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Abstract. Let R be a commutative noetherian local ring. In this paper, we consider how nontrivial re-
solving/thick subcategories of abelian/triangulated categories associated to R intersect. It is understood

well when R is a complete intersection or a Cohen–Macaulay ring of finite representation type.
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1. Introduction

Let R be a commutative noetherian local ring. Denote by modR the category of finitely generated
R-modules, by CM(R) the full subcategory of modR consisting of maximal Cohen–Macaulay modules,
and by Db(R) the bounded derived category of modR. By Dsg(R) we denote the singularity category
of R, that is, the Verdier quotient of Db(R) by perfect complexes. A central subject of the represen-
tation theory of commutative rings is to analyze the structure of these categories, and one of the main
approaches toward that is to investigate resolving subcategories of modR,CM(R) and thick subcategories
of CM(R),Db(R),Dsg(R). Some of the studies of such subcategories are found in [14, 15, 16, 29, 30, 31].

In the present paper we study how nontrivial resolving/thick subcategories intersect. Our main targets
are the intersection rcore C of nontrivial resolving subcategories of C ∈ {modR,CM(R)}, and the intersec-
tion tcore C of nontrivial thick subcategories of C ∈ {CM(R),Db(R),Dsg(R)}, which we call the resolving
core of C and the thick core of C, respectively; for their precise definitions, see Definition 3.1. We first
consider the nontriviality of cores, and prove the following theorem, which is included in Theorem 3.7.

Theorem 1.1. Let R be a singular local complete intersection. Then the following are equivalent.

(1) R is a hypersurface. (2) rcore(modR) ⊈ fpdR. (3) rcore CM(R) ̸= addR.
(4) tcore CM(R) ̸= addR. (5) tcoreDsg(R) ̸= 0. (6) tcoreDb(R) ̸= Dperf(R).

Here, addR consists of finitely generated free R-modules, fpdR consists of finitely generated R-modules of
finite projective dimension, and Dperf(R) consists of perfect R-complexes. As a consequence of the above
theorem, it follows that for a local complete intersection R of codimension at least two, there are equalities
rcore(modR) = rcore CM(R) = tcore CM(R) = addR, tcoreDsg(R) = 0 and tcoreDb(R) = Dperf(R).

Next, we focus on investigating the resolving core rcore(modR) of modR, which we simply call the core
of R and write coreR. We conjecture that a Cohen–Macaulay singular local ring R of finite representation
type satisfies the equality coreR = CM(R), and consider this conjecture. In Propositions 4.5, 5.2 and
Theorems 4.16, 6.5 we prove the following two results, which support the conjecture.
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Theorem 1.2. Let R be a singular Cohen–Macaulay local ring.

(1) Assume that R has an isolated singularity. If R is either a hypersurface, or has minimal multiplicity
and infinite residue field, then coreR = CM(R).

(2) If coreR = CM(R), then R is Ext-friendly and Tor-friendly, and is Ext-persistent and Tor-persistent.
(3) Suppose that R is henselian, has finite representation type, and admits a canonical module. If R is

Ext-persistent, then coreR = CM(R). If R is Tor-persistent, then coreR = CM(R) or coreR = addR.

Theorem 1.3. Let R be a singular Cohen–Macaulay complete local ring with algebraically closed residue
field of characteristic zero.

(1) If #indCM(R) ≤ 5, then coreR = CM(R).
(2) If #indCM(R) ≤ 7, then coreR ̸= addR, and hence coreR = CM(R) if moreover R is Tor-persistent.

Here, R is called Tor-friendly (resp. Tor-persistent) if there are only trivial cases with TorR≫0(M,N) = 0

with M,N ∈ modR (resp. TorR≫0(M,M) = 0 with M ∈ modR). Ext-friendliness and Ext-persistence are
defined similarly. Also, indCM(R) stands for the set of isomorphism classes of indecomposable maximal
Cohen–Macaulay R-modules. In recent years there have been a lot of studies of Ext/Tor-friendliness and
Ext/Tor-persistence; see [6, 26] and references therein. One of the main questions asks whether every
local ring is Tor-persistent. The above theorems give some answers to this question.

This paper is organized as follows. In Section 2, we state several basic definitions and fundamental
properties for later use. In Section 3, we make the definitions of cores, investigate their relationship, and
prove Theorem 1.1. From Section 4 to the end of the paper, we focus on studying coreR. In Section
4, we explore the relationship of coreR with Ext/Tor-friendliness and Ext/Tor-persistence. We state
our conjecture and give a proof of most of Theorem 1.2 in this section. In Section 5, we further study
coreR from several kinds of viewpoints, and show the remaining part of Theorem 1.2. In Section 6, we
investigate cases where there exist only a few nonisomorphic indecomposable maximal Cohen–Macaulay
modules. We prove Theorem 1.3 in this section.

2. Preliminaries

This section is devoted to giving definitions and properties of basic notions. We remark that what we
state in this section is used tacitly in later sections. We begin with our convention.

Convention 2.1. Throughout this paper, we assume that all rings are commutative and noetherian, all
modules are finitely generated, and all subcategories are full and closed under isomorphism. We identify
an object X of a category with the subcategory consisting of X (and objects isomorphic to X). Let R be
a local ring of (Krull) dimension d with maximal ideal m and residue field k. We set (−)∗ = HomR(−, R).
Whenever R is a Cohen–Macaulay local ring with a canonical module ω, we set (−)† = HomR(−, ω).

Next we recall the definitions of elementary notions.

Definition 2.2. (1) We say that R is singular if it is not regular.
(2) For an R-module M , we denote by νR(M) the minimal number of generators of M , so that one has

νR(M) = dimk(M ⊗R k).
(3) We set codimR = edimR − dimR and call it the codimension of R, where edimR stands for the

embedding dimension of R, that is, edimR = νR(m).
(4) For an R-module M we denote by ΩM the first syzygy of M , that is, the kernel of an epimorphism

R⊕m → M with m = νR(M). We put Ω0M = M . For n ≥ 1 we set ΩnM = Ω(Ωn−1M) and call it
the nth syzygy of M .

(5) For an R-module M and an integer n ≥ 0 we denote by βR
n (M) the nth Betti number of M , that is,

there is an equality βR
n (M) = νR(Ω

nM).

We introduce notation for the categories appearing in this paper.

Definition 2.3. (1) By modR we denote the module category of R, that is, the category of (finitely
generated) R-modules. By Db(R) we denote the bounded derived category of modR.

(2) We denote by fpdR the subcategory of modR consisting of modules of finite projective dimension.
(3) For an R-module M we denote by addM the additive closure of M , that is, the smallest subcategory

of modR containing M and closed under finite direct sums and direct summands. This consists of
the direct summands of finite direct sums of copies of M .
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(4) Let CM(R) stand for the subcategory of modR consisting of maximal Cohen–Macaulay R-modules.
(5) Let R be a Cohen–Macaulay local ring. Then CM(R) contains addR, and we can define the stable

category CM(R) of CM(R), that is, the ideal quotient of CM(R) by addR. When R is Gorenstein,
CM(R) is a triangulated category by [19, Theorem 2.6].

Now we recall the definitions of a resolving subcategory and a thick subcategory.

Definition 2.4. (1) Let A be an abelian category with enough projective objects (e.g. modR). A
subcategory X of A is called resolving if it contains the projective objects of A and is closed under
direct summands, extensions and kernels of epimorphisms. Here, closure under extensions (resp.
kernels of epimorphisms) means that for an exact sequence 0→ L→M → N → 0 in A, if L,N ∈ X ,
then M ∈ X (resp. if M,N ∈ X , then L ∈ X ). For an object A ∈ A we denote by resA the resolving
closure of A, that is, the smallest resolving subcategory of A containing A.

(2) A resolving subcategory of CM(R) is defined as a resolving subcategory of modR contained in CM(R).
(3) Let T be a triangulated category (e.g. Db(R)). A subcategory X of T is called thick if it is closed

under direct summands and exact triangles. Here, closure under exact triangles means that for an
exact triangle L → M → N ⇝ in T , if two of the objects L,M,N are in X , then so is the third.
A thick subcategory of T is none other than a triangulated subcategory of T closed under direct
summands. For an object T ∈ T we denote by thickT T the thick closure of T , that is, the smallest
thick subcategory of T containing T .

(4) A subcategory of CM(R) is called thick it is closed under direct summands and short exact sequences.
Here, closure under short exact sequences means that for a short exact sequence 0 → L → M →
N → 0 of maximal Cohen–Macaulay R-modules, if two of L,M,N are in X , then so is the third.

It is easily checked that the statements below on resolving subcategories and thick subcategories hold.

Remark 2.5. (1) An intersection of thick (resp. resolving) subcategories is thick (resp. resolving) again.
(2) Suppose that R is Cohen–Macaulay. A thick subcategory of CM(R) containing addR is a resolving

subcategory of CM(R). A resolving subcategory of CM(R) is a resolving subcategory of modR.

Here are some examples of a resolving subcategory and a thick subcategory.

Example 2.6. (1) The subcategory CM(R) of modR is resolving if and only if R is Cohen–Macaulay.
(2) The subcategory G(R) of modR consisting of totally reflexive R-modules is resolving by [2, (3.11)].

Recall that an R-module M is called totally reflexive if M is reflexive and Ext>0
R (M ⊕M∗, R) = 0.

(3) The subcategory CM0(R) of CM(R) consisting of maximal Cohen–Macaulay R-modules that are
locally free on the punctured spectrum of R is a thick subcategory of CM(R) (see [9, Theorems
2.1.2(b) and 2.1.3(b)]). If R is Cohen–Macaulay, then CM0(R) contains addR, and hence it is a
resolving subcategory of CM(R), and a resolving subcategory of modR.

(4) The subcategory Dperf(R) of Db(R) consisting of perfect complexes is thick (a perfect complex is by
definition a bounded complex of finitely generated projective modules). Thus we can take the Verdier
quotient of Db(R) by Dperf(R), which is called the singularity category of R and denoted by Dsg(R).
The category Dsg(R) is triangulated.

3. Nontriviality of intersections of nontrivial resolving/thick subcategories

In this section, we consider nontriviality of intersections of nontrivial resolving subcategories and thick
subcategories, and then give equivalent conditions for a local complete intersection to be a hypersurface.

First of all, we introduce resolving cores and thick cores.

Definition 3.1. Let R be a singular local ring.

(1) The (thick) core of Db(R) is defined as the intersection of thick subcategories X of Db(R) strictly
containing Dperf(R), and denoted by coreDb(R).

(2) The (thick) core of Dsg(R) is defined as the intersection of nonzero thick subcategories of Dsg(R), and
denoted by coreDsg(R).

(3) The (resolving) core of modR is defined as the intersection of resolving subcategories of modR not
contained in fpdR, and denoted by core(modR).

(4) Suppose that R is Cohen–Macaulay.
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(a) The thick core of CM(R) is defined as the intersection of thick subcategories of CM(R) strictly
containing addR, and denoted by tcore CM(R).

(b) The resolving core of CM(R) is defined as the intersection of resolving subcategories of CM(R)
other than addR, and denoted by rcore CM(R).

Note that a thick (resp. resolving) core is thick (resp. resolving).

We investigate the relationship of resolving cores and thick cores.

Proposition 3.2. Let R be a Cohen–Macaulay singular local ring.

(1) If X is a thick subcategory of CM(R) strictly containing addR, then X is a resolving subcategory of
CM(R) other than addR.

(2) If X is a resolving subcategory of CM(R) other than addR, then X is a resolving subcategory of modR
not contained in fpdR. Conversely, if X is a resolving subcategory of modR not contained in fpdR,
then X ∩ CM(R) is a resolving subcategory of CM(R) other than addR.

(3) It holds that

core(modR) = rcore CM(R) ⊆ tcore CM(R) ⊆ CM0(R) = resΩdk ̸= addR.

The first inclusion becomes an equality in the case where R is a complete intersection. Both of the
two inclusions become equalities when R is a hypersurface.

Proof. (1) The assertion is obvious.
(2) The first statement follows from the equality fpdR∩CM(R) = addR, while the second holds since

if X ∈ X \ fpdR, then ΩdX ∈ (X ∩ CM(R)) \ addR.
(3) By (1) we get rcore CM(R) ⊆ tcore CM(R). Using (2), we observe core(modR) = rcore CM(R). It

follows from [29, Corollary 2.6] that CM0(R) = resΩdk (recall from Convention 2.1 that d denotes the
Krull dimension of R). As R is singular, Ωdk is nonfree and hence CM0(R) ̸= addR. Since CM0(R) is
resolving, we obtain tcore CM(R) ⊆ CM0(R).

If R is a complete intersection, then the resolving subcategories of CM(R) are the same as the thick
subcategories of CM(R) containing R by [14, Corollary 4.16]. Hence rcore CM(R) = tcore CM(R).

Now suppose that R is a hypersurface. Let X be a thick subcategory of CM(R) with X ⊋ addR.
Then there exists a specialization-closed subset Φ of the singular locus of R such that X consists of the
maximal Cohen–Macaulay R-modules whose nonfree loci are contained in Φ; see [29, Theorem 5.10]. As
X ̸= addR, the set Φ is nonempty. Since Φ is specialization-closed, the unique maximal ideal m has to
belong to Φ. It is seen that CM0(R) is contained in X , and hence CM0(R) is contained in tcore CM(R). ■

Next, we relate subcategories of Dsg(R),CM(R) and subcategories of Db(R),CM(R).

Definition 3.3. (1) Let ϕ : C → D be a functor. Let X ⊆ C and Y ⊆ D be subcategories. Then we
define the subcategories ϕ(X ) ⊆ D and ϕ−1(Y) ⊆ C by

ϕ(X ) = {ϕ(X) | X ∈ X} (= {N ∈ D | N ∼= ϕ(X) for some X ∈ X}),
ϕ−1(Y) = {M ∈ C | ϕ(M) ∈ Y}.

(2) We use the following canonical functors (to define ε, ρ we assume that R is Cohen–Macaulay), which
are additive, covariant and dense (see [15, Lemma 2.4(2)]). Moreover, π is a triangle functor.

π : Db(R)→ Dsg(R), ε : CM(R)→ CM(R), ρ : CM(R)→ Dsg(R).

When R is Gorenstein, CM(R) is triangulated and ρ is a triangle equivalence; see [10, Theorem 4.4.1].

One can easily verify that the statements in the remark below.

Remark 3.4. (1) The following statements hold.
(a) For any M,N ∈ Db(R) one has π(M) ∼= π(N) in Dsg(R) if and only if there exist exact triangles

E →M → A⇝ and E → N → B ⇝ in Db(R) with A,B ∈ Dperf(R); see [27, Proposition 2.1.35].
(b) For a subcategory X of Dsg(R) the equality ππ−1(X ) = X holds. For a triangulated subcategory
Y of Db(R) containing Dperf(R), the equality π−1π(Y) = Y holds.

(c) There is an equality π−1(
∩

λ∈Λ Xλ) =
∩

λ∈Λ π−1(Xλ) for each family {Xλ}λ∈Λ of subcategories of
Dsg(R). There is an equality π(

∩
γ∈Γ Yγ) =

∩
γ∈Γ π(Yγ) for each family {Yγ}γ∈Γ of triangulated

subcategories of Db(R) containing Dperf(R).
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(2) Suppose that R is Cohen–Macaulay. Then the following statements hold.
(a) Let M,N ∈ CM(R). Then ε(M) ∼= ε(N) in CM(R) if and only if M ⊕ P ∼= N ⊕ Q in CM(R)

for some P,Q ∈ addR. (This is true for the stable category modR of modR and the canonical
functor ε′ : modR→ modR.)

(b) One has εε−1(X ) = X for a subcategory X of CM(R). One has ε−1ε(Y) = Y for a subcategory
Y of CM(R) containing addR and closed under finite direct sums and direct summands.

(c) The equality ε−1(
∩

λ∈Λ Xλ) =
∩

λ∈Λ ε−1(Xλ) holds for every family {Xλ}λ∈Λ of subcategories of
CM(R). The equality ε(

∩
γ∈Γ Yγ) =

∩
γ∈Γ ε(Yγ) holds for every family {Yγ}γ∈Γ of subcategories

of CM(R) containing addR and closed under finite direct sums and direct summands.

There are one-to-one correspondences among thick subcategories of Db(R), Dsg(R), CM(R) and CM(R).

Lemma 3.5. Let R be a singular local ring.

(1) The assignments X 7→ π(X ), π−1(Y) ←[ Y give mutually inverse inclusion-preserving bijections be-
tween
• the thick subcategories of Db(R) strictly containing Dperf(R), and
• the nonzero thick subcategories of Dsg(R).

(2) Suppose that R is Gorenstein. The assignments X 7→ ε(X ), ε−1(Y)←[ Y and Y 7→ ρ(Y), ρ−1(Z)←[ Z
give mutually inverse inclusion-preserving bijections among
• the thick subcategories of CM(R) strictly containing addR,
• the nonzero thick subcategories of CM(R), and
• the nonzero thick subcategories of Dsg(R).

Proof. (1) Every exact triangle A → B → C ⇝ in Dsg(R) is isomorphic to the exact triangle π(A′) →
π(B′) → π(C ′) ⇝ in Dsg(R) for some exact triangle A′ → B′ → C ′ ⇝ in Db(R). Using this fact and
Remark 3.4(1b), we can deduce the assertion.

(2) Every exact triangle A → B → C ⇝ in CM(R) is isomorphic to the exact triangle ε(A′) →
ε(B′) → ε(C ′) ⇝ for some exact sequence 0 → A′ → B′ → C ′ → 0 in CM(R). Each exact sequence
0→ L→M → N → 0 in CM(R) is sent to an exact triangle ε(L)→ ε(M)→ ε(N)⇝ in CM(R). Using
these facts and Remark 3.4(2b), we obtain the bijections between the first two sets. Since ρ is a triangle
equivalence, it is easy to get the bijections between the second and third sets. ■

Using the above lemma, we get correspondences of thick cores of Db(R), Dsg(R), CM(R) and CM(R).

Proposition 3.6. Let R be a singular local ring.

(1) One has π(coreDb(R)) = coreDsg(R) and coreDb(R) = π−1(coreDsg(R)).
(2) Assume that R is Gorenstein. Then ε(tcore CM(R)) = core CM(R) = ρ−1(coreDsg(R)), tcore CM(R) =

ε−1(core CM(R)) = (ρε)−1(coreDsg(R)), and ρε(tcore CM(R)) = ρ(core CM(R)) = coreDsg(R).

Proof. The first assertion follows from Remark 3.4(1b)(1c) and Lemma 3.5(1). The second assertion
follows from Remark 3.4(2b)(2c), Lemma 3.5(2) and the fact that ρ is an equivalence. ■

Recall that the complexity of an R-module M , denoted by cxR M , is defined as the infimum of integers
n ≥ 0 such that there exists a real number α with βR

i (M) ≤ α·in−1 for all integers i≫ 0. The main result
of this section is the following theorem. It particularly says that a complete intersection with nontrivial
intersections of nontrivial resolving/thick subcategories is nothing but a hypersurface.

Theorem 3.7. Let R be a singular local ring. Consider the following conditions.

(1) The local ring R is a hypersurface.
(2) (a) One has core(modR) ⊈ fpdR.

(b) For any resolving subcategories X ,Y of modR with X ,Y ⊈ fpdR one has X ∩ Y ⊈ fpdR.
(3) (a) One has rcore CM(R) ̸= addR.

(b) For any resolving subcategories X ,Y of CM(R) with X ,Y ̸= addR one has X ∩ Y ̸= addR.
(4) (a) One has tcore CM(R) ⊋ addR.

(b) For any thick subcategories X ,Y of CM(R) with X ,Y ⊋ addR one has X ∩ Y ⊋ addR.
(5) (a) One has coreDsg(R) ̸= 0.

(b) For any thick subcategories X ,Y of Dsg(R) with X ,Y ̸= 0 one has X ∩ Y ̸= 0.
(6) (a) One has coreDb(R) ⊋ Dperf(R).
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(b) For any thick subcategories X ,Y of Db(R) with X ,Y ⊋ Dperf(R) one has X ∩ Y ⊋ Dperf(R).

Then the implications

(1) +3 (2a) ks
♢ +3

��

(3a)
♢ +3

♢
��

(4a) ks
♦ +3

♢
��

(5a) ks +3

��

(6a)

��
(2b) ks

♢ +3 (3b)
♢ +3 (4b) ks

♦ +3 (5b) ks +3 (6b)

hold true, where R is assumed to be Cohen–Macaulay for ♢ and to be Gorenstein for ♦. If R is a complete
intersection, then all the eleven conditions are equivalent.

Proof. We can easily verify that the implication (ia)⇒ (ib) holds for each i ∈ {2, 3, 4, 5, 6}, assuming that
R is Cohen–Macaulay for i ∈ {3, 4}. Proposition 3.6(1) yields the equivalence (5a) ⇔ (6a), while (5b) ⇔
(6b) follows from Remark 3.4(1c) and Lemma 3.5(1). If R is Cohen–Macaulay, then by Proposition 3.2
we observe that the implications (2p)⇔ (3p)⇒ (4p) hold for each p ∈ {a, b}. When R is Gorenstein, the
equivalence (4a) ⇔ (5a) follows from Proposition 3.6(2), while (4b) ⇔ (5b) is shown by Remark 3.4(2c),
Lemma 3.5(2) and the fact that ρ is an equivalence. When R is a hypersurface, Proposition 3.2(3) shows
that the implication (1) ⇒ (3a) holds.

The proof of the theorem will be completed once we show that the implication (6b)⇒ (1) holds under
the assumption that R is a complete intersection. Suppose that R is a complete intersection but (1) does
not hold, namely, R has codimension at least two. It then follows from [5, Example (5.7)] (see also [7,
Proposition 2.2(i)] and [8, Theorem 3.2]) that there exists an R-module M with 0 < cxR M < codimR.
Hence pdR M =∞, and by [11, Proposition 2.7] the R-module M is nontest, that is, there exists an R-

moduleN with pdR N =∞ and TorR≫0(M,N) = 0. Set X = thickDb(R){R,M} and Y = thickDb(R){R,N}.
As M and N have infinite projective dimension, X and Y strictly contain thickDb(R) R = Dperf(R). Since
we assume that (6b) holds true, X ∩ Y strictly contains Dperf(R), and we find an object C ∈ X ∩ Y
with C /∈ Dperf(R). We may assume that C is an R-module; see [15, Lemma 2.4(1)] for instance. The

subcategory of Db(R) consisting of objects Z ∈ Db(R) with TorR≫0(M,Z) = 0 is thick and contains R,N .

Hence it contains Y, and TorR≫0(M,C) = 0. Similarly, the subcategory of Db(R) consisting of objects

Z ∈ Db(R) with TorR≫0(Z,C) = 0 is thick and contains R,M . Hence it contains X , and TorR≫0(C,C) = 0.
As C is an R-module of infinite projective dimension, this is a contradiction by [23, Corollary (1.2)]. ■

Applying Theorem 3.7 and Proposition 3.2(3), we obtain the following result.

Corollary 3.8. Let R be a complete intersection local ring of codimension at least two. Then one has
core(modR) = rcore CM(R) = tcore CM(R) = addR, coreDsg(R) = 0 and coreDb(R) = Dperf(R).

4. The core of a Cohen–Macaulay local ring of finite representation type

From this section to the end of this paper, we focus on considering the resolving core core(modR) of
modR. For this, we simplify the notation.

Definition 4.1. Let R be a singular local ring. We set coreR = core(modR) and simply call it the core
of R. Note that if R is Cohen–Macaulay, then coreR = rcore CM(R) by Proposition 3.2(3).

Recall that a Cohen–Macaulay local ring R is said to have finite representation type if there exist only
a finite number of isomorphism classes of indecomposable maximal Cohen–Macaulay R-modules. We
propose the following conjecture, which we consider in this section and later ones. Compare it with the
fact from Corollary 3.8 that one has coreR = addR when R is a non-hypersurface complete intersection.

Conjecture 4.2. Let R be a Cohen–Macaulay singular local ring of finite representation type. Then
there is an equality coreR = CM(R).

The following remark describes what the equality coreR = CM(R) means.

Remark 4.3. Let R be a singular Cohen–Macaulay local ring. Then the following are equivalent.

(1) One has coreR = CM(R).
(2) Every resolving subcategory of CM(R) strictly containing addR coincides with CM(R).
(3) One has resM = CM(R) for each nonfree maximal Cohen–Macaulay R-module M .
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Indeed, the implications (1) ⇔ (2) ⇒ (3) are clear. Assume that (3) holds. Pick a resolving subcategory
X of CM(R) with X ≠ addR. Then there is a nonfree R-module X ∈ X . By assumption resX = CM(R)
holds. As resX is contained in X , we get X = CM(R). Thus (2) follows.

Recall that a local ring R is said to have an isolated singularity if Rp is regular for all nonmaximal
prime ideals p of R. We record a remark which is used several times in this paper.

Remark 4.4. Let R be a Cohen–Macaulay local ring.

(1) The equality CM0(R) = CM(R) holds if and only if R has an isolated singularity.
(2) If R has finite representation type, then it has an isolated singularity; see [21, Corollary 2].

We here give two cases where the equality in Conjecture 4.2 is satisfied.

Proposition 4.5. The equality coreR = CM(R) holds if R is either

(1) a singular hypersurface local ring with an isolated singularity, or
(2) a singular Gorenstein local ring of finite representation type.

Proof. (1) The assertion follows from Proposition 3.2(3) and Remark 4.4(1).
(2) We observe from [32, Lemma 8.17] that the R-module k is eventually periodic; see the argument

given in the second half of [32, Page 68]. By virtue of [4, Theorem 8.1.2] the ring R is a hypersurface1.
Thus the assertion follows from (1) and Remark 4.4(2). ■

We fix notation for perpendicular subcategories of a given subcategory.

Definition 4.6. Let X be a subcategory of modR.

(1) Denote by X⊥ the subcategory of modR consisting of modules M with TorR>0(X ,M) = 0. Dually, X⊥

(resp. ⊥X ) stands for the subcategory of modR consisting of modules M such that Ext>0
R (X ,M) = 0

(resp. Ext>0
R (M,X ) = 0). Note that X⊥ and ⊥X are resolving subcategories of modR.

(2) Let R be a Cohen–Macaulay local ring. We then set X CM
⊥ = X⊥ ∩ CM(R), X⊥

CM = X⊥ ∩ CM(R) and
⊥
CMX = ⊥X ∩ CM(R). Note that X CM

⊥ and ⊥
CMX are resolving subcategories of CM(R).

We recall the definitions of persistence and friendliness with respect to Tor and Ext, which are intro-
duced in [6]. We shall relate our conjecture with these notions.

Definition 4.7. (1) We say that R is Tor-persistent if each R-module M with TorR≫0(M,M) = 0 has
finite projective dimension.

(2) We say that R is Tor-friendly provided that if M,N are R-modules with TorR≫0(M,N) = 0, then
either M or N has finite projective dimension.

(3) We say that R is Ext-persistent if eachR-moduleM with Ext≫0
R (M,M) = 0 has either finite projective

dimension or finite injective dimension.
(4) We say that R is Ext-friendly provided that if M,N are R-modules with Ext≫0

R (M,N) = 0, then
either M has finite projective dimension or N has finite injective dimension.

The question below is posed in [6]. Affirmative answers are given in [6, 26]; see also references therein.

Question 4.8 (Avramov, Iyengar, Nasseh and Sather-Wagstaff). Is every local ring Tor-persistent?

The following proposition provides the relationship of the core of R with friendliness, persistence and
some properties of local rings. It contains a condition on the core for Question 4.8 to be affirmative.

Proposition 4.9. Let R be a singular local ring. There are implications:

coreR contains a syzygy of k +3 R is Tor-friendly +3

��

R is Ext-friendly

��
R is a hypersurface +3

08iiiiiiiiiiiiiiii

iiiiiiiiiiiiiiii
R is Golod

08iiiiiiiiiiiiiiii

iiiiiiiiiiiiiiii
R is Tor-persistent R is Ext-persistent.

1This directly follows from [32, Theorem 8.15] in the case where R is a homomorphic image of a regular local ring.
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Proof. The vertical implications are evident, while the slanting ones follow from Proposition 3.2(3) and
[24, Theorem 3.1]. The bottom horizontal implication is shown by [4, Proposition 5.2.5], while the
second top one follows by [6, Proposition 6.5]. To see the first top horizontal implication, assume that

Ωak ∈ coreR for some a ≥ 0, and let M,N be R-modules with TorR≫0(M,N) = 0. There exists
b ≥ 0 such that ΩbM belongs to the resolving subcategory N⊥ of modR. Suppose pdR M = ∞. Then
pdR(Ω

bM) = ∞, and N⊥ is not contained in fpdR. We get coreR ⊆ N⊥, and hence Ωak ∈ N⊥, which
implies pdR N <∞. This argument shows that R is Tor-friendly. ■

Next we recall the notion of a contravariantly finite subcategory.

Definition 4.10. Let C be an additive category. Let X be a subcategory of C.
(1) Let M be an object of C. A morphism f : X →M in C with X ∈ X is called a right X -approximation

of M if for any Y ∈ X the induced map HomC(Y, f) : HomC(Y,X)→ HomC(Y,M) is surjective.
(2) We say that X is contravarianly finite if every object of C admits a right X -approximation.

In what follows, we tacitly use the following basic properties of a contravariantly finite subcategory.

Remark 4.11. Let R be a Cohen–Macaulay local ring.

(1) Suppose that R admits a canonical module. Then CM(R) is a contravariantly finite subcategory of
modR by [3, Theorem 1.1]. It is easy to observe that any contravariantly finite subcategory of CM(R)
is a contravariantly finite subcategory of modR.

(2) Suppose that R has finite representation type. Let X be a subcategory of CM(R) that is closed under
finite direct sums and direct summands. Then X is a contravariantly finite subcategory of CM(R);
see [31, Proof of Corollary 6.9] for instance.

We need the following lemma. For the proof, we refer the reader to [30, Lemma 3.8].

Lemma 4.12. Let X be a resolving subcategory of modR. If an R-module M admits a right X -
approximation, then there exists an exact sequence 0→ Y → X →M → 0 with X ∈ X and Y ∈ X⊥.

We establish another lemma, which is used many times in the remainder of this paper. It says that a
contravariantly finite resolving subcategory over a henselian local ring involves vanishing of Ext modules
and Tor modules.

Lemma 4.13. Let R be a Cohen–Macaulay local ring. Let X be a subcategory of CM(R).

(1) If R admits a canonical module, then there is an equality (⊥CM(X †))† = X⊥
CM.

(2) Assume that R is henselian, and that X is contravariantly finite and resolving.
(a) One has the equality ⊥

CM(X⊥
CM) = X .

(b) Suppose that R admits a canonical module ω. It then holds that X ∩X⊥
CM ̸= 0. If one further has

X ̸= CM(R), then Ext>0
R (coreR,X †) = 0 and TorR>0(coreR,X ) = 0.

Proof. The equalities in (1) and (2a) are deduced from the proofs of [31, Lemma 6.4] and [30, Lemma
3.11], respectively. In what follows, we show (2b).

First we prove the former assertion of (2b). If X = modR, then CM(R) = modR, which means that
R is artinian, and hence the injective hull of the R-module k belongs to X ∩ X⊥ = X ∩ X⊥

CM. Thus we
obtain X ∩ X⊥

CM ̸= 0. Suppose X ̸= modR. Then we find an R-module M outside X . Note that X is a
contravariantly finite resolving subcategory of modR. There are exact sequences 0→ A→ X →M → 0
and 0→ B → Y → A→ 0 of R-modules with X,Y ∈ X and A,B ∈ X⊥ by Lemma 4.12. As X⊥ is closed
under extensions, Y belongs to X ∩ X⊥. If Y = 0, then A = 0 and M = X ∈ X , contrary to the choice
of M . Hence Y ̸= 0, and thus X ∩X⊥ ̸= 0. It follows that X ∩X⊥

CM = X ∩X⊥ ∩ CM(R) = X ∩X⊥ ̸= 0.
Next we prove the latter assertion of (2b). Assume X ≠ CM(R). We find a maximal Cohen–Macaulay

R-module M /∈ X . By Lemma 4.12 there exists an exact sequence σ : 0 → A → X → M → 0 of
R-modules with X ∈ X and A ∈ X⊥

CM. Applying (−)†, we get an exact sequence σ† : 0 → M† → X† →
A† → 0. It is seen from (2a) that A† ∈ ⊥

CM(X †).
We claim that A† is nonfree. Indeed, assume that it is free. Then A is in addω and the exact sequence

σ splits. This shows that M is a direct summand of X ∈ X , which implies M ∈ X , a contradiction.
Thus ⊥

CM(X †) is a resolving subcategory of CM(R) containing the nonfree module A†, and hence it

contains coreR. We obtain Ext>0
R (coreR,X †) = 0. Using [12, (A.4.24)] and [1, Lemma 4.1], we can easily

deduce that TorR>0(coreR,X ) = 0. ■
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We use the following two results a couple of times, which are [31, Theorem 6.5] and [30, Theorem 1.4],
respectively.

Lemma 4.14. Let R be a Cohen–Macaulay henselian local ring with a canonical module ω. Let X be a
resolving subcategory of CM(R) containing ω. Suppose that X is contravariantly finite as a subcategory
of modR. Then X coincides with either addR or CM(R).

Lemma 4.15. Let R be a henselian local ring. Let X be a contravariantly finite resolving subcategory
of modR with X ̸= modR. Suppose that there exists an R-module G ∈ X such that pdR G = ∞ and
ExtiR(G,R) = 0 for i≫ 0. Then the ring R is Cohen–Macaulay, and it holds that X = CM(R).

Now we can prove the main result of this section, which supports Conjecture 4.2. It also says that the
equality coreR = CM(R) is closely related to Ext/Tor-friendliness and Ext/Tor-persistence.

Theorem 4.16. Let R be a Cohen–Macaulay singular local ring.

(1) If the equality coreR = CM(R) holds true, then R is Ext-friendly and Tor-friendly, and hence it is
Ext-persistent and Tor-persistent.

(2) Suppose that R is henselian, has finite representation type, and admits a canonical module ω. If R is
Ext-persistent, then coreR = CM(R). If R is Tor-persistent, then coreR = CM(R) or coreR = addR.

Proof. (1) The assertion is an immediate consequence of Proposition 4.9.
(2) We begin with showing the first statement. Fix a resolving subcategory X of CM(R) with X ̸=

addR. Since R has finite representation type, X is contravariantly finite. Lemma 4.13(2b) gives X∩X⊥
CM ̸=

0. Choose a module 0 ̸= X ∈ X ∩X⊥
CM. We have that X is a nonzero maximal Cohen–Macaulay R-module

with Ext>0
R (X,X) = 0. Assume that R is Ext-persistent. Then either (a) X ∈ addR or (b) X ∈ addω

holds. If (a) holds, then Ext>0
R (X , R) = 0 and we observe X = CM(R) by Lemma 4.15. Consider the

case where (b) holds. Then we see that X contains ω, and either X = CM(R) or X = addR holds by
Lemma 4.14. In the latter case, we have ω ∼= R and X ∈ addR, and it follows from (a) that X = CM(R).
Consequently, we have X = CM(R) in both of the cases (a) and (b), and therefore coreR = CM(R).

Now we show the second statement. Suppose that R is Tor-persistent and coreR ̸= addR. Then we find
a nonfree maximal Cohen–Macaulay R-module M in coreR, and coreR contains resM as it is resolving.
By the definition of coreR we have to have coreR = resM . Similarly as above, coreR is contravariantly
finite. If coreR ̸= CM(R), then we can apply Lemma 4.13(2b) to deduce TorR>0(coreR, coreR) = 0 and

TorR>0(M,M) = 0. The Tor-persistence of R implies that the maximal Cohen–Macaulay module M has
finite projective dimension, which means that M is free, a contradiction. Therefore coreR = CM(R). ■

The following corollary is immediately deduced from Theorem 4.16 and Proposition 4.9.

Corollary 4.17. Let R be a Cohen–Macaulay henselian singular local ring of finite representation type
and with a canonical module. Then the following five conditions are equivalent.

(1) coreR = CM(R). (2) R is Ext-friendly. (3) R is Ext-persistent.
(4) R is Tor-friendly. (5) R is Tor-persistent and coreR ̸= addR.

5. Other observations of the core

In this section, we investigate the core of a Cohen–Macaulay local ring in other approaches. We begin
with the case of minimal multiplicity. Recall that a Cohen–Macaulay local ring R is said to have minimal
multiplicity if the (Hilbert–Samuel) multiplicity of R is equal to codimR+1. The following conjecture is
proposed by Eisenbud and Herzog [17]; see also [25, Conjecture 7.21].

Conjecture 5.1 (Eisenbud–Herzog). Let R be a Cohen–Macaulay local ring with dimR ≥ 2. If R has
finite representation type, then it has minimal multiplicity.

In the case of minimal multiplicity, the core can be determined as follows.

Proposition 5.2. Let R be a Cohen–Macaulay singular local ring with infinite residue field. If R has
minimal multiplicity, then coreR = CM0(R).

Proof. By [31, Proposition 5.2] the module Ωdk belongs to every resolving subcategory X of CM(R) with
X ̸= addR. Hence X contains resΩdk, while we have resΩdk = CM0(R) by Proposition 3.2(3). Thus
coreR contains CM0(R). Recall that CM0(R) is a resolving subcategory of CM(R), and CM0(R) ̸= addR
by Proposition 3.2(3) again. It follows that coreR = CM0(R). ■
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The following corollary also supports Conjecture 4.2.

Corollary 5.3. Let R be a singular Cohen–Macaulay local ring with infinite residue field. Suppose that
R has finite representation type.

(1) If R has minimal multiplicity, then coreR = CM(R).
(2) If dimR ≥ 2 and the Eisenbud–Herzog conjecture holds, then coreR = CM(R).

Proof. Remark 4.4 shows that the equality CM0(R) = CM(R) holds, and the first assertion of the corollary
follows from Proposition 5.2. The second assertion is an immediate consequence of the first. ■

Remark 5.4. Under the assumption that R is henselian and possesses a canonical module, Corollary
5.3(1) can also be deduced from Theorem 4.16(2). In fact, suppose that R has minimal multiplicity. Then
R is Golod by [4, Example 5.2.8], and it is Ext-persistent by Proposition 4.9. It follows from Theorem
4.16(2) that one has the equality coreR = CM(R).

Next we explore the relationship of coreR with addR and CM0(R).

Remark 5.5. Let R be a singular Cohen–Macaulay local ring.

(1) It holds that addR ⊆ coreR ⊆ CM0(R) and addR ⊊ CM0(R).
(2) If R is a hypersurface, then addR ⊊ coreR = CM0(R).
(3) If R has minimal multiplicity and k is infinite, then addR ⊊ coreR = CM0(R).
(4) If R is a non-hypersurface complete intersection, then addR = coreR ⊊ CM0(R).

Indeed, (1) and (2) follow from Proposition 3.2(3), (3) from Proposition 5.2, and (4) from Corollary 3.8.

Remark 5.5 naturally leads us to the following question.

Question 5.6. Let R be a singular Cohen–Macaulay local ring. Is coreR equal to addR or CM0(R) ?

It follows from Remark 4.4 that Question 5.6 has an affirmative answer if R has finite representation
type and Conjecture 4.2 holds.

Remark 5.7. In view of Question 5.6, we may wonder if there is no resolving subcategory X with addR ⊊
X ⊊ CM0(R). However, this is not necessarily true. In fact, for example, let R = k[x, y, z]/(x2, y2, yz, z2)
with k a field. Then R is an artinian local ring, and hence CM0(R) = CM(R) = modR. Let X ̸= addR
be any resolving subcategory of modR contained in G(R); as X one can take G(R), resR/(x) etc. Then
addR ⊊ X ⊊ modR since R is not Gorenstein (see [2, Theorems (4.13)(b) and (4.20)]).

As the final topic of this section, we consider a dual notion of a core, which we call a body.

Definition 5.8. Let R be a singular Cohen–Macaulay local ring. We define the body of CM(R), which
we denote by bodyR, to be the resolving closure (in CM(R)) of the union of all resolving subcategories
X of CM(R) with X ≠ CM(R).

Here we establish a lemma only to use it in the proof of the proposition below.

Lemma 5.9. Let R be a Cohen–Macaulay local ring with a canonical module ω. Let X be a subcategory
of CM(R) such that ⊥

CM(X †) = CM(R). Then X is contained in addR.

Proof. The module Ωdk belongs to CM(R) = ⊥
CM(X †), which implies Ext>d

R (k,X †) = 0. Every module
in X † is a maximal Cohen–Macaulay module of finite injective dimension, and hence it is in addω. It
follows that X is contained in addR. ■

The following result also indicates that the notions of a core and a body are dual (in the case of finite
representation type).

Proposition 5.10. Let R be a henselian Cohen–Macaulay singular local ring of finite representation type
and with a canonical module ω. Then there are implications:

coreR ̸= addR ⇔ bodyR ̸= CM(R) ⇒ ⊥
CM((coreR)†) = bodyR ⇔ ⊥

CM((bodyR)†) = coreR.

Proof. We call the four conditions (1), (2), (3) and (4) in order.
(3) ⇒ (4): Using the equality ⊥

CM((coreR)†) = bodyR and (1) and (2a) of Lemma 4.13, we obtain
equalities ⊥

CM((bodyR)†) = ⊥
CM((

⊥
CM((coreR)†))†) = ⊥

CM((coreR)⊥CM) = coreR.
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(4) ⇒ (3): The implication is shown by swapping coreR and bodyR in the proof of (3) ⇒ (4).
(1) ⇒ (3): Let X be a resolving subcategory of CM(R) with X ̸= CM(R). Then Ext>0

R (coreR,X †) =
0 by Lemma 4.13(2b), and we obtain X ⊆ ((coreR)⊥CM)

† = ⊥
CM((coreR)†) by Lemma 4.13(1). Since

⊥
CM((coreR)†) is resolving, ⊥

CM((coreR)†) contains bodyR. Lemma 5.9 implies ⊥
CM((coreR)†) ̸= CM(R),

and therefore ⊥
CM((coreR)†) is contained in bodyR. Thus ⊥

CM((coreR)†) = bodyR.
(1) ⇒ (2): Suppose bodyR = CM(R). Since we have shown that the implication (1) ⇒ (3) holds, we

get ⊥
CM((coreR)†) = bodyR = CM(R). Lemma 4.4 gives a contradiction.

(2)⇒ (4): Lemma 4.13(2b) implies Ext>0
R (coreR, (bodyR)†) = 0, which means that coreR is contained

in ⊥
CM((bodyR)†). Fix a resolving subcategory X of CM(R) with X ≠ addR. Then ⊥

CM(X †) ̸= CM(R) by
Lemma 4.4. Hence the resolving subcategory ⊥

CM(X †) is contained in bodyR. Applying Lemma 4.13(1), we
obtain (bodyR)† ⊇ (⊥CM(X †))† = X⊥

CM, and
⊥
CM((bodyR)†) ⊆ ⊥

CM(X⊥
CM) = X . It follows that ⊥

CM((bodyR)†)
is contained in coreR, and we conclude that the equality ⊥

CM((bodyR)†) = coreR holds.
(2) ⇒ (1): Assume coreR = addR. As we have shown that the implications (2) ⇒ (4) ⇒ (3) hold,

we have ⊥
CM((coreR)†) = bodyR. It follows that CM(R) ̸= bodyR = ⊥

CM((coreR)†) = ⊥
CM((addR)†) =

⊥
CM(addω) = CM(R), which is a contradiction. ■

6. Cases where there are few indecomposable MCMs

In this section, we try to solve our Conjecture 4.2 for a Cohen–Macaulay local ring possessing only a
few indecomposable maximal Cohen–Macaulay modules. We begin with an elementary lemma.

Lemma 6.1. Let M be an R-module. Consider an isomorphism ΩM ∼= X ⊕ Y of R-modules.

(1) If Ext1R(M,X) = 0, then X = 0.
(2) Assume that R is Cohen–Macaulay, M is maximal Cohen–Macaulay, and X is free. Then X = 0.

Proof. There is an exact sequence 0→ ΩM → R⊕n →M → 0 of R-modules with n = νR(M). According
to [28, Lemma 3.1], there are exact sequences

0→ X → R⊕n → A→ 0, 0→ Y → R⊕n → B → 0,

0→ X → B →M → 0, 0→ Y → A→M → 0, 0→ R⊕n → A⊕B →M → 0.

(1) The third exact sequence splits, and we get an isomorphism B ∼= X ⊕M . From the second exact
sequence it is seen that n ≥ νR(B) = νR(X) + νR(M) = νR(X) + n. This shows νR(X) = 0, i.e., X = 0.

(2) The first exact sequence shows that A has projective dimension at most 1. The fifth (or fourth)
exact sequence implies that A is maximal Cohen–Macaulay. Hence A is a free R-module, and the first
exact sequence splits. This forces X and R⊕n to have common minimal generators if X ̸= 0. ■

We denote by indCM(R) the set of isomorphism classes of indecomposable maximal Cohen–Macaulay
R-modules. The following lemma plays a key role in the proof of the main result of this section.

Lemma 6.2. Let R be a Cohen–Macaulay henselian local ring with a canonical module ω. Suppose that
R has finite representation type, and write indCM(R) \ {R,ω} = {M1, . . . ,Mn}. Assume n ≥ 2. Then
for each 1 ≤ i ≤ n there exists 1 ≤ j ≤ n with j ̸= i such that resMi contains Mj.

Proof. Without loss of generality, we can assume i = 1. Suppose that none of the modules M2, . . . ,Mn

is in resM1. If ω ∈ resM1, then resM1 coincides with either addR or CM(R) by Lemma 4.14, and we
get resM1 = CM(R) as M1 is nonfree, but then M2, . . . ,Mn belong to resM1, a contradiction. Hence
ω /∈ resM1, and it is seen that resM1 = add{R,M1}. The module ΩM1 is in resM1 and has no nonzero

free summand by Lemma 6.1(2). Hence ΩM1
∼= M⊕h

1 for some h ≥ 0, and we get an exact sequence

(6.2.1) 0→M⊕h
1 → R⊕m →M1 → 0

withm ≥ 0. Lemma 4.13(2b) implies resM1∩(resM1)
⊥
CM ̸= 0. If R is in (resM1)

⊥
CM, then Ext>0

R (M1, R) =
0 and resM1 = CM(R) by Lemma 4.15, a contradiction. Hence (resM1)

⊥
CM contains no nonzero free R-

module. Since resM1 = add{R,M1}, we see that (some direct sum of copies of)M1 belongs to (resM1)
⊥
CM.

We obtain Ext>0
R (M1,M1) = 0, which particularly says that the exact sequence (6.2.1) splits. Thus M1

is free, a contradiction. It follows that one of the modules M2, . . . ,Mn belongs to resM1. ■
We have used Lemma 4.14 a couple of times so far. Now we need to improve this result a little bit in

the non-Gorenstein case.
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Lemma 6.3. Let R be a henselian Cohen–Macaulay non-Gorenstein local ring with a canonical module
ω. Suppose that R has finite representation type. Let X be a resolving subcategory of modR. If X
contains a syzygy of ω, then X contains CM(R).

Proof. By assumption, X contains Ωnω for some n ≥ 0. Let p be a prime ideal of R. Then Ωm(R/p) ∈
CM(R) for m ≫ 0. By Lemma 4.14 we have resω = CM(R), and hence Ωm(R/p) ∈ resω. Applying
Ωn yields Ωm+n(R/p) ∈ resΩnω ⊆ X ; this can be seen by checking that the subcategory Y of modR
consisting of modules Y with ΩnY ∈ resΩnω is resolving and contains ω, whence Y contains resω. Thus
X is dominant in the sense of [16], and it is observed from [16, Theorem 4.5] that X contains CM(R). ■

For an R-module M we denote by TrM the (Auslander) transpose of M , that is to say, the cokernel

of the map ϕ∗ : F ∗
0 → F ∗

1 , where F1
ϕ−→ F0 →M → 0 is part of a minimal free resolution of M . We need

the lemma below, which follows from [2, Lemma (3.9)].

Lemma 6.4. Let 0 → L → M → N → 0 be an exact sequence of R-modules. Then it induces an exact
sequence 0→ N∗ →M∗ → L∗ → TrN → TrM ⊕ P → TrL→ 0, where P is a projective R-module.

Now we can prove the main result of this section, which also supports our Conjecture 4.2.

Theorem 6.5. Let R be a singular Cohen–Macaulay complete local ring such that the residue field k of
R is algebraically closed and has characteristic zero.

(1) If #indCM(R) ≤ 5, then coreR = CM(R).
(2) If #indCM(R) ≤ 7, then coreR ̸= addR, and hence coreR = CM(R) if moreover R is Tor-persistent.

Proof. Since R is complete, it admits a canonical module ω. The latter assertion of (2) follows from the
former and Theorem 4.16(2). In view of Proposition 4.5(2) and [25, Theorem 3.3], we may assume that
R is non-Gorenstein and d ≥ 1. Put n = # indCM(R). As R and ω are nonisomorphic indecomposable
maximal Cohen–Macaulay modules, we have n ≥ 2. We tacitly use Lemma 6.3 in what follows.

Case n = 2. It holds that indCM(R) = {R,ω}. The maximal Cohen–Macaulay module Ωdk contains
either R or ω as a direct summand, and then R is regular by [28, Theorem 4.3]. This contradiction shows
that the case where n = 2 does not occur.

Case n = 3. Writing indCM(R) = {R,ω,M}, we have coreR = resM . If ω is in coreR, then coreR =
CM(R) and we are done. Thus we may assume that ω /∈ resM . As M† is an indecomposable maximal
Cohen–Macaulay R-module other than R,ω, there has to be an isomorphism M† ∼= M . Since ΩM ∈
resM = add{R,M}, we get ΩM = M⊕a for some a ≥ 0 by Lemma 6.1(2). There is an exact sequence
0 → M⊕a → R⊕b → M → 0 with b ≥ 0, and dualizing this by ω gives an exact sequence 0 → M →
ω⊕b →M⊕a → 0. The latter sequence shows that ω belongs to resM . This contradicts the assumption.

Case n = 4. Write indCM(R) = {R,ω,M,N}. Lemma 6.2 implies X := resM = resN ⊇ add{R,M,N}.
Similarly as in Case n = 3, it is enough to derive a contradiction under the assumption that ω /∈ X .
We have X = add{R,M,N}, which contains ΩM . Lemma 6.1(2) shows ΩM ∈ add{M,N}. The exact
sequence 0 → ΩM → R⊕a → M → 0 induces an exact sequence 0 → M† → ω⊕a → (ΩM)† → 0 and
(ΩM)† ∈ add{M†, N†}. Hence ω ∈ res{M†, N†}. As {M†, N†} = {M,N}, we get ω ∈ X , a contradiction.

Case n = 5. We write indCM(R) = {R,ω,M,N,L}. Suppose that coreR ̸= CM(R). Thanks to Lemma
6.2, we can reduce to the two cases: (a) resM = resN = resL, and (b) resM = resN ⊊ resL. In what
follows, we shall derive a contradiction in each of the cases (a) and (b).

(a) Put X = resM = resN = resL. We see that X contains add{R,M,N,L}. We adopt an analogous
argument as in Case n = 4. Since coreR ̸= CM(R), we have ω /∈ X , and get X = add{R,M,N,L}.
This and Lemma 6.1(2) give ΩM ∈ add{M,N,L}. There exists an exact sequence 0 → M† → ω⊕a →
(ΩM)† → 0, and (ΩM)† ∈ add{M†, N†, L†} holds. It is observed that ω ∈ res{M†, N†, L†}. There is an
equality {M†, N†, L†} = {M,N,L}, which implies ω ∈ X . This is a contradiction.

(b) Let X := resM = resN ⊊ resL. We observe that the equality X = add{R,M,N} holds. Since
X∩X⊥

CM ̸= 0 by Lemma 4.13(2b), we may assume thatM ∈ X∩X⊥
CM, which implies that Ext>0

R (N,M) = 0.
We get ΩN ∈ X = add{R,M,N} and ΩN ∈ addN by Lemma 6.1. There exists an exact sequence

(6.5.1) 0→ N⊕a → R⊕b → N → 0
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with a, b > 0, which yields an exact sequence 0 → N† → ω⊕b → (N†)⊕a → 0, and we obtain res(N†) =
CM(R). If the module N† is isomorphic to either M or N , then CM(R) = resN† ⊆ res{M,N} = X ,
which is a contradiction. We must have N† ∼= L, which shows L† ∼= N , M† ∼= M and resL = CM(R).

By Remark 4.4(2) the ring R has an isolated singularity. Hence an R-module is maximal Cohen–
Macaulay if and only if it is d-torsionfree in the sense of [2]; see also [32, Proposition (3.6)]. By [22,
Proposition 1.1.1(2)] the functor Ωd Tr gives a duality of the stable category CM(R). In other words,
if X is a nonfree indecomposable maximal Cohen–Macaulay R-module, then so is Ωd TrX and there is
an isomorphism Ωd TrΩd TrX ∼= X. Therefore the indecomposable maximal Cohen–Macaulay modules
Ωd TrM,Ωd TrN,Ωd TrL are pairwise nonisomorphic and {Ωd TrM,Ωd TrN,Ωd TrL} ⊆ {ω,M,N,L}.

If Ext1R(N,R) = 0, then Ext>0
R (N,R) = 0 by (6.5.1) and X = resN = CM(R) by Lemma 4.15, which

is a contradiction. It follows that Ext1R(N,R) ̸= 0. By Remark 4.4(1) the R-module N is locally free
on the punctured spectrum, which implies that the R-module Ext1R(N,R) has finite length. We find a
nonzero element σ : 0 → R → E → N → 0 in its socle (as an R-module). Note that E belongs to
resN = X = add{R,M,N}. Dualizing σ by R gives an exact sequence

0→ N∗ → E∗ f−→ R→ TrN → TrE → TrR→ 0

up to free summands by Lemma 6.4. The cokernel of the map f is isomorphic to the submodule Rσ
of Ext1R(N,R), which is isomorphic to k. Combining this with the fact that TrR is free, we obtain
an exact sequence 0 → k → TrN → TrE → 0 up to free summands, which induces an exact sequence
0→ Ωdk → Ωd TrN → Ωd TrE → 0 up to free summands. It follows that Ωdk ∈ res{Ωd TrN,Ωd TrE} ⊆
res{Ωd TrM,Ωd TrN}, whence res{Ωd TrM,Ωd TrN} = CM(R) by Proposition 3.2(3) and Remark 4.4.

Put K = TrΩTrΩM . There is an exact sequence 0→ R⊕s → K →M → 0 up to free summands and
it holds that Ext1R(K,R) = 0; see [2, Proposition (2.21)]. It is seen that K is nonfree and is in resM =
add{R,M,N}, while Ext1R(N,R) ̸= 0. This implies Ext1R(M,R) = 0. We have ΩM ∈ X = add{R,M,N}
and Ext>0

R (M,M) = 0 as M ∈ X ∩X⊥
CM, whence ΩM ∈ addN by Lemma 6.1. There is an exact sequence

0→ N⊕p → R⊕q →M → 0 with p, q > 0, which, by Lemma 6.4 again, induces an exact sequence

0→M∗ → R⊕q → (N∗)⊕p g−→ TrM → TrR⊕q ⊕R⊕t → TrN⊕p → 0

with t ≥ 0. Since Ext1R(M,R) = 0, we observe that g is a zero map, which gives rise to an exact sequence
0 → TrM → R⊕r → TrN⊕p → 0 with r > 0. This shows that TrM ∼= ΩTrN⊕p; see [30, Lemma 4.2].
Therefore, Ωd TrM ∼= Ωd+1 TrN⊕p = Ω(Ωd TrN)⊕p. The indecomposability of Ωd TrM implies p = 1,
and resΩd TrN = res{Ωd TrM,Ωd TrN} = CM(R). This forces Ωd TrN to be isomorphic to ω or L.

From now on we freely use the Auslander–Reiten theory of maximal Cohen–Macaulay modules; we refer
the reader to [32, Chapters 2, 3 and 5]. Assume Ωd TrN ∼= L. Then N ∼= Ωd TrL and Ωd TrM ∈ {ω,M}.
As Ωd TrM is a syzygy of the maximal Cohen–Macaulay module Ωd TrN , it cannot be isomorphic to ω by
Lemma 6.1(1). Thus Ωd TrM ∼= M , which implies τM ∼= M† ∼= M , where τ(−) stands for the Auslander–
Reiten translation. In particular, we have Ext1R(M,M) ∼= Ext1R(M, τM) ̸= 0 as the Auslander–Reiten
sequence ending in M does not split, but this contradicts the fact that Ext>0

R (M,M) = 0.
Therefore Ωd TrN ∼= ω, and Ωd TrM ∼= Ωω. Since resΩω = CM(R) ̸= X , we must have Ωd TrM ∼= L

and Ωd TrL ∼= M . Consequently, we obtain τω ∼= N† ∼= L, τM ∼= L† ∼= N , τN ∼= R and τL ∼= M† ∼= M .
As resN = add{R,M,N}, the Auslander–Reiten sequences ending in N has the form

0→ R→ R⊕u ⊕M⊕v ⊕N⊕w → N → 0.

Counting the number of arrows from R to N in the Auslander–Reiten quiver of CM(R) yields u = w.
Assume u = w > 0. Computation of multiplicities shows v = 0 and u = w = 1. The above exact sequence
then has the form 0 → R → R ⊕ N → N → 0, which splits by Miyata’s lemma [25, Theorem 7.1], a
contradiction. We must have u = w = 0, and get an Auslander–Reiten sequence 0→ R→M⊕v → N →
0. Dualizing this by ω gives an exact sequence ξ : 0→ Ωω

θ−→ M⊕v → ω → 0. On the other hand, there

is an exact sequence ε : 0 → Ωω
ζ−→ R⊕c η−→ ω → 0. Again, computation of multiplicities shows c = v.

Since ξ is the Auslander–Reiten sequence starting from Ωω and ζ is not a split monomorphism, we get a
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commutative diagram

ξ : 0 // Ωω
θ //

idΩω

��

M⊕v //

α

��

ω //

β

��

0

ε : 0 // Ωω
ζ // R⊕v η // ω // 0.

The natural isomorphism R ∼= EndR(ω) yields an element e ∈ R such that β(x) = ex for all x ∈ ω. As α
cannot be an isomorphism, we have e ∈ m. We divide into two cases: (i) d = 1 and (ii) d ≥ 2.

(i) It follows from [18, Theorem 12.1] and [20, Proposition 6.1] that the element e belongs to the trace
ideal of ω. Applying [13, Theorem 2.3], we see that the map β factors through η. Diagram chasing shows
that idΩω factors through θ. This means that the exact sequence ξ splits, which is a contradiction.

(ii) Suppose e = 0. Then β = 0, and α factors through ζ. Again, idΩω factors through θ, and ξ splits,
a contradiction. Thus we may assume e ̸= 0. As R has an isolated singularity with d ≥ 2, it is a domain.

Hence e is R-regular, and hence it is ω-regular. There is an exact sequence 0 → ω
e−→ ω

γ−→ ω/eω → 0.

The snake lemma gives rise to an exact sequence 0 → M⊕v → R⊕v δ−→ ω/eω → 0. Making the pullback
diagram of γ and δ, we obtain an exact sequence 0 → M⊕v → ω ⊕ R⊕v → ω → 0. Dualizing this by
ω gives an exact sequence 0 → R → R ⊕ ω⊕v → M⊕v → 0. Note that this exact sequence belongs to
Ext1R(M

⊕v, R), and recall that Ext1R(M,R) = 0. The exact sequence splits, and we get an isomorphism
R⊕ ω⊕v ∼= R⊕M⊕v. The Krull–Schmidt theorem forces us to have M ∼= ω, which is a contradiction.

Case n = 6. Write indCM(R) = {R,ω,M,N,L,K}. By Lemma 6.2, we reduce to the following six cases:

(a) resM = resN = resL = resK,
(b) resM = resN = resL ⊊ resK,
(c) resM = resN ⊊ resL = resK,
(d) resM = resN ⊊ resL ⊊ resK,

(e) resM ⊋ resN = resL ⊊ resK,
(f) X := resM = resN ,
Y := resL = resK,
and X ,Y have no inclusion relation.

Clearly, in each of the cases (a)–(e) it holds that coreR = resN ̸= addR, and we are done. We consider
the case (f). Note that X = add{R,M,N} and Y = add{R,L,K}. We apply a similar argument as in
the first paragraph of (b) in Case n = 5. By Lemma 4.13(2b) we may assume M ∈ X ∩ X⊥

CM. We get an
exact sequence 0 → N⊕p → R⊕q → N → 0, which shows that res(N†) = CM(R). Since resX ̸= CM(R)
for all X ∈ {R,M,N,L,K}, it forces us to have N† ∼= ω, which means N ∼= R. This contradiction shows
that (f) cannot occur.

Case n = 7. We write indCM(R) = {R,ω,M,N,L,K,H}. Similarly as in Case n = 6, the only cases we
should deal with are the following two cases.

(a) X = resM = resN , Y = resL = resK = resH, and no inclusion relation exists between X and Y,
(b) X = resM = resN , Y = resL = resK ⊊ resH, and no inclusion relation exists between X and Y.

For (a), we have equalities X = add{R,M,N} and Y = add{R,L,K,H}. Similarly as in Case n = 6,
we may assume M ∈ X ∩ X⊥

CM, and get an exact sequence 0 → N⊕p → R⊕q → N → 0, which shows
res(N†) = CM(R). We must have N† ∼= ω, which implies N ∼= R, a contradiction.

For (b), we have X = add{R,M,N} and Y = add{R,L,K}. Again, we may assume M ∈ X ∩X⊥
CM and

L ∈ Y∩Y⊥
CM, and get exact sequences 0→ N⊕p → R⊕q → N → 0 and 0→ K⊕r → R⊕s → K → 0. Hence

res(N†) = res(K†) = CM(R). As resX ̸= CM(R) for all X ∈ {R,M,N,L,K}, we get {N†,K†} ⊆ {ω,H}.
Therefore, either N or K is isomorphic to R, which is a contradiction.

Consequently, neither (a) nor (b) can occur, and we conclude that coreR ̸= addR.

Now the proof of the theorem is completed. ■
Remark 6.6. The assumption in Theorem 6.5 that the residue field k is algebraically closed (resp. the
local ring R is complete and k is algebraically closed and has characteristic zero) is used only to apply
[32, Chapter 5] (resp. [18, Theorem 12.1]) in Case n = 5. Except these two places, it is enough to assume
that R is henselian and admits a canonical module.

Theorems 6.5(1) and 4.16(1) immediately give rise to the following corollary. Note that Question 4.8
has an affirmative answer if R is as in the corollary.

Corollary 6.7. Let R be a singular Cohen–Macaulay complete local ring with algebraically closed residue
field of characteristic 0. Suppose that #indCM(R) ≤ 5. Then R is Ext-friendly and Tor-friendly, and
hence it is Ext-persistent and Tor-persistent.
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