
CLASSIFICATION OF DOMINANT RESOLVING SUBCATEGORIES

BY MODERATE FUNCTIONS

RYO TAKAHASHI

Abstract. Let R be a commutative noetherian ring. Denote by modR the category of finitely generated
R-modules. In this paper we study dominant resolving subcategories of modR. We introduce a new

N-valued function on SpecR which we call a moderate function. Under an acceptable assumption, we
construct explicit bijections between the set of dominant resolving subcategories of modR and the set
of moderate functions on SpecR.
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1. Introduction

Let R be a noetherian ring. Denote by modR the category of finitely generated R-modules. A resolving
subcategory of modR is by definition a full subcategory closed under direct summands, extensions and
syzygies. Auslander and Bridger [3] introduce this, and prove that the modules of Gorenstein dimension
zero form a resolving subcategory. Auslander and Reiten [4] classify the contravariantly finite resolving
subcategories of modR when R is an artin algebra of finite global dimension by cotilting R-modules,
which detects a strong relationship between the notion of resolving subcategories with tilting theory.

LetR be a commutative noetherian ring. Takahashi [26, 27] classifies the contravariantly finite resolving
subcategories of modR when R is a Gorenstein complete local ring, and the resolving subcategories of
modR consisting of maximal Cohen–Macaulay modules when R is a hypersurface singularity. Several
other classifications of resolving subcategories of modR consisting of maximal Cohen–Macaulay modules
are provided for a Cohen–Macaulay ring R by Dao, Kobayashi, Nasseh and Takahashi [9, 20, 28]. The
resolving subcategories of modR consisting of modules of finite projective dimension are classified by
Dao and Takahashi [11], the essentially same classification as which is independently given by Angeleri
Hügel, Posṕı̌sil, Šťov́ıček and Trlifaj [2]. A close connection of the resolving subcategories of modR with
the thick subcategories of the singularity category of R is recognized and studied in [12, 13, 29, 30]. Dao
and Takahashi [11] obtain a complete classification of the resolving subcategories of modR for a complete
intersection R by using a classification theorem of thick subcategories of the singularity category of R
due to Stevenson [24]. The structure of resolving subcategories is explored in [1, 10, 13, 21, 25] as well.

A full subcategory X of modR is called dominant if X locally contains the residue field up to direct
sums, summands and syzygies. Dao and Takahashi [11] introduce this notion, and classify the dominant
resolving subcategories of modR in the case where R is a Cohen–Macaulay ring by grade-consistent
functions on SpecR, which are defined as order-preserving maps f : SpecR→ N such that f(p) ⩽ grade p
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for every prime ideal p of R. The main purpose of this paper is to study the structure of a dominant
resolving subcategory of modR for an arbitrary commutative noetherian ring R.

Our first main result is Theorem 4.3, where we prove that the assertion of [11, Theorem 4.5] remains
valid even if we remove the assumption that the base ring is Cohen–Macaulay. In particular, we have the
following numerical characterization of the modules belonging to a dominant resolving subcategory.

Theorem 1.1 (Corollary 4.4). Let R be a commutative noetherian ring. Let X be a dominant resolving
subcategory of modR. Then for each finitely generated R-module M there is an equivalence

M ∈ X ⇐⇒ depthMp ⩾ inf
X∈X

{depthXp} for all p ∈ SpecR.

Applying this theorem and using a homological dimension called large restricted flat dimension, we
obtain Corollary 4.6, which yields the following corollary. The first assertion of the corollary below is a
refinement of a result of Sanders [22], who proves the same assertion under the additional assumption
that R admits a canonical module (recall that the existence of a canonical module of a Cohen–Macaulay
ring R forces the ring R to have finite Krull dimension).

Corollary 1.2 (Corollaries 4.6(1)⇔(5) and 4.7). The following statements hold true.

(1) Let R be a Cohen–Macaulay ring. Then a resolving subcategory of modR is dominant if and only if
it contains the maximal Cohen–Macaulay R-modules.

(2) Let R be a commutative noetherian ring of finite Krull dimension d. Then a resolving subcategory of
modR is dominant if and only if it contains the d-th syzygies of R-modules.

Next we consider classifying the dominant resolving subcategories of modR for an arbitrary commu-
tative noetherian ring R. For this, we introduce a new N-valued function on SpecR. We say that a map
f : SpecR→ N is a moderate function on SpecR if

(i) f(p) ⩽ depthRp for all prime ideals p of R, and
(ii) depthRp − f(p) ⩾ depthRq − f(q)− ht q/p for all prime ideals p, q of R with p ⊆ q.

The moderate functions on SpecR yield a complete classification of the dominant resolving subcategories
of modR under an assumption on the existence of maximal Cohen–Macaulay modules.

Theorem 1.3 (Theorem 6.9). Let R be a commutative noetherian ring. Assume that R/p possesses a
nonzero maximal Cohen–Macaulay module for each minimal prime ideal p of R. Then one has mutually
inverse order-preserving bijections{

dominant resolving subcategories
of modR

}
ϕ //

{
moderate functions

on SpecR

}
,

ψ
oo

where ϕ, ψ are defined by

ϕ(X ) =

[
SpecR ∋ p 7−→ depthRp − inf

X∈X
{depthXp}

]
,

ψ(f) = {M ∈ modR | depthRp − depthMp ⩽ f(p) for all p ∈ SpecR}.

The assumption of this theorem means that R/p satisfies the so-called small Cohen–Macaulay modules
conjecture for each minimal prime p. It has been an open problem for almost half a century whether the
small Cohen–Macaulay modules conjecture holds for any complete noetherian local ring; see [15, 16]. The
assumption of the theorem can be verified easily for a concrete example of R, because every commutative
noetherian ring has only finitely many minimal prime ideals. We demonstrate this in Example 6.11.

A more general but more complicated result than the above theorem is proved in Theorem 5.4, the com-
bination of which with some observations on grade-consistent functions and moderate functions recovers
the classification theorem of Dao and Takahashi [11] stated above, whose precise statement is:

Corollary 1.4 (Corollary 6.5). Let R be a Cohen–Macaulay ring. Then the maps ϕ and ψ defined as in
Theorem 1.3 induce mutually inverse order-preserving bijections{

dominant resolving subcategories
of modR

}
ϕ //

{
grade-consistent functions

on SpecR

}
.

ψ
oo
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The organization of this paper is as follows. Section 2 is devoted to preliminaries for the later sections.
In Section 3, we study the structure of the resolving closures of modules over a local ring, which forms a
basement of the discussions developed in this paper. In Section 4, we consider when a module belongs
to a dominant resolving subcategory, and prove Theorem 1.1 and Corollary 1.2. In Section 5, we explore
the maps ϕ and ψ appearing in Theorem 1.3, and give a complicated version of a classification of the
dominant resolving subcategories. In Section 6, we introduce and investigate our new functions called
moderate functions, and obtain Theorem 1.3 and Corollary 1.4.

2. Preliminaries

In this section, we give several definitions and their properties; in later sections we will use them
basically tacitly. We begin with the convention of this paper.

Convention 2.1. All rings are commutative noetherian rings with identity. All modules are finitely
generated. All subcategories are full. Let R be a ring. The symbol N stands for the set of nonnegative
integers. We often omit subscripts and superscripts unless there is a danger of confusion.

We give some notation and recall some fundamental notions.

Definition 2.2. (1) Denote by SpecR (resp. MaxR, MinR) the set of prime ideals (resp. maximal
ideals, minimal prime ideals) of R. Set Spec0R = SpecR \ MaxR. This is called the punctured
spectrum of R, if R is local. For p ∈ SpecR, let κ(p) be the residue field of p, that is, κ(p) = Rp/pRp.

(2) Let M be an R-module. The nonfree locus of M is defined as the set of prime ideals p of R such
that Mp is nonfree as an Rp-module, and denoted by NF(M). This is a closed subset of SpecR in
the Zariski topology; we refer the reader to [25, §2] for the details of nonfree loci.

(3) Denote by modR the category of R-modules, and by mod0R the subcategory of modR consisting
of modules that are locally free on Spec0R. Recall that an R-module M is called maximal Cohen–
Macaulay if depthMp ⩾ dimRp for all p ∈ SpecR. Note that depth 0 = ∞ by definition, and hence
M is maximal Cohen–Macaulay if and only if depthMp = dimRp for all p ∈ SuppM . Denote by
MCM(R) the subcategory of modR consisting of maximal Cohen–Macaulay R-modules.

(4) Let X be a subcategory of modR. The additive closure addR X of X is defined to be the subcategory
of modR consisting of direct summands of finite direct sums of modules in X . For a prime ideal p of
R, we denote by Xp the subcategory of modRp consisting of modules of the form Xp with X ∈ X .

Next we recall the definitions of syzygies and transposes. For the details, we refer the reader to [3].

Definition 2.3. (1) Let M be an R-module, and n ⩾ 0 an integer. If there is an exact sequence
0 → N → Pn−1 → · · · → P1 → P0 → M → 0 of R-modules with Pi projective for all 0 ⩽ i ⩽ n− 1,
then the R-moduleN is called an n-th syzygy ofM and denoted by ΩnRM . This is uniquely determined
up to projective summands. For a subcategory X of modR, we denote by ΩnRX the subcategory of
modR consisting of n-th syzygies of R-modules. By definition (or convention), one has Ω0

RM = M
and Ω0

RX = X . Note that ΩnRX contains the projective R-modules if n > 0. We set ΩR = Ω1
R.

(2) LetM be an R-module. If there exists an exact sequence P1
∂−→ P0 →M → 0 of R-modules, then the

(Auslander) transpose of M is defined as the cokernel of the dual map HomR(∂,R) : HomR(P0, R) →
HomR(P1, R), and denoted by TrRM . This is uniquely determined up to projective summands.

Now we recall the definition of a resolving subcategory, which plays a central role in this paper.

Definition 2.4. A subcategory X of modR is called resolving if it satisfies the following four conditions.

(i) X contains the projective R-modules.
(ii) X is closed under direct summands, that is, if M is an R-module belonging to X and N is a direct

summand of M , then N also belongs to X .
(iii) X is closed under extensions, that is, for an exact sequence 0 → L → M → N → 0 of R-modules,

if L and N belong to X , then M also belongs to X .
(iv) X is closed under kernels of epimorphisms, that is, for an exact sequence 0 → L→M → N → 0 of

R-modules, if M and N belong to X , then L also belongs to X .

One can replace (i) with the condition that X contains R. Also, one can replace (iv) with the condition
that X is closed under syzygies, that is, if M is an R-module belonging to X , then ΩM also belongs to
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X . Consequently, a subcategory of modR is resolving if and only if it contains R and is closed under
direct summands, extensions and syzygies.

Here are a couple of examples of a resolving subcategory.

Example 2.5. (1) Basic properties of maximal Cohen–Macaulay modules show that MCM(R) is a re-
solving subcategory of modR if (and only if) R is a Cohen–Macaulay ring.

(2) It can be directly verified that mod0R is a resolving subcategory of modR. More generally, for a
subset Φ of SpecR, the subcategory of modR consisting of modulesM with NF(M) ⊆ Φ is resolving.

Finally, we recall the definition of the resolving closure of a module, and some of its properties.

Definition 2.6. Let M be an R-module. The resolving closure of M is defined as the smallest resolving
subcategory of modR containing M , and denoted by resRM .

Remark 2.7. (1) If M ∈ resRX, then ΩRM ∈ resR(ΩRX) and Mp ∈ resRp
(Xp) for all p ∈ SpecR.

(2) Let R be a local ring with residue field k. Then mod0R = resR k. See [30, Corollary 4.3(3)].

3. Resolving closures over a local ring

In this section, we study the structure of the resolving closures of modules over a local ring. The
results obtained in this section will form a basis in the next sections.

We begin with the following lemma, which is the same as the statement of [11, Lemma 4.1] except
that the latter result has the assumption that the base local ring is Cohen–Macaulay. The same proof as
that of [11, Lemma 4.1] works, if the reference [26, Theorem 2.4] in it is replaced with Remark 2.7(2).

Lemma 3.1 (cf. [11, Lemma 4.1]). Let (R,m, k) be a local ring. Let X be a resolving subcategory of
modR in which there is a module of depth 0. If Ωnk belongs to X for some n ⩾ 0, then k belongs to X .

The proposition below, which is a generalization of Lemma 3.1, guarantees that [11, Proposition 4.2]
holds true without assuming that the base local ring is Cohen–Macaulay. The proof of [11, Proposition
4.2] heavily uses the Cohen–Macaulay assumption and does not work without this assumption. We give
here a rather different and simpler proof.

Proposition 3.2 (cf. [11, Proposition 4.2]). Let (R,m, k) be a local ring. Let M be an R-module, and
put t = depthM . Then the containment Ωtk ∈ res(M ⊕ Ωik) holds for all nonnegative integers i.

Proof. If i ⩽ t, then t− i ⩾ 0 and Ωtk = Ωt−i(Ωik) ∈ resΩik ⊆ res(M ⊕ Ωik). Let us prove that Ωtk ∈
res(M ⊕Ωik) for all i ⩾ t+1 by induction on t. When t = 0, the module M has depth 0, and Lemma 3.1
implies that Ωtk = k belongs to res(M ⊕Ωik). Let t ⩾ 1. Then there exists an M -regular element x ∈ m.
The induction hypothesis applied to M/xM shows Ωt−1k ∈ res(M/xM ⊕Ωjk) for all j ⩾ (t− 1)+ 1 = t.
Applying Ω, we see that Ωtk ∈ res(Ω(M/xM) ⊕ Ωik) for all i ⩾ t + 1. There is an exact sequence

0 →M
x−→M →M/xM → 0, which induces an exact sequence 0 → Ω(M/xM) →M ⊕R⊕m →M → 0;

see [11, Proposition 2.2(1)]. Hence Ω(M/xM) ∈ resM , and thus Ωtk ∈ res(M ⊕Ωik) for all i ⩾ t+1. ■

We record a direct consequence of the above proposition.

Corollary 3.3. Let (R,m, k) be a local ring of depth t.

(1) Let X be a resolving subcategory of modR. If Ωnk is in X for some integer n ⩾ 0, then Ωtk is in X .
(2) If t = 0, then it holds that resΩik = mod0R for every integer i ⩾ 0.

Proof. (1) Letting M := R in Proposition 3.2 deduces the assertion.
(2) Set X = resΩik. It is easy to see that X is contained in mod0R. As X contains R, which has

depth 0, the application of (1) (or Lemma 3.1) to X gives k ∈ X . Remark 2.7(2) implies that X contains
mod0R. ■

Our next purpose is to remove from [11, Corollary 4.3] the Cohen–Macaulay assumption of the base
local ring. For this purpose, we establish a proposition.

Proposition 3.4. Let (R,m, k) be a local ring, and let n be a nonnegative integer. Let M be an R-module
which belongs to mod0R and satisfies the inequality depthM ⩾ n. Then M belongs to resΩnk.
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Proof. Since M is locally free on the punctured spectrum of R, the R-module Ext1R(M,ΩM) has finite
length, or in other words, a = annExt1R(M,ΩM) is an m-primary ideal of R. Hence we find anM -regular
sequence x = x1, . . . , xn in a. By [17, Lemma 2.14], the ideal a annihilates ExtiR(M,X) for all integers
i > 0 and all R-modules X. It follows from [30, Corollary 3.2(1)] that there is an isomorphism

(3.4.1) Ωn(M/xM) ∼=
⊕n

j=0(Ω
jM)⊕(

n
j).

Put N = TrΩnTrΩn(M/xM). Then N ∼=
⊕n

j=0 TrΩ
nTr(ΩjM)⊕(

n
j) by (3.4.1), from which we see that

N is locally free on the punctured spectrum of R. Hence N is in mod0R = res k, and ΩnN is in resΩnk.
It follows from [3, Propositions (2.6) and (2.20)] and (3.4.1) that, up to free summands one has

ΩnN ∼= (ΩnTr)3(Tr(M/xM))⋗ (ΩnTr)(Tr(M/xM)) ∼= Ωn(M/xM)⋗M,

where A⋗B means that B is a direct summand of A. Therefore, M belongs to resΩnk. ■

Now we can achieve the purpose, that is, we obtain a proof of [11, Corollary 4.3] without assuming
that the base local ring is Cohen–Macaulay. In fact, it is immediate from Propositions 3.2 and 3.4.

Corollary 3.5 (cf. [11, Corollary 4.3]). Let R be a local ring with residue field k. Let M ∈ mod0R with
depthM = t. Then there is an equality res(M ⊕ Ωik) = res(Ωtk ⊕ Ωik) for all nonnegative integers i.

4. Dominance of resolving subcategories

In this section, we consider the structure of dominant resolving subcategories. More precisely, we give
characterizations of the modules belonging to a given dominant resolving subcategory.

First of all, we recall the definition of a dominant subcategory. It is a subcategory locally containing
the residue field up to direct sums, summands and syzygies.

Definition 4.1. Let Φ be a subset of SpecR. Let X be a subcategory of modR. We say that X is
dominant on Φ if for all prime ideals p ∈ Φ there exists an integer n ⩾ 0 such that Ωnκ(p) ∈ addXp. We
simply say that X is dominant if it is dominant on SpecR.

Remark 4.2. Let X be a dominant subcategory of modR. Then addXp is a dominant subcategory of
modRp for every prime ideal p of R.

In fact, take any prime ideal P of Rp. Setting q = P ∩ R, we have P = qRp. Note that κ(P ) ∼= κ(q).
Since X is dominant, there exists a nonnegative integer n such that ΩnRq

κ(q) belongs to addRq
Xq. We

have Ωn(Rp)P
κ(P ) ∈ add(Rp)P (Xp)P ⊆ add(Rp)P (addRp

Xp)P , which shows that addRp
Xp is dominant.

The following theorem says that the assertion of [11, Theorem 4.5] holds true even if one removes the
assumption that the base ring is Cohen–Macaulay.

Theorem 4.3 (cf. [11, Theorem 4.5]). Let X be a resolving subcategory of modR. Let M be an R-module
such that X is dominant on NF(M). Then there is an equivalence

M ∈ X ⇐⇒ depthMp ⩾ infX∈X {depthXp} for all p ∈ NF(M).

Proof. In the proof of [11, Theorem 4.5], replace [11, Proposition 4.2 and Corollary 4.3] with our Propo-
sition 3.2 and Corollary 3.5, respectively (see also Remark 4.2). Then the argument does work. ■

We record an immediate consequence of Theorem 4.3, which contains no statement on nonfree loci.

Corollary 4.4. Let X be a dominant resolving subcategory of modR. Then an R-module M belongs to
X if and only if depthMp ⩾ infX∈X {depthXp} for all p ∈ SpecR.

To give our next results, we need to recall the definition of the large restricted flat dimension of a
module, together with some of its basic properties.

Definition 4.5. The large restricted flat dimension of an R-module M is defined by

RfdRM = supp∈SpecR{depthRp − depthMp}.

One has RfdRM ∈ N ∪ {−∞}, and RfdRM = −∞ if and only if M = 0. Also, RfdRM ⩽ dimR. We
refer the reader to [5, Theorem 1.1] and [8, Proposition (2.2) and Theorem (2.4)].
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Applying Corollary 4.4, we obtain the following criterion for a resolving subcategory to be dominant.
The equivalence (1)⇔ (4) (resp. (1)⇔ (3)) is shown in [11, Corollary 4.6] under the additional assumption
that R is a Cohen–Macaulay ring (resp. that R is a Cohen–Macaulay ring of finite Krull dimension).

Corollary 4.6. Let X be a resolving subcategory of modR. The following three conditions are equivalent.

(1) The subcategory X is dominant.
(2) For each nonzero R-module M one has ΩrM ∈ X , where r := RfdRM ∈ N.
(3) For every prime ideal p of R there exists a nonnegative integer n such that Ωn(R/p) ∈ X .

If dimR = d <∞, then the above three conditions are also equivalent to the following three conditions.

(4) For every prime ideal p of R one has Ωd(R/p) ∈ X .
(5) One has Ωd(modR) ⊆ X , that is, X contains all the d-th syzygies.
(6) One has Ωn(modR) ⊆ X for some n ⩾ 0.

Proof. (2) ⇒ (3): Put n = RfdR(R/p) ∈ N. The module Ωn(R/p) belongs to X .
(3) ⇒ (1): Let p be a prime ideal of R. Then Ωn(R/p) belongs to X for some n ⩾ 0. Localization at

p shows that Ωnκ(p) belongs to Xp, and hence it belongs to addXp. Therefore, X is dominant.
(1) ⇒ (2): Fix p ∈ SpecR. There are inequalities depth(ΩrM)p ⩾ inf{depthRp,depthMp + r} ⩾

depthRp, where the first inequality follows from the depth lemma, while the second holds since r ⩾
depthRp−depthMp. As R ∈ X , we have depthRp ⩾ infX∈X {depthXp}. Corollary 4.4 yields ΩrM ∈ X .

Thus, the conditions (1)–(3) are equivalent. Now we assume that R has finite Krull dimension d.
(3) ⇐ (6) ⇐ (5) ⇒ (4) ⇒ (3): The implications are evident.
(2) ⇒ (5): Let M be a nonzero R-module, and put r = RfdRM ∈ N. The syzygy ΩrM belongs to X .

Since r ⩽ d, we have d−r ⩾ 0 and ΩdM = Ωd−r(ΩrM) belongs to X . It follows that Ωd(modR) ⊆ X . ■

Using the above corollary, we can refine a result of Sanders [22, Corollary 8.6]; the following corollary
removes from [22, Corollary 8.6] the assumption that R has a canonical module, and in particular, the
corollary removes from it the assumption that R has finite Krull dimension. (The existence of a canonical
module of a Cohen–Macaulay ring implies the ring being of finite Krull dimension; see [18, Corollary 1.4].)

Corollary 4.7. Let R be a Cohen–Macaulay ring. A resolving subcategory of modR is dominant if and
only if it contains MCM(R).

Proof. The “if” part: Fix p ∈ SpecR and put r = RfdR(R/p) ∈ N. As X contains MCM(R), it suffices to
prove thatM = ΩrR(R/p) is a maximal Cohen–Macaulay R-module. Let q ∈ SpecR. The Rq-moduleMq

is isomorphic to N = ΩrRq
((R/p)q) up to free summands. As r ⩾ depthRq−depth(R/p)q, the Rq-module

N is maximal Cohen–Macaulay, and so is Mq. Therefore, M is a maximal Cohen–Macaulay R-module.
The “only if” part: LetM be a nonzero maximal Cohen–MacaulayR-module, and set r = RfdRM ∈ N.

Corollary 4.6 implies that ΩrM belongs to X . Since depthRp − depthMp = dimRp − depthMp is equal
to 0 (resp. −∞) if p ∈ SuppM (resp. p /∈ SuppM), we have r = 0. Therefore, M belongs to X . ■

Another application of Corollary 4.6 is a local-to-global principle for dominant resolving subcategories.

Corollary 4.8. For a resolving subcategory X of modR the following equivalences hold true.

X is dominant ⇐⇒ addXp is dominant for every p ∈ SpecR

⇐⇒ addXm is dominant for every m ∈ MaxR.

Proof. In view of Remark 4.2, it is enough to show that the third condition implies the first. Let p
be a prime ideal of R. Choose a maximal ideal m of R that contains p. Put r = RfdR(R/p) ∈ N and
s = RfdRm

(R/p)m ∈ N. We then have r ⩾ s by [8, Proposition (2.3)]. The subcategory addXm of modRm

is resolving by [11, Lemma 3.2(1)]. Suppose that addXm is dominant. Then M = ΩsRm
((R/p)m) is in

addXm by Corollary 4.6. We have r − s ⩾ 0 and N = ΩrRm
((R/p)m) = Ωr−sRm

M is also in addXm. Since
(ΩrR(R/p))m is isomorphic to N up to free summand, we see that (ΩrR(R/p))m belongs to addXm for any
m ∈ MaxR with p ⊆ m. Note that this holds true even if p ⊈ m, since in this case (ΩrR(R/p))m is free.
Now, the application of [11, Proposition 3.3] yields ΩrR(R/p) ∈ X . It follows that X is dominant. ■
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5. The maps ϕ and ψ

In this section, we introduce a pair of maps ϕ and ψ between a set of subcategories of modR and a set
of functions on SpecR, and investigate them. These maps will play an essential role in the next section.

Definition 5.1. (1) Let C be a subcategory of modR. We denote by F(C) the set of maps f : SpecR→ N
such that for all p ∈ SpecR there exists E ∈ C satisfying

depthRp − depthEp = f(p), and depthRq − depthEq ⩽ f(q) for all q ∈ SpecR.

(2) Let X be a subcategory of modR, and let p be a prime ideal of R. We set

ϕ(X )(p) := depthRp − infX∈X {depthXp} = supX∈X {depthRp − depthXp}.
Let f : SpecR→ N be a map. We define a subcategory ψ(f) of modR by

ψ(f) := {M ∈ modR | depthRp − depthMp ⩽ f(p) for all p ∈ SpecR}.
(3) For f, g ∈ Map(SpecR,N) we write f ⩽ g if f(p) ⩽ g(p) for all p ∈ SpecR. Note that Map(SpecR,N)

is a partially ordered set with respect to the relation ⩽. The set of subcategories of modR is also a
partially ordered set with respect to the inclusion relation ⊆.

The following proposition gives rise to our order-preserving maps ϕ and ψ.

Proposition 5.2. (1) The assignment X 7→ ϕ(X ) gives an order-preserving map from the set of subcat-
egories of modR containing R to F(modR).

(2) The assignment f 7→ ψ(f) gives an order-preserving map from Map(SpecR,N) to the set of dominant
resolving subcategories of modR.

Proof. (1) Let X be a subcategory of modR containing R, and let p ∈ SpecR. Then infX∈X {depthXp} ⩽
depthRp, so that ϕ(X )(p) ∈ N. It follows that ϕ(X ) ∈ Map(SpecR,N). Choosing a module E ∈ X such
that infX∈X {depthXp} = depthEp, we have ϕ(X )(p) = depthRp − depthEp. For each q ∈ SpecR we
have infX∈X {depthXq} ⩽ depthEq, and ϕ(X )(q) ⩾ depthRq − depthEq. Therefore ϕ(X ) ∈ F(modR).
It is straightforward that ϕ(Y) ⩽ ϕ(Z) for subcategories Y,Z of modR containing R and with Y ⊆ Z.

(2) Let f : SpecR→ N be a map, and fix a prime ideal p of R. The inequality depthRp − depthRp =
0 ⩽ f(p) shows R ∈ ψ(f). If X is an R-module and Y is a direct summand of X, then depthYp ⩾
depthXp. This shows that if X belongs to ψ(f), then so does Y . Let 0 → L → M → N → 0
be an exact sequence of R-modules. The depth lemma gives depthMp ⩾ inf{depthLp, depthNp} and
depthLp ⩾ inf{depthMp, depthNp + 1}. Using these inequalities, we see that if L,N (resp. M,N)
are in ψ(f), then so is M (resp. L). It follows that ψ(f) is a resolving subcategory of modR. Put
r = RfdR(R/p) ∈ N and M = Ωr(R/p). Fix q ∈ SpecR. We have r ⩾ depthRq − depth(R/p)q, and
depthMq ⩾ depthRq by the depth lemma (this is the same argument as in the proof of (1) ⇒ (2) in
Corollary 4.6). Hence depthRq − depthMq ⩽ 0 ⩽ f(q), which shows M ∈ ψ(f). Thus ψ(f) is dominant
(by Corollary 4.6). It is straightforward that ψ(f) ⊆ ψ(g) for f, g ∈ Map(SpecR,N) with f ⩽ g. ■

We investigate the structure of the compositions of the maps ϕ and ψ.

Proposition 5.3. (1) Let X be a subcategory of modR containing R. Then ψϕ(X ) is the smallest
dominant resolving subcategory of modR containing X .

(2) Let f : SpecR→ N be a map. One then has the equality ϕψ(f) = max{g ∈ F(modR) | g ⩽ f}.
Proof. (1) Proposition 5.2 implies that ψϕ(X ) is a dominant resolving subcategory of modR. We have

(5.3.1) ψϕ(X ) = {M ∈ modR | depthMp ⩾ infX∈X {depthXp} for all p ∈ SpecR}.
It is seen from (5.3.1) that ψϕ(X ) contains X . Let Y be a dominant resolving subcategory of modR
containing X . Since ϕ and ψ are order-preserving by Proposition 5.2, it holds that ψϕ(X ) ⊆ ψϕ(Y).
Applying (5.3.1) to Y and using Corollary 4.4, we observe ψϕ(Y) = Y. Now the assertion follows.

(2) Proposition 5.2 implies ϕψ(f) ∈ F(modR). For each prime ideal p of R we have

(5.3.2) ϕψ(f)(p) = sup

{
depthRp − depthXp

∣∣∣∣ X is an R-module such that for all prime ideals
q of R one has depthRq − depthXq ⩽ f(q)

}
.

It is seen from (5.3.2) that ϕψ(f) ⩽ f . Let g be an element of F(modR) with g ⩽ f . Then, for each prime
ideal p of R there exists an R-module Z such that depthRp−depthZp = g(p) and depthRq−depthZq ⩽
g(q) for all q ∈ SpecR. It is observed from (5.3.2) that ϕψ(f)(p) ⩾ g(p). Thus the assertion follows. ■
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Now we state and prove the main result of this section. The following theorem provides a classification
of the dominant resolving subcategories of modR by the set F(modR), using the maps ϕ, ψ.

Theorem 5.4. The maps ϕ and ψ induce mutually inverse order-preserving bijections

ϕ : {dominant resolving subcategories of modR} ⇄ F(modR) : ψ.

Proof. Fix a dominant resolving subcategory X of modR and an element f ∈ F(modR). Proposition
5.2 shows that ϕ(X ) belongs to F(modR) and ψ(f) is a dominant resolving subcategory of modR. By
Proposition 5.3 one has ψϕ(X ) = X and ϕψ(f) = f . Thus the theorem follows. ■

We introduce two homological dimensions, and subcategories of modR which the dimensions define.

Definition 5.5. (1) We denote by pdRM (resp. CMdimRM) the projective dimension (resp. Cohen–
Macaulay dimension of M . For the details (including the definition) of Cohen–Macaulay dimension,
we refer the reader to [14, §3]. Basic properties of these dimensions are listed in [11, Lemma 5.2].

(2) We denote by fpdR (resp. fcdR) the subcategory of modR consisting of modules M such that Mp

has finite projective (resp. Cohen–Macaulay) dimension as an Rp-module. Note that fpdR consists
of the R-modules of finite projective dimension (as R-modules); see [6, Lemma 4.5].

We record one more property of the maps ϕ and ψ, which we will not use in this paper. This is a
corollary of [11, Theorem 3.5].

Proposition 5.6. Let X be a resolving subcategory of modR. If X is contained in fpdR, then

X = ψϕ(X ) ∩ fpdR.

Proof. Let M ∈ fpdR. Then M is in ψϕ(X ) if and only if depthRp − depthMp ⩽ supX∈X {depthRp −
depthXp} for all prime ideals p. The Auslander–Buchsbaum formula says that this is equivalent to saying
that pdRp

Mp ⩽ supX∈X {pdRp
Xp}, which is equivalent to saying that M ∈ X by [11, Theorem 3.5]. ■

6. Moderate functions on SpecR

In Theorem 5.4 we obtained a complete classification of the dominant resolving subcategories, but it
contains the defect that the definition of the set F(modR) which parametrizes the dominant resolving
subcategories involves some information on modules. In this section, under some acceptable assumption,
we give a complete classification of the dominant resolving subcategories without this defect.

We begin with recalling the definition of a grade-consistent function, and making the definition of our
new function which we call a moderate function.

Definition 6.1. Let f : SpecR→ N be a map.

(1) We say that f is a grade-consistent function on SpecR if f(p) ⩽ grade p for all p ∈ SpecR, and
f(p) ⩽ f(q) for all p, q ∈ SpecR with p ⊆ q, that is to say, f is order-preserving.

(2) We say that f is a moderate function on SpecR if f(p) ⩽ depthRp for all p ∈ SpecR and

(6.1.1) depthRp − f(p) ⩾ depthRq − f(q)− ht q/p

for all p, q ∈ SpecR with p ⊆ q.

As a trivial example, the zero map is both a grade-consistent function and a moderate function.

We establish a lemma on the relationship between the depths of localized modules.

Lemma 6.2. Let p, q ∈ SpecR with p ⊆ q. Let M ∈ modR. Then depthRp
Mp ⩾ depthRq

Mq − ht q/p.

Proof. Replacing R with Rq, we may assume that R is local. What we want to show is that depthMp ⩾
depthM − dimR/p. In view of [7, Proposition 1.2.10(a)], it is enough to show grade(p,M) ⩾ depthM −
dimR/p. This inequality is indeed a module version of [19, Exercise 17.5(i)]. Putting g = grade(p,M),
we find an M -regular sequence x = x1, . . . , xg in p. Then grade(p,M/xM) = 0 by [7, Proposition
1.2.10(d)], and depth(M/xM)q = 0 for some q ∈ SpecR with p ⊆ q by [7, Proposition 1.2.10(a)]. We
have q ∈ AssM/xM , and obtain depthM − g = depthM/xM ⩽ dimR/q ⩽ dimR/p, where the first
inequality follows from [7, Proposition 1.2.13]. Thus g ⩾ depthM − dimR/p. ■
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Recall that for a local ring R the Cohen–Macaulay defect cmdR of R is defined by cmdR = dimR−
depthR. We investigate the condition (6.1.1) in the definition of a moderate function, which concludes
that over a Cohen–Macaulay ring the moderate functions are the same as the grade-consistent functions.

Proposition 6.3. Let f : SpecR→ N be a map.

(1) If f is order-preserving, then it satisfies the inequality (6.1.1).
(2) If f is a grade-consistent function, then it is a moderate function.
(3) Suppose that RP is catenary and equidimensional for all P ∈ SpecR. Then the inequality (6.1.1) is

equivalent to the inequality

f(p) + cmdRp ⩽ f(q) + cmdRq.

(4) Assume that R is Cohen–Macaulay. The function f is moderate if and only if it is grade-consistent.

Proof. (1) Let p, q be prime ideals of R such that p ⊆ q. If f is order-preserving, then f(q)− f(p) ⩾ 0 ⩾
depthRq − ht q/p− depthRp by Lemma 6.2, and hence depthRp − f(p) ⩾ depthRq − f(q)− ht q/p.

(2) The assertion is an easy consequence of (1) and [7, Proposition 1.2.10(a)].
(3) The inequality (6.1.1) is equivalent to the inequality f(p) + cmdRp ⩽ f(q) + cmdRq − (ht q −

ht q/p−ht p). Since the local ring Rq is catenary and equidimensional by assumption, there is an equality
dimRq = dimRq/pRq + ht pRq, which is equivalent to saying that ht q− ht q/p− ht p = 0.

(4) Let P be a prime ideal of R. Since R is a Cohen–Macaulay ring, there is an equality gradeP =
depthRP by [7, Theorem 2.1.3(b)]. Also, RP is catenary and equidimensional and cmdRP = 0, as RP
is a Cohen–Macaulay local ring. It is now observed from (3) that the assertion holds true. ■

We investigate the relationship among the set of grade-consistent functions, the set of moderate func-
tions and the sets F(C) with C ∈ {fpdR, fcdR,modR}. In particular, it turns out that a grade-consistent
function is always a moderate function.

Proposition 6.4. (1) The set F(fpdR) (resp. F(fcdR)) consists of the maps f : SpecR → N such that
for all p ∈ SpecR there exists E ∈ modR with pdRp

Ep = f(p) (resp. CMdimRp
Ep = f(p)) and

pdRq
Eq ⩽ f(q) (resp. CMdimRq

Eq ⩽ f(q)) for all q ∈ SpecR.

(2) One has the following equalities and inclusions of subsets of Map(SpecR,N).{
grade-consistent function

on SpecR

}
= F(fpdR) = F(fcdR) ⊆ F(modR) ⊆

{
moderate function

on SpecR

}
.

Proof. (1) The assertion is a consequence of the Auslander–Buchsbaum formula and [14, Theorem 3.8].
(2) The inclusions fpdR ⊆ fcdR ⊆ modR induce the inclusions F(fpdR) ⊆ F(fcdR) ⊆ F(modR). Let

f be a grade-consistent function on SpecR. It is seen from [11, Lemma 5.3] and (1) that f ∈ F(fpdR).
Conversely, take any element g ∈ F(fcdR). By (1), for each prime ideal p of R there exists an R-module
E(p) with CMdimRp

E(p)p = g(p) and CMdimRq
E(p)q ⩽ g(q) for all prime ideals q of R. If p ⊆ q, then

g(p) = CMdimRp
E(p)p ⩽ CMdimRq

E(p)q ⩽ g(q) by [14, Proposition 3.10]. We find a prime ideal r of R
with p ⊆ r and grade p = depthRr; see [7, Proposition 1.2.10(a)]. Hence g(p) ⩽ g(r) = CMdimRr

E(r)r ⩽
depthRr = grade p, where the second inequality follows from [14, Theorem 3.8]. Consequently, g is a
grade-consistent function on SpecR, and the two equalities in the assertion follow.

It remains to show that each element h ∈ F(modR) is a moderate function on SpecR. For each p ∈
SpecR there exists Z ∈ modR such that depthRp−depthZp = h(p) and depthRq−depthZq ⩽ h(q) for
all q ∈ SpecR. Hence h(p) ⩽ depthRp. If p ⊆ q, then depthRp −h(p) = depthZp ⩾ depthZq − ht q/p ⩾
depthRq − h(q)− ht q/p, where the first inequality follows from Lemma 6.2. Thus h is moderate. ■

We recover [11, Theorem 1.4], which is one of the main results of the paper [11]. It is indeed an
immediate consequence of the combination of Theorem 5.4 and Propositions 6.3(4), 6.4(2).

Corollary 6.5. If R is a Cohen–Macaulay ring, then one has mutually inverse order-preserving bijections

ϕ : {dominant resolving subcategories of modR} ⇄ {grade-consistent functions on SpecR} : ψ.

We establish a lemma which is used in the proof of our theorem below.

Lemma 6.6. (1) Let R be a domain. Let M be a nonzero maximal Cohen–Macaulay R-module. Then
the equality SuppM = SpecR holds true.
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(2) Let M be an R-module. Let x = x1, . . . , xn be a sequence of elements of R such that n ⩾ 1 and that
x1 is M -regular. Then there is an inclusion SuppM ∩V(x) ⊆ NF(M/xM).

(3) Let R be a local ring. Let M be an R-module of depth 0. Let n be an integer with 0 ⩽ n ⩽ depthR.
Let N be an n-th syzygy of M . One then has depthN = n. (In particular, N ̸= 0.)

Proof. (1) Since M ̸= 0, there exists p ∈ AssM . Then p ∈ SuppM . We have 0 = depthMp ⩾ dimRp,
and hence p ∈ MinR. As R is a domain, p = 0. Therefore 0 ∈ SuppM , and thus SuppM = SpecR.

(2) Suppose that there exists a prime ideal p of R such that p ∈ SuppM ∩V(x) and p /∈ NF(M/xM).
Then Mp ̸= 0 and there is an isomorphism Mp/xMp

∼= R⊕m
p for some m ⩾ 0. Since xRp is contained in

pRp, Nakayama’s lemma implies m ̸= 0, that is to say, m ⩾ 1. As Mp/xMp is annihilated by x, we must

have xRp = 0, which implies x1Rp = 0. By assumption, the sequence 0 → M
x1−→ M is exact, and so is

the localized sequence 0 →Mp
x1−→Mp. The equality x1Rp = 0 implies that the map Mp

x1−→Mp is zero,
and hence we get Mp = 0. This contradiction shows that SuppM ∩V(x) is contained in NF(M/xM).

(3) The assertion is easily shown by using induction on n and the depth lemma. ■
To state our theorem below, we need to recall one of the well-known homological conjectures.

Definition 6.7. We say that R satisfies the small Cohen–Macaulay modules conjecture, (SCM) for short,
if there exists a nonzero maximal Cohen–Macaulay R-module.

Remark 6.8. Hochster [15] (see also [16]) conjectures that any complete local ring satisfies (SCM). If R
is a complete (or more generally, Nagata) local ring with dimR ⩽ 2, then R satisfies (SCM). In fact, for
p ∈ SpecR with dimR/p = dimR the integral closure of R/p is a maximal Cohen–Macaulay R-module.

The following theorem is the main result of this section. Note that the assumption of the theorem
requires only finitely many verifications, since a ring has only finitely many minimal primes.

Theorem 6.9. Assume that R/p satisfies (SCM) for each p ∈ MinR. Then F(modR) coincides with the
set of moderate functions on SpecR. Therefore ϕ, ψ induce mutually inverse order-preserving bijections

ϕ : {dominant resolving subcategories of modR} ⇄ {moderate functions on SpecR} : ψ.

Proof. The latter assertion follows from the former and Theorem 5.4. Let us show the former assertion.
By Proposition 6.4(2), it is enough to verify that any moderate function f on SpecR belongs to F(modR).
Fix a prime ideal p of R and put n = ht p. We want to prove that there exists an R-module E such that
depthRp − depthEp = f(p) and depthRq − depthEq ⩽ f(q) for all prime ideals q of R.

Let n = 0. Then the prime ideal p is minimal, and hence depthRp = 0. Since 0 ⩽ f(p) ⩽ depthRp = 0,
we get f(p) = 0. Setting E = R, we have depthRp − depthEp = 0 = f(p) and depthRq − depthEq =
0 ⩽ f(q) for all prime ideals q of R. Thus the case n = 0 is done, and we let n ⩾ 1.

Choose a minimal prime ideal p0 of R contained in p such that ht p/p0 = ht p = n. By the assumption of
the theorem, there exists a nonzero maximal Cohen–Macaulay R/p0-moduleM . Lemma 6.6(1) especially
says p/p0 ∈ SuppR/p0

M , which implies p ∈ SuppRM . There are equalities

(6.9.1) grade(p/p0,M) = depthMp/p0
= dim(R/p0)p/p0

= ht p/p0 = n,

where the first equality follows from [7, Theorem 2.1.3(b)]. By (6.9.1) there exists anM -regular sequence
x = x1, . . . , xn in p/p0. Then x = x1, . . . , xn is an M -regular sequence in p. Set C = M/xM . Since
Mp/p0

=Mp, we see from (6.9.1) that depthMp = n. Using [7, Corollary 1.1.3(a)], we get

(6.9.2) depthCp = depthMp/xMp = depthMp − n = 0.

Using [7, Corollary 1.1.3(a)] again, we see that for each q ∈ V(p) there are equalities and inequalities

depthCq = depthMq/xMq = depthMq − n = depthMq/p0
− n

⩾ dim(R/p0)q/p0
− n = ht q/p0 − n ⩾ ht q/p+ ht p/p0 − n = ht q/p.

(6.9.3)

Lemma 6.6(2) says that p is in NF(C). Applying [11, Proposition 3.1], we find an R-module D such that

(6.9.4) NF(D) = V(p), depthDq = inf{depthCq, depthRq} for all q ∈ V(p).

Since f is a moderate function, we have 0 ⩽ depthRp − f(p) ⩽ depthRp. We set E = Ω
depthRp−f(p)
R D.

It is seen from (6.9.2) and (6.9.4) that depthDp = 0. Applying Lemma 6.6(3), we obtain depthEp =
depthRp − f(p), that is to say, depthRp − depthEp = f(p).
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Fix a prime ideal q of R. We want to deduce depthRq − depthEq ⩽ f(q). For this, first, suppose
q /∈ V(p). Then q /∈ NF(D) by (6.9.4). Hence Dq is Rq-free, and so is Eq. We have depthEq ⩾ depthRq,
and depthRq − depthEq ⩽ 0 ⩽ f(q) as desired. Next, suppose q ∈ V(p). The depth lemma shows

depthEq ⩾ inf{depthRq, (depthRp − f(p)) + depthDq}.
Consider the case depthCq ⩽ depthRq. Then depthDq = depthCq ⩾ ht q/p by (6.9.3) and (6.9.4).

As f is moderate, depthRp − f(p) ⩾ depthRq − f(q)− ht q/p. We observe depthEq ⩾ depthRq − f(q).
Consider the case depthCq > depthRq. Then depthDq = depthRq by (6.9.4), while depthRp−f(p) ⩾

0 since f is a moderate function. We see that depthEq ⩾ depthRq, and hence depthEq ⩾ depthRq−f(q).
Thus, in either case, we have depthRq − depthEq ⩽ f(q). Consequently, E is a module which we

desire to construct, and the proof of the theorem is completed. ■

As an application of the above theorem, we present an example. For this, we make a remark.

Remark 6.10. Assume that MaxR ⊆ AssR (e.g., R is local and has depth zero). Then the only grade-
consistent function on SpecR is 0. In fact, let f be a grade-consistent function on SpecR. Let p be a prime
ideal of R. Then there exists a maximal idealm ofR with p ⊆ m. It holds that 0 ⩽ f(p) ⩽ f(m) ⩽ gradem.
Since m is an associated prime of R, we have gradem = 0. Therefore f(p) = 0, and thus f = 0.

We demonstrate how to apply our theorem in the following example.

Example 6.11. Let R = k[[x, y, z]]/(x2, xy, xz) be a homomorphic image of a formal power series ring
over a field k. Then R is a local ring, and we denote by m the maximal ideal of R. Set P = xR.

(1) As the local ring R has depth zero, Remark 6.10 implies that

{grade-consistent function on SpecR} = {0}.
Since the free R-modules are the only R-modules of finite projective dimension, add{R} is the only
resolving subcategory of modR contained in fpdR; see also [11, Theorem 1.2].

(2) The local ring R is an isolated singularity. Indeed, let p ̸= m be a prime ideal of R. Then one of the
elements x, y, z ∈ R is outside p, from which we easily deduce that the localization Rp is regular.

(3) The ring R is catenary as it is a complete local ring. One has MinR = {P}. In particular, R is
equidimensional. We see from (2) that Rp is catenary and equidimensional for every p ∈ SpecR.

(4) We claim that the moderate functions can be described as follows.

{moderate function on SpecR} =

f ∈ Map(SpecR,N)

∣∣∣∣∣∣∣
for each p ∈ SpecR one has

f(p) =

{
0 (if ht p ̸= 1)

0, 1 (if ht p = 1)

 .

Indeed, (3) and Proposition 6.3(3) say that f ∈ Map(SpecR,N) is moderate if and only if f(p) ⩽
depthRp for all p ∈ SpecR and f(p) + cmdRp ⩽ f(q) + cmdRq for all p, q ∈ SpecR with p ⊊ q.

Let f be a moderate function on SpecR. Then 0 ⩽ f(P ) ⩽ depthRP = 0 and 0 ⩽ f(m) ⩽
depthRm = 0, which imply f(P ) = f(m) = 0. For p ∈ SpecR with ht p = 1 we have 0 ⩽ f(p) ⩽
depthRp ⩽ dimRp = 1, whence f(p) = 0, 1. Thus f is in the right-hand side of the above equality.

Conversely, take any element f of the right-hand side of the above equality. Then for each p ∈
SpecR, if ht p ̸= 1, then f(p) = 0 ⩽ depthRp, while if ht p = 1, then 0 ⩽ f(p) ⩽ 1 = dimRp =
depthRp by (2). If p is a prime ideal of R with P ⊊ p ⊊ m, then we have ht p = 1, and

f(P ) = 0, f(p) = 0, 1, f(m) = 0, cmdRP = 0, cmdRp = 0, cmdRm = 2,

which give rise to f(P )+cmdRP ⩽ f(p)+cmdRp ⩽ f(m)+cmdRm. Hence f is a moderate function.
(5) It is seen from (1) and (4) that

{grade-consistent function on SpecR} ⊊ {moderate function on SpecR}.
(6) The ring R possesses uncountably many height one prime ideals. In fact, each element of m is

contained in some height one prime ideal of R, that is, m ⊆
∪

p∈SpecR, ht p=1 p. Since the local ring R

is complete and dimR = 2 > 1, it is observed from [23, Corollary (2.2)] that the statement holds.
(7) We see from (4) and (6) that there exist uncountably many moderate functions on SpecR. The ideal

P = xR is the only minimal prime ideal of R, and R/P ∼= k[[y, z]] is a regular local ring. Theorem
6.9 implies that there exist uncountably many dominant resolving subcategories of modR.
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