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ABSTRACT

We study an infinite-dimensional ASD moduli space over the cylinder. Our
main result is the formula of its local mean dimension. A key ingredient
of the argument is the notion of non-degenerate ASD connections. We
develop their deformation theory and show that there exist sufficiently
many non-degenerate ASD connections by using the method of gluing

infinitely many instantons.

1. Introduction

1.1. MAIN RESULT. A fundamental object in geometric analysis is the space
of solutions of a partial differential equation over a manifold. When the un-
derlying manifold is compact and the equation is linear, a milestone result
is the Atiyah—Singer index theorem; it gives a topological formula of the in-
dex of a linear elliptic equation. When the equation is non-linear, the prob-
lem is much more involved. General non-linear equations are probably too
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difficult for our present technologies. But there exist some tractable non-
linear equations. Most notable ones are the Yang—Mills anti-self-dual equation,
(pseudo-)holomorphic curves and the Seiberg-Witten monopole equations.
When the underlying manifold is compact, the moduli spaces of solutions of
these equations become finite-dimensional, and it is possible to study their
topological and geometric properties in detail. A lot of surprising facts on these
moduli spaces have been obtained for more than 30 years. But if the underlying
manifold is non-compact, the situation drastically changes. The moduli spaces
can be infinite-dimensional, and traditional methods cannot be applied to such
infinite-dimensional spaces. We know almost nothing about them.

When we consider linear elliptic equations over non-compact manifolds, there
already exist established techniques of operator algebra to study infinite-dimen-
sional solution spaces (Atiyah [2]). Is there any analogous method for non-linear
equations? Relatively recently Gromov [14] proposed one idea. He proposed
the study of the dynamics on infinite-dimensional moduli spaces. Infinite-
dimensional (non-linear) spaces are very wild objects, but if we look at dynam-
ics on them, a new structure will emerge. In order to capture information on
these infinite-dimensional dynamics, Gromov introduced a new topological in-
variant of dynamical systems called mean dimension, which is a non-linear /L
analogue of von Neumann dimension. The purpose of our present paper is to
examine this idea in the context of Yang—Mills theory. We will show that the
new dynamical viewpoint certainly reveals a non-trivial structure of infinite-
dimensional Yang—Mills moduli spaces. Probably some of our techniques can
be also applied to the Seiberg—Witten equations. For the case of holomorphic
curves, see Gournay [11], Tsukamoto [22, 24] and Matsuo—Tsukamoto [19]. The
paper [19] is the origin of the main techniques of the present paper.

To explain our motivation more concretely, we need to recall the pioneering
work of Atiyah—Hitchin—Singer [3]. The paper [3] is a starting point of the
mathematical study of Yang—Mills gauge theory. One of their main results [3,
Theorem 6.1] is a calculation of the dimension of a Yang-Mills moduli space by
using the Atiyah—Singer index theorem. Their result can be stated as follows:
Let A be an SU(2) connection over a compact oriented Riemannian 4-manifold.
We denote its curvature by F4. The connection A is said to be ASD (anti-self-
dual) if Fy is anti-self-dual (xF4 = —Fy4) with respect to the Hodge star .
Suppose that A is an irreducible ASD connection and that the underlying 4-
manifold is anti-self-dual (i.e., its Weyl conformal curvature is anti-self-dual) and
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of positive scalar curvature. Then the number of the deformation parameters
of A is equal to

8(instanton number of A) — 3(1 — by).

Here b; is the first Betti number of the underlying 4-manifold. The “instanton
number” means the second Chern number of the bundle which the connection
A belongs to, and it is equal to the Yang—Mills functional

1
57 / | Fa|dvol.

This dimension formula is the target of our work. Our main result (Theorem
1.2) is an infinite-dimensional analogue of the above formula. Although there is
still much work to be done, probably our theorem is the first satisfactory result
in this direction.

Let S3 := {23+ 23+ 2%+23 = 1} C R* be the unit 3-sphere with the standard
Riemannian metric induced by the Euclidean metric on R*. Let X := Rx S3 be
the cylinder with the product metric. We will study infinite-dimensional Yang—
Mills moduli spaces over X. The reason why we consider the cylinder Rx 53 is as
follows: In Atiyah—Hitchin—Singer [3, Theorem 6.1] they needed the assumption
that the underling 4-manifold is anti-self-dual and of positive scalar curvature.
These metrical conditions were used via a certain Weitzenbock formula. In
the present paper we also need to use the Weitzenbock formula. The cylinder
R x 53 is one of the simplest non-compact 4-manifolds which are anti-self-dual
and of uniformly positive scalar curvature. So this is the first non-trivial case
to examine our ideas.

Let E := X x SU(2) be the product principal SU(2) bundle. (Every prin-
cipal SU(2) bundle on X is isomorphic to the product bundle E.) Let A be
a connection on E. Its curvature F4 is a 2-form valued in the adjoint bundle
adE = X x su(2). So it gives a linear map:

Fa(p) : A*(T,X) — su(2) (Vpe X).

Let |Fa(p)|op be the operator norm of this linear map, and let ||Fallop be the
supremum of |F4 (p)|op over p € X. The explicit formula is as follows: Let pe X,
and let (z1, z2, x5, 24) be the normal coordinate system of X centered at p. We
suppose that the curvature Fs is expressed by Fa = Zl§i<j§4 Fijdz; N dx;



796 S. MATSUO AND M. TSUKAMOTO Isr. J. Math.

around the point p. Then the norm |F4(p)|op is equal to

S“p{ Y aiyFyp)|lag €R, Y aszl}.

1<i<j<4 1<i<j<4
Here the Lie algebra su(2) = {X € My(C)|X + X* =0, tr(X) = 0} is endowed
with the inner product (X,Y) = —tr(XY). In this paper we also use the

Euclidean norm |F4(p)| defined by
(1) [Fap)? = Y 1Fy()*

1<i<j<4
For a subset U C X we denote by ||Fa| () the essential supremum of |F4(p)|
over p € U.
For a non-negative number d we define M as the space of the gauge equiv-
alence classes of ASD connections A on E satisfying

| Fallop < d.

This space is endowed with the topology of C*°-convergence over compact sub-
sets: A sequence [A,] converges to [A] in My if and only if there exists a se-
quence of gauge transformations g, : E — E such that g,(A,,) converges to A
in C* over every compact subset. From the Uhlenbeck compactness ([26, 27]),
the space Mg is compact and metrizable. The above condition ||Fallop < d is
motivated by the notion of Brody curves (Brody [5]) in Nevanlinna theory. Note
that the norm ||Fal|op does not dominate the L?-norm of Fy4. So the L?-norm
of the curvature of [4] € M, can be infinite.

The space My becomes a dynamical system with respect to the following
natural R-action: R acts on X = R x S3 by s(t,6) := (t + s,0). This action
is lifted to the action on E = X x SU(2) by s(t,0,u) :== (¢t + s,60,u). Then R
continuously acts on My by s[A] := [s*(A)] where s*(A) is the pull-back of A
by s : F — E. Our main subject is the study of this dynamics on M,. Let’s
look at the example:

Example 1.1: If d < 1 then Mg is equal to the one-point space. The only one
element is the gauge equivalence class of the trivial flat connection. (This fact
is proved in [25]. The threshold value d = 1 is different from the value given in
[25]. This is because the norm on su(2) in the present paper is different from the
norm in [25] by the multiple factor v/2.) If d = 1 then the space M; contains
a non-trivial element: We define an SU(2) ASD connection A (discovered by
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Belavin—Polyakov—Schwartz—Tyupkin [4]) over the Euclidean space R* by

1 v—1 0
A(z) := W{ ( 0 _\/__1> (x1dxe — wodr1 — x3dTy + T4dX3)

1
+ < ! 0) (z1dr3 — x3dr1 + T2drs — T4dT2)

0 VI
+<\/—_10

Let I be the pull-back of A by the conformal map

) (1‘1d1‘4 — x4dr1 — TodX3 + $3dl‘2)}.

R x S — R*\ {0}, (¢,0) — €'b.

Then I is an ASD connection on £ = X x SU(2) with
4
(et +e=t)2’

Hence [] is contained in M;. So M; contains a flat connection and the R-orbit

|F1(t79)|0p = ”FIHOPZ L.

of [I]. The authors don’t know whether it contains other elements or not.

Therefore My is trivial for d < 1, and possibly a simple space for d = 1. On
the other hand, we will see later that the space M, is infinite-dimensional for
d > 1 (Remark 1.12). Moreover, its topological entropy (as a topological dy-
namical system) is also infinite. So Mg (d > 1) is a very large dynamical system.
Mean dimension is exactly an invariant introduced for the study of this kind
of infinite-dimensional and infinite entropy systems. So we want to calculate
the mean dimension of My . But our present technology is a little inadequate
for the complete calculation of the mean dimension of My. So we calculate
the local mean dimension of M, instead of mean dimension itself. Local mean
dimension is a variant of mean dimension introduced by [18]. For each point
[A] € Mg we have the non-negative number dimp4(Mg : R) called the local
mean dimension of My at [A]. We define dim,.(My : R) as the supremum of
dimpq) (Mg : R) over [A] € My. Mean dimension and local mean dimension are
topological invariants of dynamical systems which count “dimension averaged
by a group action” in certain ways. We review their definitions in Section 2.

Let A be a connection on E. We define the energy density p(A) by

p(A) == lim <

2
LJim |F 4l dvol) .

7
sup
8m2T tei (t,t+T)x S3



798 S. MATSUO AND M. TSUKAMOTO Isr. J. Math.

Here |F4| is the Euclidean norm defined in (1). This limit always exists because
we have the natural sub-additivity:

sup | Fa|2dvol

teR ~/(t,t+T1+T2)xS3

§sup/ |FA|2dvol+sup/ | Fa|2dvol.
tER J (64T ) x 53 teR J(t,t4+T5)x 93

The energy density p(A) is an “averaged” instanton number, which was first
introduced in [18]. It is zero for finite energy ASD connections. So it becomes
meaningful only for infinite energy ones. We define p(d) as the supremum of
p(A) over all [A] € My; p(d) is a non-decreasing function in d. It is zero for
d <1 (Example 1.1). We will see later that p(d) is positive for d > 1 (Remark
1.12) and that it goes to infinity as d — oo (Example 1.6).

Let D C [0, +00) be the set of left-discontinuous points of p(d):

D ={de[0,+00)| lim p(d—2) # p(d)},

Since p is monotone, the set D is at most countable. (Indeed we don’t know
whether it is empty or not.) Our main result is the following theorem.

THEOREM 1.2: For any d € [0,+00) \ D,
dimloc(./\/ld : R) = 8p(d)

Since D is at most countable, we get the formula of the local mean dimension
of My for almost every d > 0. Our calculation of the local mean dimension
dimyc(My : R) started in [18]. Theorem 1.2 is an almost satisfactory answer
(at least for the authors) to this problem. A next important problem is to
calculate the mean dimension (not the local one) of M,. Another interesting
problem is a detailed study of the function p(d). Is it continuous? The authors
hope to return to these questions in the future.

Theorem 1.2 is strongly analogous to the main theorem of Matsuo—Tsukamoto
[19] concerning the mean dimension of a system of holomorphic curves. Gromov
[14, p. 332] wrote that one of his motivations is to “set some branches of the
Nevanlinna theory into a dynamical casting”. Hopefully our paper is a step
toward the realization of his vision. Indeed our definition of the energy density
p(A) is motivated by the idea of the Nevanlinna—Shimizu—Ahlfors characteristic
function in the holomorphic curve theory; for a holomorphic curve f : C — CPYN
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its characteristic function T'(r, f) is defined by
T dt ,
T(r, f)= " |df |*dzdy (2 =2+ v—1y € C).
1 |z| <t

The main theme of Nevanlinna theory is the asymptotics of T'(r, f) as r — oc.
So, roughly speaking, the study of the asymptotic energy distribution is one
of the most important ingredients. The authors have been trying to find a
corresponding idea in Yang-Mills theory. The energy density p(A) came from
this attempt.

Remark 1.3: Some readers might feel that the operator norm ||Fallop used in
the definition of M  seems strange. This choice leads us to a very satisfactory
result, but we will briefly discuss another possibility in the Appendix.

1.2. NON-DEGENERATE ASD CONNECTIONS. The following notion is very im-
portant in the argument of the paper:

Definition 1.4: Let [A] € My (d > 0). A is said to be non-degenerate if the
closure of the R-orbit of [A] in M, does not contain a gauge equivalence class
of a flat connection.

This definition is motivated by the classical work of Yosida [28] in complex
analysis. Yosida studied a similar non-degeneracy condition for meromorphic
functions f : C — CP!. (He used the terminology “meromorphic functions of
first category”.) Eremenko [8, Section 4] discussed it for holomorphic curves
f:C — CPY, and Gromov [14, p. 399] studied a similar condition for more
general holomorphic maps.

Example 1.5: Let A be an instanton, i.e., an ASD connection on E with finite
energy

/ |Fa|2dvol < 4-o00.
X

Then s[A] converges to a gauge equivalence class of a flat connection when
s — oo (Donaldson [6, Chapter 4, Proposition 4.3]). So A is a degenerate
(i.e., not non-degenerate) ASD connection.

Example 1.6: An ASD connection A on FE is said to be periodic ([18]) if there
exist 7' > 0, a principal SU(2) bundle F over (R/TZ) x S* and an ASD con-
nection B on F such that (E, A) is isomorphic to the pull-back (7*(F), 7*(B)).



800 S. MATSUO AND M. TSUKAMOTO Isr. J. Math.

Here 7 : R x S% — (R/TZ) x S3 is the natural projection. If A is periodic, then
the energy density p(A) is given by

p(4) = c2(F)/T.

If A is periodic and non-flat, then A is non-degenerate. By Taubes [20], every
principal SU(2) bundle F on (R/TZ) x S3 with ¢2(F) > 0 admits an ASD
connection. Therefore we have a lot of periodic ASD connections. From this fact
we can easily see that the function p(d) introduced in the previous subsection
goes to infinity as d — oo.

LEMMA 1.7: Let [A] € M. A is non-degenerate if and only if there exist § > 0
and T > 0 such that for any interval («, 8) C R of length T we have

(2) [Fallze((a.8)xs%) 2 0.

Proof. This is a Yang—Mills analogue of the result of Yosida [28, Theorem 4].
Suppose that A does not satisfy (2) for T'= 1. Then there exist {a,}n>1 CR
such that [|Fallze((a,,an+1)xs3) < 1/n. By choosing a subsequence we can
assume that o, [A] converges to [B] in My. Then Fg = 0 over (0,1) x S3. By
the unique continuation, Fg = 0 all over X. Hence B is flat and A is degenerate.

Suppose the above condition (2) holds for some § > 0 and 7' > 0. Then any
element [B] in the closure of the R-orbit of [A] satisfies || Fp||oc((a,8)x53) > 0
for every interval («, 8) C R of length T'. Hence B is not flat.

Note that the above argument also proves the following: [A] is non-degenerate
if and only if for any 7' > 0 there exists § > 0 such that for any interval
(o, ) C R of length T' we have || Fa| po((a,8)x53) = 0- n

Remark 1.8: By the same argument we can prove the following: [A] € M, is
non-degenerate if and only if there exist 6 > 0 and T' > 0 such that for any
interval (o, 8) C R of length T we have

| FallL2((a,8)x 53) > 0.

In particular if [A] € My is non-degenerate then its energy density p(A) is
positive.

The following Theorem 1.9 is proved in [18, Theorem 1.2]. (The paper [18]
adopts a little different setting. So we explain how to deduce this result from
[18] in the Appendix.)
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THEOREM 1.9: For any [A] € Mg,
dim[A] (Mg :R) <8p(A).

Hence
dimyee(Mq : R) = sup dimpq (Mg : R) < 8p(d).
[AleMy
The lower bound on the local mean dimension is given by using the next two
theorems.

THEOREM 1.10: Let A be a non-degenerate ASD connection on E with
HFAHOP < d. Then
dim[A] (Md . R) = 8p(A).

In this theorem the strict inequality condition || Fa|op < d is purely technical.
The point is the non-degeneracy assumption. This makes the situation simpler.
It is more difficult to study the local structure of M, around degenerate ASD
connections. We postpone it to a future paper. In the present paper we bypass
it by using the following theorem.

THEOREM 1.11: Suppose d > 1, and let A be an ASD connection on E with
| Fallop < d. For any & > 0 there exists a non-degenerate ASD connection A on
E satisfying

HF(A)HOP < d7 p(/i) > p(A) —¢&.

Roughly speaking, this theorem means that we can replace a degenerate ASD
connection by a non-degenerate one without losing energy. In the above state-
ment we supposed d > 1 because there does not exist a non-flat ASD connection
A on E satisfying ||Fallop < 1 (Example 1.1).

The main task of the paper is to prove Theorems 1.10 and 1.11. Here we
prove the main theorem by assuming them:

Proof of Theorem 1.2 (assuming Theorems 1.10 and 1.11). We always have the
upper bound dim;,.(Mg : R) < 8p(d) by Theorem 1.9. So the problem is the
lower bound.

Let po(d) be the supremum of p(A) over [A] € Mg satistying || Fallop < d.
Obviously po(d) < p(d). Then

(3) dimyee (Mg : R) > 8po(d).

This is proved as follows:
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CASE 1: Suppose d < 1. Then the condition ||Fallop < d implies Fi4 = 0.
(See Example 1.1.) Hence po(d) = 0 and the above (3) trivially holds.

CASE 2: Suppose d > 1. Take [A] € Mg with ||Fallop < d. For any ¢ > 0
there exists a non-degenerate ASD connection A on E satisfying ||F(A)]|op < d
and p(A) > p(A) — e (Theorem 1.11). By applying Theorem 1.10 to A,

dimyoe(Mq : R) > dimgz(Ma : R) = 8p(A) > 8(p(4) —¢).

Since € > 0 is arbitrary, dimjee(Mg : R) > 8p(A). Taking the supremum over
A, we get the above (3).
For any € > 0, we have p(d —¢) < po(d) < p(d). Hence if p is left-continuous
at d (i.e., d € D), then we have po(d) = p(d). Therefore
(

dimgoe(Ma : R) = 8p(d) (d € [0,+00)\ D). 1§

Remark 1.12: Let d > 1. By applying Theorem 1.11 to a flat connection,
we can conclude that My always contains a non-degenerate ASD connection.
(Indeed M4 always contains a non-flat periodic ASD connection. See Remark

3.) Since the energy density of a non-degenerate ASD connection is positive
(Remark 1.8), the function p(d) is positive for d > 1. Moreover, by Theorem
1.10, the local mean dimension of M, is also positive for d > 1. In particular,
My is infinite-dimensional for d > 1.

1.3. IDEAS OF THE PROOFS. We explain the ideas of the proofs of Theorems
1.10 and 1.11.

The basic idea of the proof of Theorem 1.10 is a deformation theory. Let A
be a non-degenerate ASD connection on E satisfying ||Fallop < d. Let HY be
the Banach space of a € Q!(adFE) satisfying

dha=dia=0, lallpex) < oo.

Here d7 is the formal adjoint of d4 : Q°(adE) — Q! (adE), and d7 is the self-
adjoint part of d4 : Q'(adE) — Q?(adE). For each a € H} the connection
A+ais almost ASD: F*(A+a) = O(a?). Therefore there exists a small R > 0
such that for each a € Br(H}) (the R-ball with respect to || - ||, (x)) We can
construct a small perturbation a’ of a satisfying F*(A + a’) = 0. So we get a
deformation map:

(4) Br(HY) = My, aw [A+d).

We study the local mean dimension of Mg through this map.
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A construction of the map (4) does not require the non-degeneracy condition
of A. But a further study of (4) requires it. We need to compare the distances
of both sides of (4). M, is a quotient space by gauge transformations. Hence
its metric structure is more complicated than that of Bg(H}). For example,
even if a,b € Br(H) are not close to each other, the points [A+a’] and [A+']
might be very close to each other in M,. We need the non-degeneracy condition
for addressing this problem. This is a technical issue. So here we do not go into
detail but just point out that the above map (4) becomes injective if R < 1
and A is non-degenerate. (This injectivity is not enough for our main purpose.
The result we need is Lemma 5.5, and it is based on the study of the Coulomb
gauge condition in Section 3.)

Assume that we have a good understanding of the deformation map (4). A
next problem is the study of the Banach space H. We investigate a structure
of finite-dimensional linear subspaces of H}. (H} itself is infinite-dimensional.)
We need the following result (Proposition 4.1): For any interval (o, 8) C R of
length > 2 there exists a finite-dimensional linear subspace V' C HY such that

1
dimV > — | Fa|2dvol — const 4,
T Hap)xs?

Va e V: flallpe(x) < 2llallLe((a,0x59)-

The energy density p(A) comes into our argument through the first condition
of V. The second condition means that essentially all the information of a € V
is contained in the region (a, 8) x S3. A main ingredient of the proof of this
result is the Atiyah-Singer index theorem. Combining this knowledge on H}
with the study of the deformation map (4), we can prove Theorem 1.10. The
proof is finished in Section 5.2.

Next we explain the idea of the proof of Theorem 1.11. Suppose d > 1 and
that A is a degenerate ASD connection on E with ||Fallop < d. We want to
replace A with a non-degenerate one. The idea is gluing instantons. Lemma 1.7
implies that A has a region where the curvature Fs is very small. We glue an
instanton I (described in Example 1.1) to A over such a “degenerate region”.
A has infinitely many degenerate regions. So we need to glue infinitely many
instantons to A.

More precisely the argument goes as follows: Let 0 < d < 1 and T > 1. We
define J C Z as the set of n € Z such that |F4| < § over [nT, (n+1)T]x S3. Since
A is degenerate, the set J is infinite. For each n € J we glue (an appropriate
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translation of) the instanton I to A over the region [nT, (n + 1)T] x S2. If we
choose 0 sufficiently small and 7" sufficiently large, then the resulting new ASD
connection A becomes non-degenerate and satisfies |[F(A)|op < d. Moreover,
roughly speaking, gluing instantons increases the energy of connections. So we

have p(A4) > p(A4) —e.

The paper [19] is the origin of our idea to use the deformation theory of
non-degenerate objects and gluing infinitely many instantons. In [19] we study
the mean dimension of the system of Brody curves (holomorphic 1-Lipschitz
maps) f : C — CPY by developing the deformation theory of non-degenerate
Brody curves and gluing technique of infinitely many rational curves. After
the authors wrote the paper [19], they felt that the ideas of [19] have a wide
applicability beyond the holomorphic curve theory. The second main purpose
of the present paper is to show that a basic structure of the argument in [19]
is certainly flexible and can be also applied to Yang—Mills theory. The authors
are satisfied with the result.

The main difference between the case of Brody curves and Yang—Mills theory
is the presence of gauge transformations. A substantial part of the present paper
is devoted to the study of the method to deal with gauge transformations. (The
technique of perturbing Hermitian metrics described in [19, Section 4.2] might
have a flavor of gauge fixing. But it is much simpler.) At least for our present
technology, the Yang—Mills case is more involved than Brody curves. Another,
relatively minor, difference is the techniques of gluing. The gluing construction
in [19] is more elementary than that of the present paper. The reason is that for
meromorphic functions f and g in C we have a natural definition of their sum
f + g. But we don’t have such a definition for the “sum” of ASD connections.

1.4. ORGANIZATION OF THE PAPER. Section 2 is a review of mean dimension
and local mean dimension. Section 3 is devoted to the study of the Coulomb
gauge condition. In Section 4 we study the Banach space H}. In Section 5 we
develop the deformation theory of non-degenerate ASD connections and prove
Theorem 1.10. In Section 6 we study the gluing method and prove Theorem
1.11. In the Appendix we investigate another definition of the ASD moduli
space.

1.5. NOTATIONS. e In most of the argument the variable ¢ means the natural
projection t : R x §% — R.



Vol. 207, 2015 ASD MODULI SPACES OVER THE CYLINDER 805

e The value of d (which is used to define M) is fixed in the rest of this paper
(except for the Appendix). So we usually omit to write the dependence on d.
We adopt the following notation:

Notation 1.13: For two quantities z and y we write
Y

if there exists a positive constant C(d) which depends only on d such that
x < C(d)y. Let A be a connection on E. We also use the following notation:

rSAY.

This means that there exists a positive constant C'(d, A) which depends only on
d and A such that x < C(d, A)y. The notation x <4 y is used in Sections 3, 4
and 5 where we fix a connection A in most of the argument.

e Let A be a connection on E. Let k£ > 0 be an integer, and let p > 1. For
¢ e Qi(adE) (0 <i<4)and asubset U C X, we define a norm 1€lze @) by

k ) 1/p
6z s = ( LIV )
)

For oo < 8 we often denote the norm |\§|\L§,A((a75)xss) by H§|\L£,A(a<t<ﬁ).

2. Review of mean dimension and local mean dimension

In this section we review mean dimension and local mean dimension. Mean di-
mension was introduced by Gromov [14]. Lindenstrauss—Weiss [16] and Linden-
strauss [15] also gave fundamental contributions to the basics of this invariant.
Local mean dimension was introduced in [18].

Let (M, dist) be a compact metric space (dist is a distance function on M).
Let N be a topological space, and let f : M — N be a continuous map. For
e > 0, f is called an e-embedding if Diamf~!(y) < ¢ for all y € N. Here
Diamf~1(y) is the supremum of dist(z1,22) over all 1 and x5 in the fiber
f~1(y). Let Widim, (M, dist) be the minimum integer n > 0 such that there
exist an n-dimensional polyhedron P and an e-embedding f : M — P. The
topological dimension dim M is equal to the limit of Widim, (M, dist) as € — 0.
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The following important example was given in [14, p. 333]. This will be used
in Section 5. The detailed proofs are given in Gournay [13, Lemma 2.5] and
Tsukamoto [24, Appendix].

Example 2.1: Let (V, || - ||) be a finite-dimensional Banach space. Let B, (V') be
the closed ball of radius r > 0 centered at the origin. Then

Widim. (B, (V),] - ]|) =dimV (0 <e<r).

Suppose that the Lie group R continuously acts on a compact metric space
(M,dist). For a subset @ C R, we define a new distance distq on M by
disto(z,y) := sup,cq dist(a.z,a.y) (z,y € M). We define the mean dimen-
sion dim(M : R) by

Widim, (M, dist
dlm(M : ]R) = hl’If(l) (Thl}_l 1 lma( T 1S ((%T))) )
E—r —+00

This limit always exists because we have the following sub-additivity:
Wldlms (M, diSt(07T1 +T2)) S Wldlms (M, diSt(O,Tl)) + Wldlms (M, diSt(07T2)).

The mean dimension dim(M : R) is a topological invariant. (This means that
its value is independent of the choice of a distance function compatible with the
topology.) If M is finite-dimensional, then the mean dimension dim(M : R) is
equal to 0.

Let N C M be a closed subset. The function

T +— sup Widim, (N, diSt(a)a_,_T))
acR

is also sub-additive. So we can define the following quantity:

Widim, (N, dist (4 4
dim(N : R) := lim (Tlim+ SUPaer W11 T( 16 (a, +T))>'
E— —+o00

For r > 0 and p € M we define B, (p)r as the set of points z € M satisfying
distg(p,2) < r. (Note that distr(p,z) < r means dist(a.p,a.x) < r for all
a € R.) We define the local mean dimension dim,(M : R) at p by

dim, (M : R) := lim dim(B,(p)r : R).

r—0

We define the local mean dimension dim;,.(M : R) by

dimyec (M : R) := sup dim, (M : R).
peEM
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dim, (M : R) and dim;,.(M : R) are topological invariants of the dynamical
system M. We always have

dim, (M : R) < dimye.(M : R) < dim(M : R).

In this paper we define mean dimension only for R-actions. But we can
define it for more general group actions. Gromov [14] defined mean dimension
for actions of amenable groups. The most basic example is the natural Z-action
(shift action) on the infinite-dimensional cube

(0,17 := .- x [0,1] x [0,1] x [0,1] x --- .
Its mean dimension and local mean dimension are given by
dimg([0,1)% : Z) = dimy,.([0,1)% : Z) = dim([0,1]% : Z) = 1.

Here 0 = (...,0,0,0,...) € [0,1]%. We don’t need this result in this paper. So
we omit the detail. The detailed explanations can be found in Lindenstrauss—
Weiss [16, Proposition 3.3] and [18, Example 2.9].

3. Coulomb gauge

In this section we study a gauge fixing condition. This is a technical step toward
the proof of Theorem 1.10. The ASD equation is not elliptic and admits a large
symmetry of gauge transformations. So in the standard Yang-Mills theory we
introduce the Coulomb gauge condition in order to break the gauge symmetry
and get the ellipticity of the equation. In our situation the gauge fixing seems
more involved than in the standard argument. A difficulty lies in the point
that we need to consider all gauge transformations g : £ — FE (without any
asymptotic condition at the end) and that they don’t form a Banach Lie group.
The main result of this section is Proposition 3.6. But its statement is not
simple. Probably Corollary 3.7 is easier to understand. So it might be helpful
for some readers to look at Corollary 3.7 before reading the proof of Proposition
3.6.

The next lemma is proved in [18, Corollary 6.3]. This is crucial for our
argument.

LEMMA 3.1: If A is a non-flat ASD connection on E satisfying || Fallop < 00,
then A is irreducible. (Recall that A is said to be reducible if there is a gauge
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transformation g # +1 satisfying g(A) = A; A is said to be irreducible if A is
not reducible.)

In the rest of this section we always suppose that A is a non-degenerate
ASD connection on FE satisfying ||Fallop < d. The next lemma shows crucial
properties of non-degenerate ASD connections.

LEMMA 3.2: (i) For any s € R and any u € Q°(adE),

/ luf2dvol < C1(A) / \dau|2dvol.
s<t<s+1 s<t<s+1

(ii) For any s € R and any gauge transformation g : E — E,
min(||g — 1||L°°(S<t<s+1)7 g + 1||L°°(s<t<s+1)) < C2(A)||dA9HL°°(s<t<s+1)-
We will abbreviate the left-hand-side to miny ||g £ 1| oo (s<t<s41)-

Proof. (i) Suppose that the statement is false. Then there exist s, € R and
uy, € Q°(adE) satisfying

1= / |, |*dvol > n/ |d Aty |*dvol.
Sp<t<sp+1 Sp<t<sn+1

Set vy, 1= s*(up) and A, := s¥(A) (the pull-backs by s, : E — E). Then

1= / |v,|?dvol > n/ |d a,, v |*dvol.
0<t<1 0<t<1

Since My is compact, there exist a sequence of natural numbers
ny < ng < ng < --- and gauge transformations g, : E — E (k > 1) such that
By, := gr(A,,) converges to some B in C* over every compact subset of X.
Since A is non-degenerate, B is not flat and hence irreducible by Lemma 3.1.
Set wy, := gg(vy, ). Then

1= / |wy [2dvol > nk/ |dg,,wi|*dvol.
0<t<1 0<t<1

dpwy = dp,wy, + [B — B, wg],

Since

the sequence {wy} is bounded in L3 5((0,1) x 5%). Hence, by choosing a subse-
quence, we can assume that wy weakly converges to some w in LF 5((0,1) x §%).
We have ||| r2(0<t<1) = 1 and dpw = 0 over (0,1) x 5. This means that the
connection B is reducible over (0,1) x S3. By the unique continuation theorem
[7, p. 150], B is reducible over X. This is a contradiction.



Vol. 207, 2015 ASD MODULI SPACES OVER THE CYLINDER 809

(ii) Fix 4 < p < oo. (Note that the Sobolev embedding L} — C° is compact.)
By an argument similar to the above (i), we can prove the following statement:
For any s € R and any u € Q°(adFE)

(5) lull Lo (s<t<st1) Sa CP)daullLr(s<i<sti)-

We prove (ii) by using this statement. Suppose (ii) is false. Then, as in the
proof of (i), there exist connections A,, (which are translations of A) and gauge
transformations g, : E — FE satisfying

min lgn £ 1|z~ 0<t<1) > nllda, gnllL=©0<t<1)-

We can choose a sequence of natural numbers n; < ny < ng < --- and gauge
transformations hy : E — E (k > 1) such that By := hi(Ay,) converges to
some B in C'* over every compact subset. B is irreducible. Set g}, := hxgn, h;l.
Then

(6) min g & Ul Lo 0<t<1) > nklldB, grll L= 0<t<1)-

{91} 1s bounded in L} 5((0,1) x S%). By choosing a subsequence, g;, converges
to some g’ weakly in L 5((0,1) x $%) and strongly in L>°((0,1) x §?). We have
dpg’ = 0. Since B is irreducible, ¢’ = +£1. We can assume ¢’ = 1 without loss
of generality. Then there are uy € LY 5((0,1) x §%, A°(adE)) (k > 1) satisfying
gr, = e** and |ug| < |gp, — 1] over 0 <t < 1. Then by (5)

g = Ulzeso<t<1) S Nurlleo<icry Sa C0)lldp, ukl ro<t<1)-
We have

||dBkuk||Lp(O<t<1) < 2||dBkgl/c||LP(0<t<l) for k> 1.

Hence, for k> 1,

l9r — UL (o<t<1) Sa lldB, gl Lo (0<t<1)-
This contradicts (6). n

LEMMA 3.3: There exists a positive number €1 = £1(A) such that, for any inte-
gers m < n and any gauge transformation g: E— E, if ||dag| o m<t<n) < €1,
then

Hzén ||g + 1||L°°(m<t<n) < C2(A)||dAg||L°°(m<t<n)'

This is also true for the case (m,n) = (—00, 00).
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Proof. For simplicity we suppose m = 0. By Lemma 3.2 (ii), for every k € Z,

(7) min [|lg + 1| oo reer<rrn) < ColldagllLoe eer<rra)-

Take a positive number &1 = £1(A) satisfying (Cy + 1)1 < 1. Suppose
||dA9||L°°(0<t<n) <er.

We can also suppose

g = Ul zee(o<t<1) < 19+ Lz (0<i<)
without loss of generality. Then ||g — 1||p(0<t<1) < Ca2e1. Since |dag| < e
over 0 <t < 2, we have

lg = 1|Lee(ictan) < (Ca+1)e1 < 1.
Then ||g + 1| Lo (1<t<2) > 2 — (C2 + 1)e1 > 1. Hence

lg = Uloectcz)y < g+ Ulne(i<t<2)-

In the same way, we can prove that for every 0 < k < n

lg — Ul poe(katarrr) < lg + UlLos(ket<it)-
By (7),
lg = 1l Lo (hatarr1) < Colldagll Lo (k<t<i+)-

Thus [lg — 1||L°°(0<t<n) < O2||dAg||L°°(0<t<n)- n

Fix a positive integer T = T'(A) satisfying
10C; + 20y/C
(8) 1065 + 20vier < =,
T 4
Here C; = C;1(A) is the positive constant introduced in Lemma 3.2 (i). For
later convenience (Lemma 5.5) we assume 7 > 3. For £ € Q/(adFE) and integers

m < n, we set

€17, == max 1€l L2 (kT <t< (k1)) -
Let d* : Q! (adE) — Q°(adE) be the formal adjoint of d 4 : Q°(adE) — Q! (ad E).

We set Ayu = dydau for u € Q°(adFE).

LEMMA 3.4: Let n € Z and K € Z~o, and let u € Q°(adFE). Then

/ (daufdvol 2 (| daull3K)? + 1Al 5l
nT<t<(n+1)T
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Proof. For simplicity, we suppose n = 0. Take any m € Z. Let ¢ : R — [0, 1]
be a cut-off such that supp(¢) C [(m—1)T, (m+2)T], ¢ =1 on [mT, (m+1)T]
and |¢'|, |¢”| < 10/T. Then

/ daaf? < [ ldateul = [ (@), ou)
mT<t<(m+1)T X X
We have Aa(pu) = pAgu+ Ap - u+ x(xdp A dau — dp A xd au),

[Aa(pu)| < (10/T)|ul + (20/T)daul + |Aaul.
Since A 4(pu) = Agu over mT <t < (m+ 1)T,

/ dauf
mT<t<(m+1)T

< / (10/T)[uf? + (20/T)|du]u]
{(m—-1)T<t<mT or (m+1)T<t<(m+2)T}

+ / |A qul|u).
(m—1)T<t<(m+2)T

Using Lemma 3.2 (i), the right-hand side is bounded by
1001 + 20\/ /

|dauf?
(m—=1)T<t<mT or (m+1)T<t<(m+2)T}

+ A ulful.
(m—1)T<t<(m+2)T

From (8), this is bounded by
1

4 /{(m—1)T<t<mT or (m+1)T<t<(m+2)T}
We define a sequence a,, (—K <m < K) by

A, = / |d au|*dvol.
mT<t<(m+1)T

Then the above implies

|d au|?dvol + 3| Al ul| 7t

Am—1 + Am+1

U < + 3| Aqul|Bgllul Ky (FK4+1<m<K-1).

By applying Sublemma 3.5 below to this relation, we get

max(ax,a—_k)

< DO 18] Al S ] S

ao

<= (ldaulZx)* + 18] Asul| X ull X
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SUBLEMMA 3.5: Let K be a positive integer, and let b > 0 be a real number.
Let {am}-k<m<K be a sequence of non-negative real numbers satisfying

A —1 + Am+1

< n +b (~K+1<m<K-1)

am

Then we have
max(ax,a—_)

< ——r o

ao

Proof. Set by, := max(a—m,am) (0 < m < K). We have by < b1/2+b. For
m > 1, we have by, < (by—1+bmy1)/4+Db, ie., 4by, < byy—1 + b1 +4b. Hence,
form > 1,

2(by — bm—1) < by — b1 < —2bym + b1 + 4b < bys1 — b + 4b.

Thus by, —bim—1 < (b1 —bm)/242b (m > 1). Using this inequality recursively,
we get

br —brx—1 1 1 br —brx—1
bl—bOSW—FQb(l—FE—I—"'—F}K_Q)S oR—1 + 4b.

On the other hand, 2by — by < 2b. Hence

bK _bK—l bK max(aK,a_K)

e yesamnb I

ap =bg <
We have finished the proof of Lemma 3.4. |

The next proposition is the main result of this section. Recall that we have
supposed that A is a non-degenerate ASD connection on E with ||Fallop < d.

ProposITION 3.6: For any 7 > 0, there exist
go=¢e2(A,7)>0 and K=K(A,T)€Zso
satisfying the following statement.
Let n € Z. Let a,b € Q'(adE) with dyja = d%b =0, and let g : E — E be

a gauge transformation. Set o := g(A + a) — (A+b). If the L>®-norms of a, b
and o over (n — K)T <t < (n+ K + 1)T are all less than e, then

K K " K
9 lla=bllr2mr<icmnr) < Tlla = blniy + \/HO‘”ZtK + sl

(10) minfgH | 2 (nr<i<minyr) Sallall Lz mr<i<mrnymyHladl e <i<niayr)-
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Proof. For simplicity of the notations, we assume n = 0. Set
U:=8"%x(-KT,KT+T).

We have dgg = —ag+ ga— bg. Then |dag| < 3e2 over U. We choose e5 so that
3e9 < g1 (the constant introduced in Lemma 3.3). Then by Lemma 3.3, we can
suppose [lg — 1| Ly Sa €2 < 1. So there is a section u of A°(adE) over U
satisfying g = €* and [|ul| () Sa €2 < 1. Then 27 |dau| < |dag| < 2|dau]
and |g — 1] < 2Ju| over U. By Lemma 3.2 (i),

(11) lg = 1%k < 2[ull®x < 2¢/Crlldaul® < 4V/Cildag] X
We have

(12) dag=—ag+(9—1a—blg—1)+(a—b)

Then

IdagllZs <lellZx +llg = UEk(lall L@y + bl Le@y) + la = bl Ex
<l Ex + lla = b5 + 8221/ Chl|dagl| X -
We choose g2 > 0 so small that 8231/C7 < 1/2. Then
(13) [dagl e < 2(lall%k + lla—bl|% k).
This and (11) show that
(14) lg =1 %x <8V (el Bk + lla = bl Eg ).
In the same way we get (10):
llg — 1||L2(0<t<T) <8y Ol(||a||L2(0<t<T) +lla — b||L2(0<t<T))-
From (12),
lla — b||L2(0<t<T) §||dA9||L2(0<t<T) + ||a||L2(O<t<T)
+lg = Ulz20<t<m)(lall Lo @y + (10l Lo (1))
<lldagllz2o<t<ty + el L2 (0<t<r) + 2€2]l9 — 1| L2(0<t<T)
<|ldagll2(0<t<t) + (1 + 16621/ Ch) || L2 (0<t<)
+ 16e2+/C1lla — bl L2(0<t<T)-
Since |dag| < 2|dau| and g2 < 1,

(15) la = bllL20<t<r) Sa ldaullz2o<i<r) + /L2 (0<t<T)-
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We have the Coulomb gauge condition da = d*b = 0. Therefore
Apg=—*daxdag=—*da(—*ag+ g*a— xbg)
=— (dfa)g — *(xa Ndag) — *(dag A *a) — %(xb A dag).
By (13),

18491 %k <ldaalZk + (ledl oy + lallLe@) + 16l L~ @) dagllx
Sldhal g + 6e2(llafl Xx + lla = b]| Zx);

(16)
Aag=3 "0 As(u"/n!) and |[Ag(u™)] < n(n—1)|u|""2|dau|®+n|u|" " Aaul|.
Hence

[Aag — Aau| < e|dgul? + (e = 1)|Aqul S ea(|dagl + [Aaul)

over U. Here we have used |u| <4 e2 < 1 and |dau| < 2|dag| < 6eq over U.
We choose €5 so small that |Asu| < |Aag|+ea|ldag| over U. By (13) and (16),

(17) [Aaullfx S eallal e + I dhal g + ealla — ]| 2.
From (15), Lemma 3.4 and ||a|pe (1) < €2,
lla — b||%2(0<t<T) Sa (||dAU||L2(0<t<T))2 + (||0‘||L2(0<16<T))2
Sa 278 ([ daull Z)? + [ Aaul Ellul Ex + eallaf| E.
From (13), [dau| < 2|dag| on U and ||af[ ) < €2,
(ldaul ) S (ol Z)? + (la = bl Ex)? Sa eallallZx + (la—bl1Ex)?.

From (14), [ul e a ¥ +lla—b]¥. From (17) and fla]| (. D]z (o),

||a||Loo(U) < €9,
[Aaul|Bpellull X g Saleallallf e+ daallfx+ealla—bl ) (lall Xk +[la—bl K k)
Saez(|all g + |daallfy) +ea(lla — b1 Zx)*.

(The strange square root in (9) comes from the term |d%a%x|la — b||%f in
this estimate.) Thus

la = bll72(octar) Sa (e2+275)(lla = bl|Ex)? + ea(llal| Zx + ldaalZy).
We choose K > 0 sufficiently large and €2 > 0 sufficiently small. Then we get

la = bllZ20ciary < T2 (la = 0IE)? + ol X + | dhal Xy, ®
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COROLLARY 3.7: Suppose that a,b € Q'(adE) satisfy d%a = d%b = 0 and
llall Lo (x), 16l Lo (x) < €2(A,1/2) (the constant introduced in Proposition 3.6
for T = 1/2). If a gauge transformation g : E — E satisfies g(A +a) = A+ b,
then a = b and g = £1.

Proof. For any n € Z, from Proposition 3.6 (9),

1 . 1
lla = bl L2(nr<t<(ns1)r) < §|Ia — bl < 3 sw lla = bl L2 (mT <t< (m+1)T)-
me
Hence

1
sup |la — bl L2 (mr<t<(m+1yT) < 5 Sup lla = bllL2(mr<t<(ms1)T)-
SV meZ

This implies a = b. Then Proposition 3.6 (10) shows g = +1. |

4. Parameter space of the deformation

For a connection A on E, we set
Dy =d +df: Q' (adE) - Q°(adE) ® QT (adE).

Here d7 is the formal adjoint of d4 : Q°(adE) — Q'(adE), and d} is the
self-dual part of d4 : Q' (adE) — Q%(adE). We define a linear space HY by

(18) H} :={a € Q"(adE)|Daa =0, ||a||p=(x) < 0o}

(H}, | - [[L=(x)) is a (possibly infinite-dimensional) Banach space. This space
will be the parameter space of the deformation theory developed in the next
section. The main purpose of this section is to prove the following proposition:

PROPOSITION 4.1: Let A be a non-degenerate ASD connection on E satisfying
|Fallop < d. Then for any interval (o, 8) C R of length > 2 there exists a finite-
dimensional linear subspace V. C H satisfying the following two conditions.
(i)
dimV > — | Fa|2dvol — Cy(A).
™ Ja<t<f
Here C5(A) is a positive constant depending only on A. The important
point is that it is independent of the interval («, 3).
(ii) All a € V satisty ||a|poo(x) < 2||al| Lo (a<t<p)-

The following is a preliminary version of Proposition 4.1:
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PROPOSITION 4.2: Let A be an ASD connection on E satisfying ||Fallop < d.
For any € > 0 and any interval (o, ) C R of length > 2, there exists a finite-
dimensional linear subspace W C Q!(adE) such that
(i)
dim W > iz/ |Fal2dvol — C(e).
a<t<p

T
(ii) All a € W satisfy supp(a) C (a, 8) x S3.
(iii) All a € W satisfy supp(Daa) C (o, +1) x S U (8 —1,8) x S* and

[Daal pe(xy < €llall oo (x)-

Proof. From the compactness of My, there is a bundle trivialization g of E over
U={a-1<t<a+1}U{f—-1<t<B+1} C X such that the connection
matrix g(A) satisfies

lg(Allerwy S Ck)  (VE = 0).

Let ¢ : R — [0,1] be a cut-off function such that ¢ = 1 over a small neighbor-
hood of [a + 1,8 — 1], supp(¥)) C (a+1/2,8 —1/2) and |dy| < 4. Define a
connection A’ over (a—1,3+1) x S by A’ := 1 A. (The precise definition is as
follows: A’ is equal to A on a small neighborhood of [a+1,3—1] x 3, and it is
equal to g~ (1g(A)) over U.) We have F(A") = Y F(A)+dp N A+ (? — ) A?;

|F(A)| < V3d+4]A] + 4% < 1.

Set X’ := (R/(8 —a)Z) x S3, and let 7 : X — X' be the natural projection.
We define a principal SU(2) bundle E’ on X’ as follows: We identify the region
{a <t < B} C X with its projection m{a < ¢t < £} and set

E = Ela<t<p U (m(U) x SU(2)),

where we glue the two terms of the right-hand side by using the trivialization
g. We can naturally identify the connection A" with a connection on E’ (also
denoted by A');

1 1
(B = 52 / / tr(F3,) > ) /a<t<5 | Fa|?dvol — const.

Let HY, be the linear space of a € Q%, (adE’) satisfying Dara = d*y,a+d},a = 0.
From the Atiyah—Singer index theorem,

s

1
dim H}, > 8co(E') > —2/ , | Fa|*dvol — const.
a<t<
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LEMMA 4.3: All a € HY, satisfy

IVarallpe(xy S llallpoe(x7)-

Proof. Take any v € R. From the construction, we can choose a connection
matrix of A’ over m{y < ¢ <~ + 1} so that

|‘A/||Ck(7r{'y<t<'y+1}) <C(k) (Vk=>0).

Then the standard elliptic regularity theory (Gilbarg—Trudinger [10, Theorem
9.11]) shows that

HVA’GHL°°(7r{'y+1/4<t<'y+3/4}) S HaHL“’(ﬂ{'y<t<'y+l})'

A similar argument will be also used in the proof of Lemma 6.2. ]

Set Q:=7w(U) C X'. Let 7 = 7(¢) > 0 be a small number which will be fixed
later. Take points 1, 2o, ...,zx (N < 1/7%) in Q such that for any x € Q there
is some x; satisfying d(x,z;) < 7. Let V be the kernel of the following linear
map:

N
Hy = DA @dE)),,  ar (alz)Ly.
i=1
We have
1
dimV > dim H}, — 12N > —2/ |Fa|?dvol — const — 12N.
T Ja<t<pB

Take any a € V and z € Q. Choose x; satisfying d(z,x;) < 7. From Lemma
4.3 and a(z;) =0,

la(z)] < T||Varal|pexy S Tllal| e (x7)-

We can choose 7 > 0 so that the maximum of |a| is attained at a point in X"\ Q.
For a € V, we define a € Q'(adE) over X by @ := va. (The precise definition
is as follows: We identify the region {a < ¢t < §} with its projection in X’; a
is equal to va over a < t < B, and it is equal to 0 outside of supp(¢)).) Set
W = {ala € V} C Q'(adE); W satisfies the condition (ii) in the statement.
We have ||al|p(x) = [|a||z(x) because the maximum of |a| is attained at a
point in X'\ Q. Hence

1
dmW =dimV > — / | F'a|?dvol — const — 12N,
™ Ja<t<p
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We have
Dpa=(A—A)xa+ Dy (a) = (A—A)xa+ (d) *a.
Here * are algebraic multiplications; D 4a is supported in
{a<t<a+1}U{B-1<t< g}
and

[DaallL=x) S llallzos((a,at1)xs308-1,8)x5%) S TllallLee(x)-

We can choose 7 = 7(¢) > 0 so that ||[Daalpe(x) < €lla|pe(x). Then W
satisfies the conditions (i), (ii), (iii) in the statement. n

LEMMA 4.4: Let a <. Let A be an ASD connection on E satisfying || Fa|lop <d.
(i) If A is non-degenerate, then there is a linear map
{u € Q°adE)|supp(u) C (o, a+1)x SPU(B—1,8) x S?} = Q%adE), u s v,
satisfying
dadav =u, ||vllpex) + ldavllLex) Sa llullL=(x)-
(ii) There is a linear map
{€ € Q" (adE)|supp(¢) C (a,a+1)x S?U(B—1,8)x S} = QT (adE), &,
satisfying

didin =&, |nllr=cx) + [Vanloex) < 1€l=x)-
The statement (ii) does not require the non-degeneracy of A.

Proof. (i) Set L} 4(adE) := {w € L*(adE)|daw € L*(X)} with the inner
product (w1, w2)" := (dawy, dawz) 2 (x). From Lemma 3.2 (i), every compactly
supported w € Q°(adFE) satisfies ||wl|r2(x) < VCilldaw|r2x)y = VCillw]/'.
Hence the norm |-||" is equivalent to [|-[| .2 , (x). In particular, (L3 A(adE), (--))
becomes a Hilbert space.

The rest of the argument is the standard L?-method: Take u € Q°(adE) with
supp(u) C (a,a+1) x S2U (B —1,8) x S3. We apply the Riesz representation
theorem to the following bounded linear functional:

(',U)L2(X) : LiA(adE) — R, w +—r (w,u)L2(X).
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(From Lemma 3.2 (i), |(w,u)r2(x)| < VCillw]/'||ul £2(x).) Then there uniquely
exists v € L} 4(adF) satisfying (daw, dav) = (w,v)" = (w,u)r2(x). This means
that d%dav = u as a distribution. Moreover,

Idavllz2x) = vl < VCillullax) Sa llullLe(x)-

From Lemma 3.2 (i), [|vr2(x) Sa llullLe(x). As in the proof of Lemma 4.3,
the elliptic regularity theory gives

vl Lo xy + davlinexy S vll2x)y + ldadav]pex) Sa llullpex)-

(ii) We have the Weitzenbock formula [9, Chapter 6]:
1
dhdin = 3 (V3Va+5/3)n forneQt(adE).

Here S is the scalar curvature of X, and it is a positive constant. Then the
L?-method shows the above statement. (Indeed a stronger result will be given
in Lemma 6.1 in Section 6.2.) |

Proof of Proposition 4.1. Let € = ¢(A) > 0 be a small number which will be
fixed later. For this ¢ and the interval («, 8) C R there is a finite-dimensional
subspace W C Q!(adFE) satisfying the conditions (i), (ii), (iii) in Proposition
4.2.

From Lemma 4.4, there is a linear map W — Q%(adE)® QT (adE), a — (v, n),
satisfying d%dav = d*a, dd*n = d}a and

ldavl|Le(x) + [|[danl Le(x) <ClDaal L= (x)
<eCllallL=(x)(= €Cllall L (a<t<p));

where C = C(A) is a positive constant depending only on A. Here we have
used the conditions (ii) and (iii) in Proposition 4.2. Set o’ := a — dav — d¥n.
This satisfies Daa’ = 0. Set V :={a’|a € W} C H}. We have

lla'||Le(xy = (1 —eC)|lallpo(x) for a e W.

We choose € > 0 sufficiently small so that (1 —eC) > 0. Then dim V = dim W.
From the condition (i) of Proposition 4.2,

1
dimV > — / | Fa|?dvol — const..
Q0 a<t<p
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We have [|a/[| o (x) < (1 +€C)lla L (x) for a € W. On the other hand, from

the conditions (ii) and (iii) of Proposition 4.2,
| Lo (a<t<p) > llallLoe(actcpy — €CllallLoe(x) = (1 — €O)llal| Lo (x)-
Hence ) o
+e€
[P i s

We choose € >0 so that (1+eC)/(1—eC) <2. Then ||a’|| o (x) <2/|@|| Lo (a<t<p)
for all ' € V. |

5. Deformation theory and the proof of Theorem 1.10

In this section we develop a deformation theory of non-degenerate ASD connec-
tions and prove Theorem 1.10. (The paper [18] studied a deformation theory
of periodic ASD connections.) Let A be a non-degenerate ASD connection on
E satisfying ||Fallop < d. Note that this is a strict inequality. We fix this A
throughout this section.

5.1. DEFORMATION THEORY. Let H} C Q'(adE) be the Banach space defined
by (18). Let k > 0 and 0 < i < 4 be integers. For £ € L ;,.(A*(adE)) (a locally
L3-section of A'(adF)), we set

k

1€l g2 == > sup | VAl 2 (et <nsr)-
=0 nez

From the elliptic regularity, we have |[al[z=(x) < |lalljer2 < constillal|pe~x)
for a € HY (cf. the proof of Lemma 4.3).

Let L} (A (adE)) be the Banach space of & € L, (AT (adE)) satisfying
[€llgee 2 < o0. From the Sobolev embedding theorem, |||z (x) < [[{]lgr2 for
£ € (®L3(A*(adE)). Consider
®: HY x (°LE(AT(adE)) =L L3(AT (adE)),

(a,¢) =FY(A+a+ dyo)
=(ana)"+didio+landio)T+(dho Adie)".
This is a smooth map between the Banach spaces with ®(0,0) = 0. We want
to describe the fiber ®~1(0) around the origin by using the implicit func-
tion theorem. Let (92®)y : (*°LZ(A*(adE)) — (*°L%(AT(adE)) be the de-
rivative of ® at the origin with respect to the second variable ¢. We have
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(02@)0(¢) = dhdiod = 2(V3Va + 5/3)p for ¢ € (*LE(AT(adE)) by the
Weitzenbock formula. (Here S is the scalar curvature of X, and it is a pos-
itive constant.) The following L*°-estimate is proved in [18, Proposition A.5]:
LEMMA 5.1: Let & be a C2%-section of A*(adE) over X. We set
n:=(ViVa+5/3)¢,

and suppose ||€]| L~ (x) < o0 and 1| e (x) < 0o. Then

1€l Lo x) < (24/9)[Inl] Lo (x) -
LEMMA 5.2: The operator (92®)q : (*°L2(AT (adE)) — (*L%(A*(adE)) is an
isomorphism. This means that a local deformation of A is “unobstructed”.
Proof. This can be proved by using Lemma 6.1 in Section 6.2. But here we
give a direct proof. From the L*-estimate in Lemma 5.1, the above operator
is injective. Hence the problem is its surjectivity. Take n € ¢>*°L3(AT(adE)).
Let ¢, : R — [0,1] be a cut-off function such that ¢, = 1 over [—n,n] and
supp(¢n) C (—n—1,n+1). Set 1, := @,n. By the L?>-method (see the proof of
Lemma 4.4), there exists &, € L} ,(AT(adE)) satisfying (V4 Va+S/3)&, = nn
as a distribution and [|§, (| 2(x) < ||9nll22(x) < 0o. From the elliptic regularity,
&y is in L%loc and hence of class C2. Moreover,

[€nllLoe(x) S Nénllz2cx) + [l L < oo.

Hence by the L*-estimate (Lemma 5.1)

[€nllroe(x) < (24/5)|Innll Lo (x) < (24/ )Nl Loe(x) S Il goe r2-

For any integer m,

1€nll L2metam+1) S W€nllzoex) + lmlleserz S nlleserz-

By choosing a subsequence {&,, }r>1, there exists £ € L2, (AT (adE)) such
that &,, converges to & weakly in LZ((m,m + 1) x S3) for every m € Z. Then
(VaVa+85/3)=mnand [|{ll;or2 S Inllgerz <oo. W

By the implicit function theorem, we can choose R > 0 and R’ > 0 such that
for any a € H)y with [|a|| =(x) < R there uniquely exists ¢, € (*L2(AT (adE))
satisfying F*(A +a + dj¢a) = 0 and [¢a|lg=r2 < R'. We have ¢g = 0. For
a € Br(HY) :={a € H}|||a||L~ < R} we set

a = a+ dig,.
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This satisfies the ASD equation F*(A + a’) = 0 and the Coulomb gauge con-
dition d%a’ = 0. Since ||Fallop < d, we can choose R > 0 sufficiently small so
that

|F(A+a)|op <d forall a € Br(H}).

Thus we get a deformation map:
(19) Br(HY) = My, aw [A+d).

The derivative (0;®)o : HY — ¢ L3(AT (adE)) of ® at the origin with respect
to the first variable is equal to zero. Hence the derivative of the following map
at the origin is also zero:

Br(HY) = (X L2(A*(adE)), a+~ ¢q.
Then we get

(20) [¢a = Bllewerz Sa (llallLex) + 1bllL=x))lla = bl L(x)

for a,b € Br(H}). In particular, the map (Br(H}), || - [|L=(x)) — Mg is
continuous.

Remark 5.3: Note that the construction of the deformation map (19) does not
use the non-degeneracy condition of A. It will be used for the further study of
the deformation map. Indeed, since A is non-degenerate, we can apply Corollary
3.7 to this situation. Then we can show that the above map (19) is injective
if R is sufficiently small. Moreover, if Br(H}) is endowed with the topology
of uniform convergence over compact subsets (this is not equal to the norm
topology), then Br(HY) is compact and the map (19) becomes a topological
embedding. We don’t need these facts for the proof of Theorem 1.10. So we
omit the details. But it is not difficult.

Remark 5.4: In the above argument we have solved the equation
Ft(A+a+dyo)=0

by using the implicit function theorem. But indeed we can solve it more directly
by using the method of Section 6.2. So there exists a little redundancy in our
way of the explanation. We can prepare a unified method for both Sections 5.1
and 6.2. But we don’t take this way here because this redundancy is not so
heavy and the above implicit function theorem argument seems conceptually
easier (at least for the authors) to understand.
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5.2. PROOF OF THEOREM 1.10. We need a distance on My. Any choice will
do. One choice is: For [A1],[A2] € Mg, we define the distance dist([A1], [A2])
as the infimum of

o0

Z —n llg(Ar) _A2|‘L°°(—n<t<n)
1+ [lg(Ar) — A2HL°°(—n<t<n)

n=1
over all gauge transformations g : E — E. We don’t need this explicit formula.
But probably it will be helpful for understanding.

Recall the following notation: For @ C R we define distq([A41], [A2]) as the
supremum of dist([s*(A41)], [s*(A2)]) over s € Q; s*(-) is the pull-back by s :
E — E. In particular, for s € R, the distance disty,) ([A1], [Az2]) is the infimum
of
i —-n Hg(Al) - AQHL°°(S—n<t<s+n)

L+ [lg(A1) — A2||L°°(s—n<t<s+n)

n=1
over all gauge transformations g : £ — E. We will abbreviate dist 4} ([41], [A2])
to diSts([Al], [Ag])

For the proof of Theorem 1.10, we need to compare the distances dist(,, g) on
Mg and || - || e (a<t<p) on Br(H}) for intervals (o, 8) C R. The next lemma
gives us a solution. This is a consequence of Proposition 3.6.

LEMMA 5.5: We can choose 0 < Ry < R so that the following statement holds.
For any 0 >0 there exists ¢ >0 such that if a,be H} with ||a|| L(x), [|b|| Loe(x)<R1
satisfy

dists([A+d'],[A+b]) < ¢

for some s € R, then

1
la = bllp(s<ctcst1) < ZHG = bllp(x) + 9.

Proof. Let T =T(A) > 3 be the positive constant introduced in Section 3. See
the discussion around (8). We choose n € Z so that

nl'<s—1<s+2<(n+2)T.
Then from the elliptic regularity
la = bllLoos<tcs+1) S lla = bll2(s—1<t<st2) < lla = bll L2 <t<(n+2)7)-

Let 0<7<1 be a small number which will be fixed later. Let ea=¢2(A4,7)>0
and K = K(A,7) € Zso be the positive constants introduced in Proposition
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3.6. From (20), if R; < 1,

la = bllL2(nr<t<meyry < l@" =Vl L2(nr<t<me2yr) + Tlla = bl Lo (x)-
Hence
(21) lla— b||L°°(s<t<s+1) S ||a’ - b/||L2(nT<t<(n+2)T) +7lla - b||L°°(X)-

We estimate the term ||a’ — 0'|| 2 (n7<t<(n+2)r) Dy using Proposition 3.6.

We can assume §2 < 5. From the Uhlenbeck compactness we can choose
e > 0 so that if two connections [A1],[A2] € My satisfy dist([44], [A2]) < e,
then there exists a gauge transformation g : E — FE satisfying

l9(A1) = Az|lpo (— kT2 <t< KT +21) + |4, (9(A1) = A2)|| Loo (- kT 2T <t< KT H2T)
< 7262,

Then the assumption dists([A + a],[A 4+ b]) < ¢ implies that there exists a
gauge transformation g : E — E satisfying (set « := g(A+d') — (A4 V)

el o (=) T<t<(n+ K42)7) T 1wl Lo (e k) T<t< (n K +2)T) < T267 < €3

In particular, ||| Loe (n— k)T <t<(n+K+2)T) < €2. Hence if Ry < €2, then we can
apply Proposition 3.6 to the present situation:

a" =Vl L2(nr<t<(ni2yry Sa Tlla” = llgop2 + 76
Satlla—bllLex)+76  (by (20)).

By applying this estimate to the above (21), we get
la — bl Lo (s<tcst1) Sa Tlla = bllLe(x) + T0.
We choose 7 > 0 sufficiently small. Then
1
la = bllLe(s<icstr) < <lla=bllpe(x)+4. B

Recall that B,.([A])r C M, is the closed ball of radius r centered at [A] with
respect to the distance distg.

PROPOSITION 5.6: For any r > 0 there exists e(r) > 0 such that for any
0 < e <e(r) and any interval (o, ) C R of length > 2 we have
1
Widim, (B, ([A])z, dist(ag) > — / |Fa|2dvol — Cs.
™ a<t<f

Here C5 = C3(A) is the positive constant introduced in Proposition 4.1.
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Proof. We can choose 0 < ' < Ry such that every a € B, (H}) satisfies
[A+ d'] € B.([A])r. (Ry is the constant introduced in the previous lemma.)
From Lemma 5.5 we can choose £(r) > 0 so that if a,b € B,/ (H}) satisfy

diSt(a,B)([A + al]a [A + bl]) < 6(7”),
then

1
(22) lla = bl Lo (actcp) < ZHG = bl Lo (x) +

,',,/
g.
By Proposition 4.1, there exists a linear subspace V C H} such that
1
dimV > —2/ |Fa|?dvol — Cs3
a<t

T

and that all a € V satisfy ||a||Loo(X<) <§B 2||al| Lo (a<t<p)- We investigate the

restriction of the deformation map (19) to B, (V) := {a € V||lal|pe(x) < 7'}
By applying the above (22) to B, (V'), we get the following: If a,b € B, (V)

satisfy dist(q, g)([A 4 a'],[A+V]) < e(r), then

T/

4

and hence |la — b|| o (x) < r’/2. Therefore we get: For 0 < e < &(r),

Widim, (B, ([4])r, diSt(aﬁﬁ))
> Widim, jo(Bp (V), || - [[ Lo (x)) = dim V' (by Example 2.1)

1
> — |Fal?dvol — C3. 1

1
la = bllLe(x) < 2[la = bl Lo(a<i<p) < §||@ = bllpex) +

™ Ja<t<pB
Proof of Theorem 1.10. The upper bound dim4)(Mg : R) < 8p(A) is given by
Theorem 1.9. So the problem is the lower bound.
Now dim4 (Mg : R) = lim, o dim(B,([A])r : R), and dim(B,([A])r : R) is
given by

llm ( hm supwER Wld1m5 (BT([A])R; dlst(w)m_,’_n)) ) '
e—0 \ n—+4o0 n

By Proposition 5.6, for 0 < e < (r) and n > 2,

1
sup Widim, (B, ([A])r, dist (4,0 4n)) > —5 sup/ |Fa|?dvol — Cs.
m r<t<z+n

z€R xER
Since 1
p(A) = lim — sup/ | Fa|2dvol,
n—=00 8N 2R Jo<t<otn
we have

dim(B,([A])r : R) = 8p(A).
Thus dim{4)(Mg: R) > 8p(A). n
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6. Gluing infinitely many instantons

In this section we prove Theorem 1.11: Suppose d > 1. Let € > 0, and let A be
an ASD connection on E with ||Fa|lop < d. We want to find a non-degenerate
ASD connection A on E satisfying

(23) [E(A)llop < d,  p(A) > p(A) —e.

If A itself is non-degenerate, then A := A satisfies the condition. So we assume
that A is degenerate.

As we described in Section 1.3, the idea of the proof is gluing instantons.
We glue infinitely many copies of the instanton I (given in Example 1.1) to
A over the regions where the curvature F4 has very small norm. Then we
get a non-degenerate ASD connection A. The technique of gluing infinitely
many instantons in the context of Yang—Mills theory was first developed in
[21]. Tt was further expanded in [23]. Infinite gluing techniques (in other words,
shadowing lemmas) for other equations can be found in Angenent [1], Eremenko
[8], Macri-Nolasco-Ricciardi [17] and Gournay [11, 12].

Throughout this section, we fix a positive number 7 such that

|Fallop <d—7, d—7>1.

Let § = §(e,7) > 0 be a sufficiently small number, and T' = T'(e,7,d) > 0 be a
sufficiently large number. We choose § and T so that the following argument
works well.

The variable ¢ means the natural projection ¢ : X — R.

6.1. CUT AND PASTE. Let I be an ASD connection on E defined in Example
1.1. For s € R let I, := (—s)*(I) be the pull-back of I by (—=s): E — E; I is
an ASD connection on E with

4

|F(IS)|OP = m’

HF(IS)HOP =1

Most of its energy is contained in a neighborhood of t = s.

We define J C Z as the set of n € Z satisfying || Fa| mr<t<(n+1)r) < 0.
Since A is degenerate, J is an infinite set. In this subsection we describe a
“cut and paste” procedure: We cut and paste the instanton I,,r, T to A over
[nT, (n+1)T] x S? for each n € J. The resulting new connection will be denoted
by B. (B is not ASD in general.)
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For simplicity of the notation, we suppose 0 € J, and we explain the cut and
paste procedure over the region [0,7] x S3. Let ¢ : X — [0,1] be a cut-off
function such that

w=00n {t<T/3YU{t>2T/3}, @=1on{T/3+1<¢t<2T/3—1}.

Set U :={T/3-1<t<T/3+2}U{2T/3-2<t<2T/3+1} C X. Since
T > 1 and ||Fa| p=<t<)y < 6 < 1, we can choose connection matrices of A
and Iy/y over U such that

[Allerwy < CR)S,  Mrp2llorw) < Ck)6 (Vk = 0).

Then we define a connection B on [0,7] x S by

A on {0<t<T/3}Uu{2T/3<t<T},
B := (1—()0)A+QOIT/2 on U,
Ir)s on {T/3+1<t<2T/3—1}.

In the same way we construct a connection B by cutting and pasting the in-
stanton I,,p, r to A over [nT, (n+1)T] x S for every n € J.
Since 6 < 1 and ||Fy|lop = 1 < d — 7, the connection B satisfies

(24) | FBllop < d—T.

For n ¢ J, we have B = A over nT <t < (n+ 1)T. For n € J, we have

1 5%vol(S3
—2/ |Fa2dvol < LQ) <Z (<o)
8T Jur<t<(ntn)T 8w 2

From this estimate we get

(25) p(B) > pl(4) = 5.

Moreover, B satisfies the following non-degeneracy condition (cf. Lemma 1.7):
| FBl Lo (nr<t<(nt1yr) 26 forn & J,
I FBl o (nr<t<m+)1) 2 F1llLoo(—1<t<1) =1 forn e J.

Therefore B satisfies almost all the desired conditions. The only one problem
is that B is not ASD. But B is an approximately ASD connection: Fg is
supported in

nLGJJ({nT—i—g_tSnT—i—%—i—l}U{nT-ﬁ-%_lStSnT_i_%})'
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Since § < 1,

(27) [Fglleex) S0, IVBFE|lex) S 6.

~

6.2. PERTURBATION. In this subsection we construct an ASD connection A by
slightly perturbing the connection B constructed in the previous subsection.
We want to solve the equation FT(B + dj¢) = 0 for ¢ € QT (adE). By using
the Weitzenbock formula [9, Chapter 6],

FH(B+dyo) =F} + dbdié + (digd A digd)™
1 S
=Ff + §(V*BVB + §)¢+F§ ¢+ (dp¢ Ndpd) T

where S is the scalar curvature of X = R x §3; S is a positive constant. The
following fact on the operator (V5V+S5/3) is proved in [18, Appendix, Propo-
sition A.7, Lemmas A.1, A.2].

LEMMA 6.1: For any smooth £ € Q" (adE) with |||~ < oo, there uniquely
exists a smooth ¢ € QO (adF) satisfying

0= < o0, (VaVs+3)o=¢

We will denote this ¢ by (VVp + S5/3)71¢. It satisfies

|¢()] < /Xg(x,y)lﬁ(y)ldvol(y% ¢l < NEllzoe-

Here g(x,y) > 0 is the Green kernel of the operator V*V + S/3 (this is the
operator acting on functions). It is positive and uniformly integrable:

/X g(x,y)dvol(y) <1 (independent of x).
Moreover, it decays exponentially: For d(z,y) > 1,
0<g(z,y) < e~ V/S/3d(@y) (d(z,y): distance between = and y).
LEMMA 6.2: Suppose £ € QT (adE) is smooth and ||£||f~ < co. Then
¢:=(VpVp+5/3)7%¢

satisfies
ollze +[[VBdllLe S €l Lee-
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Proof. ||¢||lL= < ||€|ln was already given in Lemma 6.1. So we want to prove
IVBo|lre < ||€]lne. From the compactness of My (or the Uhlenbeck com-
pactness) and the construction of B, for any s € R we can choose a connection
matrix of B over (s,s + 1) x S? satisfying

I1Bllct(s<t<s+1y S C(k)  (Vk = 0).
Then from the LP-estimate (Gilbarg—Trudinger [10, Theorem 9.11]) and
6l S l€llzee, for 1 <p < oo,
(28) 10l 2z, (s+1/4<t<s+3/2) S COIEl Lo x)-
Then the desired estimate [VpollL= < [|€]/z~ follows from the Sobolev em-

bedding LY — C° (p>4). 1

Set ¢ :=2(VVp+5/3)71¢ where £ € QT (adE) is smooth and [[£]| = < co.
We want to solve the equation (B + dj¢) =0, i.e.,

§=—Fg —Ff ¢~ (dpo Ndpo)*.
Set Q(&) := —Ff — Fft - ¢— (dgdpAdg¢)T. From ||F|L~ < 6 and Lemma 6.2,

1Q() = Qe < (0 +[1€llze + [InllL)lI§ = nll~-

Then we can easily check that (when § < 1) the sequence {&,} C QT (adFE)
defined by

§0:=0, &nt1:=Q()
satisfies ||&p]|ne < 0 (the implicit constant is independent of n) and becomes a
Cauchy sequence in L (X). Let &, — & in L™(X). We have ||{oollz S 0.
We will show that £ is smooth and satisfies Q(€oo) = Eoo-
Set ¢y, :=2(VEVp +5/3)71&,. Then

(29) bnt1 = Q(&n) = —Ff — Fif - dn — (dpdn Ndpon)*.

From the above (28) and ||{, (|2 < d, the sequence {¢,} is bounded in L§ (K)
for every 1 < p < oo and compact subset K C X. Then from the equation (29)
the sequence {§,} is bounded in L} p(K). In the same way (the standard
bootstrapping argument) we can show that the sequence {£,} is bounded in
L} g(K) for every k > 0, 1 < p < oo and compact subset K C X. Therefore
&0 1s smooth, and &, converges to £ in C*° over every compact subset. Then

(3()) foo = _F];__F];’_'Qboo_(d*Bﬁboo/\dE(boo)-’_ (¢oo = 2(V*BVB+S/3)_1€OO)'
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Set A := B+ d’3¢00. The connection A is ASD. The rest of the work is to show
that A is non-degenerate and satisfies the condition (23).

From Lemma 6.2, ||¢ool|lze + [VBOoollLe S |éscllne S 6. Moreover, the
equation

dfydpdec + (Ao A dpds)™ = —Ff
and ||[Fg||ze + [|[VBFg||L= < 6 (see (27)) implies |VpVEooo|L= < 0. (See

the proof of Lemma 6.2.) Hence the curvature

F(A) = Fp + dpdgdoc + digdoo N At

satisfies || F(A)— F||1~<4. Since B satisfies || Fp||op< d—7 and p(B)>p(A)—¢/2
(see (24) and (25)), if § = (e, 7) < 1, we get

IF(D)llop < d,  p(A) > p(A) —e.

Therefore A satisfies the condition (23).
Finally, we show that A is non-degenerate. It is enough to prove that for all
n € Z the connection A satisfies (see Lemma 1.7)

(31) IE(A) oo (nr<t<(naryr) > 6/2.
When n € J, we have
[FBll Lo (nr<i<n+nyr) =1 (see (26))

and
|F(A) - Fgllr~ S0 < 1.

So the above (31) holds for n € J.
Choose n ¢ J. For simplicity, we suppose n = 0. From the Green kernel
estimate in Lemma 6.1,

(oo ()] < 2 /X 9, 9) [0 ()] dvol(y).

From (30) and |F§|v |¢oo|a |VB¢00| /S 55
ool S IFF| + 0%

Since 0 ¢ J, the distance between (—1,7 + 1) x S3 and supp(Fgz) is > 7.
The Green kernel g(z,y) decays exponentially. So if we choose T' = T'(e, T, 0)
sufficiently large, then

||¢00||L°°(—1<t<T+1) 5 52-
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Now ¢ satisfies the following equation over (—1,T + 1) x S3:

d—gd*BQboo = _( *Bﬁboo A d*B(bOO)-F-
Since ||d5poe A dgdoollLe S |[VBdoo|2e < 62, the bootstrapping argument
shows that

IV BV ool L (0<t<r) S 07

Therefore, |F(A) — Fg| < 62 over (0,T) x S3. Since | FBll Lo (0<t<T) > 6 (see
(26)) and § < 1, we get (31) for n = 0. We have finished the proof of Theorem
1.11.

Remark 6.3: If we start with the trivial flat connection A in this gluing ar-
gument, then we can make the argument invariant under the action of the
subgroup TZ C R. Then the resulting non-degenerate ASD connection A be-
comes periodic (Example 1.6). So we can conclude that the space My (d > 1)
always contains a non-flat periodic ASD connection.

Appendix A. Another ASD moduli space

Here we briefly discuss another possibility of the definition of the ASD moduli
space. Let X =R x S3 and E = X x SU(2) as in the main body of the paper.
For d > 0 we define N; as the space of the gauge equivalence classes of ASD
connections A on E satisfying

| Fall Lo (x) < d.

Note that here we use the L°°-norm, which is different from the operator norm
used in the definition of My. The space Ny is endowed with the topology of
C*°-convergence over compact subsets; Ny is compact and metrizable, and it
admits a natural R-action. The paper [18] studies the mean dimension and
local mean dimension of this Ajy. In particular, [18, Theorem 1.2] shows the
following upper bound on the local mean dimension:

THEOREM A.1: For any [A] € Ny,
dimp4)(Na : R) < 8p(A).

If A is an ASD connection on E, then the operator norm |Falop and the
Euclidean norm |F4| bound each other by

1
EIFAI < [Falop < [|Fal.
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(This uses the ASD condition.) Hence
Ni C Mg CN sy
Then for any [A] € My,
dimpg) (Mg : R) < dimpg)(NV, 534 : R) < 8p(A).

This is Theorem 1.9 in Section 1.2. From knowledge on M, we can prove the
results on Ny:

THEOREM A.2: Let A be a non-degenerate ASD connection on E with
|[FallLs < d. Then

dim4)(Na : R) = 8p(A).

Proof. We assume that M is endowed with a distance and that A} is endowed
with its restriction. Then we have B,.([A]; Ng)r = B, ([A]; Mg)r for sufficiently
small » > 0. Hence by Theorem 1.10,

dim[A] (Nd :R) = dim[A] (Mg :R) =8p(A). |

THEOREM A.3: Suppose d > /3, and let A be an ASD connection on E with
|Fallp < d. For any e > 0 there exists a non-degenerate ASD connection A
on F satisfying

IF(A)|z= <d,  p(A) > p(A) —e.

Proof. The point is that the instanton I defined in Example 1.1 satisfies

43
Fi(t,0)| = ———— Frl|p~ = V3.
|F1(t,0)] =i [ Frllp= = V3
Then the gluing construction in Section 6 gives the result. |

Let ppr(d) be the supremum of p(A) over [A] € Ny. Let Dpr C [0, +00) be the
set of left-discontinuous points of par(d). This is at most countable. From the
above theorems, we can prove the following theorem. (The proof is the same as
the proof of Theorem 1.2.)

THEOREM A.4: For any d € (v/3,400) \ Dy,
dimyee(Ng : R) = 8ppr(d).

So if d > /3 we have a good understanding of the local mean dimension
of Ny. For d < 1, Ny = M, = {[flat connection]} is the one-point space
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(Example 1.1). The remaining problem is the case of 1 < d < V3. We don’t
have any good information about this range.

The main good property of the operator norm ||Fallop is our knowledge of

the sharp threshold value described in Example 1.1.
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