension 1. Thus f, g are perfect morphisms of M,N respectively,
and we have Ker f ∼= C ∼= Ker g. �

Question 3.8. Does Proposition 3.7(2) hold even when r ≥ 2 ?

Finally we obtain the following result on double perfect linkage, which is the second main result of
this section.

Theorem 3.9. Let R be a Gorenstein local ring. Let M,N be CM R-modules of codimension r. Let f, g
be perfect morphisms of M,N respectively. Consider the following four conditions:

(1) LfM ∼= LgN , (2) Ker f ∼= Ker g, (3) ΩrM ∼=st Ω
rN , (4) ΩrLfM ∼=st Ω

rLgN .

Then the implications (1) ⇔ (2) ⇒ (3) ⇔ (4) hold. If r ≤ 1 and (3) is satisfied, then (2) is also satisfied
for some perfect morphisms f, g of M,N respectively.

Proof. The conditions (1) and (2) are equivalent by Corollary 2.6. It is clear that (1) implies (4). Using
Corollary 3.5 and the fact that Ωr+1Tr : MCM(R) → MCM(R) is a duality, we see that (3) is equivalent
to (4). The first assertion now follows. The second assertion is shown by Proposition 3.7(2). �

4. Applications

In this section, first we apply our results obtained in the preceding sections to classical CI-linkage to
investigate when two Cohen–Macaulay ideals I, J of codimention r to be CI-linked. Next we prove that
in codimension one every perfect link is either a double one or a triple one, and establish criteria for two
CM modules to be doubly and triply perfectly linked. We also construct a lot of examples of perfect
linkage of modules and CI-linkage of ideals.

Let I be an ideal of R. The codimension codim I of I is by definition the codimension of the R-module
R/I, i.e., codim I = dimR− dimR/I. We say that I is a CM ideal if the residue ring R/I is a CM ring.
Hence I is a CM ideal of codimension r if and only if R/I belongs to CMr(R).

Let I, J be proper ideals of R. We say that I is directly CI-linked to J if there exists an R-sequence
x = x1, . . . , xr in I ∩ J such that I = (xR : J) and J = (xR : I). Note that in this case I, J have
codimension r. Note also that if R is Gorenstein, then the equality I = (xR : J) implies the equality
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J = (xR : I) and vice versa; see [4, Exercise 3.2.15]. We say that I is doubly CI-linked to J if there is an
ideal K of R to which I, J are directly CI-linked. Also, I is said to be CI-linked to J if there is a sequence
of ideals I0, . . . , In with I0 = I and In = J such that Ii is directly CI-linked to Ii+1 for all 0 ≤ i ≤ n− 1.

We start by stating the proposition below, which guarantees that the classical notion of CI-linkage of
CM ideals is a special case of our notion of perfect linkage of CM modules over perfect modules.

Proposition 4.1. Let R be a Gorenstein local ring.

(1) Let I be a CM ideal of R with codimension r. Let x = x1, . . . , xr be an R-sequence in I. Then for
the natural surjection f : R/xR→ R/I one has Ker f = I/xR and Lf (R/I) ∼= R/(xR : I).

(2) Let I, J be CM ideals of R with codimension r. If I is CI-linked (respectively, directly CI-linked, doubly
CI-linked) to J , then R/I is perfectly linked (respectively, directly perfectly linked, doubly perfectly
linked) to R/J .

Proof. (1) It is trivial that the kernel of f is I/xR, and we get an exact sequence 0 → I/xR →
R/xR

f−→ R/I → 0. It follows that Lf (R/I) = ExtrR(I/xR,R)
∼= HomR/xR(I/xR,R/xR). Note that

R/I is a MCM module over the Gorenstein local ring R/xR. Applying HomR/xR(−, R/xR) induces an
exact sequence 0 → HomR/xR(R/I,R/xR) → R/xR → Lf (R/I) → 0. Since HomR/xR(R/I,R/xR) ∼=
(0 :R/xR I/xR) = (xR :R I)/xR, we obtain Lf (R/I) ∼= R/(xR :R I).

(2) The assertion immediately follows from (1). �
Using the above Proposition 4.1, one deduces from Theorem 3.9 the following two propositions.

Proposition 4.2. Suppose that R is a Gorenstein local ring. Let I, J be CM ideals of R with codimension
r. The following are equivalent.

(1) The ideals I and J are doubly CI-linked.
(2) There exist R-sequences x = x1, . . . , xr in I and y = y1, . . . , yr in J such that I/xR ∼= J/yR as

R-modules.

Proof. Let x = x1, . . . , xr and y = y1, . . . , yr be R-sequences in I and J , respectively. Put K = (xR : I)
and L = (yR : J). Since R is Gorenstein, I and J are directly CI-linked to K and L, respectively. Let
f : R/xR→ R/I and g : R/yR→ R/J be the natural surjections. By Proposition 4.1(1) we have

Ker f = I/xR, Ker g = J/yR, Lf (R/I) ∼= R/K, Lg(R/J) ∼= R/L.

Assume K = L. Then Theorem 3.9 says that I/xR is isomorphic to J/yR. This shows that (1) implies
(2). Conversely, suppose I/xR ∼= J/yR. It then follows from Theorem 3.9 that R/K is isomorphic as an
R-module to R/L. Taking the annihilators over R implies K = L. This shows that (2) implies (1). �
Proposition 4.3. Suppose that R is Gorenstein. Let I, J be CM ideals of R with codimension one. The
following are equivalent.

(1) The ideal I is doubly CI-linked to J .
(2) The R-module I/xR is isomorphic to J/yR for some nonzerodivisors x ∈ I and y ∈ J .
(3) The R-module I is stably equivalent to J .
(4) The R-module (xR : I) is stably equivalent to (yR : J) for some nonzerodivisors x ∈ I and y ∈ J .

Proof. (1) ⇔ (2): The equivalence follows from Proposition 4.2.
(2) ⇒ (3) ⇔ (4): Let x ∈ I and y ∈ J be nonzerodivisors of R, and let f : R/xR → R/I and g :

R/yR → R/J be the natural surjections. Then Proposition 4.1(1) implies Ker f = I/xR, Ker g = J/yR,
Lf (R/I) ∼= R/(xR : I) and Lg(R/J) ∼= R/(xR : J). Theorem 3.9 deduces the implications

I/xR ∼= J/yR ⇒ I ∼=st J ⇔ (xR : I) ∼=st (yR : J).

(3) ⇒ (2): The implication is essentially shown in the proof of the corresponding implication in
Theorem 3.9, or more precisely, in the proof of Proposition 3.7(2). We can give a more explicit proof in
our current settings, so let us do it. Suppose that I is stably equivalent to J .

We claim that I is isomorphic to J as an R-module. In fact, one has I⊕R⊕a ∼= J⊕R⊕b for some integers
a, b ≥ 0. As I, J have rank one, we have a = b. If I is a free R-module, then so is J , and I ∼= J ∼= R.

So let us assume that I and J are nonfree R-modules. Denoting by (̂−) the m-adic completion, we have

an isomorphism Î ⊕ R̂⊕a ∼= Ĵ ⊕ R̂⊕a. Since Î and Ĵ are nonfree R̂-modules, the Krull–Schmidt theorem

implies Î ∼= Ĵ , and hence I ∼= J by [8, Exercise 7.5]. Now the claim follows.
Let ϕ : I → J be an isomorphism of R-modules. As I has positive grade, there exists an R-regular

element x ∈ I. Putting y = ϕ(x), we see that y is an R-regular element in J . The isomorphism ϕ induces
an isomorphism I/xR→ J/yR. Thus the statement (2) holds. �
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In what follows, we concentrate on investigate perfect linkage in codimension one by taking advantage
of Theorem 3.9 together with the above Proposition 4.3. First of all, we construct an example of CI-linkage
of ideals of a singular local ring. See also Example 4.7 stated later.

Example 4.4. Let R = k[[x, y]]/(xy), where k is a field. Let I be a nonfree m-primary ideal, where m
is the maximal ideal of R. Then I is directly CI-linked to m. In particular, one has R/I ∼ k.

Proof. The second assertion follows from Proposition 4.1(2). We show the first assertion. It follows
from [26, Theorem 1.2] that νR(I) ≤ 2. As I is not free, we have νR(I) = 2. We establish two claims.

Claim 1. One has I = (xm, yn) for some m,n ∈ Z>0.

Proof of Claim 1. Write I = (f, g) for some f, g ∈ R. There exist p, q, r, s ∈ k and a, b, c, d ∈ Z>0 such
that f = pxa + qyb and g = rxc + syd.

Let us first consider the case p = 0. In this case we may assume q = r = 1, so f = yb and
g = xc + syd. If b ≤ d, then we may assume s = 0, and we are done. Let b > d, and assume s ̸= 0. Then
f = yb ≡ (−s−1xc)yb−d = 0 mod g, which is a contradiction. Hence s = 0, and we are done.

The case r = 0 is similarly handled, so now let us consider the case p, r ̸= 0. Then we may assume
p = r = 1 and a ≤ c. When a < c, we have g = xc + syd ≡ (−qyb)xc−a + syd = syd mod f , and we can
reduce to the case r = 0. When a = c, we have g ≡ −qyb + syd = tye mod f for some t ∈ k and e ∈ Z>0,
and reduce to the case r = 0. �

Claim 2. One has I = ((xm − yn) : m) for some m,n ∈ Z>0.

Proof of Claim 2. By Claim 1 we have xI = (xm+1) = (x(xm − yn)) ⊆ (xm − yn), and similarly yI ⊆
(xm−yn). Hence I is contained in ((xm−yn) : m). The ringR/I has the k-basis 1, x, . . . , xm−1, y, . . . , yn−1

and so ℓR(R/I) = m+n− 1. The ring R/((xm− yn) : m) is the quotient of the artinian Gorenstein local
ring R/(xm − yn) by its socle. The ring R/(xm − yn) has the k-basis 1, x, . . . , xm−1, y, . . . , yn if m ≤ n.
Hence ℓR(R/((x

m − yn) : m)) = ℓR(R/(x
m − yn)) − 1 = m + n − 1. Consequently, we have an equality

I = ((xm − yn) : m). �

Claim 2 shows that I is directly CI-linked to m by the nonzerodivisor xm − yn of R. �

Next we construct an example of perfect linkage of CM modules, and compare several numerical
invariants for modules. It turns out that taking a perfect link do not preserve any of the minimal number
of generators, type and length.

Example 4.5. Let R = k[[x, y]]/(x2 − y3), where k is a field. Denote by m the maximal ideal of R.

(1) One has that m is directly CI-linked to (x, y2), and (x, y2) is directly CI-linked to (x2, xy).
(2) One has k ∼ R/(x, y2) ∼ R/(x2, xy) and m/(x2) ∼ k ∼ m/(y2). In particular, the CM R-modules

k,R/(x, y2), R/(x2, xy),m/(x2),m/(y2) of codimension 1 are perfectly linked with one another.
(3) The following is a list of minimal numbers of generators, types and lengths.

k R/(x, y2) R/(x2, xy) m/(x2) m/(y2)
νR 1 1 1 2 2
rR 1 1 2 1 1
ℓR 1 2 4 5 3

In particular, having type 1 is not preserved by double CI-linkage of ideals. Compare this with the fact
that having type 1 is preserved by double CI-linkage of ideals in codimension at most 3 for a regular ring;
see [24,29].

Proof. (1) It is easy to see that ((x) : m) = (x, y2) = ((x2) : (x2, xy)). Since x and x2 are nonzerodivisors
of R, the ideal m is directly CI-linked to (x, y2), which is directly CI-linked to (x2, xy).

(2) It follows from (1) and Proposition 4.1(2) that k ∼ R/(x, y2) ∼ R/(x2, xy). We have an exact

sequence 0 → Ω2k
θ−→ R⊕2 ( x y )−−−−→ R → k → 0. Since det ( x y0 x ) = x2 is a nonzerodivisor of R, there is an

exact sequence 0 → R⊕2
( x y0 x )−−−−→ R⊕2 → P → 0. The R-module P has rank 0, so it belongs to perf1(R).

There is a commutative diagram

0 −−−−→ 0 −−−−→ R⊕2 R⊕2 −−−−→ 0y ( x y0 x )
y ( x y )

y
0 −−−−→ R

( 01 )−−−−→ R⊕2 ( 1 0 )−−−−→ R −−−−→ 0
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with exact rows, and applying the snake lemma to this gives rise to an exact sequence

(4.5.1) 0 → Ω2k
δ−→ R→ P

f−→ k → 0,

where f is a perfect morphism of k ∈ CM1(R). Note that when viewing Ω2k as a submodule of R⊕2 via
the injection θ, the map δ sends

(
a
b

)
∈ Ω2k to bx ∈ R. The minimal free resolution of k is

· · ·

(
−y2 −x
x y

)
−−−−−−−→ R⊕2

( y x

−x −y2
)

−−−−−−−→ R⊕2

(
−y2 −x
x y

)
−−−−−−−→ R⊕2

( y x

−x −y2
)

−−−−−−−→ R⊕2 ( x y )−−−−→ R→ k → 0,

and there is a commutative diagram

R⊕2

( y x

−x −y2
)

−−−−−−−→ R⊕2 −−−−→ m −−−−→ 0

( 0 1
1 0 )

y∼= ( 0 1
1 0 )

y∼= ϕ

y∼=

R⊕2

(
−y2 −x
x y

)
−−−−−−−→ R⊕2 −−−−→ Ω2k −−−−→ 0

with exact rows and isomorphic vertical maps. It is seen that the composite map δϕ : m → R is a

multiplication map by −y2. From (4.5.1) we obtain a short exact sequence 0 → R/(xy2, x2) → P
f−→ k →

0. Thus we have

Lfk = Ext1R(R/(xy
2, x2), R) ∼= HomR/(x2)(R/(xy

2, x2), R/(x2)) ∼= (0 :R/(x2) xy
2) = m/(x2),

which shows m/(x2) ∼ k. Similarly, there are an exact sequence 0 → R⊕2

( y x
0 y

)
−−−−→ R⊕2 → Q → 0 and a

commutative diagram
0 −−−−→ 0 −−−−→ R⊕2 R⊕2 −−−−→ 0y ( y x

0 y

)y ( y x )

y
0 −−−−→ R

( 01 )−−−−→ R⊕2 ( 1 0 )−−−−→ R −−−−→ 0.

From these we get an exact sequence 0 → R/(xy, y2) → Q
g−→ k → 0, and an isomorphism Lgk ∼= m/(y2).

Thus m/(y2) ∼ k.
(3) The list is obtained by direct calculations. For instance, the fact that m/(x2) has type 1 follows

from the isomorphisms HomR(k,m/(x
2)) ∼= (0 :m/(x2) m) = (0 :R/(x2) m) = socR/(x2) ∼= k. �

In the case where there is only one nonfree indecomposable MCM module, perfect linkage classes are
rather restrictive as follows.

Proposition 4.6. Let R be a Gorenstein local ring possessing exactly one isomorphism class of a nonfree
indecomposable MCM R-module. (For example, the rings C[[x, y]]/(x2 − y3) and C[[x, y, z]]/(x2 − yz)
satisfy this condition.)

(1) Let M,N be CM R-modules of codimension 1 and infinite projective dimension. Then there exist
integers m,n ≥ 1 such that M⊕m ∼ N⊕n.

(2) Let I, J be CM ideals I, J of R with codimension 1 and infinite projective dimension. Then I is
isomorphic to J as an R-module, and hence I is doubly CI-linked to J .

Proof. Let C be a nonfree indecomposable MCMR-module. By assumption every nonfree indecomposable
MCM R-module is isomorphic to C.

(1) Since ΩM is a nonfree MCM R-module, it is stably equivalent to C⊕n for some n ≥ 1. Set

E := Ext1R(N,R), and let 0 → Y → X
f−→ E → 0 be an exact sequence such that f is a MCM

approximation (hence Y has finite projective dimension). Then X is stably equivalent to C⊕m for some
m ≥ 0. If m = 0, then E has finite projective dimension, and so does N by Proposision 2.2, which is a
contradiction. Hence m ≥ 1. There are stable equivalences X⊕n ∼=st C

⊕mn ∼=st ΩM
⊕m, so

X⊕n ⊕R⊕a ∼= ΩM⊕m ⊕R⊕b =: T

for some a, b ≥ 0. Since E is CM of codimension 1 and X is MCM, the depth lemma implies that Y is a
free R-module. We have two exact sequences

0 → Y ⊕n ⊕R⊕a g−→ T → E⊕n → 0, 0 → T
h−→ R⊕c →M⊕m → 0

for some c. A pushout diagram gives rise to exact sequences

0 → Y ⊕n ⊕R⊕a hg−→ R⊕c → P → 0, 0 → E⊕n → P
ϕ−→M⊕m → 0.
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Note that m,n are positive. It is observed from these exact sequences that P is a perfect R-module of
codimension 1, whence ϕ is a perfect morphism. Proposition 2.2 yields Lϕ(M⊕m) = Ext1R(E

⊕n, R) ∼=
N⊕n.

(2) The ideals I and J are nonfree MCM R-modules, and indecomposable as R is a domain. Hence
I ∼= C ∼= J . Proposition 4.3 shows that I and J are doubly CI-linked. �

In the following example, there exist more than one isomorphism class of a nonfree indecomposable
MCM module, so the above Proposition 4.6 cannot be applied. However, one can obtain the same
conclusion even in this case.

Example 4.7. Let k be an algebraically closed field of characteristic 0. Let R = k[[x, y]]/(xy). Denote
by m the maximal ideal of R.

(1) The first syzygy of an R-module of finite length is isomorphic to a finite direct sum of copies of R
and m.

(2) Let M and N be CM R-modules of codimension one and with infinite projective dimension. Then
M⊕m ∼ N⊕n for some m,n ≥ 1.

Proof. (1) The assertion follows from [14, Example 1.3], which is stated without a proof. We show the
assertion for the convenience of the reader. By [30, (9.9)], the nonisomorphic indecomposable MCM R-
modules are R, R/xR and R/yR. Let M be an R-module of finite length. Then ΩM is MCM, so one can
write ΩM ∼= R⊕a ⊕ (R/xR)⊕b ⊕ (R/yR)⊕c for some a, b, c ≥ 0. There is an exact sequence 0 → ΩM →
R⊕d → M → 0, and localizing this at the prime ideal p = xR yields R⊕d

p
∼= (ΩM)p ∼= R⊕a

p ⊕ R⊕b
p as

Mp = 0 = (R/yR)p and (R/xR)p = Rp. This implies d = a+ b. Similarly, localization at the prime ideal
q = yR shows d = a+ c. Therefore we have b = c, and ΩM ∼= R⊕a ⊕ (R/xR⊕R/yR)⊕b ∼= R⊕a ⊕m⊕b.

(2) Let E be a CM R-module of codimension 1 and f : X → E a MCM approximation. Then E is
of finite length, and stably equivalent to Ω−1ΩE by Remark 3.2. It follows from (1) that ΩE is stably
equivalent to m⊕m for some m ≥ 0. We easily see Ωm ∼= m, whence Ω−1m ∼= m. Therefore X is stably
equivalent to m⊕m. Thus one can show the assertion similarly to the proof of Proposition 4.6(1). �

Remark 4.8. In view of (the proof of) Example 4.7(1), one might wonder if every Gorenstein local ring
having exactly two indecomposable nonfree MCM modules M,N is such that if the rth syzygy of a CM
module of codimention r contains M as a direct summand, then it also contains N as a direct summand.
This is not true in general. Indeed, consider the Gorenstein local ring R = k[[x, y]]/(x2 − y5) with k
an algebraically closed field. Then by [30, Proposition (5.11)] the ring R has only three nonisomorphic
indecomposable MCM modules: R, m = (x, y) and n = (x, y2). For a MCM moduleM and a CM module
C of codimension r, let χM (C) denote the number of copies of M appearing as a direct summand in
the MCM module ΩrC. Then X := R/m and Y := R/n are CM R-modules of codimension 1. One has
χm(X) = 1 ̸= 0 = χn(X) and χm(Y ) = 0 ̸= 1 = χn(Y ).

Now we prove the main result of this section, which gives a characterization of the perfect linkage in
codimension one.

Theorem 4.9. Let R be a Gorenstein local ring of positive dimension. Let M,N be CM R-modules of
codimension one.

(1) M is doubly perfectly linked to N if and only if ΩM ∼=st ΩN .
(2) M is triply perfectly linked to N if and only if (ΩM)∗ ∼=st ΩN .
(3) If M and N are perfectly linked, then they are either doubly or triply perfectly linked.

Proof. (1) The assertion is shown by Theorem 3.9.
(2) If follows from Corollary 3.5 that for any perfect morphism f of M we have

(4.9.1) ΩLfM ∼=st Ω
2TrΩM ∼=st (ΩM)∗.

Suppose that M is triply perfectly linked to N . Then there exist CM modules X and Y such that
M ∼ X ∼ Y ∼ N . Hence X is doubly perfectly linked to N , and ΩX is stably equivalent to ΩN by (1).
There exists a perfect morphism f of M such that LfM = X, and we obtain ΩLfM = ΩX ∼=st ΩN .
Therefore (ΩM)∗ is stably equivalent to ΩN by (4.9.1).

Conversely, assume (ΩM)∗ ∼=st ΩN . Then by using (4.9.1) we see that ΩLfM is stably equivalent to
ΩN for all perfect morphisms f of M . So now take a perfect morphism f : P → M (see Remark 2.4).
Then we have ΩLfM ∼=st ΩN , and Theorem 3.9 implies that LgLfM ∼= LhN for some perfect morphisms
g, h. Therefore M is triply perfectly linked to N .
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(3) Suppose that there exist CM modules of codimension one, M0, . . . ,Mn with n ≥ 1, such that
M =M0 ∼M1 ∼ · · · ∼Mn = N .

First, we consider the case n = 1. In this case M is directly perfectly linked to N . By Proposition
2.5(3) and Remark 2.4, N is doubly perfectly linked to N itself. Thus M is triply perfectly linked to N .

Let n ≥ 2. For each 0 ≤ i ≤ n − 2 the module Mi is doubly perfectly linked to Mi+2, and it follows
from (1) that ΩMi

∼=st ΩMi+2. Hence if n is even, then we have

ΩM = ΩM0
∼=st ΩM2

∼=st ΩM4
∼=st · · · ∼=st ΩMn = ΩN.

Applying (1) again shows that M is doubly perfectly linked to N . If n is odd, then n − 3 is even, and
ΩM3 is stably equivalent to ΩMn = ΩN . Since M = M0 is triply perfectly linked to M3, by (2) the
module (ΩM)∗ is stably equivalent to ΩM3. Hence we get (ΩM)∗ ∼=st ΩN , and M is triply perfectly
linked to N by (2) again. �

Taking advantage of our Theorem 4.9, we obtain the following example. This should be remarkable in
that it provides a pair of ideals that are not CI-linked.

Example 4.10. Let R = k[[x, y]]/(x2 − y4), where k is a field of characteristic not two. Let m = (x, y)
and I = (x, y2). Then the CM R-modules R/m and R/I are not perfectly linked. In particular, the ideals
m and I are not CI-linked.

Proof. Note that I is an m-primary ideal, and thus both R/m and R/I are CM R-modules of codimension
1. The last assertion follows from Proposition 4.1(2), so let us show the first assertion. Let p = (x+ y2)
and q = (x − y2) be prime ideals of R. Then p and q do not meet, and I is isomorphic to p ⊕ q as an
R-module, for char k ̸= 2. Since p, q,m are nonfree indecomposable MCM R-modules, Ω(R/I) = I is not
stably equivalent to m = Ω(R/m). Note that p ∼= R/q and (R/q)∗ ∼= (0 : q) = p. Hence p∗ ∼= p, and
similarly, q∗ ∼= q. Therefore we have (Ω(R/I))∗ = I∗ ∼= I, which is not stably equivalent to Ω(R/m).
Finally, applying Theorem 4.9 yields that R/m and R/I are not perfectly linked. �
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