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Abstract: We introduce a mathematician-friendly formulation of the physicist-friendly
derivation of the Atiyah—Patodi—Singer index. In a previous paper, motivated by the study
of lattice gauge theory, the physicist half of the authors derived a formula expressing
the Atiyah—Patodi—Singer index in terms of the eta invariant of domain-wall fermion
Dirac operators when the base manifold is a flat 4-dimensional torus. In this paper, we
generalise this formula to any even dimensional closed Riemannian manifolds, and prove
it mathematically rigorously. Our proof uses a Witten localisation argument combined
with a devised embedding into a cylinder of one dimension higher. Our viewpoint sheds
some new light on the interplay among the Atiyah—Patodi—Singer boundary condition,
domain-wall fermions, and edge modes.

1. Introduction

The Atiyah—Patodi—Singer index theorem [1-3], a generalisation of the Atiyah—Singer
index theorem to manifolds with boundary, has been attracting attention in condensed
matter physics. For example, Witten used it in [23] to describe the bulk-edge correspon-
dence of symmetry-protected topological phases of matter and explain why boundary-
localised modes must appear on the boundary of topological insulators. The boundary
correction term of the Atiyah—Patodi—Singer index theorem, the eta invariant, appears
as the phase of the edge mode partition function, and the Atiyah—Patodi—Singer index
theorem suggests the existence of the bulk topological couplings to restore time-reversal
symmetry. We refer the reader to [12,18,20,25-27] for related works.

It is, however, somewhat puzzling to relate the Atiyah—Patodi—Singer index and
symmetry-protected topological phases of matter. Considering the Atiyah—Patodi—Singer
index, we need a Zj-grading chirality operator; thus, we should consider massless
fermions in the bulk and the non-local Atiyah—Patodi-Singer spectral boundary con-
dition. In symmetry-protected topological phases of matter, by contrast, fermions are
massive in the bulk and local boundary conditions are imposed. For example, using
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the Atiyah—Patodi—Singer boundary condition is justified in [24] by rotating the bound-
ary to the temporal direction and regarding it as an intermediate state in the partition
function of massive fermion systems. In a previous paper by the physicist half of the
authors [8], we looked at the Atiyah—Patodi—Singer boundary condition in a different
light of domain-wall fermion Dirac operators.

Domain-wall fermion Dirac operators [5,9,13,14] are a particular class of massive
Dirac operators that have zero-eigenvalue solutions concentrated on small neighbour-
hoods of separating submanifolds, domain walls. Using these operators, without impos-
ing any global boundary conditions, the physicist half of the authors gave a physically
intuitive reformulation of the Atiyah—Patodi—Singer index in the previous paper [8]. We
refer the reader to [21] for a different link between the Atiyah—Patodi—Singer index
theorem and domain walls.

In this paper, we will pursue our investigation of the relation between the Atiyah—
Patodi-Singer index theorem and domain-wall fermion Dirac operators. We will es-
tablish a mathematical formulation of [8] based on the embedding trick and a Witten
localisation argument [10,22] with a new excision theorem of the index under very weak
assumptions, which will localise the index to open submanifolds. See Sects. 3.4 and 2
respectively.

Before stating the main theorem, we begin with a formula relating the usual Atiyah—
Singer index and the eta invariant. Let X be a closed oriented Riemannian manifold with
dim X even. Let S be a Z,-graded hermitian vector bundle on X, and I'g its Z,-grading
operator. Let D: C*(X; S) — C*°(X; §) be a first-order, formally self-adjoint, elliptic
partial differential operator. We assume that D is an odd operator in the sense that it
anti-commutes with I'g. Thus, S is decomposed as a direct sum § = Sy @ S_, and we

can write
0 D_
2=(5.")

in matrix form. We define the index of the odd, self-adjoint, elliptic operator D by
Ind(D) := dimKer Dy —dimKer D_ = tr ( Cslker D )

In physics notation, I's = y5 and D = ys D if dim X = 4, and the index gives the chiral
asymmetry of the number of independent left and right zero modes. Fix m > 0, and
we consider another self-adjoint, elliptic operator D + mI's. This is no longer an odd
operator. The eta invariant describes the overall asymmetry of the spectrum of a self-
adjoint operator. Let us recall its definition. Let A ; run over the eigenvalues of D +mUIs.
Note that A; # O for any j. The eta function of D + mI'g is defined by

2(s) = Y SEA

s
— 1]

for s € C. This series is absolutely convergent in Re(s) > dim X and admits a mero-
morphic extension to the whole complex plane. Atiyah—Patodi—Singer [1, (3.9)] showed
that n(s) is holomorphic at s = 0. The special value 7(0) is called the eta invariant of
the operator D + mI'g and denoted by n(D + mI'g). The eta invariant n(D — mI'g) is
defined similarly. Now we have a formula

n(D+ml's) —n(D —mls)

Ind(D) = 5 D




The APS Index and Domain-Wall Fermion Dirac Operators 1297

for any m > 0. This formula might be unfamiliar to the reader; however, we can prove
it easily, for example, by diagonalising D? and I'y simultaneously.

The previous paper [8] generalised this formula (1) to handle the Atiyah—Patodi—
Singer index by considering the domain-wall fermion Dirac operator. Let us first recall
the Atiyah—Patodi—Singer index. Let Y C X be a separating submanifold that decom-
poses X into two compact manifolds X and X_ with common boundary Y. We assume
that Y has a collar neighbourhood isometric to the standard product (—4,4) x Y and
satisfying ((—4,4) x Y) N X4 = [0,4) x Y. The coordinate along (—4, 4) is denoted
by u. We also assume that S and D are standard in the following sense: there exist a
hermitian bundle £ on Y and a bundle isometry from S| _4 4yxy to C? ® E such that,
under this isometry, I's corresponds to I’ ® idg and D takes the form

D=c®d+c®A= (_BMO+A3”8’A),

where A: C*(Y; E) — C*°(Y; E) is aformally self-adjoint, elliptic partial differential
operator. In this paper, we will concentrate on the case when A has no zero eigenvalues,
and assume this condition. Let C*°(X4; St|x, @ Pa) = {f € C®(Xy: S+ly,) |
Pa(fly) = O}, where P4: L2(Y; E) — L%(Y; E) denotes the spectral projection onto
the span of the eigensections of A with positive eigenvalues. We define the Atiyah—
Patodi-Singer index of Dl|y, by

Indaps(Dly,) := dim (Ker D, N C™®(X,; Silx, : Pa))
—dim (Ker D_NC™(X4; S-|y, : PA)).

To handle the Atiyah—Patodi—Singer index, let us next introduce the domain-wall fermion
Dirac operator. Let k : X — [—1, 1] be a step function such thatx = 1 on X1 \Y and
k = 0on Y, which is sometimes called a domain-wall function. We call D + mk g the

domain-wall fermion Dirac operator.
X

In [8], when X is a 4-dimensional flat manifold, a formula

D I'e) —n(D —mI’
Indaps(Dly,) = T2 FMK ”2 n(D — ml's) @)

was derived by first expanding the right hand side with the Fujikawa method [7] and
then identifying the result with the left hand side via the Atiyah—Patodi—Singer index
theorem. Our new approach in this paper is mathematically rigorous and reveals the direct
link between them; moreover, we will prove the formula (2) for any even-dimensional
Riemannian manifolds. See Theorem 12.

As a warm-up, we will prove the formula (1) in the spirit of our proof of Theorem 12.
The reader can skip this paragraph at first reading. Consider the cylinder R x X. The
coordinate along R is denoted by s. We pull back the bundle S on X to R x X, which
will be denoted by the same symbol. Letkas: R x X — [—1, 1] be a step function such
that kas = 1 on (0, 00) x X and kas = —1 on (—o0, 0) x X.
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?AS =+1
?ASE—I {O}XX

We introduce a self-adjoint operator Dy,: LR x X; S® S) — L2 (R x X; S & S)
defined by

~

D = 0 (D+m7<‘Ang)+8s
m =\ (D +miasTs) — 0 0 ’

We will prove in Proposition 10 that this is a Fredholm operator and Ind( Bm) = Ind(D).
We also observe that the constant term in the asymptotic expansion of the heat kernel
vanishes on such an odd-dimensional manifold as R x X. Thus, by the Atiyah-Patodi—
Singer index theorem on cylinders, Ind(Dm) can be written only in terms of the eta
invariant. See the discussion around (12). Note that D + mkas(£1, )'s = D £ mI.
Hence, we have

n(D+mls) —n(D —mly)

Ind(D) = Ind(D,,) = .

which proves the formula (1).

We will generalise the proof above to handle manifolds with boundary. In the book [10],
one of the authors has modified the embedding proof of the Atiyah—Singer index the-
orem, using a localisation argument of Witten [22] with supersymmetric harmonic os-
cillators. In this paper, we will develop another Witten localisation argument with a
particular embedding constructed in Sect. 3.4 and the Jackiw—Rebbi solutions of domain-
wall fermionic Dirac operators instead of supersymmetric harmonic oscillators. We will
introduce an operator (9) that interpolates domain-wall fermion Dirac operators and
Atiyah—Patodi—Singer operators. Our localisation arguments will localise the index of
this operator to open submanifolds. We emphasise here that the ideas behind the proof
seem more interesting than the formula (2) itself and useful in other applications. We
also remark that considering spectral flows of the family {D + mkas(s, )Ts}ser—1.1]
seems more appropriate when dealing with various symmetries such as in the ten-fold
way of topological insulators [15].

2. Excision

In this technical section, we will develop, under very weak assumptions, yet another
excision formula of the index, which will be a technical basis to the rest of the paper and
might be of independent interest.

Before going into details, we first explain some basic ideas underlying our proof of
an excision formula, Witten localisation arguments [22]. Let Uy := {x € R? | |x| < 2}
and Uy := {x € R? | 1 < |x|}. We consider a Dirac-type operator D and a potential
term 4 on R?. If D and h anti-commute on Uy, then we have (D +mh)? = D*+m?h? on
Ui forany m > 0. When m is very large, the second term m>h? is also very large. Hence,
eigenmodes with small eigenvalues are very suppressed in this region U . In other words,
a particle of quantum mechanics is rarely found in the region where the potential energy
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is very large. Thus, when m is large enough, the eigenmodes of (D + mh)? with small
eigenvalues are localised and determined on Uj.

We set up notation. Let Z be a complete Riemannian manifold and Sz a hermitian
vector bundle on Z. We denote by C2°(Z; Sz) the space of compactly supported smooth
sections of Sz. Let L: C°(Z; Sz) — C°(Z; Sz) be a first-order, elliptic partial dif-
ferential operator that is essentially self-adjoint on L?(Z; Sz). We denote the symbol of
Lbyor € C*(Z; Hom(T*Z,End(Sz))). Let h be a (not necessarily smooth but mea-
surable) self-adjoint endomorphism of Sz whose eigenvalues are uniformly bounded on
Z. For eachm > 0, we set L,, := L + mh. Throughout this section, (-, -) will denote a
pointwise hermitian inner product, |-| a pointwise norm, and |- || an L?-norm, and denote
the exterior derivative of a function f by df.

Lemma 1. Let By, 1 € C®(Z; R) satisfy ﬁ§ + ,312 = 1. We have a pointwise equality
|Lin (Bo®)I* + | L (B1®)* = |Lny®|* + |02.(d0) @ |* + |01 (dB1) DI
forany ® € C*(Z; Sz).

Proof. Fix® € C*(Z; Sz).Since L(Bo®) = Bo(LP)+oy, (dBy) D, wehave L, (Bo®P) =
Bo(Lm®) + or(dBo)®. Hence, |Ln(Bo®)I* = BjILn®* + lorL(dBo)®> +
2Re(Bo(L;, ®))or(dBo)®. Thus, we have

|Limn (Bo®) > + L (B1®)* = |Lm @ + |07, (do)®I? + |0 (dB1) D[
+2Re(Bo(Lim®), o7 (dBp) @) + 2Re (B (L ®), o, (dB1) D).

The assumption ;‘33 +,812 = 1implies 2(Bo (L, P), oz (dBo) D) +2(B1 (L1 D), o1 (dB1)P)
=0. m|

Lemma 2. Under the assumption of Lemma 1, suppose further that h is smooth and
anti-commutes with L on supp 1. Then, we have an L*-integral equality

m*[hB1®|* < L @I + oL (dBo)®|* + lor(dp) @]
forany ® € C°(Z; Sz).
Proof. Fix ® € CX°(Z; Sz). By Lemma 1, we have an inequality

fz |Ln(B1®))>dp < fz (ILn @ + oL (dBo) @ 1> + oL (dB1)DI*) du.

Since L and & anti-commute on supp 81, we deduce that
/ (L(B1D), hB1®)dp = / (B1D, L(hp1 D)) dp
z z
- /Z (10, ~hL(B1®)) dpu = — fz (hB1®, L(B1®)) di.

Hence, Re(L(B1®), h1®);2 = 0, and we have |[L,(B1®)|> = |L(B1®)|* +
lmhp; ®||%. Thus,

ImhBr @I < |Ln(B1®)I* < L@+ llor(dBo)PII* + llor (dB1) P2,

asrequired. 0O
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Lemma 3. Let Z = Uy U U; be an open covering of Z. Let 1 = )/02 + y]2 be a smooth
partition of unity subordinate to Uy and U;. We assume the following three conditions:

(i) h is smooth and anti-commutes with L on Uj.
(ii) the eigenvalues of h* are greater than or equal to 1 on Uy.
(iii) the eigenvalues of o, (dyy) and o1 (dy1) are bounded on Uy N Uj.

Then, for any A > 0 and ® € CX(Z; Sz) with | L, ®||> < A?||®||?, we have
m* |y @) < (C + AD)||@|%,
where we set

C?:= sup (|<7L(d)/o)|2 + |0L(d)/1)|2)

xeUpNU;

lor@yo)¢l>  lorL(dy)el?
= sup sup > + ) .
xeUpNU; peSy (] @]

Proof. Fix A > 0and ® € C®(Z; Sz) with ||L,,®|* < A?|®||%>. By assumption (ii),
we have m?||hy;®|?> > m?||y; ®||*>. By definition of Cy, we have |lo7 (dyo)®|* +
low(dy)®|? < Cf||d>||2. By assumption (i), we can use Lemma 2. Thus, we obtain

m? |y ®@[1* < m?|hy @|?

< ILn®@|* + llozdyo) @ + llog. (dy1) @]
< ILn®@|I* + CHI®|? < A?| D% + CPI@|* = (CT + AD) | @7,

asrequired. O

Lemma 4. Let Z = UygU U] be an open covering of Z. Let 1 = no+ (1 —ng) be a smooth
partition of unity subordinate to Uy and Uy. We assume that |or(dno)| is bounded on
UoNUy. Then, there exist smooth partitions of unity 1 = ﬁg + ﬁ% = y02 + y12 subordinate
to Uy and Uy such that both |o1,(dBo)|* + |or(dB1)|? and o1 (dyo)|* + |or(dy1)|? are
bounded on Uy N Uy, and that y1 = 1 on (suppdppy) = (suppdp).

Proof. Let B:[0,1] — [0, 1] and y: [0, 1] — [0, 1] be smooth cut-off functions such
that 2+ (1 — > =1land y?>+ (1 —y?) = 1,and that y = O on [0, 1/4], B = O on
[0,1/2],y =1on[l/2,1],and B8 = 1 on [3/4, 1].

IAV

|
T

1

0 1 1
) 2

We set 81 := B o (1l —np) and y; := y o (1 — np), which clearly satisfy the claimed
properties. O

Blw +

Proposition 5. Ler Z = Uy U Uy and 1 = no + (1 — no) satisfy the assumptions of
Lemma 4. Let 1 = ,83 + ,312 = yoz + ylz be partitions of unity constructed in Lemma 4.
We also assume that h satisfies the conditions (i) and (ii) of Lemma 3. Then, there exists
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a constant Co > 0 that depends only on no and oy, such that, for any A > 0 and
® € CX(Z; Sz) with | L,y ®||*> < A?||®|%, we have

A2
L (Bo®)|? < <A2 " c2%> E3E 3)

and
C3+A? 5
1- —7 @) < lBo®@lI*. “4)

Proof. Fix A > 0 and ® € CX(Z;Sz) with ||L, @[> < A%|®|> Set C? =
supyyn, (1oL(dy0)[* + oz (dy1)]?) and C3 := supy g, (low(dBo)|* + loL(dB1)[?).
We first show (3). By Lemma 3, we have
m* |y @)% < (CF + AD||1 DI
Since y; = 1 on (supp dfy) = (suppdfi), we have

loz (@dBo) @I + llor (dB)@I1* < Clly1 |1%.
Thus, we obtain

C7+A?
low (@) @I* + o (@D ®@|* < CG———| @

By Lemma 1, we have
L (Bo®@)I? < 1L @I + llor. (dBo) @I + llor (dB1) D>

Consequently, we have

C?+ A2
ILn (Bo®)I* < AZ[@]7 + CF——5— | @|1*.

Now set Cp := max{Cy, C2}, which yields (3).

Next we prove (4). Since B3 + B7 = 1, we have [|o®@|*> + |B1 @[> = [[®|>. By
Lemma 3, we have m?|| g1 ®||* < (C5 + A?)||®]|> < (C5 + A?)||®|%. This completes
the proof. O

Proposition 6. Let (Z = UyUUy, 1 = no+(1—n0), Sz, L, h) and (Z' = U,UU|, 1 =
no + (1 —ng), S, L', h') be two sets of data as above that satisfy the assumptions of
Proposition 5. We assume that L coincides with L' on Uy = U| in the sense that there
exists an isometry T : Uy — U covered by a bundle isometry T: Sz|y, — S,

such
Up

that T~' o L), oT = Ly,. Then, there exists a constant C > 0 that depends only on o,
n(/), oL, and oy, such that the following holds. Fix Ay > A1 > Ag = 0and m > 0. If

L., has only discrete spectrum' in [—Ag, Aol and has spectral gaps
(Spec L) N ([ — A2, —Ao) U (Ag, Az]) =9 )

1 The discrete spectrum of a self-adjoint operator consists of isolated eigenvalues with finite multiplicity.
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and if

(C2+ADC2+AD (CP+AH(C?+AD)
2 2 ’ 2 2
A2 - Al A1 - A0

I’l’l2 > max{

,<c2+A%>}, (6)

then L', also has only discrete spectrum in [— A1, A1] and the number of eigenvalues
of L', in [— A1, Av] counted with multiplicity is equal to that of L, in [—Ag, Agl.

Remark 7. The spectral gap condition (5) is only imposed on L,,.

Proof. Let E( be the span of the L2-eigensections of L,, with eigenvalues in [—Ag, Ag]
and £, witheigenvaluesin[—A», Az].LetIlp: LZ(Z; S7) — EpandIly: LZ(Z; S7) —
E; be the L2-orthogonal projections. The spectral gap assumption (5) on L,, implies E
is a finite dimensional vector space and Eg = E;. Let IT}: L*(Z; S,,) — L*(Z; S},)
be the spectral projection for L, associated with [-A 1, A1]. Let E| := Im IT}. We will
show that Eg = E.

spectral gap eigenvalues spectral gap
- ®
-\ - —No 0 No N N
Let 1 = B5+p7 and 1 = (B))* +(B])? be partitions of unity in Lemma 4. We regard,
via 7 and 7, each section of Sz supported in Uy as a section of S/, supported in Uj. We
define a linear map p: Eg — E| by

@ — (B ®)

and a linear map p": E| — E> similarly. We will prove that p and p’ are isomorphisms.
We first show that p is injective. Fix ® € Ker(p). Assume that ® # 0. The assump-
tion (6) and the inequality (4) implies that So® # 0. We define

C :=max {Co(no, 1), Co(ny, o1},

where Cy is the constant in Proposition 5. Then, by Proposition 5, we have

C?+ A2
L (Bo®)||* < (A3+C2T°> lo|*

—1
C?+ A2 C? + A2
= (A%J'CZTO) (1 - TO 1Bo®II*.

The assumption (6) implies

—1
C2+ A? C2+ A?
<Ag +c2—2°> (1 - —20 < A%
m m

Hence, we have ||L,, (Bo®)|? < A%H,BOCDHZ. Since Bo® is supported in Uy and L,,
coincides with L’;, on Uy, we have || L,, (Bo®)|| = ||L;n (Bo®)||. Thus, we have

L), (Bo®)II* < ATl Bo®II,

which implies By® = 0 by the definition of IT’. This contradicts the assumption. Thus,
p is injective.
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We next show that p’ is injective. Fix ®" € Ker(p’). In the same way as above, we
have

CZ+ A2
1L (Bo®DI = 1L, (By @) < (A% + 0271) 1))

-1
C2+ A3 C2+ A3
< (A%+CZ—2 1) (1——2 Lol
m m

< A311B,@"11%,

which implies p’ is also injective.

We have now shown that p: Eg — Ej and p': E{ — E; are injective. Since E is
finite dimensional and Ey = E», it follows that Eg = E i The proof is complete. O
Theorem 8. Let (Z = UgU Uy, 1 =no+ (1 —no), Sz, L, h) and (Z' = UL U, 1=

no+(1=ng), S, L', h') betwo sets of data as above. We make the following assumptions:

() loz(dno)| is bounded on Uy N Uy, and |o/(dng)| is bounded on Uy N Uy.
(ii) h is smooth and anti-commutes with L on Uy, and h' is smooth and anti-commutes
with L' on U{.
(iii) the eigenvalues of h* are greater than or equal to 1 on Uy, and the eigenvalues of
(h')? are greater than or equal to 1 on Uj.
(iv) there exists an isometry T : Uy — U covered by a bundle isometry T: Sz|y, —

S’Z,IU(,) suchthat ™' o L o % = L.

(v) Sz and S, are Zo-graded and that L, L', h, and h' are odd operators.

Then, there exists a constant C > 0 that depends only on n, 176, or, and oy such
that the following holds. Fix A > 0 and m > 0. If L,, is a Fredholm operator with
(Spec L) N [—A, Al = {0} and m > 2(C? + A?)/A, then L), is also a Fredholm
operator and we have

Ind(L,,) = Ind(L},).

Proof. Fix A > 0andm > 0 with (Spec L,,)N[—A, A] = {0} andm > 2(C%+A?%)/A.
Set Ay := A, Al = A/«/Z and Ag := 0. Then, (A, A1, Ag) satisfies (5) and (6) of
Proposition 6. Note that spectral projections commute with grading operators. Thus, we
conclude from Proposition 6 that Ind(L,,) = Ind(L},). O

3. The Main Theorem
3.1. Notation. We define c, €, and I" by

01 01 10
c:(_l()), e=<10>, andF=<0_1>.

Then, ¢ = —1, €2 =T'? = 1, ' = ce, and they anti-commute.

Let X be a closed oriented Riemannian manifold with dim X even. Let S be a Z,-
graded hermitian vector bundle on X, and 'y its Z,-grading operator. Let D: C*°(X; S)
— C*°(X; S) be a first-order, formally self-adjoint, elliptic partial differential operator
that anti-commutes with I's. Let Y C X be a separating submanifold that decomposes X
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into two compact manifolds X and X_ with common boundary Y. Letk: X — [—1, 1]
be an L°°-function such that x = +1 on X1 \Y.

We assume that Y has a collar neighbourhood isometric to the standard product
(—4,4) x Y and satisfying ((—4,4) x Y) N Xy = [0,4) x Y. The coordinate along
(—4, 4) is denoted by u.

X_ - - U Xy
-4 4

We also assume that § and D are standard in the following sense: there exist a hermitian
bundle £ on Y and a bundle isometry from S|_4 4)xy to C? ® E such that, under this
isometry, I'g corresponds to I' ® idg and D takes the form

_ _ 0 o+A
D=cQd+e®A= (—8M+A 0 ),
where A: C®(Y; E) — C*°(Y; E) is aformally self-adjoint, elliptic partial differential
operator. In this paper, we will concentrate on the case when A has no zero eigenvalues,
and assume this condition.

3.2. Spectral gaps. As a first step, we will consider the spectral gap of domain-wall
fermion Dirac operators. We begin with the one-dimensional operator

0 0 + m sgng

. (R (2 2. (2
—d, +msgn, 0 )‘CC [R; C%) — L7R; ),

cO; +msgny € = (
where sgny: R — R is a sign function such that sgny(£¢) = £1 for ¢ > 0. It is well-
known that the operator (cd; + m sgng €) is essentially self-adjoint on L?(R; C?) and
that it has essential spectrum equal to (—oo, —m] U [m, 00) and 0 is a unique and simple
eigenvalue. See, for example [6, Theorem 4.2]. We note that

d m
—mlt| _ —mlt|
—e = —msgnye ,
ar g0y
forany m > 0. Let v_ = (0, 1)7, which satisfies Tv_ = —v_. Then, e ""Ily_ satisfies

(cd; +m sgny 6)(e_m|”v,) =0,

which is called the Jackiw—Rebbi solution [13].

msgn,

el

We next consider the domain-wall fermion Dirac operator

(c®+e@A)+T @ (msgny): CPR x V;C?QE) - L*(Rx Y;C>Q E)
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on R x Y, which is also essentially self-adjoint on L?R x Y;C?Q® E). Assume A has
no zero eigenvalues. Let A4 be the positive square root of the first non-zero eigenvalue
of A2. By the method of separation of variables [17]*Theorem VIIL.33, we have

Spec[(c® 0y +€ ® A) + T ® (msgng)| N (—ha, Aa) =0

for any m > X 4. We now proceed to the domain-wall fermion Dirac operator on X via
Proposition 6. Recall that D = ¢ ® 9, + € ® A on the neck (—4,4) x ¥ C X.

Proposition 9. Assume A has no zero eigenvalues. Let A 4 be the positive square root of
the first non-zero eigenvalue of A2. Then, there exists a constant m1 > 0 that depends
only on A4 such that we have

Aa A
Spec(D + mxT'g) N <_7A’ —A) =0

foranym > mj.

Proof. We apply Proposition 6 for ((c RI+eRA)+T' R (m sgno)) on R x Y and
(D +mkT'g) on X with Uy = U() = (—4,4) x Y.Let Ay := A4, A1 := Aa/2, and
Ap := 0, and we have C > 0 of Proposition 6. We set

(C2+ADCT+AD (CP+AH(C?+AD)

m = max
2 2 ’ 2 2
{ Ay — A AT = Ag

L(CP+ A%)} ,
which yields the conclusion. 0O

3.3. Product formula. Next, we will modify D on X,. Let Xcy) := (—00,0] x Y U X,
with the standard cylindrical-end metric. The bundle S and the operator D naturally
extends to X¢yi, which will be denoted by Scy1 and Dey;.

(—00,0) X Y X,

Recall [1, Corollary (3.14)] that Dey1: L?(Xcyl; Sey1) — L?(Xeyl; Seyt) is a Fredholm
operator if A has no zero eigenvalues; thus, there exists A Deyt > 0 such that Spec D¢y N
(=ADeys Angy) = {0}

Letsgn: R x X¢y1 — [—1, 1] be an L*°-function such that sgn = —1 on (—o0, 0) x
X¢y1and sgn = 1on (0, 00) x X¢yi. We consider a bundle C*® Scy1on R x Xy equipped
with a Z;-grading operator I’ ® ids and an odd operator

€®(Dcyl+mSgHFS)+C®at=< 0 (Dcyl+mSgHFS)+8'>,

(Deyr + msgnT's) — o 0
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which is self-adjoint on L2(R X Xeyls C?® Scy1)- Note that this operator is a coordinate
change of the graded tensor product of (cd; + m sgng €) and Dey).
X()I

sgn = +1
sgn = —1 {0} X ch]

Proposition 10. If A has no zero eigenvalues, then the operator (6 ® (Dey1+msgnTg) +
c® 8,) is also Fredholm, and we have

Ind(Dey1) = —Ind [e ® (Dey1 +msgnls) +c® a,]
foranym > 0, and
Spec [€ ® (Deyt +msgnT's) +¢ ® 0;] N (—Apy» Apy) = {0}
foranym > Ap,.
Proof. Assume D¢y1¢p = 0. Set ¢+ := (¢ == I's) /2. Recall that

(e"""')/ = —m sgngy el for any m > 0. Then, we have
0 (Deyr +msgnTs) +0;) (e g\ _
(Deyi +msgnT's) — 0 0 e Mg, ) —

The details are left to the reader. O

3.4. Embeddings into a cylinder. At the heart of this paper lies our next step, which
constructs an embedding 7 from (-2, 2) x Xy into the infinite cylinder R x X.
X

E 7((=2,2) X Xey1) E 'R

Let Ry := (—2,2) x (—00,4) and Ry := R x (—4, 4). We denote the coordinates
of Ry by (¢, u) and that of R, by (s, v). Fix an embedding t2: Ry — R such that

r2 =id for 2 < u and
()~ ()
H
u t

for u < —100. Since Y has a collar neighbourhood isometric to (—4,4) x Y, we can
regard Ry X Y and Ry x Y as open subsets of (=2, 2) x X¢y1 and R x X respectively.
We define an embedding

T:(=2,2) x Xey1 > R x X
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by T =idr xidy on (—2,2) x X, and T = 12 X idy on R; x Y. By construction, ©
is an isometry outside a compact set ((—2, 2) x (=100, 2) x Y).
v

:

Tr2(Ry)

R;

We modify the Riemannian metric on R x X so that T becomes an isometry. Let
g denote the product metric on (—2,2) x X¢y1 and g’ on R x X. Let x: R x X —
[0, 1] be a bump function such that x = 1 on r((—l, 1) x chl) and y = 0 outside
t((—2, 2) x ch1)~ We define a family of Riemannian metrics g, connecting g; := g’

to g} == x((z7")*g) + (1 — x)g' by
g =0=rg+r(x(@H*e)+1-x¢)

for r € [0, 1]. Now 7 is an isometry from ((—1, 1) x Xey1, g) to (R x X, g}). We also
modify the hermitian metric on S conformally so that the L%-normonC CRxX; C2®59)
remains unchanged. Let du(g).) denote the volume form of (]R x X, g;), and we define

friRx X —> Rbydu(g) = e?Irdu(g’). Let (-, -) denote the hermitian metric on S.
We define a family of hermitian metrics (-, -), on S by

() = e 2

forr € [0, 1]. Now the L2-norm on CrRxX; C?®S) with du(g)) and (-, -), remains
unchanged. Using Spin(2)-action on C2, we can lift 7 to 7: C*> ® Seyl = C’>® S so
that

‘L'_lO[G®D+C®3S]Of=[E@Dcy1+c®3t] @)

holds. Note that g/ coincides with g’ outside a compact set. We refer the reader to [4]
for a related construction.
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3.5. The eta invariant of domain-wall fermion Dirac operators. We will slightly extend
the definition of the eta invariant to take care of discontinuities of domain-wall fermion
Dirac operators.

Fix m > 0. Since Ker(D + m«T'g) = {0}, there exists a constant C,, > 0 such that

Ker(D + mkT's + f) = {0}
forany f € L*(Z; End(Sz)) with || fll; < Cp.

Lemma 11. Let f| € L2(Z;End(Sz)) with || fill, < Cy and fo € LZ(Z; End(S%2))
with || f2ll, < Cpy. Assume that mx s + f1 and mx s + fr are smooth operators. Then,
we have

n(D+mkTs+ f1) =n(D +mkTs+ f>).

Proof. This is a direct consequence of the variational formula of the eta invariant [11,
Theorem 1.13.2]. O

We now define the eta invariant of domain-wall fermion Dirac operators by
n(D+mklyg) :=n(D+mkls+ f) ()

for any f € L?*(Z; End(S2)) such that |fll, < Cp, and that mxT's + f is a smooth
operator. This definition is well defined by Lemma 11.

3.6. Main theorem.

Theorem 12. If A: C*°(Y; E) — C*°(Y; E) has no zero eigenvalues, then there exists
a constant mg > 0 that depends only on X, S, and D such that we have
n(D+mkls) —n(D—mly)

2

Indaps(Dly,) =

for any m > my.

Proof. We begin with the observation that R x X \r({O} X chl) has two connected
components; we will denote by (R x X)_ the one containing {—10} x X, and by
(R x X). the other half. Let kaps: R x X — [—1, 1] be an L>-function such that
?APS =41 on (R X X):t.

X

T({O} ><)(cyl) ?APS = +1 F

= ; 'R
xaps = —1 g B

Fixm > 0. We introduce an operator B, : CXRxX; C?®S) - L>RxX; C>°®S)
defined by

o~

Dy =€ Q@ (D +m7<\APSFS) +c ® 05

- ( 0 (D +miapsTs) + as) ’ ©

(D + mkapsIs) — 0 0
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which is essentially self-adjoint on L?Rx X:C2®2S).
By (7), we have

T 0Dy of = [€® (Dey +msgnTs) +¢c @ 3]
By Proposition 10, we have
Spec [€ ® (Deyt +msgnT's) +¢ ® 8;] N (=Apy» Apgy) = {0}

foranym > Ap,,.Set A := Ap,,. We now apply Theorem 8 for (e & (Dey1+msgn'g)+
c® 8,) onR x Xy and @m onR x X equipped with the modified metric g} . By homotopy

invariance of the index, we can use either g’ or g to compute Ind(@)m). Thus, we have
the constant C > 0 such that

Ind [ ® (Deyi +m sgnT's) + ¢ ® 8] = Ind(Dy,) (10)

form > 2(C* + A%)/A. Note that 2(C? + A?)/A > A = Ap,,. By Proposition 10, we
also have

Ind(Dey1) = —Ind [€ ® (Deyi + msgnT's) + ¢ ® 9] (11)

for any m > 0. .

To apply the Atiyah—Patodi—Singer index theorem, we will approximate &,, by an
operator with smooth coefficients. Let C,,, > 0 be the same constant as in Lemma 11.
Let ’Efjgs: R x X — [—1, 1] be a smooth function that approximates Kaps such that
Kaps = —1lon {—10} x X,

~—~Ssm
||KAPS|{10}><X —kll2quoyxx) < Cms

and Ind(@m) = Ind(@fﬁ“), where

B = € ® (D + mRBGT's) + ¢ ® by = ((D +m’x‘2‘§srs) L@ #mRRRSTs) + as) |
Note that
_ _{e@(D—mF5)+c®BS on {—10} x X
"7 e ® (D +m(&xps|0yxx )Ts) +c® 85 on (+10} x X.

By Proposition 9, the domain-wall fermion Dirac operator D +m«I"g has no zero eigen-
values if m > mjy;hence, neither does D + m( Tc\gﬂ (10)x X )FS. The Atiyah—Patodi—

Singer index theorem on the cylinder [1, (2.27)] yields

n(D +m(?/s$s|{10}xx )Ts) — n(D —mTs)

Ind(@") = — > ,

where we have used the assumption that dim (R x X) is odd and the fact [11, Lemma 1.8.2
(d)] that the constant term in the asymptotic expansion of the heat kernel of an elliptic
differential operator on an odd-dimensional manifold vanishes.? By the definition (8), we

2 This does not remain true for pseudodifferential operators [16, Theorem 13.12].
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have n(D+m( ®3pg |{10}><X )Ts) = n(D+m«Ts). By assumption, we have Ind(3,,) =
Ind(@,‘;‘“). Thus, we get

n(D +mklg) —n(D —mly)
5 .

Now set mo := max{my,2(C? + A?)/A}. Note that Indaps(Dly,) = Ind(Dey1)
by [1, Proposition 3.11]. Combining (10), (11), and (12), we have

n(D+mkls) —n(D —mIy)
2

Ind(@,,) = — (12)

Indaps(Dlx,) =

for m > mg. The proof is complete. O

Remark 13. The particular choice of « will not be essential in our arguments but clarify
ouridea. See Lemma 1 1. Our arguments extend easily to the case when « satisfies k = x4
on X1\(—2,2) x Y for some k4 € R with kyx_ < 0. In particular, taking an extreme
limit (—x_) > k4, we recover Shamir domain-wall fermions [9,19]. See [8, IV.B].

Remark 14. We have used the Atiyah—Patodi—Singer theorem only on cylinders.

We conclude this paper with a problem. Although the proof above implies that there
are no edge-of-edge states or corner states in our situation, we expect that corner states
will emerge if we introduce extra domain walls. Let &, : R x X — [—1, 1] be a bump
function such that ¥, = 1 on [—10, 10] x X and k¥, = —1 outside [-10, 10] x X. Fix
M > 0. We consider yet another self-adjoint operator &, + Mk, (I' ®idy) so that corner
states would emerge around {10} x Y. Then, perturbation arguments as in [8] lead us to
ask whether

1D + MR (T ®@ids)) — 1(D — M ® ids))
2

holds with some regularisation to define the right-hand side.

Indaps (@m on [—10,10] x X) =
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