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Abstract. We study ideals in a local ring R whose quotient rings induce large homomorphisms
of local rings. We characterize such ideals in terms of the maps of Koszul homologies over several
classes of local rings, including complete intersections, Koszul rings, and some classes of Golod
rings.

1. Introduction

In 1978 Avramov [4] introduced and studied small homomorphisms of local rings, and a year

after, Levin [15] introduced large homomorphisms of local rings as a dual notion of the small

homomorphisms. A surjective local homomorphism f : R → S is called small if the induced

homomorphism of graded algebras f∗ : TorR∗ (k, k)→ TorS∗ (k, k) is injective, and it is called large

if f∗ is surjective. Levin proved that a local homomorphism R→ S is large if and only if for every

finitely generated S-module M there is an equality of Poincaré series PRM (t) = PRS (t) · PSM (t).

This result makes large homomorphisms a very useful tool for understanding betti numbers and

computing Poincaré series.

Small homomorphisms are closely related to another class of local homomorphisms namely

Golod homomorphisms; see Definition 3.3. In fact, each Golod homomorphism is small, and

these homomorphisms have been studied very well in several articles; see for example [4], [16],

[17], and [20]. On the other hand, we are only aware of relatively few results about the large

homomorphisms. The goal of this paper is not only to prove new results, but also to collect

known facts and ideas about large homomorphisms that have been used in many articles without

stating them. The organization of the paper is as follows.

In section 2, after some preliminaries and examples, we give various conditions under which

a surjective homomorphism R → S is large, specifically when R is a complete intersection; see

Theorem 2.11.

In section 3, over a local ring (R,m) with an ideal I, we give a necessary and sufficient

condition when R→ R/I is large and R→ R/mI is small simultaneously; see Theorem 3.4. As

a result, we show that a sujective local homomorphism R→ S where S is a Koszul R-module is

large; see Corollary 3.5. Then we provide a sufficient condition for large homomorphisms over

Golod rings; see Proposition 3.12.
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2. Large homomorphisms over complete intersections

Throughout (R,m, k) is a commutative Noetherian local ring with maximal ideal m and residue

field k. We start this section by recalling some definitions and preliminaries.

A differential graded algebra (DG algebra) A is a complex (A, ∂) equipped with an algebra

structure such that A0 is a commutative unitary ring, Ai = 0 for i < 0, and the product satisfies

the Leibniz rule ∂(ab) = ∂(a)b+ (−1)|a|a∂(b), for a, b ∈ A.

2.1. Acyclic Closure. Let I be an ideal of R. An acyclic closure R〈Xi| i ≥ 1〉 of the augmen-

tation R → R/I obtained from the Tate construction is a DG algebra resolution for R/I over

R, where Xi is a set of exterior variables when i is odd, and it is a set of divided variables if i is

even number. Note that Xi are added in a given homological degree i in such a way that their

images under the differential minimally generate the (i−1)th homology. For i ≥ 1, we set πi(R)

to be the k-vector space with basis Xi. By using the notations of [3], we write εi = dimk πi(R).

An acyclic closure R〈Xi〉 of R/I is not a minimal resolution in general but if I = m, then it

is a minimal resolution by Gulliksen’s theorem; see [12, Theorem 1.6.2].

Let U be a DG algebra resolution of k over R described in 2.1, and let a be an ideal of R.

Then A = U ⊗R R/a is a DG algebra, and hence, TorR(k,R/a) also has the graded algebra

structure induced from A.

Let M be a finitely generated R-module. The Poincaré series PRM (t) of M over R is defined

to be the formal power series PRM (t) =
∑∞

i=0 dimk TorRi (M,k)ti.

Definition 2.2. [15, Theorem 1.1] Let (R,m, k) be a local ring, and let f : R→ S be a surjective

local homomorphism. Then f is called large if one of the following equivalent conditions holds.

(1) The induced map f∗ : TorR∗ (k, k)→ TorS∗ (k, k) of graded algebras is surjective.

(2) The induced map ϕ∗ : TorR∗ (S, k)→ TorR∗ (k, k) of graded algebras is injective.

(3) PRk (t) = PRS (t) · PSk (t).

2.3. Necessary Condition. Suppose R→ R/I is a large homomorphism. Then by Definition

2.2(2) we have TorR1 (R/I, k)→ TorR1 (k, k) is injective which specifically tells us that a minimal

generating set of I can be completed to a minimal generating set of m, equivalently I∩m2 = mI.

We will need this condition in most of our results.

In the following we list some well-known examples of large homomorphisms from the literature.

Example 2.4. Let (R,m, k) be a local ring, and let I be an ideal such that I ∩ m2 = mI. In

either of the following, the induced map R→ R/I is a large homomorphism.

(1) pdR(I) <∞.

(2) (0 :R I) = m.

(3) The ring R/I is complete intersection.

(4) The map R→ R/I is a quasi-complete intersection homomorphism.

(5) The ring R is Cohen-Macaulay non-Gorenstein, m2 ⊆ I, and G-dimR(I) <∞.

(6) m = I ⊕ J .

Proof. (1) We show that if pdR(I) < ∞ then I is generated by a regular sequence. The claim

is obvious if I is a principal ideal. Hence we may assume I = (x1, . . . , xn) such that n ≥ 2 and

xi ∈ m\m2 for all i. Since pdR(I) <∞, we have gradeR(I) > 0 by [9, Corollary 1.4.6]. By prime
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avoidance, one can choose a non zero-divisor x ∈ I \m2. It follows from [3, Theorem 2.2.3] that

pdR/(x)R/I < ∞. Since I/(x) is generated by n − 1 elements, by induction it is generated by

a regular sequence over R/(x). Hence I is generated by a regular sequence over R. Therefore

R→ R/I is a large homomorphism by [15, Theorem 2.2].

(2) also follows by [15, Theorem 2.2]. See [15, Theorem 2.4] for (3), [5, Theorem 6.2] for (4),

and [11, Theorem 1.2] for (5).

To see (6), consider the exact sequence

0→ R→ R/I ⊕R/J → k → 0.

Applying − ⊗R k, we see that the induced map TorRi (R/I, k) → TorRi (k, k) is injective for all

i ≥ 0. �

The following provides more examples of large homomorphisms.

Remark 2.5. Let R be a local ring and let I be an ideal of R. If there exists a local ring

Q and a surjective local homomorphism Q → R such that the composition map Q → R/I

is a large homomorphism then R → R/I is large. Indeed, since the composition of the maps

Q→ R→ R/I is large, the induced composition of homomorphisms TorQ∗ (k, k)→ TorR∗ (k, k)→
Tor

R/I
∗ (k, k) is surjective. Hence TorR∗ (k, k)→ Tor

R/I
∗ (k, k) is surjective.

By using Example 2.4(6) and Remark 2.5 we get the following.

Example 2.6. Let R = S#kT be the connected sum of local rings S and T ; see [2]. Then

R → S is a large homomorphism. To see that, let Q = S ×k T be the fiber product of S and

T . Then the composition of homomorphisms Q → R → S is large by Example 2.4 (6). Hence

R→ S is large by Remark 2.5.

2.7. Change of ring spectral sequence. Let f : R→ S be a local homomorphism. Consider

the change of ring spectral sequence

E2
p,q
∼= TorSp (k, k)⊗ TorRq (S, k) =⇒ TorRp+q(k, k).

The spectral sequence is derived from the double complex Cp,q = Gp ⊗R Fq where F and G

are free resolutions of k over R and S, respectively. The edge homomorphisms TorRp (k, k) →
TorSp (k, k) ∼= E2

p,0 and E2
0,q
∼= TorRq (S, k) → TorRq (k, k) are the homomorphisms induced by

f : R→ S and ϕ : S → k, respectively; see [10, page 348].

2.8. Koszul homology Let (R,m, k) be a local ring and let I be an ideal of R. We denote K(I)

the Koszul complex with respect to a minimal generating set of I, and Hi(I) := Hi(K(I)). If

I = m we write K(R) := K(m) and Hi(R) := Hi(m). If I ∩m2 = mI then a minimal generating

set of I can be completed to one for m. In this case, K(I) is a subcomplex of K(R). Therefore

the inclusion map induces a natural homomorphism H∗(I)→ H∗(R) of homology algebras.

Large homomorphisms are well understood over complete intersection local rings due to Gul-

liksen and Levin [12]. It is worth to bring here those conditions which characterize large homo-

morphisms over complete intersection local rings. First we need the following lemmas.

Lemma 2.9. Let (R,m, k) be a local ring and let I be an ideal of R such that I ∩ m2 = mI.

Then the induced map H1(R)→ H1(R/I) is surjective.
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Proof. Set S = R/I. The assumption I ∩ m2 = mI implies that TorR1 (S, k) → TorR1 (k, k) is

injective. Hence by 2.7, d2
2,0 = 0 and therefore the induced map TorRi (k, k) → TorSi (k, k) is

surjective for i ≤ 2. Let K(R) and K(S) respectively be the Koszul complexes of R and S. Let

σ1, . . . , σr ∈ K(R) and δ1, . . . , δs ∈ K1(S) be cycles whose classes are basis for the vector spaces

H1(R) and H1(S), respectively. Then by the Tate construction, there exists a commutative

diagram

(⊕i<j≤nRei ∧ ej)⊕ (⊕r`=1RT`) −−−−→ ⊕ni=1Rei −−−−→ R −−−−→ k −−−−→ 0yf2 yf1 yf0 y=

(⊕i<j≤mSei ∧ ej)⊕ (⊕s`=1Sτ`) −−−−→ ⊕mi=1Sei −−−−→ S −−−−→ k −−−−→ 0,

where the rows are beginning of the free resolutions of k over R and S, T1, . . . , Tr and τ1, . . . τs
are divided variables of homological degree 2 with ∂Ti = σi and ∂τi = δi; see 2.1. Since

TorR2 (k, k) → TorS2 (k, k) is surjective, f2 is surjective too, and hence, τj = f2(ηj) for some

ηj ∈ F2. Thus δj = f1(∂ηj). Since the map H1(R)→ H1(S) is induced by f1, we are done. �

Lemma 2.10. Let I be an ideal of R such that I ∩m2 = mI. If the natural map H1(I)⊗R k →
H1(R) is injective, then the induced map TorR2 (R/I, k)→ TorR2 (k, k) is injective.

Proof. Let m = (x1, . . . , xn) and I = (x1, . . . , xl) with l ≤ n. Let z1, . . . , zq ∈ K1(I) and

z′1, . . . , z
′
r ∈ K1(R) be cycles whose classes minimally generate H1(I) and H1(R), respectively.

Then there exists a commutative diagram

F2 = (⊕i<j≤lRei ∧ ej)⊕ (⊕q`=1RS`) −−−−→ F1 = ⊕li=1Rei −−−−→ R −−−−→ R/I −−−−→ 0yφ2 yφ1 y=

yπ
G2 = (⊕i<j≤nRei ∧ ej)⊕ (⊕r`=1RT`) −−−−→ G1 = ⊕ni=1Rei −−−−→ R −−−−→ k −−−−→ 0,

where the rows are beginning of Tate resolutions of R/I and k, φ1 is natural inclusion, S1, . . . Sl
and T1, . . . , Tr are divided variables of homological degree 2 with ∂Si = zi and ∂Ti = z′i. Note

that H1(I)→ H1(R) is induced by φ1 and one has φ2|⊕i<j≤nRei∧ej is the natural injection K(I)→
K(R). Assume H1(I)⊗R k → H1(R) is injective and let φ̄1 be the induced map H1(I)→ H1(R).

Then for any choice of λ1, . . . , λq such that λj ∈ R\m for some j, one has φ̄1(λ1z̄1 + · · ·+λq z̄q) is

non zero in H1(R) where z̄i is the class of zi in H1(I). This means φ1(λ1z1+· · ·+λqzq) /∈ Im ∂
K(R)
2

and therefore one has φ2(λ1S1 + · · ·+ λqSq) /∈ (⊕i<j≤nRei ∧ ej)⊕ (⊕r`=1mT`). This implies that

φ2 is split-injective and hence the induced map TorR2 (R/I, k)→ TorR2 (k, k) is injective. �

Theorem 2.11. Let (R,m, k) be a complete intersection local ring, and let I be an ideal of R

with I ∩m2 = mI. Let S = R/I. Then the following are equivalent.

(1) The induced map R→ S is large.

(2) The ring S is complete intersection.

(3) The induced map TorR2 (S, k)→ TorR2 (k, k) is injective.

(4) The induced map TorR3 (k, k)→ TorS3 (k, k) is surjective.

(5) The induced map H1(I)⊗R k → H1(R) is injective.

(6) The induced map H2(R)→ H2(S) is surjective.

Proof. (1)⇒(2) Since R is complete intersection, we have ε3(R) = 0 by [3, Theorem 7.3.3]. Since

R→ S is large, we get ε3(S) = 0. Therefore S is complete intersection by [3, Theorem 7.3.3].
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(2)⇒(1) This follows from Example 2.4(3).

(2)⇒(5) Assume S is complete intersection. Then the map R → S is a quasi-complete

intersection homomorphism by [5, Proposition 7.7]. By [5, Theorem 5.3] there exists an exact

sequence 0 → H1(I) ⊗R k → π2(R) of k-vector spaces. Since π2(R) ∼= H1(R), we have the

induced map H1(I)⊗R k → H1(R) is injective; see 2.1.

(5)⇒(3) This follows from Lemma 2.10.

(3)⇔(4) This follows from the change of rings spectral sequence; see 2.7.

(4)⇒(2) Same argument as (1)⇒(2) applies here as well.

(2)⇔(6) Since I ∩ m2 = mI, we have H1(R) → H1(S) is surjective by Lemma 2.9. Since R

is complete intersection, by the Tate-Assmus Theorem [9, Theorem 2.3.11] H2(R) = H1(R)2.

Therefore S is complete intersection if and only if H2(S) = H1(S)2 if and only if H2(R)→ H2(S)

is surjective. �

Remark 2.12. Let f : R→ S be a surjective homomorphism of local rings. Then f is large if

fi : TorRi (k, k) → TorSi (k, k) is surjective for all i � 0. Indeed, this is easy to see when S is a

regular ring. In this case, for example, the sujectivity of K(R) → K(S) implies that f is large.

Suppose S is singular. One has fi is surjective if and only if f i : ExtiS(k, k) → ExtiR(k, k) is

injective. It is well-known that Ext∗S(k, k) is the universal enveloping algebra of the homotopy

Lie algebra π∗(S); see [3, Theorem 10.2.1]. Then by [8, Lemma 5.1.7], any element χ ∈ π2(S)

(and hence any powers of χ) is a non zero divisor on Ext∗S(k, k). Let α ∈ ker f j for some j. One

has χiα ∈ ker f2i+j . Since f i is injective for all i� 0, we have χiα = 0 and hence α = 0.

Regarding Remark 2.12, one may ask whether R→ S is large if the induced map TorRi (S, k)→
TorRi (k, k) is injective for all i � 0. This is not true in general. For example, if I ⊆ m2 is any

non zero ideal of finite projective dimension then R → R/I is not large, while TorRi (R/I, k)→
TorRi (k, k) is injective for all i � 0. We don’t know whether R → R/I is large if pdR(I) = ∞
and TorRi (R/I, k) → TorRi (k, k) is injective for all i � 0. However, we are able to prove the

following.

Proposition 2.13. Let (R,m, k) be a local ring and let I be an ideal of R with I ∩ m2 = mI.

Assume the induced map H1(I) → H1(R) is non zero. If ϕi : TorRi (R/I, k) → TorRi (k, k) is

injective for all i� 0 then R→ R/I is large.

Proof. Let ζ be an element in H1(I) whose image under the natural map H1(I)→ H1(R) is non

zero, and let z ∈ K1(I) be a cycle whose class in H1(I) is ζ. By using the natural injection

K1(I) ↪→ K1(R) we consider z as an element of K1(R). Then one checks that z = z′ + ∂(a)

for some z′ ∈ I K1(R) and a ∈ K2(R). Therefore [z] = [z′] in H1(R). Let U = R〈Xi〉i≥1 be an

acyclic closure of k over R, and let X ∈ U be a divided variable of degree 2 such that ∂(X) = z;

see 2.1. By [3, Lemma 6.3.3], there exists a chain Γ-derivation d : U → U of degree −2 which is

trivial on K(R) and d(X(i)) = X(i−1).

Set S = R/I and A = U ⊗R S. Then X ⊗ 1S is a cycle in A whose class [X ⊗ 1S ] is

non zero in TorR2 (S, k) (because ϕ2([X ⊗ 1S ]) = X ⊗ 1k 6= 0). Let α ⊗ 1S ∈ A be such that

[α⊗1S ] ∈ TorRj (R/I, k) and ϕj([α⊗1S ]) = 0. Since ϕ∗ is homomorphism of graded algebras, we

have ϕj+2i([X
(i)α⊗1S ]) = 0. Thus by assumption, [X(i)α⊗1S ] = 0 for i� 0. If [d(α)⊗1S ] = 0

then we have [α⊗ 1S ] = [di(X(i)α)⊗ 1S ] = 0 and we are done.
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Suppose [d(α) ⊗ 1S ] 6= 0, and let r be the biggest integer such that [dr(α) ⊗ 1S ] 6= 0. Since

ϕj([α⊗1S ]) = 0 and d commutes with differentials, one has ϕj−2r([d
r(α)⊗1S ]) = 0. By replacing

[α⊗ 1S ] with [dr(α)⊗ 1S ], the same argument as above shows that [dr(α)⊗ 1S ] = 0 which is a

contradiction. �

3. Large homomorphisms over Koszul rings and Golod rings

Let (R,m, k) be a local ring and let M be a finitely generated R-module. Let F be a minimal

free resolution of M over R and let linR(F ) be the associated graded complex of F ; see [14, §1]

and [20, §2] for more details. The linearity defect ldR(M) of M over R is defined by

ldR(M) = sup{i| Hi(lin
R(F )) 6= 0}.

3.1. Koszul Modules. An R-module M is called a Koszul module (or is said to have a linear

resolution) if linR(F ) is acyclic, equivalently ldR(M) = 0. R is called a Koszul ring if k is a

Koszul R-module.

Let grm(R) = ⊕i≥0m
i/mi+1 be the associated graded ring of R and grm(M) =

⊕i≥0m
iM/mi+1M be the associated graded module of M . If M is a Koszul module then linR(F )

is a minimal free resolution of grm(M) over grm(R); see [14, Proposition 1.5].

The regularity regR(M) is defined to be the regularity of the graded module grm(M) over the

graded ring grm(R); see [20]. It follows that M is Koszul if and only if regR(M) = 0.

Definition 3.2. Let k be a field, and let A be a DG algebra with H0(A) ∼= k. The algebra A is

said to admit a trivial Massey operation, if for some k-basis h = {hλ}λ∈Λ of H≥1(A) there exists

µ :
∐
i≥1 hi → A such that

(1) µ(hλ) = zλ where zλ is a cycle in A with class [zλ] = hλ ∈ H≥1(A), and

(2) ∂µ(hλ1 , . . . , hλn) =

n−1∑
i=1

µ(hλ1 , . . . , hλi)µ(hλi+1
, . . . , hλn), where a = (−1)|a|+1a.

Definition 3.3. A surjective local homomorphism f : R→ S is called Golod if

PSk (t) =
PRk (t)

1− t(PRS (t)− 1)
,

or equivalently, the DG algebra A = U ⊗R S admits a trivial Massey operation, where U is a

minimal DG algebra resolution of k over R; see [16, Theorem 1.5].

Theorem 3.4. Let (R,m, k) be a local ring, and let I be an ideal of R such that I ∩m2 = mI.

Then the following conditions are equivalent.

(1) The map TorRi (mI, k) → TorRi (I, k) induced by the inclusion mI ↪→ I is zero for all

i ≥ 0.

(2) The homomorphism φ : R → R/I is large, and the homomorphism ψ : R → R/mI is

small.

Moreover, under these equivalent conditions ψ is a Golod homomorphism.
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Proof. The assumption I ∩m2 = mI implies an exact sequence 0→ I/mI
ι→ m/m2 → m/(m2 +

I)→ 0 of k-vector spaces. By applying −⊗R k to the commutative diagram

0 −−−−→ mI −−−−→ I −−−−→ I/mI −−−−→ 0y y ι

y
0 −−−−→ m2 −−−−→ m −−−−→ m/m2 −−−−→ 0,

we get a commutative diagram

TorRi (mI, k)
fi−−−−→ TorRi (I, k)

γi−−−−→ TorRi (I/mI, k)y gi

y ιi

y
TorRi (m2, k) −−−−→ TorRi (m, k) −−−−→ TorRi (m/m2, k)

with exact rows, where ιi is injective.

(1)⇒ (2): Since fi is zero map and ιi is split injection, the composition ιi ◦ γi is injective.

Therefore, the map gi is injective for all i ≥ 0. Therefore TorRi (R/I, k)→ TorRi (k, k) is injective

for all i ≥ 0.

Next, we show that ψ is Golod and hence it is small; see [17, Definition 1.1]. The argument

is similar to the proofs of [19, Lemma 1.2] and [1, Lemma 2.1] but we bring it for the reader’s

convenience. Let U → k be a minimal DG algebra resolution of k overR, and setA = U⊗RR/mI.

Then Hi(A) ∼= TorRi (R/mI, k). The map TorRi (R/mI, k) → TorRi (R/I, k) is identified with

the natural map Hi(A) → Hi(A/IA) for all i. Since fi = 0, every element in Hi>0(A) can

be represented by [x] for some x ∈ IA. Thus for any choice of [z], [w] ∈ H>0(A) one has

z · w ∈ I2A = 0. Hence A admits a trivial Massey operation; see [16, Lemma 1.2].

(2) ⇒ (1): Suppose the map φ : R → R/I is large, and the map ψ : R → R/mI is small

homomorphisms. There exist a commutative diagram

TorRi (R/mI, k)
hi−−−−→ TorRi (k, k) −−−−→ TorRi−1(m/mI, k)

ψi

y y
Tor

R/mI
i (k, k)

∼=−−−−→ Tor
R/mI
i−1 (m/mI, k),

for all i ≥ 1. Since ψi is injective for all i ≥ 0, the commutative diagram implies that hi = 0 for

all i ≥ 1. Therefore, in the commutative diagram above, we have gi ◦ fi = 0 for all i ≥ 0. Since

φ is large, gi is injective and therefore fi = 0 as desired. �

The following is an immediate consequence of Theorem 3.4.

Corollary 3.5. Let (R,m, k) be a local ring, and let I be an ideal of R with I ∩ m2 = mI. If

R/I is a Koszul R-module then R→ R/I is a large homomorphism and R→ R/mI is a Golod

homomorphism.

Proof. Since I ∩ m2 = mI and R/I is a Koszul R-module, regR(R/I) = 0. Therefore the maps

TorRi (mI, k) → TorRi (I, k) are zero for all i ≥ 0 by [20, Theorem 3.2]. Now the result follows

from Theorem 3.4. �

Corollary 3.6. Let (R,m, k) be a graded Koszul local ring and let I be a homogeneous ideal of

R. If the map R→R/I is large, then R → R/mI is a Golod homomorohism and R/mI is a

Koszul ring.
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Proof. Set S = R/mI. Since R is Koszul, we have regR(k) = 0, and since R→ R/I is large, we

have the induced map TorR∗ (R/I, k)→ TorR∗ (k, k) is injective. This implies that regR(R/I) = 0

and hence it is a Koszul R-module. Therefore the map R → S is a Golod homomorphism by

Corollary 3.5.

Next, we show that S is Koszul. Since R→ R/I is large, we have I∩m2 = mI by 2.3. Then we

may assume m = (x1, . . . , xr, xr+1, . . . , xn) such that I = (x1, . . . , xr). Let J = (xr+1, . . . , xn),

and let Ī and J̄ be ideals of S generated by images of I and J , respectively. Then one easily

checks that Ī ∩ J̄ = 0 and therefore S is the fiber product of S/Ī and S/J̄ . We have S/Ī ∼= R/I.

Since R is Koszul and R → R/I is large, the surjectivity of TorR∗ (k, k) → Tor
R/I
∗ (k, k) shows

that R/I is Koszul. On the other hand, S/J̄ is isomorphic to a graded local ring (T, n) with

n2 = 0 which is Koszul. Now, by [18, Proposition 3.11], S is Koszul. �

A Koszul local ring R is called absolutely Koszul if ldR(M) <∞ for every finitely generated

R-module M .

Corollary 3.7. Let (R,m, k) be a graded Koszul complete intersection local ring and let I be an

ideal of R. If R→R/I is large then R/mI is absolutely Koszul.

Proof. This follows by Corollary 3.6 and [14, Theorem 5.9]. �

Remark 3.8. Let (R,m, k) be a local Gorenstein ring with m3 = 0. Let I be a non zero ideal of

R such that I * m2. Then by [6, Corollary 4.7] R/I is a Koszul R-module. Therefore the map

R → R/I is large and R → R/(0 :R m) is Golod by Corollary 3.5. The later has been proven

for all Artinian Gorenstein rings; see [7, Theorem 2]. Note that R→ R/I may not be large if R

is not Gorenstein; see [11, Example 3.12].

Example 3.9. Let R = k[x, y, z]/(x2, y2, z2), where k is a field. Then R is an Artinian Koszul

complete intersection with m4 = 0. Consider the ideal I = (x + y + z) of R. Then R/I ∼=
k[y, z]/(y2, z2, yz) which is not a complete intersection. Therefore R → R/I is not large by

Proposition 2.11. If k has characteristic different than 2 then mI = (xy, xz, yz) and therefore

R/mI = R/m2. This shows that the converse of Corollary 3.7 is not true. Also, one checks that

R → R/mI is a Golod homomorphism. Therefore in Theorem 3.4, Golodness of R → R/mI

does not guarantee that R→ R/I is large.

Proposition 3.10. Let (R,m, k) be a local ring and let I be an ideal of R. Assume ldR(R/I) =

l < ∞. If the induced maps H1(I) → H1(R) and TorRl (R/I, k) → TorRl (k, k) are respectively

non zero and injective, then the map R→ R/I is large.

Proof. Let F and G respectively be minimal free resolutions of R/I and k over R. Let f : F → G

be the comparison homomorphism induced by R/I → k. We show by induction that fi is split-

injective for all i ≥ l. The injectivity of TorRl (R/I, k) → TorRl (k, k) settles the case i = l. Let

n > l and suppose fi is split injective for l ≤ i < n. Consider the commutative diagram

. . . −−−−→ Fn
∂Fn−−−−→ Fn−1 −−−−→ . . .

fn

y fn−1

y
. . . −−−−→ Gn

∂Gn−−−−→ Gn−1 −−−−→ . . .
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and let e ∈ Fn \ mFn. If fn(e) ∈ mGn then fn−1∂
F
n (e) ∈ m2Gn−1. Since fn−1 is split injective,

we have ∂Fn (e) ∈ m2Fn−1. As ldR(R/I) < n, this is a contradiction and hence fn(e) ∈ Gn\mGn.

Therefore the induced map TorRi (R/I, k) → TorRi (k, k) is injective for all i ≥ l. Now by using

Proposition 2.13, the induced map R→ R/I is large. �

Definition 3.11. A local ring (R,m, k) is called Golod if the Poincaré series of k over R has

presentation

PRk (t) =
(1 + t)νR(m)

1−
∑

i≥1 dimk(Hi(R))ti+1
,

where νR(m) is the number of minimal generating set of m.

The following gives a sufficient condition for large homomorphisms over Golod rings by using

the Koszul homologies.

Proposition 3.12. Let (R,m, k) be a Golod local ring, and let f : R → S be a surjective local

homomorphism. If the natural map Hi(R)→ Hi(S) is surjective for all i ≥ 1, then f is a large

homomorphism.

Proof. Note that R is Golod if and only if K(R) admits a trivial Massey operation; see [3, The-

orem 5.2.2] and [12, Corollary 4.2.4]. Since R is Golod, K(R) admits a trivial Massey operation.

The surjectivity of Hi(R)→ Hi(S) implies that K(S) admits a trivial Massey operation too and

therefore it is a Golod ring. Let F and G respectively be minimal free resolutions of k over R and

S described in [3, Theorem 5.2.2]. Then there exists a natural chain map f : F → G which only

depends on the choice of k-bases of Hi≥1(R) and Hi≥1(S). Since Hi(R) → Hi(S) is surjective,

f is surjective as well. Therefore the induced map TorR∗ (k, k)→ TorS∗ (k, k) is surjective as well.

This finishes the proof. �

Recently, Gupta proved that if R is a Golod local ring and a homomorphism f : R → S is

large, then S is Golod; see [13, Theorem 1.5]. This result provides a useful tool to detect Golod

rings by using large homomorphism.

Example 3.13. Let R =
k[x, y, z]

(x2, xy, xz, y2, z2)
. Then R is an Artinian local ring with the maximal

ideal m = (x, y, z). We have R/(x) ∼= k[y, z]/(y2, z2) is a complete intersection of codimension

two. Therefore R→ R/(x) is large by Example 2.4(3), and R/(x) is not Golod. Hence R is not

Golod.

Lemma 3.14. Let (Q, n, k) be a regular local ring, R = Q/np with p ≥ 2, and let m be the

maximal ideal of R. Let I be an ideal of R such that I ∩ m2 = mI. Then the natural map

mp−1 Ki(I)→ Hi(I) is surjective and therefore splits for all i ≥ 1.

Proof. Let x1, . . . , xn be a minimal generating set of n, and let xi be the image of xi in R. We

may assume that I = (x1, . . . , xr) for some 1 ≤ r ≤ n. If r = 1 then I = (x1) and we have

H1(I) = (0 :R x1) K1(I) = mp−1 K1(I).

Assume r > 1 and set J = (x1, . . . , xr−1). There exists an exact sequence

· · · → Hi(J)
xr−→ Hi(J) −→ Hi(I) −→ Hi−1(J)

xr−→ . . . .
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By induction hypothesis fi : mp−1 Ki(J)→ Hi(J) is surjective and so Hi(J) is a k-vector space

for all i ≥ 1. Thus the multiplication with xr is zero map when i ≥ 1. Therefore for i ≥ 2 there

is a commutative diagram

0 −−−−→ mp−1 Ki(J) −−−−→ mp−1 Ki(I) −−−−→ mp−1 Ki−1(J) −−−−→ 0

fi

y gi

y fi−1

y
0 −−−−→ Hi(J) −−−−→ Hi(I) −−−−→ Hi−1(J) −−−−→ 0.

By induction fi−1 and fi are surjective and therefore gi is surjective for i ≥ 2. When i = 1 the

last diagram turns to

0 −−−−→ mp−1 K1(J) −−−−→ mp−1 K1(I) −−−−→ mp−1 −−−−→ 0

f1

y g1

y f0

y
0 −−−−→ H1(J) −−−−→ H1(I) −−−−→ (0 :R/J xr) −−−−→ 0.

Note that R/J ∼= Q′/n′p where Q′ = Q/(x1, . . . , xr−1) is a regular local ring whose maximal

ideal is n′ = (xr, . . . , xn). One observes that f0 is a natural map of k-vector spaces such that

f0(xαr
r · · ·xαn

n ) = xαr
r · · ·xαn

n where αr + · · ·+αn = p− 1. Therefore f0 is surjective and since f1

is surjective by induction, g1 is surjective as well. �

Corollary 3.15. Let (Q, n, k) be a regular local ring. Let R = Q/np where p ≥ 2, and let m be

the maximal ideal of R. Then for any ideal I of R such that I ∩m2 = mI one has R→ R/I is

a large homomorphism.

Proof. It is well-known that R is a Golod ring; see [12, Theorem 4.2.6]. Set S = R/I and let

m be the maximal ideal of S. By Lemma 3.14, mp−1 Ki(R) → Hi(R) and mp−1 Ki(S) → Hi(S)

are surjective for all i ≥ 1. Since mp−1 Ki(R)→ mp−1 Ki(S) is also surjective, the commutative

diagram

mp−1 Ki(R) −−−−→ Hi(R)y y
mp−1 Ki(S) −−−−→ Hi(S)

shows that the induced map Hi(R) → Hi(S) is surjective for all i ≥ 1. Now the result follows

from Proposition 3.12 . �
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