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BRODY CURVES AND MEAN DIMENSION

SHINICHIROH MATSUO AND MASAKI TSUKAMOTO

1. INTRODUCTION

1.1. Main result. Let z = 2z + y/—1 € C be the standard coordinate in the
complex plane C. Let f = [fo: fi : - : fn] : C — CPY be a holomorphic map
(fi: holomorphic function). We define |df|(z) > 0 by

1 2 2
P = - Aoglfol 4 AP+ +1wP) (A= 5 ).

|df|(z) is classically called a spherical derivative. It evaluates the dilatation of the
map f with respect to the Euclidean metric on C and the Fubini—-Study metric on
CPY. Namely, for a tangent vector u € T.C, the norm of df (u) € Ty, CPY is
given by |df (u)| = |df|(z) - |u|. See the equation (@) in Section 2] for more details.

A holomorphic map f : C — CPY is called a Brody curve ([3]) if it satisfies
|df|(z) <1 for all z € C (i.e. f is 1-Lipschitz). When N = 1, Brody curves are
meromorphic functions f: C — CU {oo} satisfying

1f'(2)]

W= v iram =

The exponential function f(z) = e* satisfies this condition. If f(z) is a rational
function or elliptic function, then we can find ¢ > 0 such that f(cz) is a Brody curve.
Hence all rational/exponential/elliptic functions become Brody curves under some
scale changes. So Brody curves exhibit a quite wide variety of behaviors. Moreover
we cannot expect any symmetry for general Brody curves. Therefore it is difficult
to establish a deep structure theory of Brody curves.

In this paper we adopt a relatively new viewpoint (initiated by Gromov [I1]) for
the study of Brody curves. We study the dynamical system consisting of Brody
curves. General Brody curves might have little structure, but there is a possibility
that the system of all Brody curves has much more structure than individual Brody
curves. The purpose of this paper is to show that it certainly has a beautiful
structure.

Let M(CPY) be the space of Brody curves in CP" endowed with the compact-
open topology (the topology of uniform convergence on compact subsets). M(CP™N)
is a compact metrizable space, and it becomes a dynamical system under the fol-
lowing continuous C-action:

M(CPN) x C — M(CPY), (f(2),a) — f(z+a).
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160 S. MATSUO AND M. TSUKAMOTO

We can easily prove that the dynamical system M(CP®) is infinite dimensional
and has infinite topological entropy. So this is a very huge system. Gromov [11]
introduced the notion mean dimension for the study of this kind of huge dynam-
ical system. Mean dimension is an invariant of topological dynamical systems. We
review its definition in Section Il Our main subject in this paper is to calculate
the mean dimension dim(M(CPY) : C) of the system M(CPY).

Let f : C — CP" be a Brody curve. We define an energy density p(f) by
setting

1
1 = lim — [ su / df|?dzdy | .
(1) p(f) = Jim — (aeg \,H|<R| If| y)

This limit always exists; see Section Let p(CPY) be the supremum of p(f)
over f € M(CPV).
The main result of this paper is the following:

Theorem 1.1.
2(N +1)p(CPY) < dim(M(CPYN) : C) < 4Np(CPY).

Corollary 1.2.
dim(M(CP?) : C) = 4p(CP").

The formula dim(M(CP?!) : C) = 4p(CP') was conjectured in [21} p. 1643, (4)].
This formula is very surprising (at least for the authors) because the definitions of
the left-hand side and the right-hand side are totally different.

The upper bound dim(M(CPY) : C) < 4Np(CPY) was already proved in [I8]
Theorem 1.5] by using the Nevanlinna theory. (Remark: A different definition of
the energy density was used in the papers [I8,2T]. For this point, see Section 2:2])
The subject of the present paper is to prove the lower bound dim(M(CPY) : C) >
2(N + 1)p(CPN).

1.2. Non-degenerate Brody curves. For a € C and r > 0 we set D,.(a) := {z €
C||z — a|] < r}. The following is a key notion of the paper. This notion was first
introduced by Yosida [23]. Gromov [II], p. 399] also discussed it in a more general
situation. See also Eremenko [4], Section 4] and Remark [[4] below.

Definition-Lemma 1.3. Let f : C — CP¥ be a Brody curve. Then the following
two conditions are equivalent.

(i) Any constant curve does not belong to the closure of the C-orbit of f. In
other words, for any sequence of complex numbers {a,},>1, the sequence
of Brody curves {f(z + ay)}n>1 does not converge to a constant curve.

(ii) There exist 6 > 0 and R > 0 such that for all a« € C we have

l9f 1l Lo (D r(ay) 29
f is said to be non-degenerate if it satisfies one of (and hence both) the above
conditions.

Proof. The following argument is given in [23]. Suppose that the condition (ii)
fails. Then for any n > 1 there is a, € C such that |df|,«p,(4,) < 1/n. Taking
a subsequence, we can assume that the sequence {f(z + a,)}n>1 converges to a
Brody curve g(z). Then |dg|  p, ) = 0. This implies that g is a constant curve.
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BRODY CURVES AND MEAN DIMENSION 161

Suppose the condition (ii) holds. Let {ay },>1 be a sequence of complex numbers.
If {f(z + an)}n>1 converges to g(z), then |dg|,«(p, ) = 6. Hence g(z) is not a
constant curve. This proves the condition (i). O

Remark 1.4. The above argument also proves that the conditions in Definition-
Lemma are equivalent to the following:

(ii") For any R > 0 there exists § > 0 such that for all @ € C we have

[ 1 Lo~ (D (a)) 290

Yosida [23], Theorem 4] proved (i) < (ii’) for the case of N = 1. In [23] Brody
curves f : C — CP! satisfying (i) are called meromorphic functions of 1st category.
In Eremenko [4, Section 4] Brody curves f : C — CPY satisfying (i) are called
binormal curves. Gromov [I1, p. 399] used the terminology “uniformly nondegen-
erate.”

Example 1.5. If f(z) € M(CP?) is a rational or exponential function, then it is a
degenerate (i.e. not non-degenerate) Brody curve. A non-constant elliptic function
f(2) € M(CP?) is a non-degenerate Brody curve.

In our viewpoint, non-degenerate Brody curves are “non-singular points” of the
system M(CPY), and they behave very nicely for the calculation of the mean
dimension.

Theorem 1.6. Let f : C — CPY be a non-degenerate Brody curve with

dim(M(CPY) : C) > 2(N +1)p(f).
Next we show that there are “sufficiently many” non-degenerate Brody curves.

Theorem 1.7. Let f : C — CPY be a holomorphic map with ||df||Loo(C) < 1.

Then for any € > 0 there exists a non-degenerate Brody curve g : C — CPN
satisfying |dg e c) <1 and p(g) = p(f) —

Proof of Theorem [IL1l, assuming Theorems and [L7. The upper bound dim
(M(CPY) : C) < 4Np(CPY) was already proved in [I8, Theorem 1.5]. Here we
prove the lower bound. Let f : C — CPY be a Brody curve. Let 0 < ¢ < 1
and set f.(z) = f(cz). Then |df.|(z) = c|df|(cz) and p(f.) = c?p(f). Since
deCHLOO(C) < ¢ < 1, we can apply Theorem [[7] to f.. Then for any € > 0 there
exists a non-degenerate Brody curve g : C — CP¥ satisfying ldgl ) < 1 and

p(9) > p(fe) — e = c*p(f) — e. By Theorem
dim(M(CPY) : C) > 2(N + 1)p(g) > 2(N + 1)(?p(f) — &)

Let ¢ — 0 and ¢ — 1. We get dim(M(CPY) : C) > 2(N + 1)p(f). Taking the
supremum over f € M(CPY), we get dim(M(CPV):C) > 2(N +1)p(CPN). O

2. SOME PRELIMINARIES

1. Review of mean dimension. In this subsection we review the definition of
mean dimension. For the detail, see Gromov [I1] and Lindenstrauss—Weiss [13].
For some related works, see also Lindenstrauss [12] and Gournay [6H8]10].

Let (X,d) be a compact metric space, and let Y be a topological space. Let
e > 0. A continuous map f : X — Y is called an e-embedding if Diamf~!(y) < e
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162 S. MATSUO AND M. TSUKAMOTO

for all y € Y. Here Diamf~!(y) is the supremum of d(x1,x3) over 1, x5 € f~1(y).
We define Widim,(X,d) as the minimum integer n > 0 such that there are an
n-dimensional polyhedron P and an e-embedding f : X — P.

For example, let X = [0, 1] x [0, ] with the Euclidean distance. Then the pro-
jection m : X — [0,1] is an e-embedding, and we have Widim. (X, Euclid) = 1.
The following example is very important in the later argument. This was given
by Gromov [I1I p. 333]. For the detailed proof, see Gournay [10, Lemma 2.5] or
Tsukamoto [21, Appendix].

Example 2.1. Let V be a finite dimensional Banach space over R, and set B,.(V) :=
{zxeV]|z| <r}forr>0. For 0 <e<r,

Widim (B, (V),]-]) = dim V.
Here we consider the norm distance on B, (V).

For a subset @ C C and r > 0, we define 0,82 as the set of a € C satisfying
D, (a) NQ # 0 and D,(a) N (C\Q) # 0. Let Q,, (n > 1) be a sequence of bounded
Borel subsets of C. It is called a Fglner sequence if for all r > 0

Area(9,9,)
— 50 — 00).

Area(Q,,) (n = o0)
For example, the sequence ), := D, (0) is a Fglner sequence. The sequence €, :=
[0,n] x [0,n] is also Fglner. We need the following “Ornstein-Weiss lemma.” For
the proof, see Gromov [I1l pp. 336-338].

Lemma 2.2. Let h : {bounded Borel subsets of C} — R be a map satisfying the
following three conditions:

(1) If 0 C QQ, then h(Q1) < h(Qg)
(il) (1 UQ3) < h(Q1) + h(22).
(iii) For any a € C and any bounded Borel subset Q C C, we have h(a + Q) =
h(Q2) where a + Q= {a+ z € C|z € Q}.

Then for any Folner sequence Q,, (n > 1) in C, the limit of the sequence

h(2,)

Area(Q,) (n=1)

exists, and its value is independent of the choice of a Folner sequence.
Suppose that the Lie group C continuously acts on a compact metric space X.

Here we don’t assume that the distance is invariant under the group action. For a
subset 2 C C, we define a new distance dg on X by

do(z,y) := supd(a.z,a.y).
acl
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BRODY CURVES AND MEAN DIMENSION 163

It is easy to see that the map Q — Widim. (X, dg) satisfies the three conditions in
Lemma 22 for each € > 0. So we define a mean dimension dim(X : C) by

' o . Widim. (X, dg,)
€)= iy (i V) )

where Q,, (n > 1) is a Fglner sequence in C. The value of the mean dimension
dim(X : C) is independent of the choice of a Fglner sequence, and it is a topological
invariant. (That is, it is independent of the choice of a distance on X compatible
with the topology.) For example, we have

Widim, (X, d
dim(X:C) = lim ( lim S9me(X, dbro)
e—=4+0 \ R—oo 7TR2

2 .
@) L . Widim. (X, djo, r)x[0,r])
= lim lim .

e—=4+0 \ R—oo R2

2.2. Energy density. Here we explain some basic properties of the energy density
p(f) introduced in (). Let f : C — CP" be a Brody curve. Then the map

Qs Sup/ |df |*dzdy
acC Ja4+Q

clearly satisfies the three conditions in Lemma[2.2] where 2 C C is a bounded Borel
subset. Therefore we can define the energy density p(f) by

1
= lim —— [ su / df|?dzd ),
p(f) n—00 Area(Qn) (aeg a+, ‘ f| /

where ,, (n > 1) is a Fglner sequence in C. In particular, we have
lim — / |df |*dzd

im — | sup xdy
R—oo TR? a€C J|z—a|<R

1
lim — sup/ |df[*dady | .
RS0 R? (a,beR [a,a+R]x[b,b+R]

From [19], the quantity p(CPY) = SUp re pq(cpy) P(f) satisfies

p(f)
(3)

0<p(CPY)<1, lim p(CPY)=1.
N—o0

Moreover

oo —2
2—\/7;_) (/ \/%) < p(CPY) <1-107100,
1 e —

See [21l Section 1.2] for the lower bound, and see [I9] Section 5] for the upper

b()ulld. HeIe
(/ Vv )
\/g x3 1

In the papers [I8]21] a different definition of energy density was used. Let T'(r, f)
be the Nevanlinna—Shimizu—Ahlfors characteristic function:

" dt
T(r, f):= /1 </|Z|<t |df|2dxdy> -
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164 S. MATSUO AND M. TSUKAMOTO
From the Brody condition |df| < 1, we have T'(r, f) < 7r?/2. We define pxsa(f) by
. 2
pxsa(f) = limsup —5 T(r, f).

r—oo 7T

It is easy to see pnsa(f) < p(f). This quantity pnsa(f) was used in the papers
[18,21]. (We used the notation e(f) for pnsa(f) in [I821].) Let pnsa(CPYN) be
the supremum of pnsa(f) over f € M(CPY). Trivially we have pxsa(CPY) <
p(CPMN), but indeed we can prove the equality:

prsa(CPY) = p(CPY).
This is proved in [22].

3. PROOF OF THEOREM

In this section we prove Theorem assuming Propositions B.1] and below.
Theorem [ 7 will be proved in Section[@ Let TCPY be the tangent bundle of CPY.
It naturally admits a structure of a holomorphic vector bundle. We consider the
Fubini-Study metric on it. Let f : C — CP" be a Brody curve, and let f*TCPYN
be the pull-back of TCPY by f. f*TCP" is a holomorphic vector bundle over the
complex plane C, and its Hermitian metric is given by the pull-back of the Fubini—
Study metric. Let Hj; be the space of holomorphic sections u : C — f*TCPY
satisfying |u]pe ) < +00. (Hy,[-|p=(c)) is a complex Banach space (possibly
infinite dimensional). We set B,.(H) := {u € Hy| [u] () < r} for r > 0.

Proposition 3.1. Let f : C — CPY be a non-degenerate Brody curve with
|df || (cy < 1. Then there exist § >0 and a map
Bé(Hf)%M(CPN% U fu,

satisfying the following two conditions:
(i) fo=1-
(ii) For all u,v € Bs(Hy) and z € C
1
|d(fu(2), fo(2)) = [u(z) = v(2)l| < g llu = v]pe ) -
Here d(-,-) is the distance on CPYN defined by the Fubini-Study metric, and |u(z) —
v(2)] is the fiberwise norm of f*TCPN.

Let R > 0and A C C. A is said to be an R-square if A = [a,a + R] x [b,b+ R]
for some a,b € R.

Proposition 3.2. Let f : C = CPY be a non-degenerate Brody curve. Then for
any R-square A C C with R > 2 there exists a finite dimensional complex linear
subspace V. C Hy satisfying the following two conditions:

(i)
dimc V > (N +1) / \df|?dzdy — C¢R.
A
Here Cy is a positive constant depending only on f (and independent of R,
A).
(ii) For allu € V we have |u] e c) < 2 |uf o (y)-

Propositions [3.1] and will be proved later (Sections [ and [Bl). Here we prove
Theorem [[L6, assuming them.
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BRODY CURVES AND MEAN DIMENSION 165

Proof of Theorem [LB. We define a distance on M(CPY) by

o0

dist(g,h) == Y _ % ‘s‘up d(g(z),h(2)), (g,h € M(CPY)).
n=0 z|<n
Then |dist(g, k) — d(g(0), ~(0))| < (1/9) sup,c d(g(2), h(z)). Hence for @ C C
@ dista(g. k) = sup d(g(=).h(2))| < G supdla(2).h(2)).

Let 6 > 0 be the positive constant introduced in Proposition Bl Let A C C be
an R-square (R > 2). By Proposition B.2] there exists V' = Vi C H; satisfying
the conditions (i) and (ii) in Proposition We investigate the map Bs(Hy) —
M(CPN), u + f,, (given by Proposition B.1]) and its restriction to Bs(V) :=
VN Bs(Hy).

From the condition (ii) of Proposition Bl for w,v € Bs(Hy), we have
Sup..cc d(fu(2), ful2)) < (9/8) [u = vl 1 (o) Hence (Bs(Hy), |-| o)) — M(CPY)
is continuous. For u,v € Bs(Hy)

dista (fu, fo) — sup |u(z) — v(z)]

zEA
S diStA(fua fv) — sup d(fu(z)a fv(z))‘ + sup d(fu(z)’ fv(z)) — Sup |U(Z) - U(Z)|
zEA zeEN zEA
< % up d( fu(2), fo(2)) + % |lu— vl (by Proposition B (ii) and @))
zeC
1
< gl = vl

Thus 1
= 0l oo (ay < dista(fur fu) + 5 1= vl e oy -

For u,v € Bs(V) = V N Bs(Hy), we have |[u—v|pwie) < 2|u—v]pw by
Proposition (ii). Hence

[ = vl poe ¢y < 4dista(fu, fo), (w0 € Bs (V).
Hence for € < §/4,
Widim, (M(CPY), dist,)
> Widimye (Bs(V), || o (c))
=dimg V' (by Example 21])
>2(N+1) /A |df|?dzdy — 2Cs R (by Proposition 3.2 (i)).

Since Widim. (M(CPV), disty) = Widim.(M(CPY), distjo,gjx[o,r)), for € < §/4,
the quantity Widim. (M(CPY), dist(o gjx[0,5]) is bounded from below by

2(N+1) (sup/ |df|2dxdy> —2C¢R.
A JA
Here A runs over all R-squares. Dividing this by R? and letting R — oo, we get
. | .
lim <EW1d1mE(M(CPN), dlSt[()’R]X[O’R])) > 2(N + 1)p(f).

R—o0

Licensed to Nagoya University. Prepared on Sun May 28 17:10:28 EDT 2017 for download from IP 133.6.82.173.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



166 S. MATSUO AND M. TSUKAMOTO

Here we have used @). Let & — 0. Then dim(M(CPY) : C) > 2(N + 1)p(f)
by [@). O

Remark 3.3. The above argument also gives the lower bound on the local mean
dimension dim;(M(CPY) : C). Local mean dimension is a notion introduced in
[15]. The readers can skip this remark.

Let f : C — CPY be a non-degenerate Brody curve with ldf ooy < 1. Let

B.(f)c € M(CPY) (r > 0) be the set of g € M(CPY) satisfying distc(f,g) < 7.
Since fo = f, if (4/5)r < 6 then u € Byys),(Hy) satisfies f, € B,(f)c. Let AC C
be an R-square (R > 2). As in the above proof, for 4e < (4/5)r < ¢, we get

Widim, (B, (f)c,dists) > 2(N + 1)/ |df|*dzdy — 2C; R.
A
Hence

dimf(./\/l((CPN) :C) := lim { lim ( lim % sup Widima(BT(f)(c,distA)>}

r—+0 | e—+0 \ R—oo A:R-square
> 2(N + 1)p(f).
Then dimj,.(M(CPY): C) := SUp fe pq(cpny dimy (M(CPN) : C) satisfies
2(N +1)p(CPY) < dimype(M(CPY) : C) < dim(M(CPY) : C) < 4Np(CPM).
The proof is the same as the proof of Theorem Il In particular we get
dim;,.(M(CP?') : C) = dim(M(CP?) : C).

4. PROOF OF PROPOSITION [3.1]

In this section we prove Proposition [B.11

4.1. Analytic preliminaries. Let f : C — CPY be a Brody curve. As in
Section [ let TCPYN be the tangent bundle of CPN with the natural holomor-
phic vector bundle structure, and let E := f*TCPY be the pull-back of TCPN. E
is a holomorphic vector bundle over the complex plane C. Its Hermitian metric A is
given by the pull-back of the Fubini-Study metric. F is equipped with the unitary
connection V defined by the holomorphic structure and the metric h.

Let 1 < p < oo be areal number, and £ > 0 be an integer. Let a € Livloc(AO’i(E))

(i = 0,1) be a locally L¥-section of A%*(E) (the C*°-vector bundle of (0,%)-forms
valued in E). For a subset 2 C C, we set

k 1/p
lal g o) = (Z / V”awdxdy) .
n=0"
We define the ¢°° L -norm HaHZwLi by
||a”eooL§ = ilelg ”a"Lg(Dl(z)) :

Let (*L}(A%(FE)) be the Banach space of all a € L} ;,.(A*(E)) satisfying
ol 1 < +o0.
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BRODY CURVES AND MEAN DIMENSION 167

Lemma 4.1. (i) For a € L3 ,.(A"(E)),
lall oo ¢y < const [algoe s -

Precisely speaking, if the right-hand side is finite then the left-hand side is also finite
and satisfies the inequality.

(ii) Ifa € LY ,.(A>*(E)) with p > 2, then
oo ¢y + IVl o ey < cOBSty 0l -

Proof. Since M(CPY) is compact, there are § > 0 and consty, > 0 (k > 0) such that
for every z € C there is a trivialization u of the holomorphic vector bundle E over a
neighborhood of D;(z) such that u.h = (h,z)as (the Hermitian matrix representing

h under the trivialization u) satisfies ||hqzllcx (s (=), ||haﬁ_Hck(D5(z)) < consty. Here
(h*P) = (haz)~*. Then the norms Ha||L£(D§(Z)) and [af .« p,(.), are equivalent to
Juo aHLz(DJ(Z)) and |uo afpw(p, (), uniformly in 2z € C respectively. (We consider

uoa as a CN-valued (0,4)-form in Ds(z).) Hence the Sobolev embedding theorem
(Gilbarg-Trudinger [5, Chapter 7.7]) implies

lal e (py(zy) < comst al 1z (p, (2 -

Here the important point is that const is independent of z € C. Thus [a]w ) <
const [a] o L2 (ii) can be proved in the same way. O

Let ¢ : C — R be a C*-function satisfying [¢[cr ) < +oo for all k& > 0. We
set J%(a) 1= e~ ¥0*(e¥a) for a € Q% (E). Here 0* is the formal adjoint of the
Dolbeault operator 0 : Q°(E) — QU1(E) with respect to the Hermitian metric h.
g is the formal adjoint of 0 with respect to the metric e#h. We define the operator
O, : Q%(E) — Q%(E) by setting

Oea := 5:;&1 (t=0), Opa:=005a (i=1).

Lemma 4.2. For a € (*L} ,(A>(E)),

lalger,, < constyg (ol s + 1000l ey )

More precisely, if a € LZJFQ,zoc(AO’i(E)) and the right-hand side of the above is finite
then a € KOOL2+2 and satisfies the above inequality.

Proof. We use the trivialization v of E introduced in the proof of Lemma 41l
Since |¢]ci(e) < +oo for all I > 0, under the trivialization u, the operator O, is
represented as

0 0
O,=(-1/2) A+ A—+B—+C
over a neighborhood of Ds(z) where the C'-norms (I > 0) of the matrices 4, B, C
over Ds(z) are bounded uniformly in z € C. Then from the LP-estimate (Gilbarg—
Trudinger [5, Chapter 9.5])

lal (Ds/2(2)) < consty ke (”a||LP(D5(z)) + "Dva”Lz(Dg(z))) :

k+2

The desired estimate follows from this. O
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168 S. MATSUO AND M. TSUKAMOTO

4.2. Perturbation of the Hermitian metric. Here we develop a perturbation
technique of a Hermitian metric (Lemma 5 below). Gromov also discussed it in
[I1, p. 399]. Tsukamoto [21, Section 4.3] studied an easier situation.

Lemma 4.3. Let g : C — Rxo be a non-negative smooth function with [g|crcy <
400 for all k > 0. We suppose that the following non-degeneracy condition holds:
There exist 6 > 0 and R > 0 such that for all p € C we have |g] o (pp () = -
Then there exists a smooth function ¢ : C — R satisfying

(—A+1)p=—g, [elerc)y<+oo (Vk=>0), sggs@(Z) <0.

Here A = 0%/0x* + 0% /0y?.
Proof. We need the following sublemma.

Sublemma 4.4. Let ¢ : C — R be a function of class C* (p € C3.). Suppose that
the norms || po(cy and |[(=A +1)¢| (¢, are both finite. Then

[l oo ey € 4N(=A+ )] ooy -

Proof. Take zg € C such that [p(z0)] > [¢](c) /2. For simplicity, we suppose
zp = 0. Moreover we suppose ¢(0) > 0. (If ¢(0) < 0, then we apply the following
argument to —p.) We define w : C — R by

27

w(z) — i/ e(accosQ-l—ysinG)/\/ﬁde.
2m Jo

w satisfies

(A +1/2)w =0, IZHEI(Iclw(Z) =w(0)=1, w(z) = +co (2| = 4o0).

Then (—A+ 1w = w/2 > 1/2. For £ > 0, set M :=2|(=A+ 1)¢| o c) +€> 0.
(=A+1) (Mw = ¢) > M/2=(=A+1)p = |(=A + D] o o) te/2= (- A+ 1)p > /2.

Since the function Mw — ¢ is positive for |z| > 1, the weak minimum principle
(Gilbarg—Trudinger [B) Chapter 3.1, Corollary 3.2]) implies that this function is
non-negative everywhere. Hence

Il Lo (c) /2 < 9(0) < Mw(0) = M =2 |(=A + 1)¢| oo ¢y T &

Let ¢ = 0. We get
[l oo ey € 4N(=A+ )] ooy -
|

Let ¢, : C — [0,1] (n > 1) be a cut-off function such that ¢, = 1 over D, (0)
and supp(¢n) C Dp+1(0). We want to solve the equation (—A + 1) = —¢,g. The
following is a standard L?-argument.

Let L?(C) be the space of L2-functions ¢ : C — R satisfying d¢/0z, dp/dy € L*
with the inner product (p, ") 12 := (p,¢') 12 + (0p/0x,0¢' [0x) 12 + (0 /Dy, O¢' |
0y)r2. Consider the bounded linear functional:

L%((C) _>R7 P = _<(P7¢ng>L2~

From the Riesz representation theorem, there uniquely exists ¢,, € L3(C) satisfying
(¢,0n) 12 = (@, dng) 12 for all p € L7(C). This implies (—A +1)p, = —¢ng as a
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distribution. From the local elliptic regularity, ¢,, is smooth and |, | Lee(c) < 00
Then we can apply Sublemma 4] to ,, and get

lonl ooy < 41Ingl Lo () < 419l Lo () < +o0.

By the local elliptic regularity, for every compact subset K C C and k& > 0, the
sequence |¢n|cr gy (n = 1) is bounded. Then we can choose a subsequence n; <
ng < mg < --- such that ¢, converges to some ¢ in C*° over every compact subset
of C. ¢ satisfies (=A + 1)p = —g and |¢] w(c) < 4[9gl (). By the elliptic
regularity, [¢[cr e < +oo for all k > 0.

Note that we have not used the non-degeneracy condition of the function g so
far. We need it for the proof of the condition sup,c¢ ¢(2) < 0.

Set M := sup,cc ¢(2). There are z, € C (n > 1) such that ¢(z,) = M. Set
on(2) := (24 z,) and g,(2) := g(z + z,). Then

(_A + 1)@% = —gn.

The sequences [¢n e (cy and [gn[cr ) (n = 1) are bounded for every k > 0. Hence
by choosing a subsequence (denoted also by ¢, and g,), we can assume that ¢,
and g,, converge to ¢, and g respectively in C* over every compact subset of C.
They satisfy

Joo = 0, (_A + 1)9000 = —goo <0, QOOO(Z) < 9000(0) =M.

From the non-degeneracy condition of g, the function g, is not zero. Hence if ¢
is a constant, then ¢, = —goo is a negative constant function and M < 0. If ¢
is not a constant, then the strong maximum principle [5, Chapter 3.2, Theorem
3.5] implies that ¢ cannot achieve a non-negative maximum value. Hence M =
Yoo (0) = max,ec Poo(2) < 0. O

Recall that f : C — CP¥ is a Brody curve and E = f*TCP¥. For a € Q"1(E)
we have the Weintzenbock formula:

= 1
(5) 00%a = EV*Va + Oq,

where © := [Vj/s., Vg az] is the curvature operator. The crucial fact for the
analysis of this paper is that the holomorphic bisectional curvature of the Fubini—
Study metric is positive. From this, there exists a positive constant ¢ such that

h(©a,a) > c|df|?|a|*.

This means that the curvature operator is positive where |df| is positive. The non-
degeneracy condition of the map f enters into the argument through this point;
see the condition (ii) of Definition-Lemma [[L3] In the next lemma we will prove
that if f is non-degenerate then we can perturb the Hermitian metric A so that the
curvature is uniformly positive.

Lemma 4.5. Let f : C — CPY be a non-degenerate Brody curve. There is a
smooth function ¢ : C = R with [¢]cr ) < +oo (Vk = 0) satisfying the following.
Let ©, be the curvature of the Hermitian metric hy, := e®h. Then there is ¢’ > 0
such that

hy(O4a,a) > c’\aﬁw

for all a € Q" (E).
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Proof. We have O a = _—f‘ea + Oa for a € Q%1(E), and hence

—-A —-A
hy(Opa,a) = e (T(p|a,21 + h(@a,a)) > e¥ (TSD + c|df|2) lal?.
By the non-degeneracy of f and Lemma [£3] there is a smooth function ¢ : C — R
satisfying

(—A+ 1) =—4cdf*, |elere) < +oo (Y >0), sup p(2) < 0.
z€E

Then

ho(@pa,a) > e?(—p/4)lal} = (~p/4)lal}, > (—ggg¢<z>/4) a3

Hence ¢’ := —sup,cc ¢(z)/4 > 0 satisfies the statement. O
In our convention, the Fubini-Study metric g;; on CPY is given by
1 02
=~ Jog(l 24 ... 2
05 = 5 oy R+ a4t o )
over {[1:2 :---:zy]} C CPN. The spherical derivative |df|(z) for a holomorphic

curve f : C — CPY satisfies
(6) 1 (VETY. gigdzidz; ) = |df Pdady.
The Fubini-Study metric g;; satisfies the Kéhler-Einstein equation
2
020z
From this, the curvature operator © = [Vj,5., V9] in (B]) satisfies

) vl

tr(0)dzdz = (N + 1)|df |*dzdy
i
since tr(©)dzdz = f*()_Ric;;dz;dz;). The equation (@) will be used in the proof
of Proposition Bl Note that the form (v/—1/27)tr(0©)dzdz is the Chern form
representing c1(E) although we have ¢;(E) = 0 because H?(C;Z) = 0.

Ric;; = log(det(gyr)) = 2m(N + 1)gi;.

4.3. L>™-estimate. Let f : C — CP" be a non-degenerate Brody curve, and let
@ : C — R be a smooth function introduced in Lemma Propositions and
M7 below essentially use the positivity of the curvature ©,,.

The following L>°-estimate was proved in [2I, Proposition 4.2].

Proposition 4.6. Let a € Q' (E) be an E-valued (0, 1)-form of class C* (a € C2,.).
Set b= Uga. If |al gy, 10l oo (o) < +00, then

lal ¢y < constyg [b] () -

Proof. The proof is similar to the proof of SublemmalZ4l For the detail, see [21 pp.
1648-1649]. O

Proposition 4.7. Let b € L3,,.(A%'(E)) and suppose [0l oo (cy < +o00. Then
there uniquely exists a € L3 ;. (A% (E)) satisfying

Opa =0, |a]pw) <+oo.

Moreover |a| ;o) + [Val po ) < consty g [b] 1o (c)-
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Proof. The uniqueness follows from Proposition (Note the Sobolev embedding
Liloc — C? . in R?.) So the problem is the existence. We have the Weintzenbock

formula: for a € Q%(E)
1
D<pa = §V;V¢a —+ 9(pa’

where V, is the unitary connection on E with respect to the metric h, = e®h. ©,
satisfies the positivity condition in Lemma

Let ¢, : C — [0,1] be a cut-off function such that ¢, = 1 over D,(0) and
supp(¢n) C Dp+1(0). From the positivity of the curvature, as in the proof of
Lemma 3] a standard L?-argument shows that there is a,, € L3(A%'(E)) (the
space of L?-sections a of A%!(E) satisfying V,a € L?) satisfying Opa, = ¢,b as
a distribution. For the detail, see [2I, Lemma 5.3]. The local elliptic regularity
implies a, € L3 ,,,. By Lemmas &1l (i) and B2

Han”LOO((C) < const Han”eooLg < consty, (Han”zoom + Hmwan”zoc[ﬁ)
< consty (lanl g + |énbl e c) ) < +o5.

By Proposition we have [an| g0y < constyg [@nb] ooy < consty e [b] oo ()
Then for any compact set K C C the sequence |a,, HL%(K) (n > 1) is bounded. By
choosing a subsequence ny < ng < ng < ---, the sequence a,, converges to some
a weakly in L3(Dg(0)) (and hence strongly in L>°(Dg(0))) for every R > 0. a
satisfies Opa = b, and [a]pec) < SuPp>1 [anlpe o) < consty g [b]p(c)- By the
local elliptic regularity a € Liloc. By Lemmas [4.1] (ii) and

lal ¢y + 1Val oo () < const af j g < consty(laf oo ps + [0l g 1)
< const,p [b] () -
(]

4.4. Deformation theory. Let f : C — CP" be a non-degenerate Brody curve
with [df| ) < 1. In this subsection we study a deformation of f and prove
Proposition Bl Gromov [II], pp. 399-400, Projective interpolation theorem] stud-
ied a different kind of deformation theory. Our argument is a generalization of the
deformation theory of elliptic Brody curves developed in [21].

Consider the following map (see McDuff-Salamon [16, p. 40]):

P : (PL3(E) —» (*L3(A"(E)), uw P,(Jexpu)® dz.

Here expu = expy(,) u(z) is defined by the exponential map of the Fubini-Study
metric, and

dexpu = Lo expu + J2 exp u (J: complex structure of CPY).
2 \ Oz dy

Py - Texpf(z) u(z)(CPN — Tf(z)(CPN is the parallel translation along the geodesic
expy(y)(tu(z)) (0 <t <1).
® is a smooth map between the Banach spaces. ®(0) = 0 and the derivative of
® at the origin is equal to the Dolbeault operator:
ddg = 0 : (X L3(E) — (L3 (A" (E)).

Proposition 4.8. There is a bounded linear operator Q : (*L3(A%'(E)) —
(®L2(E) satisfying 0o Q = 1.
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172 S. MATSUO AND M. TSUKAMOTO

Proof. We will prove that the map
(8) O, = 00} : ¢°Li(A>!(E)) — (> L3(A>'(E))
is an isomorphism. (¢ : C — R is a smooth function introduced in Lemma F.31)
Then Q := 9300," : ¢ L5(A“(E)) — £>*L3(A%!(E)) becomes a right inverse
of 0. The injectivity of the map (8) directly follows from the L*-estimate in
Proposition

On the other hand, by Proposition T, for every b € ¢*L3(A%!(E)) there is
a€ L®NLE,,. (A" (E)) satisfying Oya = b. By Lemma &2 a € ¢>°L3. Thus the
map ({) is surjective. O

Let Hy be the Banach space of all L>-holomorphic sections of £ introduced in
Section Bl H/ is equal to the kernel of the map 9 : {>*°L3(E) — (>~ L3(A%1(E)) by
Lemmas 1] and Moreover the norms || e L2 (k > 0) are all equivalent to the
norm || e ¢ over Hy.

From Proposition 8] and the implicit function theorem, there are r > 0 and
a smooth map o : {u € Hy||u| ey < 7} = Im@ (ImQ C (*®L3(E) is a closed
subspace) such that

O(u+a(u) =0, «0)=0, daoy=0.

The first and second conditions imply that f, := exp;(u + a(u)) becomes a holo-
morphic curve with fo = f. The third condition implies that for any € > 0 there
exists 0 < 0 < r such that if u,v € Hy satisfy [upe(c),[v[pec) < 0, then

lee(w) = a(v)] oo ) < €l = V] o)
Proof of Proposition Bl Since |df| ) <1, if § < 1, the holomorphic curves f,
(u € Bs(Hy)) satisty |dfu] oy < 1. We will prove that if 0 < § < r is sufficiently
small, then the map

Bs(Hf) 3 uvs f, € M(CPY)

satisfies the conditions in Proposition B.Jl The condition (i) (fo = f) is OK. So we
want to prove the condition (ii).
We choose 0 < § < r sufficiently small so that all u,v € Bs(Hy) satisfy

la(u) = @)= (¢, < (1/20) Ju = vl 1 c)
and that if vy, vy € T,CPY are two tangent vectors satisfying |v1], [vz| < 24, then
|d(exp(v1),exp(ve)) — |v1 — va|| < (1/20)|v1 — va.

The former condition comes from dag = 0, and the latter is just a standard property
of the exponential map. Then all u,v € Bs(Hjy) satisfy

|d(exp(u + a(u)), exp(v + (v))) — |u + a(u) — v — a(v)]]
< (1/20)|u + a(u) — v — a(v)]
< (1/20) [u = 0| oo ¢y + (1/20) |a(u) — a(v)] o
< (1/20 + 1/400) |u = v] poc ¢y »
and

[lu+afu) —v—a@)] - |u—v]| <|a(u) - a(v)] < (1/20) Ju = v] <) -
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These inequalities imply the condition (ii):

|d(exp(u + a(u)), exp(v + a(v))) = |u =[] < (1/8) Ju = v] e (c) -

5. STUDY OF Hy: PROOF OF PROPOSITION

In this section we prove Proposition Let R > 0, and let A = [a1,b1] x
[az,b2] C C be an R-square (i.e. by = a; + R and by = az + R). For 0 < r < R/2,
we set

OrA = {([a1,a1 +7) U (by —r,b1]) X [ag, ba]} U{[a1,b1] X ([ag, az + ) U (by — 7, bo])}.

This notation is used only in this section. It conflicts with the notation 0,2 intro-
duced in Section P11 The following is a preliminary version of Proposition

Proposition 5.1. Let f : C — CPY be a Brody curve. Let ¢ > 0, and let A C C
be an R-square with R > 2. Then there exists a finite dimensional complez linear
subspace W C Q°(E) (the space of C*®-sections of E = f*TCPY ) satisfying the
following three conditions:

(i)
dime W > (N + 1)/ \df dzdy — C.R,
A

where C. is a constant depending only on €. The important point is that it
is independent of R.

(ii) Allu € W satisfy u = 0 outside of A.

(iii) Alluw e W satisfy H@uHLOo < eulpoe ey

Proof. Set A = [a1,b1] X [ag,bs]. Let p; : R = R (i = 1,2) be smooth functions
such that 0 < ¢} <1, p;(x) =z over [a; +1/2,b; — 1/2], p;(x) = @;(a; + 1/4) over
x<a;+1/4 and wi(x) = p;(b; —1/4) over > b; — 1/4. Moreover we assume that,
for k > 1, |<p | < consty, (depending only on k > 1).

We define a C*°-map f:C— CPN by f(z4+v—T1y) == Flo1(2)+v=Tp2(y)). We
have |df](z) := max,er.c, jul=1 |df(u)| <1 forall z € C. Let E:= f*TCPN be the
pull-back of TCPY by f. E is a complex vector bundle over C with the Hermitian
metric h (the pull-back of the Fubini-Study metric) and the unitary connection V
(the pull-back of the Levi-Civita connection on TCP¥). From the definition of 1,
the connection V is flat over 9; sa\. Flat connections over 0;,4A are classified by
their holonomy maps (9, /4A) — U(N). Hence there is a bundle trivialization
(as a Hermitian vector bundle) g of E over 0;/4A such that ¢g(V) = d + A (A:
connection matrix) satisfies

”A”C’“(61/4A) < consty (k > 0)

Here constj are universal constants depending only on k. The important point is
that they are independent of R. Let ¢ : A — [0, 1] be a cut-off function such that
Y = 1 over A\O /57, ¥ = 0 over J; 6/, and ||1/)||Ck(A) < constg. We define a unitary
connection V’ on E over A by V' := g~ (d+¢A). We have V' = V over A\Oy 5A.
Under the trivialization g, the metric h and the connection V' are equal to the
standard metric and the product connection of 9; s A x CN over 0, 6\
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Consider an elliptic curve T := C/(RZ + RV—1Z), and let # : C — T be
the natural projection. We define a complex vector bundle E’ over T as follows.
E" = E over m(A\0;,5A) = A\0, /5, and El‘ﬂ'(al/ALA) is equal to the product bundle
7(81/4A) x CV. We glue these by the map g. The metric h and the connection V'’
naturally descend to the metric and connection on E’ (also denoted by h and V).

Let ©" = [V} 5., Vj,p;] be the curvature of V'. From the definition, © =
[Vasaz, Vayoz] over m(A\0y/2A) = A\O; /2, and |©’| < const (a universal constant)
all over T. Then by ()

/I

9) /01 (E') = tr(0")dzdz > (N + 1)/ |df |*dady — const - R.
T 2 Jr A

Let Oy : QY(E") — QUL (E’) be the Dolbeault operator over T twisted by the uni-
tary connection V' (i.e. the (0,1)-part of the covariant derivative V' : Q°(E) —
QL(E)). Let HY, be the space of u € Q°(E’) satisfying dyru = 0. From the
Riemann-Roch formula and the above (@)

(10) dim¢ HY, > /

c1(E") > (N + 1)/ |df |*dady — const - R.
T A

Lemma 5.2. For allu € HY,,
HV/UHLW('JT) <K ||UHL°°('JI‘) :
Here K is a universal constant (independent of f, R, A).

Proof. The connection V' has the following property: There is a universal constant
r > 0 such that for every p € T there is a bundle trivialization v of a Hermitian
vector bundle E’ over D, (p) satisfying v(V') = d + A" with

”A,”Ck(DT(p)) S COnStk (k Z 0)
Then the result follows from the elliptic regularity. 0

Let 7 = 7(¢) > 0 be a small number which will be fixed later. We take points
D1y, pm € w(O1A) with M < const, - R such that for every p € w(01A) there is
p; satisfying d(p,p;) < 7. We define V. C HY, as the space of u € HY, satisfying
u(p;) =0foralli=1,..., M. From ({I0),

M
(11)  dim¢ V > dime HY, — dime (@ E]'D) > (N + 1)/ |df |*dazdy — C.R.
i=1 A
Let u € V and p € w(01A). Take p; satisfying d(p,p;) < 7. From u(p;) = 0 and
Lemma [5.2]
[u(p)] < 71Vt poo gy < 7K Jull ooy -
We choose 7 > 0 so that 7K < 1. Then the maximum of |u| is attained in T\7(d1 A).
Let ¢ : C — [0,1] be a cut-off such that ¢ = 1 over A\d; A, supp(¢) is contained
in the interior of A\0; oA, and |d¢| < 10. For u € V, we set u’ := ¢u. Here
we identify the region A\0; /oA with m(A\O;/2A) where we have E' = E, and we
consider v’ as a section of E over the plane C. Set W := {u'|u € V}. We have
|| o () = lul oo (r)- Hence, by (), we get the condition (i):

dime¢ W = dim¢ V > (N + 1)/ |df |*dxdy — C.R.
A
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The condition (ii) is obviously satisfied. du’ = ¢ @ u is supported in 9 A
10U/ ]| () < 100l po r(y.4)) < LOTE [l poo gy = 107K [0/ o e
We choose 7 > 0 so that 107K < e. Then the condition (iii) is satisfied. O

Proof of Proposition 3.2l Let € > 0 be a small number which will be fixed later. By
Proposition 5] for this € and any R-square A (R > 2), there is a finite dimensional
complex linear subspace W C Q°(E) satisfying the conditions (i), (i), (iii) in
Proposition 5.1l By Proposition [£7, there is a linear map

W — Q"N E), u~a,
such that

gé;za = Ou, ‘ 5:;aHLOC((C)

< Cj H&‘HL&(C) <Cj-e ”u"Loo(c)

Set v’ 1= u — 5;& Then du’ = 0 and [ e ) 2 (1 = C%e) |uf oo () We choose
€ > 0so that 1 —C%e > 0. We set V := {u'|u € W}. Then V C Hy and

dime V = dimc¢ W > (N +1) / |df |*dxdy — C.R.
A

For w € W (recall supp(u) C A)
[t/ oo (o) < (14 CFe) full oo (o) = (14 Ce) [ul oo ) »

[l poeay = (1= Cpe) ful oo ay -
Hence
1+ Che
[/ e) < = cf [/ e )

‘We choose € > 0 so small that
1+ C}E
I S
1-— C}s -

6. INFINITE GLUING: PROOF OF THEOREM [L.7]

We prove Theorem [[.7] in this section. Our method is gluing; we glue infinitely
many rational curves to a (possibly degenerate) Brody curve f : C — CP¥, and
construct a non-degenerate one.

A kind of “infinite gluing construction” is classically used for the proof of
Mittag-Leffler’s theorem. Probably another origin of infinite gluing construction
is the shadowing lemma in dynamical system theory (for example, see Bowen
[2, Chapter 3]). Angenent [I] developed a shadowing lemma for an elliptic PDE.
Gromov [I1, p. 403] suggested an idea of gluing infinitely many rational curves
to a (pseudo-)holomorphic curve. Macri-Nolasco-Ricciardi [I4] developed gluing
infinitely many selfdual vortices. Gournay [6,9] studied an infinite gluing method
for pseudo-holomorphic curves. Tsukamoto [I720] studied gluing infinitely many
Yang—Mills instantons.

First we establish a result on gluing one rational curve.
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Proposition 6.1. There are 5g > 0, Ry > 0 and K > 0 satisfying the following
statement. Let f : C — CPY be a Brody curve. If f satisfies ||df|\Loo(DR(p)) < &g for
some p € C and R > Ry + 1, then there exists a holomorphic curve g : C — CPN
satisfying the following three conditions:
(i) 0o < ||dg||L°°(DR(p)) <2/3.
(i) [|dgl(2) — |df|(2)| < K/|z —p|*> over |z —p| > R.
(iit) d(f(2),9(2)) < K/|z = p|* for = # p.

Proof. The proof is just a calculation. It may be helpful for some readers to consider
the case of N = 1 by themselves. Let € > 0 be a sufficiently small number. dy, Ry,
K and e will be fixed later. Several conditions will be imposed on them through

the argument, but basically they need to satisfy
€
0o € =,

™ R RE
Fix a > 0 so that the curve ¢ : C — CP¥ defined by q(z) :=[1:a/2%: - :a/z%)
satisfies |dq| ¢y = 1/12. Here

Ry>1, ek

3avV/Nr?
d = = .
al(:) = = (= D
We can suppose ||dq|\Lx(DRO(0)) = 1/12 since we choose Ry > 1.

From the symmetry we can assume p =0 and f(0) =[1:0:---:0]. Let f(z) =
[1:fi(2):---: fn(2)] where f;(z) are meromorphic functions in C. Since |df| < dg
over |z| < R with R > Ry + 1, if we choose §y sufficiently small (§p < /Ry), we
have
(12) FEl<e IfEI<e (e < Ro).

Set g:(2) := fi(2) +a/2>, and we define g : C — CPY by g(2) :=[1: g1(2) : ---:
gn(2)]. We will prove that this map g satisfies the conditions (i), (ii), (iii).

First we study the condition (iii). The Fubini-Study metric is given by

E?{:l |dz;| + doi<icj<n |2idzi — zidz;|?
m(1+ >0 |z)%)?
Z|dzz|2+2(2|zz\ ) ldzi*) _ 2(1 + 3 |z )Z|d2z\2 Z|d 2.

(14> ]z[%)? m(1+ > [=l?)? -

Hence ds < /2/m\/> i 1\dzl|2 Thus for f(z) = [1: fi(z) : --- : fn(2)] and

g9(z) =[1: fi(2) +a/z® -2 fn(2) + a/2%] we get

ds® =

on {[l:z1: - :2n]}

<

(13)

Next we study the conditions (i) and (ii). We have

\/Elf 2+ Y, [ 5(2) = =) 152
VAl + ZHEP) ’
¢z|gz )2+ X, 191(2)95(2) — gi(=)g) (=)
VAl + g @P) ’

|df (=

|dg| (=
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where
3a 3a a
g =fi - P 9:9; — 9i9; = (fif; — fif}) + Z_4(fi = fi)+ Z—g(fi/ —fi)

Case 1: Suppose r := |z] < Ry. We will prove §p < ||dg“L°°(DRO(O)) < 2/3.
From (I2)),
2a 3a 3a
‘gz( )|<€+ 3— 3? ‘gz() Zﬁ
Here we have supposed ¢ < min(a/R3,3a/(2R3)). Then
dg|(2) > VN(@3a/(2r%)) 3av/Nr? S 3av/Nr? _|dq|(2)
I = (1 + ANa2/r%) — 2/m(r6 + ANa?) = 8/a(1% + Na2) 8
Hence HdgHLOO(DRO(O)) > (1/8) quHLx(DRO(O)) =1/96 > . Here we have supposed
0o < 1/96. On the other hand,

|dgl(2)
V13022 = 2 FIP 30 1L — F100) + 322 (fi = £;) + a8 (f] = £))P
- Va3 Ja+ 23 f;?)

From (I2)),
la+23fi] > a—cR3 > g, (here we suppose eR3 < a/2).

N2 6 N2
T6+Z|a+23fi|22r6+ Z 27‘ —|—4 a”

13a2% — 28 f!| < 3ar® 4+ 1% < r?(3a+ Rje) < 4ar?, (we suppose Rpe < a).
2°(f1f; = i fi) + 3a2® (fi = f3) + az® (f] = })

ar2

—.
(2)
Here we have supposed 262 R§ + 6as + 2ac Ry < a/4/ (g) Then
dal(2) < 4ar®VI6N +1 _ 24ar?V/N
g = V(% + Na?) = /7(r8 + Na?)

Thus we get 6y < ||d9||L°°(DRO(0)) <2/3.

Case 2: Suppose |z| > Rg. We will prove ||df|(z) — |dg|(z)| < K/r? for an
appropriate K > 0. We have

[fil? = lgil?| < (1fil + 1gi) - 1fi = gl < @USil +a/r)(a/r?) < @Ufil + a/R5)(a/r?),

SIAR = 1ol < & (2100 + 55 ) < % (14 1)

a
— < 2).
=Y

< 12(2e* Ry 4 6ac + 2aeRy) <

= 8|dg|(2) <

OJII.\D

(ldg| < 1/12).

(we suppose

If |f;| > a/r3, then

2 2 2 2 2
12> (If] — 32>|fi| _a_>‘fi| _a 2> 2.
l9:* > (1fil = a/r?)” > 5= = 5 = =5 RO -y >3-y
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178 S. MATSUO AND M. TSUKAMOTO

If |f;| < a/r3, then
2

|f

12 2 2
Igil220>—;| e S AR e

r6 = 2 R_g'

Therefore we always have |g;|> > |f;|*/2 — a®/RS.

Na? 1 1 Na?> 1
1+Z‘gi|22 (1 - F)-ﬁ-izmﬁ > 3 (1 +Z|fi|2) (We suppose —g- < 5)
0 0

Hence

c P A+YINAD) 4N +TV1+ 5P
AR T BaE XA

dav/N +1 < 4a/N +1
BTSSP SR
Then, from g, = f/ — 3a/z* and the above (I4),

1 1
’HZgiI? L+ 3 1fif?

(14)

‘ |9:] _ Ifi] < ’ |g:| _ |g:|
L+ lgel? T+20 0P~ 11+ 22 Mgkl* T+ 22 [fkl?
n |9 _ | £
L+ 0kl T4+ [fel?
- 4av/N +1(|f]] + 3a/r) 3a

+ .
r3 (L4 221 fl?) rt (U4 221 l?)
From |df| < 1, we have |f/|/(1+ Y |fx|?) < v/7. Hence the above is bounded by

4a+/N + 1 4a+/N + 1 3a
T(ﬁ—i— 3a/r*) + 3a/r* < T(\/E—I—Sa) + o5
Here we have supposed r > Ry > 1. Set K, := 4av/N + 1(y/7 + 3a) + 3a. Then
L+ 0gkl? 1+ [fklP| T r®

From ([Id), for i < j,
9:9; — 95951 |fif; — fifil

T+ gkl T+ 1fkl?

\9i9; — 959i  19i9; — 9391l
L+ gl 1T+ 20 0fx]?
\gig; — giail  fif5 = Fifil
L+l T+l
< 4avN +1lgig; — 9;9i]
31420 | fkl?)
[(9i9; — 9;9:) — (fifi — ;1)

L+ 37 [ ful? '
From gig;—g}9: = (f{fi—f} i) +(3a/2*)(fi— f;)+(a/2*)(f{—f}), this is bounded by

dayN +1 <|fi'fj—f§fi|+ Ba(lfil +1£0)  _elfil+ 155D )
rd L300 (U 2P 3+ 221 51?)
Ba(lfil +1£51) , _elfil + 155D
rt T+ 2P A+ )

_|_

_|_

(16)
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From |df| <1,
\fifi = fifil £+ 155
S ST S ST AE s

A1 VAVIPFIRE _ 5
[ ST s S A
Hence the above (@) is bounded by

4a\/N+1<\/E 3av2 2aﬁ> 3av2 | 2ay7

Since i < j,

r3 r4 r3 ré r3

SL(\F+3aW+2a\/_)

Here r > Ry > 1. Set K := 4a\/N + (ﬁ+3a\/_+2aﬁ)+3a\/§+ 2a+/7. Then
|9:9, _gé‘gi‘ \fifi — fj/-fi|

L+ gkl T4+ [fil?

3a\/_ 2a+/T
+

From this and (I3)),

Here we have used the inequality

\/I%+"'+x?—\/yf+---+y?

N
K := max <a\/2N/7T, \/NKg + <2)(K{l)2/\/§> .
(This K satisfies the condition (iii) by (I3).) Then

1df1(=) ~ ldgl(2)| < 5 (r > Ro).

Thus we have proved the condition (ii).
For Ry < |z| < R,

<V(@ —y)?+ -+ (- )

Set

K 1 2

where we have chosen Ry and &y so that K/R3 < 1/2 and §p < 1/6. In Case 1, we
proved &y < ”dg”Lw(DRO(o)) < 2/3. Thus we get the condition (i):

do < HdQHLoc(DR(o)) <2/3.
]
Proof of Theorem [ Let |df | ¢y <1—7, (0 <7 <1). Let do, o, K be the
positive numbers introduced in Proposition[6.Il For ¢ > 0, we set § := min(do, v/¢).
Let R = R(e,7) > Ry + 1 be a large positive number which will be fixed later.

We index the elements of Z2 by natural numbers: Z? = {(ay,S1), (a2, B2),
(as, B3),...}. For n > 1, we set p,, := 2R(an, + vV—15,) and A, := {z + yv/—-1 €
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180 S. MATSUO AND M. TSUKAMOTO

Cl|zr —2Ran| < R,y — 2RB,| < R}. The squares A,, (n > 1) become a tiling of
the plane C.
We inductively define the sequence of Brody curves f,, : C — CPY (n > 0) as
follows. We set fy := f. Suppose we have defined f,.
(1) It [df| oo,y ) = 0, then we set fri1:= fn.
(2) I [df| oo,y <0 and |dfnlpec(a,,,) = 0o, then we set fr i1 := fa.
(3) If de||Loo(An+1) < 6 and [dfp]pe(a,,,) < do, then we apply Proposition
to fn and pp41 (note Dr(prn+1) C Ant1) and get a holomorphic map
fn+1: C — CPN satisfying the following (i), (ii), (iii).
(i) b0 < ldfnsill oo (Dp(pnir)) < 2/3:
i) [|dfus11(2) — [dfa| ()] < K/ 12 = Dy over |2 = puia| > R
(iii) d(fn(2), fat1(2)) < K/|z = paga|® for z # poi1.
For every n > 1, by (i) and (ii)

Z K const - K .

|dfn|(2) SmaX(l—T,Q/?))—I— m SmaX(l—T,Z/?))—i— R3

k:|z—pr|>R
Here const is a positive constant independent of n. We choose R so large that
the right-hand side is bounded by max(l — 7/2,3/4) < 1. Then all f, : C —
CP! become Brody curves, and we can continue the above inductive construction
infinitely many times. Moreover, for all n > 1,

(17) ldfrll Lo (¢) < max(1—7/2,3/4).
For any compact set Q C C, by the condition (iii), there exists n(£2) > 1 such
that K
Z sup d(fn(2), fat1(2)) < Z —d( Q)3 < +o00.
n>n(Q) *€9 ked(pr ) >1 TPk

Hence the sequence f, converges to a holomorphic curve g : C — CPY uniformly
over every compact subset of C. From (I7) we have |dg|« ) < max(1-7/2,3/4) <
1. We will prove that g is non-degenerate and p(g) > p(f) —

For proving the non-degeneracy of g, it is enough to show |dg| Loo(Ay) = 0/2 for
all n > 1. See the condition (ii) of Definition-Lemma [[.3l

Case 1: If |df|(z) > ¢ for some z € An, then

const - K
ldgl(z) =6 — S >0 —.
il Pk| R
We can choose R so large that |dg| s, ) > /2.
Case 2: If |df|(z) < ¢ for all z € A,,, then for some k € {n — 1,n} and w € A,
we have |dfy|(w) > do. Hence
const - K
|dg|(w) = 6o — >0 — :
Ziean
We can choose R so large that [dg ey, ) = 0/2.
We have proved that g is non-degenerate. Next we will prove p(g) > p(f) — e.
For this sake, it is enough to prove that for every n > 1

1 1
W/ |dg|?dzdy > QR? / |df |*dzdy — e.

(18)
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BRODY CURVES AND MEAN DIMENSION 181

Case 1: If [df| [« (s, ) = 0, then for all z € A,

2K const~K<
lz—pl* —  RP T

1dgl?(2) — 1df1*(2)| < 2[ldgl (=) = ldf[(=)] < >

k:k#n

for sufficiently large R. Hence (I8) holds if we choose R sufficiently large.
Case 2: If |df| (4, <, then (recall § = min(do, v¢))

1

W/A |df |Pdxdy < 6% < e.

Hence ([I8)]) holds trivially.
Thus we have proved p(g) > p(f) —e. O
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