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Self-assembly of Archimedean/Non-Archimedean Solids under 
Mathematical Restriction 

Makoto Fujitaa,b  
aDepartment of Applied Chemistry, The University of Tokyo and  

bDevision of Advanced Molecular Science Institute for Molecular Science (IMS)  
E-mail: mfujita@appchem.t.u-tokyo.ac.jp 

Abstract : We and others have been intensively studying the self-assembly of coordination polyhedra 
whose framework topologies are described by Platonic or Archimedian solids.[1] The largest structure we 
have synthesized is M30L60 icosidodecahedron, one of the Archimedian solids.[2] Here, we unexpectedly 
obtained another M30L60 polyhedron that is NOT depicted in any elementary geometry textbook.  
Triggered by this observation, we mathematically rationalized the unexpected polyhedron based on 
a theory seldom discussed: the tetravalent Goldberg polyhedra.  The common Goldberg polyhedra are 
made up of hexagons and pentagons with three edges meeting at every node of the polyhedron; well-
known real-life examples include footballs and fullerenes.  We simply extend this “trivalent” form to 
generate a new family of “tetravalent” Goldberg polyhedra, made up of squares and triangles.[3]  These 
extended tetravalent Goldberg polyhedra are not described in the literature, presumably because nothing 
like them has ever been discovered in the real world.  However, the square planar geometry 
of palladium(II) ions has the potential to direct the self-assembly of these unnatural polyhedra, allowing us 
to synthesize them in the laboratory. We further demonstrate the self-assembly of M48L96 (Figure 1), an 
extended Goldberg polyhedron, which was predicted by the theory. 

 

 

Keywords: Self-assembly, Archimedean Solids, Goldberg polyhedra, Palladium complexes 

References: 
[1] M. Tominaga, K. Suzuki, M. Kawano, T. Kusukawa, T. Ozeki, S. Sakamoto, K. Yamaguchi, M. Fujita, 
Angew. Chem. Int. Ed. 2004, 43, 5621-5625.  
[2] D. Fujita, Y. Ueda, S. Sato, H. Yokoyama, N. Mizuno, T. Kumasaka, M. Fujita, Chem 2016, 1, 91.  
[3] D. Fujita, Y. Ueda, S. Sato, N. Mizuno, T. Kumasaka, M. Fujita, Nature 2016, 540, 563. 

Fig. 1. X-ray structure of 
M48L96 complex
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Topological Properties Generated by Molecule-Based Strongly Isotropic 

Structures: Materials Science Driven by Mathematics 

 

Kunio Awaga  

Graduate School of Science, Nagoya University 

 

Recently, a new carbon allotrope, K4 carbon, has 

been proposed by graph theory. This K4 carbon, along 

with the well-known carbon allotropes, diamond and 

graphene, possesses a property of "strong isotropy" in 

geometry. They have a very unique band structure 

reflecting their structural topology; if the Fermi level 

can be freely controlled, Dirac electron systems can be 

artificially constructed. However, it is nearly impossible 

to realize such a band-filling control for the carbon 

allotropes. Therefore, we came up with the idea of 

creating the crystal structures of the carbon allotropes, 

i.e. strongly isotropic lattices, in molecular crystals, 

combining controllable intermolecular arrangements 

and intramolecular electronic structures. 

In this presentation, we report the rational synthesis of the molecule-based K4 and 

honeycomb structures, using polyhedral π-conjugated molecules [1-3] and metal-organic 

frameworks (MOFs) [4]. The formation of spin-liquid ground state due to spin frustration, is 

discussed, based on the magnetic and thermal properties at low temperatures. We also report the 

effect of electrochemical valence control for the spin-frustrated materials such as a spinel lithium 

manganite, LixMn2O4 [5], which is known as a cathode active material for Li-ion batteries.  

 

[1] A. Mizuno, Y. Shuku, R. Suizu, M.M. Matsushita, M. Tsuchiizu, D.R. Maneru, F. Illas, V. Robert, K. 

Awaga, J. Am. Chem. Soc., 137, 7612 (2015). 

[2] A. Mizuno, Y. Shuku, M.M. Matsushita, M. Tsuchiizu, Y. Hara, N. Wada, Y. Shimizu, K. Awaga, Phys. 

Rev. Lett., 119, 057201 (2017). 

[3] Y. Shuku, A. Mizuno, R. Ushiroguchi, C. S. Hyun, Y.J. Ryu, B.K. An, J.E. Kwon, S.Y. Park, M. 

Tsuchiizu, K. Awaga, Chem. Commun., 54, 3815 (2018). 

[4] Y. Misumi, A. Yamaguch, Z. Zhang, T. Matsushita, N. Wada, M. Tsuchiizu, K. Awaga, J. Am. Chem. 

Soc., 142, 16513 (2020).  

[5] Q. Chen, Z. Zhang, K. Awaga, J. Phys. Chem. C, 125, 7663 (2021). 
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Higher-order topology in crystals in the shapes of polygons and polyhedra  
 

Shuichi Murakami1,2 
 

1Department of Physics, Tokyo Institute of Technology, 2-12-1 Ookayama, Meguro-ku, 
Tokyo 152-8551, Japan. 

2Materials Research Center for Element Strategy, 
Tokyo Institute of Technology, 4259 Nagatsuta-cho, Midori-ku, Yokohama 226-8503, Japan 

 
In topological insulators, the interior of the system is insulating while there appear metallic 

states at the boundaries of the system. Such topological materials have been attracting much 
interest in condensed matter physics. In this presentation, we focus on higher-order 
topological insulators, which has metallic hinge or corner states at the boundary of the system. 
In a crystal of a higher-order topological insulator protected by Cn rotational symmetry, when 
the crystal is in a shape of a regular polygon, the corner charge is quantized to a simple 
fraction [1,2]. For example, we found that apatite electrides are higher-order topological 
insulators protected by rotational symmetry [3,4]. As a result, we show that the apatite 
supports 2/3-filled metallic hinge states in a crystal forming a hexagonal cylinder [4]. This 
notion has been extended to three-dimensional crystals. For example, a sodium chloride 
(NaCl) crystal in a cubic shape has a e/8 or - e/8 quantized charge at each corner [5]. We 
show that in various crystal shapes shown in Fig. 3(a)-(e) [6], which are vertex-transitive 
polyhedrons, there appear quantized fractional corner charges depending on the crystal 
shapes. In Fig. 3(c)(e), in particular, the corner charge is e/24 mod e/12 [6]. 

  
[1] W. A. Benalcazar, T. Li, T. L. Hughes, Phys. Rev. B 99, 245151 (2019). 
[2] R. Takahashi, T. Zhang, S. Murakami, Phys. Rev. B 103, 205123 (2021).  
[3] M. Hirayama, S. Matsuishi, H. Hosono, and S. Murakami, Phys. Rev. X 8, 031067 (2018). 
[4] M. Hirayama, R. Takahashi, S. Matsuishi, H. Hosono, S. Murakami, Phys. Rev. Res. 2, 

043131 (2020). 
[5] H. Watanabe, H. C. Po, arXiv: 2009.04845.  
[6] K. Naito, R. Takahashi, H. Watanabe, S. Murakami, preprint (2021).  
 

Fig.1: Apatite electride 
as a higher-order 
topological insulator. 
Electrons reside in the 
yellow regions where no 
atom is present [4]. 

Fig.2: 2/3-filled hinge states 
in apatite electride as a 
higher-order topological 
insulator, protected by 
rotational symmetry [4]. 

Fig.3: Various crystal shapes 
in cubic symmetry with 
fractionally quantized corner 
charges [6]. They are 
vertex-transitive polyhedra.  
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Exotic structures of frustrated cholesteric blue
phases

Jun-ichi FUKUDA and Akihiro YAMASHITA
Department of Physics, Kyushu University

Cholesteric blue phases (BPs) [1] are complex three-dimensional ordered structures
exhibited by highly chiral liquid crystals. Two BPs are known to possess cubic sym-
metry, and are made up of a regular array of topological line defects of orientational
order (disclination lines), and double-twist cylinders in which the orientational order is
twisted along all the directions perpendicular to the cylinder axis. BPs arise as a result of
frustrations between locally favorable double-twist ordering over “single twist” along one
direction, and the global constraint that the double-twist ordering cannot fill the whole
space without introducing topological defects [1]. Thus BPs have drawn the attention of
physicists as an intriguing example of frustration-induced order. Typical periodicity of the
order of a few hundred nanometers makes BPs also an attractive platform for photonics
applications.

Here we show two studies on the effect of geometric frustrations on the structure
of already frustrated BPs. One concerns the structures of BPs confined by two parallel
planar surfaces. The surface anchoring (interaction between a surface and a liquid crystal)
frustrates the bulk ordering of BPs, and numerical calculations based on a continuum
theory demonstrate the formation of various exotic ordered structures, depending on the
type of surface anchoring, distance between two surfaces, and temperature [2–4]. One
notable example is a hexagonal lattice of Skyrmions [3,4], a swirl-like order found in
diverse condensed matter systems. The formation of a Skyrmion lattice in a confined BP
was confirmed experimentally by optical microscopy [4].

The other is on the frustration induced by the mismatch of the lattice orientations
of BP. Recent experiments [5] revealed that twinning of BPs can occur like martensites;
however, real-space structure of twin boundaries of BPs is elusive experimentally. We
carried out systematic numerical calculations again based on a continuum theory to elu-
cidate fine structures of twin boundaries [6]. Our calculations clarified how disclination
lines should be connected at the twin boundaries.

Our work demonstrates a rich possibility of structure formation in crystalline soft
materials under geometric frustrations.

This work is supported by JSPS KAKENHI (Grant numbers: JP17H02947, JP21H01049).

References
[1] D. C. Wright and N. D. Mermin, Rev. Mod. Phys. 61, 385 (1989).
[2] J. Fukuda and S. Žumer, Phys. Rev. Lett. 104, 017801 (2010); 106, 097801 (2011).
[3] J. Fukuda and S. Žumer, Nature Commun. 2, 246 (2011).
[4] A. Nych, J. Fukuda et al., Nature Phys. 13, 1215 (2017).
[5] H.M. Jin et al., Sci. Adv. 6, eaay5986 (2020); Y. Zhang et al., ACS Appl. Mater.
Interfaces 13, 36130 (2021).
[6] A. Yamashita and J. Fukuda, in preparation.
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Self-assembled triply periodic hyperbolic surface structures  

Lu Han 
School of Chemical Science and Engineering, Tongji University, China 

E-mail: luhan@tongji.edu.cn 
 
The hyperbolic surface structures, including the triply periodic minimal surfaces and the related constant 
mean curvature and parallel surface structures, have been widely discovered in natural systems and artificial 
synthesis with extraordinary properties. However, relatively little is known regarding their formation 
mechanism and their structural relationship. Particularly, the fabrication of the thermodynamically unfavored 
single gyroid and single diamond structures is still challenging. 
Herein we show the synthesis and structural investigations of the hyperbolic surface structures based on the 
cooperative self-assembly of amphiphilic molecules, including 
i) Gyroid and diamond surface structures formed in the silica mesoporous crystals and their intergrowth and 
twinning structures. 
ii) Biomimetic synthesis of hyperbolic surface scaffolds. The photonic bandgap can be achieved by shifting 
two frameworks to low-symmetry structures. 
iii) Direct formation of the thermodynamic unfavored single gyroid and single diamond structures and their 
epitaxial relationship. 
We expect that our finding could outline a new concept and provide substantial opportunities in the study of 
these relevant biological structure and can be applied to further material synthesis.  

 
Figure 1. Synthesis of hyperbolic surface scaffolds empoying the multilayer core-shell microphase-templating 
route through the self-assembly of an amphiphilic block polymer and silica source in solvents. 

References 
[1] L. Han,* S. Che, Adv. Mater. 2018, 30, 1705708.  
[2] L. Han, N. Fujita,* H. Chen, C. Jin, O. Terasaki,* S. Che,* IUCrJ 2020, 7, 228–237.  
[3] W. Mao, X. Cao, Q. Sheng, L. Han,* S. Che, Angew. Chem. Int. Ed. 2017, 56, 10670–10675.  
[4] Q. Sheng, H. Chen, W. Mao, C. Cui, S. Che, L. Han,* Angew. Chem. Int. Ed. 2021, DOI 
10.1002/anie.202102056. 
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Gyroid Phase in Low Molecular-Mass Liquid Crystals 
 

Kazuya SAITO 
University of Tsukuba 

 
Aggregation structures of molecules are the basis for diverse applications. The superstructure 
involving the gyroid is one of the most complicated yet beautiful ones. Although its formation 
can be rationalized within a continuum theory [1,2], we have struggled to reveal further its 
formation mechanism while studying such phases formed by rodlike molecules with low mass. 
Their compactness enables us to ask why they condense in such a structure with a periodicity 
much longer than the range of direct interaction. In such systems, the description may rely on 
characteristic structures either of a graph or surface. The twins of srs nets and the gyroid surface 
are possible mathematically, and choosing one seems a naïve way. On the other hand, we need 
to select the description most suitable for understanding them and advancing the science of the 
real world. 
 When we started studying the “cubic phases,” which the gyroid and related phases 
were called, phases with the same space group symmetry were known in polymer and lyotropic 
systems. Still, their studies were independent of thermotropic (i.e., appearing upon temperature 
variation) liquid crystals of low molecular mass. There was no reason to consider the cubic 
phase in neat (single component) systems under the scope of multicomponent systems. 
 One of the mysteries of two cubic compounds most famous at that time was the 
inverted phase sequence of the cubic and flat-layered (called smectic C) phases upon 
temperature variation. We resolved this problem by identifying the entropic competition 
between molecular core and flexible alky chains [3] (see Figure for characteristic features of 
their molecular structure). This finding implied that the internal structure of the rodlike 
molecules is essential, and the two parts behave differently. The examination of the phase 
diagrams between cubic compounds and chain compounds (alkanes) established the quasi-
binary picture applicable to a broad range of liquid crystals [4-6]. 
 Based on the picture, we started to reveal the internal structure of the cubic phases. 
After struggling to resolve the so-called phase problem in crystallography [7], which is 
equivalent to locate which of the core or chain 
on the gyroid surface, we have revealed [8] that 
the region of high electron density (i.e., the 
aggregate of molecular cores) is not on the 
gyroid surface but around connected triangles 
containing the twins of srs nets (see Figure). 
Recently, we have revealed even chain packing 
[9]. In this talk, some points relevant to 
structural issues will also be discussed based on 
elementary geometry [5]. 
  
[1] L. Leibler, Macromolecules, 13, 1602 (1980). [2] K. Saito, Y. Yamamura & S. Kutsumizu, 
J. Phys. Soc. Jpn., 77, 093601 (2008). [3] A. Sato, Y. Yamamura, K. Saito & M. Sorai, Liq. 
Cryst., 26, 1185 (1999). [4] K. Saito, A. Sato & M. Sorai, Liq. Cryst., 25, 525 (1998). [5] K. 
Saito & M. Sorai, Chem. Phys. Lett., 366, 56 (2002). [6] Y. Yamaoka, Y. Taniguchi, S. Yasuzuka, 
Y. Yamamura & K. Saito, J. Chem. Phys., 135, 044705 (2011). [7] S. Kutsumizu, H. Mori, M. 
Fukatami & K. Saito, J. Appl. Crystallogr., 40, s279 (2007). [8] Y. Nakazawa, Y. Yamamura, S. 
Kutsumizu & K. Saito, J. Phys. Soc. Jpn., 81, 094601 (2012).  [9] Y. Yamamura, Y. Nakazawa, 
S. Kutsumizu & K. Saito, Phys. Chem. Chem. Phys., 21, 23705 (2019). 
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GEOMETRY OF CRYSTALLINE VARIATIONNAL PROBLEM

MIYUKI KOISO

Institute of Mathematics for Industry, Kyushu University, Japan

An anisotropic (surface) energy is the integral of an energy density that depends on the normal
at each point over the considered surface, and it was introduced to model the surface tension of
a small crystal. The minimizer of such an energy among all closed surfaces enclosing the same
volume is unique and it is (up to rescaling) so-called the Wulff shape ([6]). In this talk, more
generally, we discuss local minimizers of the anisotropic energy for volume-preserving variations,
which we call stable solutions. If the Wulff shape is a polyhedron, study on local minimizers is
called a crystalline variational problem. We show that, if the Wulff shape is a regular polyhedron
and the energy density function is convex, then any convex stable solution is, up to homothety
and translation, the Wulff shape.

Let us explain our subjects more precicely. Let γ : Sn → R>0 be a positive continuous function
on the unit sphere Sn = {ν ∈ Rn+1 ; ∥ν∥ = 1} in the (n + 1)-dimensional euclidean space Rn+1,
which is the energy density function for our hypersurfaces. γ is said to be convex if its homogeneous
extension γ : Rn+1 → R≥0 that is defined by γ(rX) := rγ(X), (∀X ∈ Sn, ∀r ≥ 0), is a convex
function. Let M = ∪k

i=1Mi be a connected oriented closed embedded piecewise-C2 hypersurface
in Rn+1, where each Mi is a smooth C2-hypersurface with outward-pointing unit normal νi. We
assume that M does not have triple or more complicated junctions. The anisotropic energy Fγ(M)
of M is defined as

Fγ(M) :=

k∑

i=1

∫

Mi

γ(νi) dA, (1)

where dA is the n-dimensional volume form of Mi. If γ ≡ 1, Fγ(M) is the usual n-dimensional
volume of the hypersurface M and the Wulff shape Wγ is the unit sphere Sn. It is known that, if
Wγ is strictly-convex and smooth, any stable solution is a homothety of Wγ ([2, 5]). On the other
hand, when Wγ has a flat part with dimension larger than or equal to one like a polyhedron, γ has
non-differentiable points and the classical variational method cannot be applied. Because so, only
for curves in R2, the uniqueness of stable solutions has been proved ([4]). We show the following
uniqueness theorem for surfaces.

Theorem 1 ([3]). Let W be a regular polyhedron in R3, and let γ be the convex integrand for W .
Then, a piecewise-C2 convex closed surface M is a local minimizer of Fγ for all variations that
preserve the enclosed volume if and only if M = W (up to homothety and translation).

We also give a mathematical observation which is relating to the experiment on cerium(IV)
oxide given by [1].
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Carbon Structures and Geometry of Trivalent Discrete Surfaces
Hisashi Naito (Nagoya University)

1. Carbon structures as discrete surface
It is well-known that C60 lies on a sphere and a carbon nanotube lies on a cylinder, which are surfaces in the
3-dimensional Euclidean space. The Gauss curvature K of a surface is typical geometric quantity characterizes the
surface, and a surface with radius r and a cylinder have K = 1/r and K = 0, respectively. A natural question is
whether exists an sp2-carbon structure lies on a surface with negative Gauss curvature.

In this talk, we discuss sp2-carbon structures from mathematical view points. In particular,

1. construction of negatively curved carbon structures by mathematical way (see Fig. 1),

2. a definition of curvature of trivalent discrete surfaces (see Fig. 2),

3. subdivisions of trivalent discrete surfaces (see Fig. 3).

(a) (b)

Figure 1: An example of physically stable sp2-carbon structure: (a) standard realization (mathematically stable),
(b) physically stable configuration calculated by DFT, which contains 24 pentagons, 12 hexagons, 24 heptagons,
and 12 octagons in the fundamental piece.

(a) (b)

Figure 2: (a) A fundamental piece of Schwarz P surface, which is triply periodic minimal surface. (b) The
Mackay-Terrones’ structure, which is a stable sp2-carbon crystal.

(a) (b)

Figure 3: Curvatures of 3-times subdivisions of Mackay-Terrones’: (a) the Gauss curvature, (b) the mean curvature,
with coloring with value-magnitude (blue: negative, red: positive).
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Intertwining construction of flat bands

Department of Physics, Graduate School of Science, The University of Tokyo
Hosho Katsura

We present a method for constructing a class of tight-binding models with exactly flat bands

at various energies [1]. The key to the construction of the models is the intertwining relation

between the Bloch Hamiltonian in momentum space and the Hamiltonian for a molecule in real

space. Denoting the former by H(k) and the latter by Hmol, the relation reads

H(k)C(k) = C(k)Hmol, (1)

where k is the crystal momentum and C(k) ̸= 0 is the intertwiner, which is a matrix (not

necessarily square) depending on k. The above relation clearly shows that H(k) and Hmol have

common eigenvalues, thus explaining the existence of flat bands in H(k). The relation also

tells us that the wave functions of the flat bands can be constructed from the eigenvectors of

Hmol. Our method is quite general and provides a unified description of seemingly unrelated

models previously scattered in the literature. To illustrate the power of this approach, we

consider tight-binding models on D-dimensional decorated diamond and pyrochlore lattices.

For example, in the model on a decorated honeycomb lattice shown in Fig. 1(c), flat bands

appear at the energies of the molecule made up of two sites. See Fig. 1(d). We expect

that the results will be helpful in understanding the band structures of metal/covalent-organic

frameworks.

Figure 1: (a) The 2-dimensional diamond lattice, which is the same as the honeycomb lattice.

(b) The dispersion relation of the tight-binding model on (a). The hopping amplitude is set to

unity. (c) The decorated honeycomb lattice with q = 2 sites on each edge. (d) The dispersion

relation of the tight-binding model on (c). The hopping amplitude is set to unity. The flat

bands at ϵ(k) = ±1 are shown in red.
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THE BULK-DISLOCATION CORRESPONDENCE: AN OPERATOR

ALGEBRAIC APPROACH

YOSUKE KUBOTA

In this talk, I will introduce a mathematical formulation of the bulk-dislocation correspondence
[Kub21a] for materials with a screw dislocation based on functional analysis and operator algebra.

The bulk–dislocation correspondence states that the topology of a 3-dimensional Hamiltonian
ensures the existence of topologically protected states localized at a screw dislocation. More
specifically, a weak topological insulator in the xy-direction has a localized state along a screw
dislocation at the z-axis. This is a variation of the bulk–boundary correspondence which is one of
the central principles in topological phases, and is already discovered in the literature of physics
such as [RZV09,TK10, ITT11]. In the same way that the bulk–boundary correspondence does,
we formulate this bulk–dislocation correspondence as the boundary map of C*-algebra K-theory.
We construct a C*-algebra exact sequence of the form

0 → K(ℓ2(Z2)) ⊗ C∗
r (Z) → Az → C∗

r (Z3) → 0,

where Az is the C*-algebra of observables on the screw-dislocated lattice. Then the boundary
map of C*-algebra K-theory sends a gapped phase without dislocation [H] ∈ K0(C

∗
r (Z3)) to

the K−1-element describing the topologically protected dislocation state. Our main theorem
determines this homomorphism.

The proof of our main theorem is based on the coarse geometry of the helical surface. Indeed,
the bulk–dislocation correspondence is thought of as a bulk-boundary correspondence for Hamil-
tonians on the helical surface. This identification is given in a ‘large-scale’ way, which matches
with the philosophy of coarse geometry. A remarkable point is that the proof is parallel to my
study on the differential topology of manifolds, the codimension 2 transfer map in higher index
theory [KS20,Kub21b].
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Minoru Eto

Radiolaria ‒ Topological planktons? 

Faculty of Science, Yamagata University

I will focus on a beautiful structure found in nature.  
Radiolaria - marina planktons - 

I propose a mathematical way which is very different from those 
in literature. It is based on a nice idea developed in high energy 
theoretical particle physics. 

The main goal of my talk is to find a connection between radiolaria 
and topological solitons.

Reference: Based on my work in progress
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Stefano Sanvito

Machine learning for the design of magnetic materials

Stefano Sanvito
School of Physics and CRANN Institute, Trinity College, Dublin 2, Ireland

The process of finding new materials, optimal for a given application, is lengthy, often unpredictable, and
has a low throughput. Here I will describe a collection of numerical methods, merging advanced electronic
structure theory and machine learning, for the discovery of novel compounds, which demonstrates an un-
precedented throughput and discovery speed. This is applied here to magnetism, but it can be used for any
materials class and potential application.

Firstly, I will discuss a machine-learning scheme for predicting the Curie temperature of ferromagnets,
which uses solely the chemical composition of a compound as feature and experimental data as target1. In
particular, I will discuss how to develop meaningful feature attributes for magnetism and how these can be
informed by experimental and theoretical results.

Then, I will describe how an accurate description of the structure of materials, which is amenable to
be used with machine learning, can offer a quantum-chemistry-accurate description of local properties at
virtually no computational costs. The method is not just suitable for building energy models2, namely force
fields to used across a broad spectrum of conditions3, but also for any other local electronic quantity. These
models may then be employed to design new materials, as demonstrated here for magnetic molecules with
enhanced uniaxial anisotropy4. Furthermore, I will discuss how the structure representation can be extended
to include the spin degree of freedom.

1 J. Nelson and S. Sanvito, Predicting the Curie temperature of ferromagnets using machine learning, Phys. Rev.
Mat. 3, 104405 (2019)

2 Alessandro Lunghi and Stefano Sanvito, A unified picture of the covalent bond within quantum-accurate force fields:
from simple organic molecules to metallic complexes’ reactivity, Science Advances 5, eaaw2210 (2019).

3 Yanhui Zhang, Alessandro Lunghi and Stefano Sanvito, Pushing the limits of atomistic simulations towards ultra-
high temperature: a machine-learning force field for ZrB2, Acta Materialia 186, 467 (2020).

4 Alessandro Lunghi and Stefano Sanvito, Surfing multiple conformation-property landscapes via machine learning:
Designing magnetic anisotropy, J. Phys. Chem. C 124, 5802 (2019).
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Finite propagation operators and Hilbert bundles with end

Tsuyoshi Kato (Kyoto University)

It is well known that an infinite dimensional Hilbert bundle is trivial by
Kuiper’s theorem. In this talk we introduce a reduction of the structure
group to the group of finitely propagated unitary matrices, and present
non-trivial bundles in concrete cases. We compute the homotopy type of the
classifying space and discover non-triviality of the odd degree cohomology
classes over rational. This allows us to develop a new theory of character-
istic classes. This is based on the collaboration with D. Kishimoto and M.
Tsutaya.
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SPECTRAL PROPERTIES OF MAGNETIC LAPLACIAN ON A CATENOID

TATSUYA TATE AND HISASHI NAITO

Recently, researches on electronic and dynamical structures of electrons moving on surface graphene
have attracted considerable attention in materials physics, such as in [1], [2]. These investigations
are based on numerical/theoretical spectral analysis of Laplace/Dirac operators under external mag-
netic fields. In these works on graphene, sometimes a curious state, called snake state, appears.
It is said that the levels of these states are independent of the Landau levels. The snake states
were found experimentally in early 1990’s, and it is a special kind of electron states under a ‘step-
like’ non-uniform magnetic field B perpendicular to the graphene. The classical counterpart, called
snake orbits, is the trajectories of classical mechanics which is ‘meandeling’ along the line B = 0.

Snake orbit

Catenoid: x2 + y2 = cosh2(z)

However, to our knowledge any formal/mathematical definitions
of snake states are not available. Thus it would be reasonable to
study them in mathematics. For these purposes a spectral study
of difference operators with magnetic fields on hexagonal lattice
drawn on surfaces will be suitable, as in physics, but it would be
rather hard to analyze mathematically (not numerically) for such
discrete setting-up because the Hamiltonian is inhomogeneous and
basically there are no effective method. Compared with the discrete
setting-up, there are many techniques cultivated in micro-local and
semi-classical analysis in continuous setting-up, such as [3]. Our
work, which has not been public, started with purposes to clarify
the mathematical definition of snake states and to find them in
a continuum setting, in particular, as one of simplest cases, on a
Catenoid shown in the figure. The definition of snake states should
be described as a localization of eigenfunctions in some sense to
a classical snake orbits. Unfortunately, we could not find such a
sequence of eigenfunctions on the catenoid. However, we clarified
the structure of the spectrum of the Laplacian under a magnetic
field on a catenoid, and which will be reported in this talk. There
do exist snake orbits near the neck of the catenoid, but it would be
a difficult issue to find rigorously such a sequence of eigenfunctions localizing a snake orbit, and one
of difficulties will be also mentioned in the talk.
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Homological bulk-edge correspondence for

Weyl semimetal

Kiyonori Gomi

Department of Mathematics
Tokyo Institute of Technology

The bulk-edge correspondence for topological insulators is an important
characterizing feature. From theoretical viewpoint, this correspondence has
been established for various models of topological insulators. A typical formu-
lation of a bulk-edge correspondence starts with a model of a bulk insulator,
for which a topological invariant is defined as its bulk invariant. Then, one
introduces an edge to the bulk system, for which an edge invariant is defined.
Now, the bulk-edge correspondence is the coincidence of the bulk invariant and
the edge invariant.

I will talk about an analogous formulation of the bulk-edge correspondence
for Weyl semimetals and a model which satisfies it [1]. Based on ideas of Mathai
and Thiang [2, 3], this bulk-edge correspondence is formulated as the coincidence
of two homology classes constructed from the bulk system and that with an edge.
A point of this “homological” bulk-edge correspondence is that it explains the
topology of Fermi arcs.
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MOD-TWO ATIYAH-PATODI-SINGER INDEX AND DOMAIN-WALL FERMION

SHINICHIROHMATSUO

We will consider the mod 2 Atiyah-Patodi-Singer index from a viewpoint of domain-wall
fermion Dirac operators. This talk is based on a joint paper arXiv:2012.03543 [1] with Hidenori
Fukaya, Mikio Furuta, Yoshiyuki Matsuki, Tetsuya Onogi, Satoshi Yamaguchi, and Mayuko
Yamashita, which is a happy collaboration of four physicists and three mathematicians.

The Atiyah-Singer index is a fundamental invariant of elliptic partial differential opera-
tors with complex coefficients on compact manifolds without boundary. This fundamental
invariant has two refinements: The Atiyah-Patodi-Singer index for compact manifolds with
boundary and the mod 2 index for real skew-adjoint operators. Piecing these two refinements
together, we consider the mod 2 Atiyah-Patodi-Singer index for real skew-adjoint operators
on compact manifolds with boundary.

Domain-wall fermion Dirac operators are a particular class of massive Dirac operators
that have zero-eigenvalue solutions concentrated on small neighbourhoods of separating
submanifolds, domain walls. Using these operators, without imposing any global boundary
conditions, we gave a physically intuitive reformulation of the Atiyah–Patodi–Singer index in
the previous paper [2].

In this talk, we will give a physically intuitive reformulation of the mod 2 APS index by
domain-wall fermion Dirac operators (and explain very briefly its relation to global anomaly
inflow).
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Bicontinuous minimal and cmc structures: inspiration from

biology for nano/micro engineered materials
Bicontinuous geometries are fascinating structures that are characterised by spatially extended highly-ordered arrangements on the

nanoscale. Alan Schoen’s Gyroid surface is in many ways the archetype of these geometries, being a surface that divides space into

two identical domains, each of which is an ordered maze-like infinite labyrinth. 

For the Gyroid and all other bicontinuous forms, the characteristic defining feature is that

all  components  (which  may  be  lipid  membranes,  copolymer  moieties,  membranes,

biopolymeric  materials)  all  ‘percolate’  throughout  space.  Because  of  this  geometric

characteristic, they allow e.g. macroscopic and fast transport or diffusion; simultaneous

mechanical stiffness and permeability; and other functional material properties including

photonics.

Bicontinuous phases (and related phases) have by now become nearly house-hold names

and  occur  in  many  synthetic  soft  matter  systems,  particularly  those  that  are  self-

assembled [1-3]. There are many instances where these phases occur in biological tissues,

yet, their role in these biological systems remains less well understood. 

In this talk, I will first discuss how several different species of green butterflies use the

Gyroid  nanostructure  as  a  biophotonic  crystal  that  causes the green coloration.  I  will

further discuss how we can draw inspiration from this biological photonic material for

man-made  photonic  structures  and  how  Gyroid-related  photonic  properties  can  be

investigated geometrically [4,5]. 

I  will  then  discuss  the  occurrence  of  Gyroid-like  phases  and  structures  in  biology,  in

particular in intracellular membrane structures. I will discuss why I consider that understanding why and how these structures form

in nature is a useful future step – both for material design and for understanding their function in nature – and why progress in this

area is likely in the next few decades [5,6].

References

[1] G.E. Schröder-Turk, L. de Campo, M.E. Evans, M. Saba, S.C. Kapfer, T. Varslot, K. Grosse-Brauckmann, S. Ramsden and S.T. Hyde, Polycontinuous geometries
for inverse surfactant phases with more than two aqueous network domains , Faraday Discussions 161, 215-247 (2013)

[2] R. Mezzenga, J.M. Seddon, C.J. Drummond, B.J. Boyd, G.E. Schröder-Turk, and L. Sagalowicz, “Nature-inspired design and application of lipidic lyotropic liquid
crystals”, Advanced Materials, 2019

[3] B.D. Wilts, P.L. Clode, N.H. Patel, G.E. Schröder-Turk, “Nature’s functional nanomaterials: Growth or self-assembly?“, MRS Bulletin 44(2) issue on ‘Bioinspired
Far-From-Equilibrium Materials’, 106-112, February issue (2019)

[4]  M.D. Turner,  M. Saba, Q.M. Zhang, B.P.  Cumming,  G.E. Schröder-Turk,  M. Gu,  “Miniature chiral  beamsplitter  based on gyroid photonic crystals”,  Nature
Photonics 7(10), 801-805 (2013)

[5] G.E. Schröder-Turk, “Quo vadis biophotonics? Wearing serendipity and slow science as a badge of pride, and embracing biology“, Faraday Discussions 223, 307–
323 (2020)

[6] B.D. Wilts, B. Apeleo Zubiri, M.A. Klatt, B. Butz, M.G. Fischer, S.T. Kelly, E. Spiecker, U. Steiner, G.E. Schröder-Turk,  “Butterfly gyroid nanostructures as a
time-frozen glimpse of intracellular membrane development”, Science Advances 3, e1603119 (2017) 

Biography: Dr Gerd E. Schröder-Turk  FAPS is an Associate Professor at the School of Engineering and Information Technology at

Murdoch University in Perth. He holds a PhD awarded by the Australian National University, for his

research thesis “Skeletons in the Labyrinths” about geometric aspects of pattern formation in self-

organised  systems.  He  has  held  a  academic  positions  at  the  Australian  National  University

(postdoctoral  research)  and  the  Friedrich-Alexander  University  Erlangen-Nuremberg

(teaching/research).  In  2014,  he  was  awarded  the  Friedrich-Alexander  University  Emmy-Noether

Award for his habilitation work and in 2019 the Fellowship Awards of the Camurus Lipid Research

Foundation. In 2019, he was selected as a fellow of the American Physical Society. He is the author of

around 100 scientific articles and has been the chair or co-chair of numerous international scientific

conferences, including “Shape Up: Exercises in Materials Geometry and Topology” in Berlin in 2015,

the Australian Academy of Sciences 2016 Boden conference “Animal, Vegetal, Mineral” in Yallingup

and the 2018 Australian Institute of Physics Bianniel Congress. He refers to his area of research as

“Materials  Geometry”,  that  is,  the  materials  science  of  nano-  or  microstructured  materials  and

tissues,  addressed through the goggles of  advanced geometric  methods.  Aside from his  scientific

interests,  he  feels  strongly  about  governance  of  the  academic  sector  and  the  national  and

international scientific communities; as such he is a member of the both the corporate governing body (Senate) and the academic

governing body (Academic Council) of Murdoch University and a member of the National Executive of the Australian Institute of

Physics.  He has been a regular public commentator in the national and local Australian media. He was listed by the authors of the

Times Higher Education among the “People of the year who mattered in higher education in 2019”.

13:00, September 27 28

International Conference on Discrete Geometric Analysis for Materials Design



High-throughput prediction and optimization of stress-strain curve of 
thermoplastic elastomer 

 
Takeshi Aoyagi 

CD-FMat, National Institute of Advanced Industrial Science and Technology (AIST) 
 

Thermoplastic elastomer (TPE) is a  typical industrial product where the microphase separation of 

block copolymer is utilized. The products can be seen in daily life, elastic fibers, toys, and adhesive 

for examples. The dynamic properties such as non-linear stress-strain (S-S) property are key issues to 

design such industrial products. The elastic properties largely depend on the polymer and microphase 

separated structures1. Since there are wide range of variation of structure of block copolymers such as 

chain length, volume fraction of each block, and block sequence, efficient methods to optimize the 

polymer structure suitable for target S-S property are required. 

 We propose a new approach to design polymer structure for desired S-S property by combining 

coarse-grained molecular dynamics (CGMD) simulation and neural network. Figure 1 shows 

schematic diagram of this study. CGMD simulation was conducted to obtain stress-strain curve of 

linear diblock and triblock copolymers of various chain length, volume fraction of each block, and 

asymmetricity. The microphase separated structures were obtained by self-consistent field theory 

(SCFT) calculation, and the initial structure for CGMD were generated by the mapping algorithm from 

SCFT calculation results2. Artificial neural network was trained to make regression between the 

polymer structures and calculated S-S 

curves. Then using the trained neural 

network, Bayesian optimization was 

performed to obtain polymer structure for 

fictitious target S-S curve. The S-S curves 

obtained by CGMD simulation of 

optimized polymer structures reasonably 

agreed with predicted S-S curves by 

neural network and target ones. This 

result shows a capability to design  

polymer structures for desired properties 

using simulation and neural network.  
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Figure1 Schematic diagram of  this study 
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Descriptors of higher-order structures of polymeric materials in the point of 
view of network and interface 

 

Hiroshi Morita 

Research Center for Computational Design of Advanced Functional Materials (CD-FMat), 

National Institute of Advanced Industrial Science and Technology (AIST), Central2-1, 1-1-1 

Umezono, Tsukuba, Ibaraki 305-8568, Japan 
e-mail:  h.morita ＠ aist.go.jp 

 

Soft polymeric materials, such as rubbers, or elastomers, or polymers, take the hierarchal structures, and 

complex higher-order structures are formed. The higher-order structures are closely related to the physical 

properties and functions of those materials, and the analysis of the higher-order structure is one of the 

important issues. If the primary materials, such as chemical species and those mixing ratios, are decided, 

same higher-order structure cannot be obtained. The polymer chains can take too many kinds of 

conformations and it is imposible to reproduce just same conformations naturally. This discussion is also 

applicable to the morphologies of materials. Though the same higher-order structure cannot be made, those 

properties must be controlled in industry, and detail studies of the higher-order structures and those 

formation processes are needed.  

  Our group have studied the soft polymeric materials using theories based on polymer physics and 

simulations. The target materials of our studies are rubber or elastomer, and in those materials, the phase 

separated structures or cross-linked molecular network can be understood as the higher-order structures. 

Furthermore, feature extraction and descriptor of those materials must be needed to analyze those structure. 

We have studied the analysis of those structure using the results obtained by coarse-grained model 

simulations. Through our simulations, the structure and dynamics of rubbers or elastomers can be analyzed 

and those analysis can also be applied in the tensile deformation process.  

  In this paper, the study of thermoplastic elastomer (TPE) is described. [1, 2] A-B-A type block copolymer 

is introduced, in which A and B sub polymer chain is connected linearly. ABA polymer chains form the 

micro phase separated structure, and spherical domain structure is formed in the case of shorter A sub chains. 

If the two A sub-chains are belonged to different A domains, its chain can be understood as bridge chain. 

The bridge chains become the connector of A spherical domains and formed the bridge chain network 

structure. We have studied its network structure using graph theory, and the fracture of TPE can be 

understood as the recombination of bridge chain network by graphs. The network structures before and after 

fracture can be distinguished by several parameters obtained by graph theory, and we can propose the 

descriptor of higher-order structure of TPE using graph theory.   

 

This work is supported by JST CREST Grant Number JPMJCR17J4, Japan. 
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Development of Functional Materials Based on MOF Topology 

 

Hirofumi Yoshikawa 

Kwansei Gakuin Univrsity 

 

Metal-organic frameworks (MOFs) are a type of porous materials formed by metal ions and 

organic ligands, and have recently been used as materials for power storage devices such as positive 

electrodes, negative electrodes, and solid electrolytes, and have attracted a great deal of attention. 

Additionally, they can also be used as templates, and various porous carbons using MOF as templates 

have been developed, and electrode performances of these MOF templated carbon materials have been 

reported. However, no research has ever discussed the correlation between the structure of the MOF 

used as a template, the structure of the obtained carbon, and its electrode performances. When this 

relationship is revealed, a strategy toward development of a high-performance porous carbon electrode 

can be established. In this study, in order to investigate how the difference in the discrete geometric 

three-dimensional minimal surface structure of MOF affects the structure of the obtained porous 

carbon and the electrode performances, we focused on three types of minimal surface structures such 

as Schwarz P and D, and Schoen's G curved surfaces (Fig. 

1), and MOFs with structures corresponding to each 

curved surface structures, that is, cubic, diamond, and 

gyroid structures, respectively, were used as templates for 

porous carbon materials. Then, their negative electrode 

performances were examined. 

Here, ZIF-8 (Zn(2-methylimidazole)2) for P curved surface, [1-ethyl-3-

methylimidazolium][In(4,4’-(diazene-1,2-diyl)dibenzoate)2]) for D curved surface, and STU-1 (Zn 

(1,2-bis ((5H-imidazol-4-yl) methylene) hydrazine)) for G curved surface were used as a template. 

According to a general method, they are firstly immersed in furfuryl alcohol, which is a carbon source, 

for 24 hours. Next, each immersed MOF was filtered, washed with DMF, placed in a tube furnace, and 

calcined in an argon atmosphere at 1000 °C for 8 hours. The carbonized MOF was immersed in 

hydrochloric acid for 1 hour to remove metals and impurities. Finally, a battery using the obtained 

carbon as a negative electrode was prepared, and negative electrode performances were evaluated in 

a voltage range of 0.1 to 3 V at a current density of 200 mA/g. 

Figure 2 shows the cycle performances of discharge capacities for 

each MOF-templated carbon. Gyroid carbon showed an initial capacity 

of 963 mAh/g and ca. 600 mAh/g after the second cycle, while diamond 

carbon showed an initial capacity of 1019 mAh/g, after which the 

capacity increased from 580 mAh / g in the second cycle to 666 mAh/g 

in the 100th cycle. On the other hand, cubic carbon showed 683 mAh/g 

in the first cycle and 422 mAh/g in the second cycle, but the capacity 

after that gradually increased to 509 mAh/g in the 100th cycle. Since the capacity is calculated by 

insertion of one lithium ion per six carbons in the case of graphite electrode, a correlation with the 

surface area is very important. Herein, it is suggested that the difference in the capacity of the cubic, 

diamond, and gyroid structural carbons may be due to the difference in surface area based on the 

minimal surface structure of the MOF template. 

Figure 1. Representative minimal surface 

structure 

Figure 2. Cycle performances 

for each carbon 
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First-Principles and Geometric Modelling of Functions of Graphene 

 

Tatsuhiko Ohto 
 

Graduate School of Engineering Science, Osaka University,  

e-mail: ohto@molectronics.jp 

 
Graphene is a two-dimensional (2D) material with a single-atom thickness. Since graphene is 

chemically stable, highly conductive, and optically transparent, it has been used as an electrode 

for electrochemical interfaces. Interfacial water molecules neighboring the graphene interface can 

probed by sum-frequency generation (SFG) spectroscopy. We have developed a protocol to 

simulate SFG spectra using ab initio molecular dynamics simulations [1] and applied it to 

isotopically diluted water at the water–graphene and water–hexagonal boron-nitride (hBN) sheet 

interfaces [2]. The dynamics of the dangling O–D group are also affected by the stronger O–D⋯

N interaction than the O–D⋯C interaction. 

 Recently, three-dimensional (3D) carbon networks and 2D-like carbon networks 

expanding in the 3D space such as 3D curved graphene, have become a fascinating research target 

owing to their unique catalytic activities that are typically not exhibited by carbon network 

materials without 3D structures. A simple and practical mathematical model based on discrete 

geometric analysis is proposed to describe the geometric features of carbon networks and their 

relationships to their material properties [3]. This model can pre-screen candidates for novel 

material design, and these candidates can be further examined by the density functional theory 

(DFT). 

 

    

Left: Sum-frequency generation spectroscopy of the graphene/water interface. Right: Geometric 

modelling of graphene using standard realization and comparison with DFT calculations. 

 

[1] T. Ohto, K. Usui, T. Hasegawa, M. Bonn, Y. Nagata, J. Chem. Phsy. 143, 124702 (2015). 

[2] T. Ohto, H. Tada, Y. Nagata, Phys. Chem. Chem. Phys. 20, 12979-12985 (2018). 

[3] A. Dechant, T. Ohto, Y. Ito, M. V. Makarova, Y. Kawabe, T. Agari, H. Kumai, Y. Takahashi, 

H. Naito, M. Kotani, Carbon 182, 223-232 (2021). 
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The Polymorphism of Ice
Masakazu Matsumoto

Okayama University Research Institute for Interdisciplinary Science

Water is known to have an unusually large number of crystal structures for a single 
component substance, and 19 different ice polymorphs have been discovered so far, seven 
of which were discovered this century. Water has so many polymorphs because it is a 
networked substance made up of hydrogen bonds. Differences in the crystal structure of 
ice are recognized as differences in the topology of regular directed graphs.

We have used computer simulations to predict new ice crystal structures in advance of 
experiments. We investigate the possibility of new crystal structures using molecular 
models that reproduce the physical properties well, direct calculation of Gibbs free energy 
using the harmonic oscillator approximation, and molecular dynamics simulations of 
crystal growth from solid-liquid coexistence. The pressure range we have investigated 
ranges from negative pressure to very high pressure. According to theoretical predictions, 
there is a high probability that undiscovered ice remains in the very low and medium 
pressure regions.
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2. Matsui, T., Yagasaki, T., Matsumoto, M. & Tanaka, H. Phase diagram of ice polymorphs under negative pressure 
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Figure Several candidates for 
ice crystal structures. (left to 
right) dtc, δz, and R.
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3-DIMENSIONAL TOPOLOGY AND POLYCONTINUOUS PATTERN

KOYA SHIMOKAWA

DEPARTMENT OF MATHEMATICS, SAITAMA UNIVERSITY

We are interested in the characterization of bicontinuous patterns, tricontinuous pat-
terns and polycontinuous patterns of microphase structures of a block copolymer melt. A
mathematical model of a bicontinuous (respectively tricontinuous or polycontinuos) pat-
tern is a triply periodic non-compact surface (resp. tribranched surface or polyhedron)
embedded in R3, that divides it into two (resp. three or a finite number of) possibly dis-
connected submanifolds. See Figure 1. We will consider the case where the submanifolds
are the open neighborhood of 3D nets.

If a bicontinuous pattern is triply periodic, then by considering the quotient space of
the action we have a Heegaard splitting of the 3-dimensional torus T 3. If a polycontinuous
pattern is triply periodic and satisfies suitable conditions, then it corresponds to a han-
dlebody decomposition of T 3. Hence a characterization of handlebody decompositions
of T 3 gives a characterization of triply periodic polycontinuous patterns. Reidemeister
and Singer’s theorem of polycontinuous patterns follows from that of handlebody de-
compositions of T 3. It will give the information how two polycontinuous patterns are
related.

Figure 1. Tricontinuous pattern and entangled network
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Computational materials science from first principles, from data, and in between 

 

Shinji TSUNEYUKI 1,2 

1Department of Physics, the University of Tokyo 

2Institute for Solid State Physics, the University of Tokyo 

 

Materials simulations based on first-principles calculations of electronic states aim at explaining 

the physics of materials, predicting the properties of materials, and creating new materials without 

experimental data using high-performance computers. With the development of computer hardware, 

new computational methods and algorithms have been developed in various ways. However, many 

problems remain regarding the accuracy, system size, dynamics, and the search for material-specific 

parameter spaces. 

One of them is predicting crystal structures by searching the global minima of multidimensional 

potential energy surfaces (PES). Because of the enormous computational cost of calculating the 

electronic energy of a single structure, it is practically difficult to find the most stable crystal structure 

when the number of atoms in the unit cell is significant, and there are many local minima in the PES. 

In this presentation, we will show how assimilating powder diffraction data based on Bayes' 

theorem can dramatically speed up simulations, even if the data is insufficient for structure 

determination on its own [1-3]. This method is helpful for materials under high pressure, where there 

are experimental limitations on diffraction angles, and for materials containing hydrogen atoms, whose 

positions are difficult to determine by X-ray diffraction. The data assimilation method may be 

combined with combinatorial synthesis and measurement to accelerate the search for materials. 
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Analysis of Morphology and Network of Polymer Materials with 
Aggregated Nano-particles 

 
Katsumi HAGITA 

Department of Applied Physics, National Defense Academy of JAPAN,  
Yokosuka, Kanagawa 239-8686, Japan 

 

 In polymer materials, various network structures have important roles on mechanical properties 
and functions in use. In polymer nanocomposites (PNCs) filled with nanoparticles (NPs) such as tire 
rubbers, networks of aggregated NPs through bound rubbers (BRs) are of great interest as well as 
networks of crosslinked polymer networks. Common sense of tire rubber research considered that the 
topology and morphology of the 3D structure of NPs in a volume from nanometer to micrometer 
dimensions have important roles on mechanical properties and functions in use. At the present time, 
direct observation of polymer networks is impossible, but observation of the 3D structure of NPs 
becomes possible. The hierarchical features of NPs were observed by small angle x-ray and neutron 
scattering experiments. To model a real 3D image, we performed Reverse Monte Carlo modeling of 
3D positions of the spheres from ultra-small-angle x-ray scattering (USAXS) profiles observed in the 
synchrotron radiation facility SPring-81). Here, we assumed that primary shape of the NP was a sphere 
whose diameter is a few ten nanometers. 

Recently, to observe a real 3D image as a large volume data, we performed Focused Ion Beam 
Scanning Electron Microscopy (FIB-SEM) observations2). Figure 1 (a) and (b) presents clear 
difference of NP volume data between tire rubbers of “modified” and “non-modified” styrene-
butadiene rubber (SBR), respectively. The “modified” SBR was used in the recent low fuel-efficiency 
tire. The “non-modified” SBR was used in the old conventional tire. Here, we also confirmed 
consistency between the USAXS data and scattering function estimated from the FIB-SEM data. Thus, 
we found that the fuel performance function has a correlation to the NP morphology. According to 
coarse-grained molecular dynamics simulations3), we found polymers around NPs have a great 
contribution on mechanical properties.  Topological data analysis for NP network via BR as shown 
in Fig. 1 (c) is applied to find differences.   
 

 
Figure 1. NP morphology in “modified” (a) and “non-modified” SBR. In (c), an image of NP network 

via bound-rubber (BR) is presented. 
References 
1 K. Hagita, T. Tominaga, T. Sone, Large-scale reverse Monte Carlo analysis for the morphologies 
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Relationship between multifractal and physical
properties of microphase separated structure

in block copolymers

Mariko Ito
Graduate School of Artificial Intelligence and Science, Rikkyo University

Microphase separation of block copolymers exhibits various ordered morphologies like
sphere, cylinder, gyroid and lamellar in the stable state. Metastable structures can be
generated by computer simulation under the same condition as that of a stable mor-
phology, and they take different forms from the stable one [1]. Our interest is whether
metastable structures can be quantified by their multifractal properties. Multifractal is
a nature where local fractal dimension varies on a structure, and the multifractality has
been observed in a huge variety of objects, e.g., fracture surfaces, soil structure and ag-
glomeration of stores/facilities [2–4]. The literature discussed the feature of structures
based on the generalized dimension, singularity strength and spectrum, that can be ob-
tained by multifractal analysis. We investigated multifractal properties of microphase
separated structures and examined their possibility to indicate the physical properties of
the structures.

We performed multifractal analysis for double gyroid (DG), one of the stable mor-
phologies in the case of ABA triblock copolymer, and its metastable structures. Two
variables q and ε are crucial in multifractal analysis: q stands for the extent to which the
place with a large mass (volume fraction of A segment in our case) is emphasized, and
we examine the range of scale ε under which the increment of the total mass weighted
by q exhibits the scaling law [4]. The scale of ε in our analysis was taken considering
the periodicity of DG. We found a correlation between the q-th generalized dimension of
metastable structures and their free energy only when the absolute value of q is small.
This implicates that the free energy of metastable structures is associated with the multi-
fractal property around the boundary of A and B segments, in which the volume fraction
of A is not large [5]. Furthermore, for large q, we observed a weak but consistent cor-
relation between the q-th generalized dimension or singularity strength and stress-strain
behaviors [6] for small strain. We, therefore, think that multifractal property can offer a
reasonable quantification for microphase separated structures.
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Topological Polymer Chemistry  

Designing Complex Graph Constructions 

 
Yasuyuki TEZUKA 

Tokyo Institute of Technology, Professor Emeritus 

 

 The fascinating developments have 
now been ongoing in topological polymer 
chemistry, since a variety of topologically 
defined and formidably complex polymer 
constructions have become accessible 
along with diverse synthetic protocols 
introduced during the first two decades of 
this century [1,2].   Thereupon, the 
precision designing of static and dynamic 
properties and functions of non-linear 
polymer substrates, assisted with the 
explicit computational simulations by the 
expanding capacity, has proceeded to 
uncover unprecedented topology effects 
based upon topological geometry  
conjectures, intriguingly counterintuitive 
to Euclidian geometry commonsenses. 

We have so far demonstrated an 
electrostatic self-assembly and covalent fixation (ESA-CF) procedure as a powerful synthetic technique 
for diverse topological polymers, shown in Scheme above, where ion-paired self-assemblies by linear 
or non-linear polymers are employed as key intermediates [3].  A series of complex multicyclic 
topologies of either spiro-, bridged- and fused-forms have successfully been constructed by the ESA-
CF protocol in conjunction with recently developed effective linking chemistries, including alkyne-
azide addition (click) and olefin metathesis (clip) reactions.  Notably, in particular, a topologically 
significant fused-tetracyclic K3,3 graph polymer topology, which is known as a prototypical non-planar 
graph in topological geometry, and remarkably identified in cyclic polypeptides (cyclotides) of diverse 
biofunctions, has been constructed through the programmed ESA-CF polymer folding by using a 
uniform-size dendritic polymer precursor.  The programmed polymer folding, invoked with the 
concurrent breakthrough of the precision AI prediction of protein folding, has now evolved into an 
emerging frontier in topological polymer chemistry [4, 5, 6].  
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The shape change and work behavior of bistable self-oscillatory photochromic material in an 

aqueous condition toward a microrobot 

 Yoshiyuki Kageyama, Dept. Chem., Fac. Sci. Hokkaido Univ.  

Autonomous working materials are expected to be the motor of self-governed microrobots and 

microdrones.[1] The requirement for forming a dissipative or chaotic structure under an energy supply 

is the current bottleneck for the realization of such materials. We previously found that a crystal 

composed of an azobenzene derivative showed a self-oscillatory flipping motion under continuous 

blue light irradiation.[2,3] It is well known in chemistry that the azobenzene photoisomerizations from 

trans- to cis-isomer and from cis- to trans-isomer occur repetitively under light irradiation, and, as a 

result, the isomer ratio achieves an equilibrated point. In addition, molecular interaction causes 

regulation of the isomerization kinetics in a condensed phase. In the self-oscillatory azobenzene crystal, 

the regulation is alternated by a subcritical bifurcation (i.e., crystalline phase transition) that is 

triggered by the change in the isomer ratio. This synergetic behavior results in a repetitive increase 

and decrease in the isomer ratio and the bending and flattening of the assembly.[2,3]   

 The “scallop theorem” states that the reciprocal deformation of a tiny object never exhibits 

directional swimming in a viscous solution. However, the repetitive bending and flattening motion of 

the assembly caused directional swimming in water. We expected that the outline of the water tank is 

a factor attains a directional motion: the thin rectangular cubic structure restricts the vertical motion 

of the crystal. Employing this viewpoint, we developed a math model for the bending and flattening 

motion that modeled the crystal as an object composed of three rigid panels and two torsion springs 

and estimated the viscous drag surrounding the crystalline 

swimmer. The trajectory of the crystalline flapping was calculated 

as asymmetric, and the trend of the expected translational motion 

was consistent with the experimental observation (Figure 1).[4] In 

addition, the scales of the impulses (10-12–10-13 N s) and other 

mechanical properties were estimated from the model study.  

 Next, we analyze the self-oscillatory shape deformation 

by mathematical analysis. Under the assumption that the curvature 

of the crystal affects the occurrence of the phase transition, self-

sustainable flapping was demonstrated. Further optimization of 

the model is under consideration. 

[1] Y. Kageyama, ChemPhotoChem 2019, 3, 327–336. 
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[3] Y. Kageyama, et al. Chem. Eur. J. 2020, 26, 10759–10768. 
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A Network Structure and Mechanical Properties of Polyurethane Elastomers with 
Different Ratio of Physical and Chemical Cross-linking Points 
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Elastomers are one of the most important polymeric materials, because they have quite unique property like 
deformable, and sticky properties.  There are two requirements for polymeric materials to exhibit elastic 
property.  The one is polymer chains are in the rubbery state at service temperature, and the other one is these 
rubbery chains are connected at the cross-linking points.  Polyurethane elastomer (PUE) is one of the 
representative industrial elastomers.  A feature of the PUEs is that they can have two types of cross-linking 
points in their network structure.  They are chemical-crosslinking and physical-cross-linking points.  Since the 
chemical-crosslinking points are formed with irreversible covalent bonds, strength of the bonds is quite strong 
but recycablity is not high.  In contrast, physical-crosslinking points, such as van der Waals interaction, dipole 
interaction, hydrogen bonds, are reversible, strength is not enough depending on the situations.  In case of 
PUEs, hard segment chains have many polar urethane groups, resulting in the formation of strong hard segment 
domains which can work as strong cross-linking points.  Moreover, when trifunctional compounds are 
incorporated into the network structure. PUEs can be dealt with the elastomer possessing both physical and 
chemical cross-liking points.   

In this study, influence of two different network structures on aggregation structure and mechanical property 
of PUEs is investigated using atomic force microscopic (AFM) observation, differential scanning calorimetry, 
dynamic viscoelastic properties, and small angle-X-ray scattering (SAXS) measurement.   

Poly(oxytetramethylene) glycol (PTMG), 4,4’-diphenylmethane diisocyanate (MDI), and 1,4-butanediol, and 
1,1,1-trimethylol propane (TMP) were used for synthesis PUEs.  Hard segment content was fixed at 34 wt%.  
To control the ratio of physical and chemical cross-linking points, the ratio of BD/TMP were set to be (10/0), 
(8/2), and (0/10).  AFM observation and SAXS measurement were carried out to evaluate the degree of 
microphase sepration.1)  

Figure 1 (a) shows AFM images of PTMG-MDI-BD/TMP-based PUEs with three different BD/TMP ratios. 
One can see isolated clear darker dots in PUE with (BD/TMP)=(10/0).  Since the darker regions correspond to 
harder region and minor area, these can be assigned to hard segment domains.  With increase in TMP content, 
contrast of these two phases changed to quite ambiguous, and the size of darker and brighter parts increased.  
Figure 1 (b) shows SAXS profiles for PUEs with three different BD/TMP ratios.  Three PUEs exhibited 
scattered peaks around 0.3-0.4 nm-1 and the peak position shifted low q region with increase in TMP content.  
As these results imply the increase in size of microphase-separated structure, this is consistent with AFM results.  
Incorporation of TMP seems to induce decrease in the decree of microphase separation and increase in the size 
of the hard segment domain with formation of disordered chains.  Mechanical property of these three PUEs will 
be addressed.    

 
References 
1) K. Kojio, K. Matsuo, S. Motokucho, K. Yoshinaga, Y. Shimodaira, K. Kimura, Polymer Journal, 43, 692–

699 (2011). 

  
 (a)  (b)    

 
Figure 1.  (a) AFM images of PTMG-MDI-BD/TMP-based PUEs with three different BD/TMP ratios. (b) 
SAXS patterns for three PUEs.     
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Exact evaluation of the position fluctuation of a
cross-link and the scattering function for various

phantom networks

Jason Cantarella, Tetsuo DeguchiA, Clayton ShonkwilerB,
and Erica UeharaC

Dept. Math.,Univ. Georgia, Faculty of Core Research, Ochanomizu Univ.A,
Colorado State Univ.B, and Fac. Science, Ochanomizu Univ.C

The Gaussian phantom network theory plays a fundamental role in the study of elastic
behavior of various polymer networks such as rubbers and gels [1, 2, 3]. Recently, quite an
efficient method has been introduced for generating an ensemble of random configurations of
Gaussian networks in terms of topologically constrained random walks (TCRW) [4]. In this talk
we critically study Flory’s conjecture for the mean-square fluctuations of the position vector r
of a cross-link around its average ⟨r⟩ with functionality f [5]

⟨(∆r)2⟩ = ⟨(r − ⟨r⟩)2⟩ =
2

f
Nb2. (1)

Here N denotes the average number of segments in a cross-linking chain. We express the
fluctuation ⟨(∆r)2⟩ in terms of resistance distances, and evaluate it rigorously [6]. Numerically
and analytically we argue that Flory’ s conjecture should be approximately valid for some
family of graphs such as regular graphs with functionality f if f is very large [6].

Furthermore, we exactly evaluate the scattering functions of the Gaussian networks under
external forces [6], by which the equilibrium positions of cross-links are determined.
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Natural intelligence with colloidal particles 

Toshiharu Saiki 

Department of Electronics and Electrical Engineering, Keio University 

 

We investigate natural intelligence with colloidal particles interacting each other and with 

their physical/chemical environment. The colloid-based intelligence includes physical computing for 

global optimization, swarm intelligence for autonomous cooperative agents, and colloidal robots for 

exploration and navigation. In this presentation, we propose and demonstrate an idea to implement 

an algorithm for Ising spin glass problem into a frustrated buckled phase of colloidal crystals 

confined in a two-dimensional microfluidic slit. The strength of our method is its controllability of 

pressure to compress the colloidal crystal with the fluence of pulsed laser light. We can visualize 

so-called annealing process to find the configuration of buckled particles with the lowest free energy 

or the configuration with the highest entropy by real-time and real-space observation. Extending the 

use of microfluidic phenomena, we attempt to implement ant pheromone algorithm to find the 

shortest path between their nest and food using pheromone trails. We used polystyrene beads 

suspended in water as agent ants and employed a phase-change material film to mimic the 

pheromone behavior. 

 

 

Colloidal particles

Swarm intelligencePhysical computing

Colloid robotics
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Use of Bulk-Edge Correspondence for Material Design: between math and physics 

Yasuhiro Hatsugai 

Department of Physics, University of Tsukuba 

Topology is hidden in topological phases although physical characterization of the 

phases is based on the topology. In many cases, topological numbers of the topological 

phases are not physical observables. At least, it is not easy to access experimentally. Their 

intrinsic topological nature (quantization) is guaranteed by the gapped bulk. Then the 

usual (recent) wisdom is to observe localized gapless modes (edge states) near boundaries 

(edges) of the systems, which reflect non-trivial topology of the bulk. This is based on 

the bulk-edge correspondence: topology of the bulk and edge states are closely related. 

Topological numbers are of mathematics and the edge states are physical observables. 

The bulk edge correspondence bridges between math and physics. The hope is that it 

eventually contributes material design as a conceptual guide without/reducing trials and 

errors.  

Integer quantum Hall effect (IQHE) is a typical example where the TKNN integers [1] 

of the gapped bulk is directly related [2] to the total number of the gapless edge states 

with chirality [3,4]. Extensive studies over several decades have revealed this bulk-edge 

correspondence is applicable not only for quantum systems but also for wide range of 

non-quantum phenomena, which include equatorial waves in tropical meteorology [5] 

and chiral flows in an evolutional game theory [6].  

Although topological characterization is independent of the symmetry breaking, 

symmetry again enriches topological phases and the bulk-edge correspondence. We will 

demonstrate universality of the bulk-edge correspondence by various examples. 

Another recent development of the bulk-edge correspondence is an application to 

various topological pumps in one dimension. They give an alternative proof of the bulk-

edge correspondence for the IQHE [7] and demonstrate plateau transitions of quantum 

spins, interacting fermions and bosons associated with symmetry protected topological 

(SPT) phases [8]. This recent development will be discussed as well. 

 

[1] D. J. Thouless, M. Kohmoto, M. P. Nightingale, and M. den Nijs, Phys. Rev. Lett. 49, 405 
(1982). 
[2] Y. Hatsugai, Phys. Rev. Lett. 71, 3697 (1993). 
[3] B. I. Halperin, Phys. Rev. B 25, 2185 (1982). 
[4] Y. Hatsugai, Phys. Rev. B 48, 11851 (1993). 
[5] P. Delplace, J. B. Marston, and A. Venaille, Science, 358, 1075 (2017). 
[6] Y. Tsuneya, T. Mizoguchi, and Y. Hatsugai, Phys. Rev. E 104, 025003 (2021). 
[7] Y. Hatsugai and T. Fukui, Phys. Rev. B 94, 041102(R) (2016).  
[8] Y. Kuno and Y. Hatsugai, Phys. Rev. Research 2, 042024(R) (2020), Phys. Rev. B 104, 

045113 (2021), arXiv:2107.09498 to appear in Phys. Rev. B. 
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Tangling and knotting of single-stranded RNA due to
helical duplexing
Stephen Hyde, School of Chemistry, University of Sydney, Australia

ABSTRACT
The talk will look at structural aspects of folding of a single-strand of RNA (ssRNA) induced by complementary nucleotides
along the strand. In particular, I am interested in folds which are not reducible to well-known single helices, introduced by
Watson and Crick. Rather, I will explore folds with more topological complexity, involving multiple double-helices - induced
(for example) by Watson-Crick duplexing of complementary nucleotides. The helices can be ’wired together’ in multiple ways
to give different folds, all of them classified as ’pseudoknotted’ in the biological literature.

What do I mean by a ’fold’? This is a non-trivial question, even in this simple scenario, which ignores higher-order (e.g.
tertiary) interactions, since an infinite number of fold geometries, and entanglements, are possible for any given ssRNA sequence.
I propose that the fold is characterised by its ’ribbon diagram’ and associated ’fully-flagged’ fold label L⊗T , which encodes all
duplexed regions, either parallel or antiparallel (superscript ⊗, plus the twist of the associated double-helices (subscript T).
Any digit string L of length 2n, with two repeats of each digit, encodes an allowed ’bare’ fold topology, with n helices. (It is
convenient to contract the label, merging co-axial helices and removing isolated twists, corresponding to nugatory crossings
of knots.) The construction is related to earlier constructions of ’arc’ and ’chord’ diagrams, which assume the bare label L
describes the fold, consisting of antiparallel helices only, with arbitrary twists (1). Those studies focus on the topology of the
ribbon diagram, whereas I am interested in the fold embeddings.
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I will show how a known fold geometry (an embedding) can be translated into the ribbon diagram and its label. More importantly,
I will demonstrate how any ribbon diagram can induce a fold embedding, via a degree-four rigid-vertex graph (the ’strand
graph’), whose vertices are decorated with plumblines. (The construction is my own, but turns out to have features shared
by earlier constructions of Kauffman (2).) In essence, the strand graph IS the fold. Folds with a common strand graph have
common canonical fold labels and ribbon diagrams. Any embedding of the strand graph, whose vertices are replaced by helices
of appropriate parallelism and twist, is a fold geometry. The simplest geometries minimise the number of crossings in the strand
graph, N×. Complete lists of crossing-free and crossed folds of circular ssRNA with up to five contracted antiparallel ribbons
(and linear ssRNA with up to four antiparallel helices) have been derived.

Lastly, if time allows I will look at possible knotting of the simplest pseudoknotted fold, which is common to many viruses,
ribosomes, etc. Surprisingly, a small fragment of the frame-shift region of the viral genome in SARS-Covid-2, which is
pseudoknotted, may fold to give a true knot (the trefoil) due to secondary interactions alone.

An earlier iteration of these ideas is posted on BioRxiv (3).

REFERENCES
1. Bon, M., G. Vernizzi, H. Orland, and A. Zee, 2008. Topological classification of RNA structures. J Mol Biol 379:900–911.

2. Kauffman, L. H., and Y. Magarshak, 1994. Graph invariants and the topology of RNA folding. J Knot Theo Ramif 3:233–245.

3. Hyde, S. T., 2021. Folds induced by multiple parallel or antiparallel double-helices:(pseudo) knotting of single-stranded
RNA. bioRxiv .
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Higher group symmetry

and axion electrodynamics

Yoshimasa Hidaka

Institute of Particle and Nuclear Studies, KEK, 1-1 Oho, Tsukuba,
Ibaraki 305-0801 Japan

Graduate University for Advanced Studies (Sokendai), Tsukuba
305-0801, Japan

RIKEN iTHEMS, RIKEN, 2-1 Hirosawa, Wako, Saitama 351-0198,
Japan

Abstract

Symmetry is an important concept in modern physics. In quantum field
theory on (d+ 1) dimensional spacetime, an ordinary symmetry implies the
existence of a d-dimensional topological object(symmetry generator) labeled
by an element of a group and a 0-dimensional object(charged object) labeled
by a representation of the group. This notion can be extended to the ex-
istence of a (d − p)-dimensional topological object labeled by an element
of a group and a p-dimensional object labeled by a representation of the
group. Such a symmetry is called a higher form symmetry [1]. The non-
trivial actions between these topological objects constitute a higher group.
In this talk, I will review these notions and discuss how the higher group
structure appears in quantum filed theory, using axion electrodynamics as
an example [2].

References
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Acceleration of Markov chain Monte Carlo method and its physical origins 
 

Akihisa Ichiki 

Institutes of Innovation for Future Society, Nagoya University 

 

The Markov chain Monte Carlo method is an indispensable tool for computing high-dimensional 

integrals in a realistic time. Its applications are not limited to traditional simulations of physical and 

chemical systems, but also extend to machine learning, such as restricted Boltzmann machines, and 

to general-purpose solvers for optimization problems, such as simulated annealing. In Markov chain 

Monte Carlo methods, the desired target distribution can be obtained as a stationary distribution after 

a sufficiently long time, but in order to complete the sampling in a realistic time, it is desirable to 

converge to the target distribution quickly. Although there are countless stochastic dynamics that 

converge to the same target distribution, it has been shown that the convergence to the target 

distribution can be accelerated by violating the detailed balance condition [1]. 

  Once a dynamics satisfying the detailed balance condition is found, it is possible to systematically 

make a dynamics that violates the detailed balance, which relaxes to the target distribution faster 

than the dynamics that satisfies the detailed balance condition [2]. The resulting dynamics includes 

the Hamiltonian dynamics as a limit [3] and, as a special case, the Nose-Hoover system. 

  Simulated and quantum annealing are known as general-purpose methods for solving optimization 

problems, and they are closely related by quantum-classical correspondence. Statements that are 

valid in one are also valid in the other. For simulated annealing, the trade-off relation between 

computation time and computational error can be evaluated in the form of an inequality from the 

discussion of the time required for convergence to the target distribution in Markov chain Monte 

Carlo methods [4]. This result is expected to be useful for performance evaluation of annealing-type 

quantum computers. 

 

 [1] A. Ichiki and M. Ohzeki, Physical Review E 88, 020101(R) (2013). 

[2] M. Ohzeki and A. Ichiki, Physical Review E 92, 012105 (2015). 

[3] A. Ichiki and M. Ohzeki, arXiv: 2107.08633. 

[4] A. Ichiki and M. Ohzeki, arXiv: 2017.01792. 
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Topological data analysis of pattern dynamics  

in material science 

 
Yoh-ichi Mototake 

The Institute of Statistical Mathematics 
 
The Fourier basis features for periodic structures, such as crystal structures, and statistical 
features for random phenomena, such as thermodynamics, preserve important 
information and provide the state space to model these phenomena. On the other hand, 
an appropriate state space to deal with the pattern formation phenomena of non-uniform 
and non-periodic ordered patterns in material structures has yet to be discovered. 
Recently, it was reported that non-uniform and non-periodic ordered structures, such as 
amorphous glassy states, can be characterized by using topological data analysis based on 
persistent homology（PH）[1]. PH is a mathematical structure that describes the birth 
and death of hole structures due to changes in a single parameter that characterizes the 
geometrical structure, such as the binarizing threshold of the grayscale image or the 
atomic radius. PH is a topological invariant value that is an extension of the Betti number 
to handle the birth and death of individual hole structures as the binarize threshold 
increases. We are attempting to analyze nonlinear and nonequilibrium pattern formation 
processes by using features derived from PH. In this talk, I will introduce a case study of 
the magnetic domain pattern [2] and the microdomain structure of block copolymers 
[3,4]. I will also introduce tips on the use of topological data analysis [2] that the author 
obtained in the course of his research. 
 
[1] Y. Hiraoka, T. Nakamura, A. Hirata, E. G. Escolar, K. Matsue, and Y. Nishiura, PNAS, 
113(26), 7035-7040, 2016. 
[2] Y. Mototake, M. Mizumaki, K. Kudo, and K. Fukumizu, “Topological Data Analysis of 
Domain Pattern Formation in Materials,” Journal of Smart Processing, 10(3), 2021. 
[3] Y. Mototake, S. Yamanaka, T. Aoyagi, T. Ohnishi, and K. Fukumizu, “Topological Data 
Analysis for Microdomain Patterns of Block Copolymer,” NOLTA, 2020. 
[4] Y. Mototake, S. Yamanaka, T. Aoyagi, T. Ohnishi, and K. Fukumizu, “Free Energy 
Estimation of Metastable Structures of Block Copolymers using Topological Data Analysis,” 
J. Comp. Chem. Jp., 19(4), 2021. 
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Topology-based properties of cyclic polymers at interfaces 

 

Takuya YAMAMOTO 

Faculty of Engineering, Hokkaido University, Sapporo 060-8628, Japan. 

 

A variety of nanoparticle-based drugs are currently studied such as contrast agents and drug delivery 

system carriers, many of which have particle surfaces covered with biocompatible polyethylene glycol 

(PEG). Modification with PEG is called PEGylation and is essential for biological applications because it 

provides dispersion stability under physiological conditions. PEGylation protects from detection by the 

immune system in vivo. Because PEGylation of nanoparticle-based drugs is based on chemisorption 

represented by thiols, preparation of a corresponding PEGylating agent is essential, the procedure is 

sometimes complicated, and sufficient dispersion stability is often not attained. Therefore, simple and 

stable PEGylation of nanoparticles is strongly desired not only in biological applications but also in a wide 

range of areas where nanoparticles are employed. Here, we applied cyclic PEG (c-PEG) to provide 

polymer topology-dependent stabilization for the surface modification of gold nanoparticles (AuNPs) 

through physisorption, which was found that c-PEG supplies superior dispersion stability than thiolated 

PEG (HS–PEG–OMe).1) 

 

Reference 

1) T. Yamamoto et al. Nat. Comm. 11, 6089 (2020) 

(a)

(b)

(c)

(d)

(e) AuNPs/HS–PEG–OMe (f) AuNPs/c-PEG

 

Fig. 1. Chemical structures of PEG used in the study. (a) HO–PEG–OH, (b) MeO–PEG–OMe, (c) HS–

PEG–OMe, and (d) cyclic PEG (c-PEG). Schematic images of gold nanoparticles (AuNPs) PEGylated 

by (e) chemisorption of HS–PEG–OMe and (f) physisorption of c-PEG. 
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Nonlinear Mechanical Properties of Near-Critical Polymer Gels  

Kenji Urayama, Takuma Aoyama, Ryo Sakurai, Naoto Yamada 
Department of Macromolecular Science and Engineering, Kyoto Institute of Technology, Japan 
 
 Polymer network material (soft solid) is generally formed by cross-linking linear precursor 
chains with multi-functional molecules (cross-linker). Gel point is a critical composition for forming 
the infinite (percolated) polymer network. The system at the gel point (critical gel) with a fractal 
hierarchical structure is an intermediate state between liquid and solid. The “near-critical” gels 
obtained slightly beyond the gel point are super-soft solids composed of an extremely sparse infinite 
network and many finite clusters with wide distributions of branching and size. In contrast to matured 
gels far beyond the gel point, the mechanical properties of near-critical gels remain to be characterized. 
We have revealed the peculiarities in the nonlinear mechanical properties of the near-critical gels. 
 We investigate the biaxial stress-strain relationships of the near-critical gels using planar 
extension in which the dimension in one (y-) direction is kept constant during the extension along the 
x-axis. The stress ratio in planar extension is a measure of strain cross-effect which indicates the effect 
of strain on the stress in other direction. We have found that the stress-ratio becomes smaller as the 
composition approaches to the gel point, and the strain cross-effect (other than the contribution of 
volume conservation) vanishes in the near-critical gels (Fig. 1).[1] This indicates that finite strain 
cross-effect in matured gels results from the network structures composed of many closed loops. 
 We also examine the stress relaxation behavior of a near-critical gel after imposing the 
constant strain. The relaxation time becomes longer as the imposed tensile strain increases, while the 
relaxation time is independent of the imposed shear strain (Fig. 2). This unusual behavior is not 
observed for the pure infinite network extracted from the near-critical gel, implying that the strain-
induced phase separation in the near-critical gels including finite clusters occurs specifically in tensile 
deformation. 
[1] Aoyama, T., Yamada, N., Urayama, K., Macromolecules (2021).  
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g055, respectively. The same data using the logarithmic scale of
t are shown in Figure S1. The stress decreases slightly after the
cessation of the stretching, but the total reduction is less than
10% of the equilibrium stress. This allowed us to use the
stress!strain relationship obtained at this strain rate as quasi-
equilibrium stress!strain relationship with almost no time
e!ect. Under this condition, the soluble components and
dangling chains act like a solvent. The stress!strain data used
for discussion were obtained under this condition.
Figure 8 shows the quasi-equilibrium relationships of

nominal stresses (!x and !y) and the extension ratio ("x) in
planar extension for the PTHF and PDMS gels for various
values of r. The initial slope of the curve for !x is twice as large
as that for !y for each gel in agreement with the postulate of
the in"nitesimal elasticity theory58 for incompressible materi-
als. The initial slopes for !x and !y correspond to 4G and 2G,
respectively, where G is the shear modulus. As r approaches the
gel point, G decreases signi"cantly and the ultimate elongation
("max) increases for both types of gels. The moderately
matured gels (G-061, G-069, Z-063, and Z-055) were
elongated to rupture, while other gels underwent no fracture
until they attained the instrumental upper limit of the imposed
strain. The tensile tests were not conducted for the PTHF gels
with 1 > r > 0.7 owing to their poor extensibility. As shown in
Table 2, NBC increases as r approaches rc. The observed
tendencies are qualitatively explained using classical concepts
expecting that an increase in NBC results in a reduction in G
and an increase in ultimate elongation.2

Figure 9 shows the "x dependence of the stress ratio (!y/!x)
using planar extension data shown in Figure 8. According to
the in"nitesimal elasticity theory,58 the stress ratio in the linear
(small strain) region corresponds to Poisson’s ratio (#). The
data at "x " 1 for each gel are considerably scattered due to the
magni"cation of errors for extremely small stresses in the stress
ratio, although the corresponding ratio is postulated to be 0.5
for incompressible materials like elastomers and gels. In the
large strain region, the stress ratio depends prominently on r
for both types of gels. As r approaches rc, the stress ratio tends
to become smaller when compared at the same "x value.
Importantly, the curves for the near-critical gels (G-052, G-
056, and Z-055) are almost similar in the entire strain region
and independent of r and the type of gel. The stress ratio is a
measure of the magnitude of the e!ect of strain in one
direction for the stress in the other direction, i.e., the cross-
e!ect of strains on stress. As the cross-e!ect of strains is
stronger, the di!erence between !x and !y in unequal biaxial
stretching becomes smaller. The value of the stress ratio (!y/

!x; !x > !y) increases with an increase in the strain cross-e!ect.
The results in Figure 9 indicate that (i) the strain cross-e!ect
becomes weaker as the network structure becomes sparser and
(ii) the strain cross-e!ect reaches a lower limit near the gel
point.
The contribution of the second invariant of the deformation

tensor (I2) to strain energy density (A) can also be a measure
of the strength of the strain cross-e!ect. The "nite deformation
theory for incompressible hyperelastic materials postulates that
function A is expressed using the "rst and second invariants of
the deformation tensor (I1 and I2) as variables:

2

=A A I I( , )1 2 (3)

where I1 = "x
2 + "y

2 + "z
2 and I2 = "x

2"y
2 + "y

2"z
2 + "z

2"x
2. The

invariant I1 represents the total increase in the dimensions
upon deformation. The invariant I2, which is given by the sum
of the products "i"j (i # j), represents the explicit cross-e!ect
of strains between di!erent axes. The stresses in the biaxial
extension are expressed by eq 4:

Figure 8. Nominal stress!elongation curves in planar extension for (a) G-069 and G-061, (b) G-056 and G-052, and (c) Z-063 and Z-055. The
cross symbol denotes the rupture point. G-056 and G-052 undergo no fracture within accessible elongation limits in the measurements.

Figure 9. Ratio of stresses along the stretched (x) and constrained (y)
directions in planar extension as a function of "x for PTHF and PDMS
gels. The black solid line depicts the condition of A2 = 0 [eq 7].

Macromolecules pubs.acs.org/Macromolecules Article

https://dx.doi.org/10.1021/acs.macromol.0c02737
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Fig. 1.  Stress ratio as a function of stretch. 
The black line depicts the condition of no 
explicit cross-effect. 

Fig. 2.  Time dependence of relaxation component of stress after 
the imposition of the constant uniaxial stretch (l) for a near-critical 
gel. The inset shows the corresponding results in shear deformation 
with various degrees of strain (g). The curves are vertically shifted 
to attain the superposition. 
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Reactivity and Properties of Metal Clusters 

 

Institute for Materials Chemistry and Engineering, Kyushu University 

 

Yuta Tsuji 

 

There is a need for a catalyst that can directly convert methane into useful 

substances. The use of Ni as a catalyst for the steam reforming of methane has led us to 

look at Ni nanoclusters as potential candidates for the direct conversion of methane. Fe, 

Co, Cu, and Zn nanoclusters are also focused on. How the type of C1 fragments (CH4, 

CH3, CH2, CH, and C) stabilized by the metal nanoclusters as adsorbed species varies 

with metal species is theoretically investigated. The particle swarm optimization 

algorithm, which is based on swarm intelligence, as well as density functional theory, is 

used for this calculation. The Ni nanoclusters are found to preferentially adsorb C as a 

stable species, the Fe and the Co nanoclusters both CH and CH3, and the Cu nanoclusters 

CH3; the Zn nanoclusters are found not to chemisorb any C1 fragment. The methane 

activation capacity can be ranked in the order of Ni > Fe > Co > Cu > Zn. These results 

indicate that the Fe and the Co nanoclusters as well as the Ni may lead to the over-

oxidation of methane, whereas the Zn nanoclusters cannot activate methane in the first 

place; therefore, their application to direct methane conversion catalysts is unlikely. Since 

the Cu nanoclusters do not adsorb C and CH as stable species, but CH3 stably, the Cu 

nanoclusters are expected to work as a catalyst for the direct conversion of methane [1]. 

In the latter half of this talk, a method for analyzing the interaction between metal 

clusters and atoms, which is necessary for understanding the catalytic activity of metal 

clusters, etc., is presented based on graph theory and molecular orbital theory [2]. 

 

[1] Hori, M.; Tsuji, Y.; Yoshizawa, K. Phys. Chem. Chem. Phys. 2021, 23, 14004-14015. 

[2] Tsuji, Y.; Yoshizawa, K. ACS Omega 2021, 6, 1339-1351. 
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Arrangement	of	atomic	polyhedra	in	tilt	grain	boundaries	
	

Kazutoshi	Inoue	
	
Advanced	Institute	for	Materials	Research,	Tohoku	University,	2-1-1	Katahira,	Sendai,	Miyagi,	Japan	
	
	
One	of	the	important	issues	in	materials	science	is	to	reveal	the	relationship	between	atomic	

structure	and	macroscopic	properties.	Metals	and	oxides	are	usually	used	in	their	polycrystalline	
form,	 and	 the	 macroscopic	 properties	 strongly	 depend	 on	 the	 defects	 in	 their	 crystalline	
structures.	Adjacent	crystal	grains	may	form	an	interface	called	a	grain	boundary,	which	allows	
eccentric	 atomic	 structures.	 Especially,	 unique	macroscopic	 properties	 can	 be	 induced	 from	
nearby	void	structures,	leading	to	the	questions	which	types	of	atomic	polyhedra	pack	the	grain-
boundary	region.	

Let	L	be	an	 𝑛	 dimensional	lattice	in	 𝐑𝒏,	 𝐴	 be	an	orientation-preserving	isometry	and	 Π	 be	
an	affine	hyperplane	with	a	normal	vector	 𝒏.	Then,	 Π	 is	defined	as	a	grain	boundary	for	 L" ∪ L#	
where	 L" = {𝒑 ∈ L; ⟨𝒑, 𝒏⟩ < 0}	and	L# = {𝒑 ∈ 𝐴L; 	⟨𝒑, 𝒏⟩ ≥ 0} 	 with	 respect	 to	 the	 Euclidean	
inner	 product	 ⟨, ⟩ .	 For	 practical	 applications	 in	 materials	 science,	 we	 consider	 the	 case	 of	 𝑛 =
3	and	𝐴 ∈	SO(3).	The	 Π	 is	called	a	 tilt	grain	boundary	 if	 𝒏	 is	perpendicular	 to	 the	 fixed	 line	of	
𝐴 ∈	SO(3),	and	is	called	symmetrical	if	 L"	and	L#	 are	symmetrical	with	respect	to	Π.	 	

In	this	study,	we	consider	the	arrangement	of	atomic	polyhedra	around	symmetrical	tilt	grain	
boundaries	in	an	fcc	crystal.	Historically,	grain-boundary	structures	have	been	discussed	within	
the	 two-dimensional	 arrangement	 of	 atomic	 polygons,	which	 are	 obtained	 by	 projecting	 the	
polyhedra	along	 some	axis.	 It	 is	 concluded	 that	 the	grain-boundary	 region	can	be	packed	by	
atomic	polyhedra	classified	as	a	crystal	or	a	gran-boundary	type	polyhedral	units	by	allowing	
minor	variations	 [1].	Moreover,	 the	hierarchy	of	atomic	structures	 follows	 the	distribution	of	
rational	numbers	that	is	represented	by	the	Farey	diagram.	This	approach	allows	us	to	predict	
the	polyhedral	arrangement	in	any	symmetrical	tilt	grain	boundaries	in	fcc	crystals.	The	notion	
of	the	singular	grain	boundary	is	proposed	as	the	one	packed	by	at	most	two	types	of	polyhedral	
units,	and	any	grain	boundary	can	be	packed	by	the	polyhedral	units	that	form	the	singular	grain	
boundaries.	 	

By	applying	the	polyhedral-unit	analysis,	symmetrical	tilt	grain	boundaries	in	wurtzite	zinc	
oxide	(ZnO)	are	investigated	[2].	The	atomic	structures	have	been	characterized	by	aberration-
corrected	scanning	transmission	electron	microscopy.	The	predicted	polyhedral	arrangements	
agreed	 well	 with	 those	 experimentally	 observed,	 indicating	 that	 geometrical	 restrictions	
determine	the	ZnO	grain-boundary	structures.	
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MAXIMAL DIAMETER THEOREM FOR DIRECTED
GRAPHS OF POSITIVE RICCI CURVATURE

YOHEI SAKURAI (SAITAMA UNIVERSITY)

For a Riemannian manifold of positive Ricci curvature, the cele-
brated Bonnet-Myers theorem asserts that its diameter is bounded
from above by that of a corresponding standard sphere. Moreover, the
Cheng maximal diameter theorem says that the equality in Bonnet-
Myers theorem holds if and only if it is isometric the sphere.

I am now concerned with their discrete analogues. In [1], the authors
have introduced a Lin-Lu-Yau type Ricci curvature for directed graphs,
and produced a Bonnet-Myers type diameter estimate. In this talk, I
will present a structure theorem in the equality case obtained in [2].
This talk is based on a joint work with Ryunosuke Ozawa (National
Defense Academy of Japan) and Taiki Yamada (Shimane University).

References

[1] R. Ozawa, Y. Sakurai and T. Yamada, Geometric and spectral properties of
directed graphs under a lower Ricci curvature bound, Calc. Var. Partial Differ-
ential Equations 59 (2020), no. 4, Paper No. 142, 39 pp.

[2] , Maximal diameter theorem for directed graphs of positive Ricci curva-
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Higher order topology from 5D Weyl semimetals

Yoshinori Matsuo

Department of Physics, Kyoto University, Kitashirakawa, Kyoto 606-8502, Japan

Based on [1], in collaboration with Koji Hashimoto (Kyoto U.)

Higher order topological insulators (HOTIs) were introduced in seminal papers [2, 3]. HO-
TIs host gapless states not on the surface of the materials but on corners or hinges. The
mechanism of corner states was independently discovered in [4] (see for earlier related propos-
als [5, 6, 7]), and 5D Weyl semimetals were shown to host the corner states due to general
nature in the continuum limit.

In the case of 3D Weyl semimetals, the bulk modes have two bands. The Hamiltonian of
the surface states is the same to the bulk states, but single state is projected out of two bands
by imposing a boundary condition. The corner states are obtained as surface states of the
surface state, but two-band systems of 3D Weyl semimetal cannot host the corner state since
the surface state has single band. For corner states, the surface states should be two-band
system, and hence, the Hamiltonian is of a four-band system. 5D Weyl semimetals, in fact,
have four bands and is obtained by imposing the PT symmetry to most general four-band
Hermitian Hamiltonian. Momenta in extra dimensions are interpreted as some parameters
such as mass.

The surface states of 5D Weyl semimetals are obtained by imposing the boundary condition,
and then, the surface states have two bands. The Hamiltonian takes the same form to 3D
Weyl semimetals, and thus, the surface states have further surface states, which is nothing but
the corner states.

As the corner states would emerge from the topological nature of 5D semimetals, there
would be an associated topological charge. Since the corner states appears as the surface states
of the surface two-band system, whose Hamiltonian takes the form of 3D Weyl semimetals, the
corner states are associated with the topological change of the surface states, which is the same
type as that of 3D Weyl semimetals. Also, topological properties of HOTIs can be captured by
nested Wilson loop [2], and in fact, 5D Weyl semimetals have appropriate topological property
as HOTI.
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Non-Hermitian system, Band flattening,

and Overlap fermion

Taro Kimura∗

木村太郎

Institut de Mathématiques de Bourgogne,

Université Bourgogne Franche-Comté

We revisit the formulation of Dirac fermion with Hamiltonian and Lagrangian
formalisms, and point out that a class of non-Hermitian Dirac Hamiltonians has
interpretation as a Dirac operator in the Lagrangian formalism. We then demonstrate
how to flatten complex spectra of non-Hermitian point-gap systems based on the
Lagrangian formalism, which gives rise to the so-called overlap fermion. We also
discuss an expected relation between the overlap fermion and the K-theory classifying
space. This talk is based on a work in progress with M. Watanabe (Weizmann Inst.).

∗URL: https://kimura.perso.math.cnrs.fr/
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Mesoscopic Structure-Property Relationship of Polymeric Materials 
 Based on Data Science 

 
Yoshifumi Amamoto 

Institute for Materials Chemistry and Engineering, Kyushu University, 

744 Motooka, Nishi-ku, Fukuoka 819-0395, JAPAN 

 

Physical property of polymeric materials depends not only on their chemical structure, but also on 
mesoscopic structure. The long molecular chains of polymers generate versatile structure in a wide 
range of mesoscopic scales. Therefore, it is essential to construct structure-property relationships of 
polymeric materials in consideration of the mesoscopic structure. Recently, it has been expected that 
data science could contribute to obtain essential feature from messy structure and to afford 
statistical/machine learning models of materials, because the methods could deal with data with 
higher order and indicate complicated relationships. In this presentation, the ways to extract feature 
values from the mesoscopic structure and to construct mesoscopic structure-property relationships of 
polymeric materials such as elastomers and crystalline polymers are introduced.  

Network structure in elastomers affects their mechanical property, while the heterogeneity of the 
connectivity in the network have hardly been incorporated due to a lack of its quantitative evaluation 
method. Therefore, the connectivity was estimated based on complex network science. The modified 
centrality including both topology and spatial distance between cross-linking points linearly 
described some parameters related to the rubber elasticity.1 A ratio of extended chain under 
deformation was also described by the modified centrality. Furthermore, a behavior of stress 
concentration at the network scales was revealed from the viewpoint of complex network science.  

 Crystalline polymers indicate the hierarchical mesoscopic structure such as a crystalline lattice, a 
lamella crystal, and spherulite, which determines physical properties. Although several measurement 
techniques have been utilized to evaluate the crystalline structure, it has hardly been developed how 
to represent the measurement data universally. Therefore, the mesoscopic structure was evaluated by 
X-ray scattering/diffraction,2 NMR, and IR measurements, and so on, affording physical and feature 
values. The hierarchical structure-property relationships were described using Bayesian network, one 
of graphical models, indicating the important physical and feature values depended on the properties.  
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2) Y. Amamoto, H. Kikutake, K. Kojio, A. Takahara, K. Terayama, Polym. J., 53, (2021) in press. 

Fig 1. Mesoscopic structure-property relationship of polymeric materials such as elastomer and crystalline 
polymer. The physical and feature values of mesoscopic structure were extracted and hierarchical structure-
property relationships were described based on methods in data science. 
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Physics of twisted 2D materials 

 
Mikito Koshino,1,* 

 
1 Department of Physics, Osaka University, Osaka 560-0043, Japan 

 
* E-mail: koshino@phys.sci.osaka-u.ac.jp 

 
When 2D materials having different periodicities are overlaid with an arbitrary 
rotation angle, an interference pattern of the lattice mismatch often gives rise to 
unusual electronic properties. In a twisted bilayer graphene (TBG) with a small twist 
angle, in particular, a moiré pattern gives rise to flat band formation and emergent 
superconductivity. In the twisted 2D materials, the periodicities of the individual 
layers do not generally match, and the entire system becomes quasi-periodic, i.e., the 
conventional Bloch theory breaks down. 
In this talk, we review the recent progress in the theoretical study of quasiperiodic 
twisted bilayer systems. We first introduce a theortical treatment for a twisted stack of 
2D materials [1], and show that a  TBG with a small twist angle exhibits emergent flat 
bands ruled by the long-range moiré interference pattern [2], whereas the TBG 
stacked with 30-degree has a quasicrystalline electronic structure with a 12-fold 
rotational symmetry [3]. The theoretical treatment is also applicable to describe the 
electronic properties of hetero bilayer systems such as  graphene / hexagonal boron 
nitride (hBN) [4] and graphene / transistion metal dicharcogenides [5]. 
Lastly, we argue about the quasiperiodic double moiré system of hBN/graphene/hBN 
[6] [Fig.1]. We show that the electronic spectrum plotted against the twist angle 
contains a number of fractal minigaps, where each gap can be characterized by a set 
of topological integers associated with associated with the area of a certain geometric 
object referred to as quasi Brillouin zone. The result implies a hidden relationship 
between quasicrysals and the topological condensed matter physics. 
 
[1] M. Koshino, New J. Phys. 17, 015014 (2015)  
[2] M. Koshino, N. F. Q. Yuan, T. Koretsune, M. Ochi, K. Kuroki, L. Fu, Phys. Rev. 
X 8, 031087 (2018). 
[3] P. Moon, M. Koshino, Y.-W. Son, Phys. Rev. B 99, 165430 (2019). 
[4] Pi. Moon and M. Koshino, Phys. Rev. B 90, 155406 (2014) 
[5] Y. Li, M. Koshino, Phys. Rev. B 99, 075438 (2019). 
[6] H. Oka and M. Koshino, Phys. Rev. B 104, 035306 (2021). 

Fig.1 Incommensurate moiré structure in hBN/graphene/hBN trilayer system. 
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Diagnosis of non-Hermitian topological band structures with inversion symmetry 

Ryo Okugawa (Graduate School of Information Sciences, Tohoku University) 

 

Non-Hermitian skin effects and exceptional points are novel topological band structures that 

cannot occur in Hermitian systems. The skin effect is a remarkable difference between energy 

spectra under open and periodic boundary conditions. On the other hand, the exceptional 

point in the momentum space is eigenstates coalescence due to band touching. The 

phenomena are topologically characterized by integer winding numbers.  

In this presentation, we give methods to theoretically detect skin effects and exceptional 

points by inversion symmetry [1,2]. Then, we generalize inversion symmetry for their analysis. 

We show that parities of the winding numbers can be determined from energy eigenvalues on 

the inversion-invariant momenta if generalized inversion symmetry is present. We 

demonstrate the methods to find skin effects and exceptional points by using the parity of the 

winding numbers. 

 

[1] R. Okugawa, R. Takahashi, and K. Yokomizo, Phys. Rev. B 103, 205205 (2021) 

[2] R. Okugawa, R. Takahashi, and K. Yokomizo, Phys. Rev. B 102, 241202(R) (2020) 
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Chiral Fermion on Curved Domain-wall
Shoto Aoki1 and Hidenori Fukaya1

1Department of Physics, Osaka University„ Toyonaka, Osaka 560-0043, Japan

We consider a fermion system with a curved domain-wall embedded in
a square lattice. Although the square lattice corresponds to a flat space-
time, the chiral states localized at the domain-wall feel gravity, through the
induced spin connection by the domain-wall.

In this work, we embed S1 and S2 domain-wall show how gravity is
detected from the spectrum of the Dirac operator. We also discuss how
we can understand gravitational anomaly inflow and index theorem with
nontrivial curvature of the domain-wall.

Figure 1: A spectrum of a 3-dimensional Wilson-Dirac operator with S2

domain-wall and Dirac operator of S2. It shows the operator on a square
lattice produces the spectrum of S2 Dirac op.
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Non-Hermitian topological band structure derived from the generalized eigenvalue problem 
with indefinite Hermitian matrices  

 
T. Isobe,1,* T. Yoshida,2 and Y. Hatsugai2 

1 Graduate School of Pure and Applied Science, University of Tsukuba, Ibaraki 305-8571, Japan 
2 Department of physics, University of Tsukuba, Ibaraki 305-8571, Japan 

*corresponding author: isobe@rhodia.ph.tsukuba.ac.jp 
 

The topological band theory has been extensively studied as one of the central issues of condensed 
matter physics in recent years. In the topological band theory, materials are characterized by the 
topology of their band structure. Originally, the topological band structure has been analyzed for an 
eigenvalue problem of the Hermitian matrix [1,2]. Recent studies generalized it to non-Hermitian 
systems [3,4,5] and discovered a variety of novel phenomena. For instance, exceptional points are 
unique topological degeneracy points for the non-Hermitian systems.  

In this research, we develop the topological band theory of systems described by the generalized 
eigenvalue problem (GEVP) [6]. In GEVP, even if the Hamiltonian and the overlap matrix are 
Hermitian, eigenvalues are given by complex when the matrices are indefinite. In addition, symmetry-
protected non-Hermitian topological band structure can emerge due to the Hermiticity. We 
demonstrate the emergence of symmetry-protected exceptional rings (SPERs) by analyzing a two-
band model of the honeycomb lattice with definite or indefinite matrices. Furthermore, applying the 
above results to a hyperbolic metamaterial, we find that the SPERs explain the characteristic 
dispersion of this optical system.  
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[6] TI, T. Yoshida, and Y. Hatsugai, arXiv:2105.01283 (2021) (to appear in PRB). 
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Fig. 1 (a): Sketch of a hyperbolic metamaterial. (b) and (c): SPERs in hyperbolic metamaterials (red lines). 

Frequency dependence of the permittivity is ignored. These figures are adapted with permission from Ref. [6]. 
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Topological band theory for classical diffusion phenomena and the 

game theory 
 

Tsuneya Yoshida 

Dept. of Phys., Univ. of Tsukuba. 

  

Topological insulators/superconductors have been extensively studied recently[1,2]. 

Such systems exhibit various intriguing phenomena due to robust edge states induced 

by the topological properties in the bulk.  

 While topological phenomena in quantum systems have been analyzed so far, it has 

turned out that photonic crystals also host the robust edge states induced by the 

topology in the bulk[3]. This fact implies that topological phenomena may be found in 

a wide variety of systems. Pioneering platforms of the topological band theory is 

significant because it may provide a unified perspective and may results in invention 

of novel devises[4]. 

 In this paper, we propose two platform of topological physics: classical diffusion 

phenomena[5] and the evolutionary game theory[6]. (i) For diffusion phenomena, we 

report the emergence of edge states by pointing out the mathematical correspondence 

between discretized dissuasive systems and tight-binding models. (ii) In the studies of 

topological properties in the game theory, we discover unidirectional propagation of 

the players in a kagome lattice of rock-paper-scissors cycles. We also elucidate that the 

bulk topological properties induce this unidirectional propagation. 
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TOPOLOGICAL INVARIANTS RELATED TO CORNER STATES

SHIN HAYASHI

Recently in condensed matter physics, some (at least) bulk insulating (gapped)

systems possessing in-gap corner states (Fig.a) or gapless hinge states (Fig.b) are

actively studied called higher-order topological insulators (HOTIs) [1].

In this poster presentation, I will explain a mathematical approach to HOTIs

based on K-theory and index theory [2]. For bulk-edges (surfaces) gapped Hamil-

tonians on a lattice, we can define topological invariants as elements of some K-

groups for C∗-algebras. Corresponding to these topological invariants, topologically

protected corner/hinge states appear. By using this method, we can provide one

explanation for topological origin of corner states in Benalcazar–Bernevig–Hughes’

two-dimensional model in [1]. As this application, developments of K-theory and

index theory related to corner states potentially lead to some proposals to HOTIs,

which include classification of topological invariants related to corner states for each

of the Altland-Zirnbauer classes through K-theory [3], and expression of numerical

corner invariant as a three-dimensional winding number (for some specific class of

Hamiltonians) through a refinement of Coburn–Douglas–Singer’s index formula for

quarter-plane Toeplitz operators of rational matrix function symbols.

Bulk
Edge

EdgeCorner

(a) 2-D, codimension-two corner

Surface
Surface

Hinge

Bulk

(b) 3-D, codimension-two hinge
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Response of Majorana Electric Multipoles to Strain in Topological 
Crystalline Superconductors 

 

1Department of Physics, Nagoya University 
2RIKEN Center for Emergent Matter Science (CEMS) 

 

Yuki Yamazaki1, Shingo Kobayashi2, and Ai Yamakage1 

 
 

Majorana fermions on the surface of topological superconductors are usually stable against 
any perturbations. On the other hand, when the topological superconductors have 
time-reversal symmetry, the Majorana fermions form a Kramers pair (Majorana Kramers pair), 
which can respond to a magnetic field. In a previous study [1], it has been found that the 
Majorana Kramers pairs respond to a magnetic field applied only in a specific direction due to 
the crystalline symmetry of topological superconductors. The relationship among the 
magnetic response, crystalline symmetry of topological superconductor, and superconducting 
symmetry has been clarified [2,3], and the superconducting symmetry can be determined by 
experiments such as surface spectroscopy. Furthermore, we have shown that the two 
Majorana Kramers pairs can respond to the electrical response, i.e., electric multipoles of 
Majorana fermions exist [4,5]. On the other hand, how Majorana Kramers pairs are driven by 
what kind of external field is an open question, both quantitatively and qualitatively. 
In this study [7], we have revealed the relationship among the superconducting symmetry in 

each wallpaper group, Majorana electric multipoles, and strain tensor coupled to them. The 
antiperovskite Sr3SnO, a candidate material for topological superconductors, has been 
suggested to host two Majorana Kramers pairs on the (001) surface [6]. Using an effective 
model [6], we show that these Majorana Kramers pairs respond to strains with a specific 
symmetry. The electrical response is not affected by the Meissner effect. Hence the strain can 
be an experimental probe to determine the superconducting symmetry better than magnetic 
measurements. Also, our result implies that dynamical strain can drive the spin accumulation 
and spin currents by Majorana Kramers pairs. 
 
[1] K. Shiozaki and M. Sato, Phys. Rev. B 90, 165114 (2014). 
[2] Y. Xiong, A. Yamakage, S. Kobayashi, M. Sato, and Y. Tanaka, Crystals 7, 58 (2017). 
[3] S. Kobayashi, A. Yamakage, Y. Tanaka, and M. Sato, Phys. Rev. Lett. 123, 097002 (2019). 
[4] Y. Yamazaki, S. Kobayashi, and A. Yamakage, J. Phys. Soc. Jpn. 89, 043703 (2020). 
[5] S. Kobayashi, Y. Yamazaki, A. Yamakage, and M. Sato, Phys. Rev. B 103, 224504 (2021). 
[6] T. Kawakami, T. Okamura, S. Kobayashi, and M. Sato, Phys. Rev. X 8, 041026 (2018). 
[7] Y. Yamazaki, S. Kobayashi, and A. Yamakage, J. Phys. Soc. Jpn. 90, 073701 (2021). 
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Investigation of eigenmode-based coupled oscillator solver applied to 

Ising spin problems 

 

Shintaro Murakami and Toshiharu Saiki 

Graduate School of Science and Technology, Keio University 

 

The Ising problem is to find a binary spin configuration that minimizes the total energy 

function for a given set of edges. A variety of combinatorial optimization problems, such as 

sequencing and ordering problems, resource allocation problems, and clustering problems, can be 

mapped to the Ising problem. The potential applications of the Ising problem have motivated the 

development of heuristic algorithms for finding high-quality solutions. Although heuristic algorithms 

generally do not guarantee an optimal solution, they can yield good time-to-solution in practice. 

We investigated the coupled oscillator solver (COS) for Ising spin problems based on 

eigenmode characterization. After a square lattice (N × N) Ising problem was converted to a coupled 

oscillator model that includes positive and negative coupling, the equation of motion, which was 

reduced to an eigenmode problem, was solved. For smaller problems (N = 10), the oscillation 

amplitude (eigenvector) was delocalized (i.e., it covered the entire oscillator lattice) and a fairly 

good solution was obtained. For larger problems (Fig. 1), the oscillation became localized, forming 

oscillator clusters with low frustration density (unfrustrated clusters). From a map of unfrustrated 

clusters for lower eigenmodes, we found that frustration tends to localize at the boundary between 

clusters. Frustration localization, where three of the four couplings are frustrated, is useful for 

reducing frustration by flipping the sign of the amplitude. Localization and the flipping method were 

applied to problems with N = 40. Good solutions with an accuracy of 97.2% in average (with respect 

to the exact ground state) were obtained simply by checking the lowest 13 (≤ N/2) candidate 

eigenmodes. A benchmark study demonstrated that the computation time required to reach a fairly 

good solution for the COS is three times shorter than that for SA. 

Fig. 1: Instance of square lattice (20 × 20) Ising spin problem solved by the COS. (a) Spin configuration of the exact 

ground state. The red circles and blue diamonds represent up-spin and down-spin states, respectively. Frustrated 

couplings are indicated by bold lines. (b) Mapping of oscillation amplitude for the lowest five eigenmodes k = 1 to 5. 

The circles and diamonds respectively represent positive and negative signs of amplitude. Frustrated couplings are 

indicated by bold lines. 
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Peculiarity in Nonlinear Stress Relaxation of Near-Critical Gels under Stretching Deformations  

○Ryo SAKURAI, Takuma AOYAMA, Naoto YAMADA and Kenji URAYAMA 

Department of Material's Properties Control, Graduate School of Engineering, Kyoto Institute of Technology 

 

Introduction 

Critical gel, which is intermediate between solid and liquid, has a hierarchical fractal structure composed of an extremely 

sparse infinite polymer network and finite clusters with a wide size distribution and various branching types. The hierarchical 

fractal structures of the critical gels result in a characteristic viscoelastic response, i.e., the linear relaxation modulus 

represented by a simple power law over a wide time scale, which has been commonly observed in many types of gel. Most of 

the earlier investigations for critical gels focused on linear viscoelastic response at sufficiently small strain, but the nonlinear 

viscoelasticity at large strain remains to be characterized. The present study reveals a peculiarity in the nonlinear stress 

relaxation behavior for the near-critical gels obtained at a composition slightly beyond the critical gelation condition.  

 

Materials and methods 

Two types of near-critical gel with different chemical structures were prepared by end-linking method using the 

combinations of poly[(tetrahydrofuran)-(neopentyl glycol)] (PTHF)/isocyanuric acid tris (5-pentyl-isocy-anate), and poly 

(dimethylsiloxane) (PDMS)/phenyltris (dimethylsiloxy) silane.The near-critical gels of PTHF and PDMS (designated as 

G055 and Z064, respectively) were prepared at a composition slightly beyond the critical gelation condition. The stress 

relaxation after the imposition of a step strain was measured as a function of elapsed time in various degrees and types of 

deformation including uniaxial and biaxial tension, shear, and uniaxial compression. 

 

Results and discussion 

Fig. 1 shows the stress relaxation behavior at a shear strain of γ = 3.67 for 

G055. After the strain imposition, the stress decreases with time and 

reaches the equilibrium stress σ∞ after sufficiently long time. The 

relaxation component Δσ (t ) is obtained from the difference between the 

stress σ (t ) and the equilibrium stress σ∞ in different deformation modes 

under various degrees of strain. 

Fig. 2 displays the time dependence of Δσ (γ, t ) and Δσ (ε, t ) of G055 at 

different strains of shear and uniaxial compression in double logarithmic 

plots. The Δσ (t ) curves at different strains overlap in the whole time domain 

when an arbitrary amount of vertical shift is applied. This validates the time-

strain separability (TSS) ,i.e., Δσ (t ) can be separated into a time term and 

a strain term.  

Fig. 3 illustrates the corresponding plots for Δσ (ε, t ) at different strains 

in uniaxial extension. The curves do not overlap after the arbitral vertical shifts, and the relaxation time in the long time 

regime tends to increase with strain, obviously indicating the failure of TSS. The failure of TSS was also observed for biaxial 

extension. The same feature was also confirmed for another type of near-critical gel Z064.    

These results indicate a peculiarity in nonlinear viscoelasticity for near-critical gels: TSS fails specifically in stretching 

deformations, while it is valid in shear and compression. It is likely plausible that the stretching deformation induces a strain-

induced phase separation which results in the failure of TSS. The experiment to confirm the occurrence of the stretching-

induced phase separation is in progress. 

 

 

Fig.3 Time dependence of relaxation component 

Δσ ( t) in uniaxial extension at various degress of 

strain for G055. 

Fig.2 Time dependence of relaxation component 

Δσ (γ,t) in shear and compression at various 

degress of strain for G055. 

 ( t ) 

Fig.1 Time dependence of stress in shear 

at  =3.67 for G055. 
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Molecular aggregation structure of poly(methyl methacrelate) under elongation tests 

Ryosuke Kawatoko1, Tomoko Kajiwara2, Aya Fujimoto2, Ken Kojio1,2,3, Atsushi Takahara1,2  

(1Graduate School of Engineering, 2Institute for Materials Chemistry and Engineering, 

 3International Institute for Carbon-Neutral Energy Research, Kyushu University) 

1. Introduction 

Biaxial elongation test is useful method to evaluate mechanical 

properties of polymer since the test is possible to apply 

independent stresses in each elongation directions and covers 

under various deformation behavior. There are few reports on a 

change of molecular aggregation structure during biaxial 

elongation test. The purpose of this study is to clarify the 

deformation mechanism and to reveal relationship between the 

molecular aggregation structure and mechanical properties. This 

time, molecular aggregation structure of atactic poly(methyl 

methacrylate) (PMMA) films in uniaxial and biaxial elongation 

tests was investigated using synchrotron radiation wide angle X-

ray scattering (WAXS) measurement.  

2. Results and Discussion 

 In biaxial elongation test, PMMA film was broken before yield 

point and strain at break was much smaller than uniaxial 

elongation test. Uniaxial and biaxial elongation tests exhibited 

ductility fracture and brittle fracture, respectively. 

For PMMA film, WAXS profiles show three peaks at 10.1 

nm−1, 22.0 nm−1 and 29.2 nm−1, respectively1. Halo Ⅰ peak 

in parallel direction shifted to high q value, in perpendicular 

direction shifted to low q value. This shift means the distance 

between main chains narrowed in parallel direction, was 

broaden in perpendicular direction. Halo Ⅱ peak shifted to low 

q value in each direction. The variation of halo Ⅰ and Ⅱ 

suggested main chains of PMMA oriented along elongation 

direction. In biaxial elongation test, halo Ⅰ and Ⅲ peaks shifted 

to low q value. Halo Ⅱ peak didn’t shift. The distance between 

main chains was broaden and the distance between carbon and 

second carbon along the backbone increased.  

Reference 

1 Lovell, R.; Windle, A. H., Polymer 1981, 22, 175-184. 
Fig. 3 WAXS profiles of PMMA at each 

strain in biaxial elongation test. 

Fig. 1 Stress-strain curves of PMMA 

films obtained by uniaxial and biaxial 

elongation tests. 

Fig. 2 WAXS profiles of PMMA in 

parallel and perpendicular directions at 

strain of 0 and 0.65 in uniaxial 

elongation test. 
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Analysis of microphase-separated structure of polyurethane adhesive layer 

of the single lap joint using X-ray scattering 
 
*
 Kakeru Obayashi1, Chien-Wei Chu2, Ken Kojio1-4, Atsushi Takahara4,5 

1 Grad. Sch. Eng. 2 IMCE, 3 WPI-I2CNER, 4Ctr. Polym. Interface & Adhe. Sci., 5 Res. Ctr. Neg. Emis. 

Tech. Kyushu Univ.  
*obayashi.kakeru.749@s.kyushu-u.ac.jp 

Keywords : Polyurethane, Adhesive, Microphase-separated structure, Small-angle x-ray scattering 

 
1. Introduction 

Polyurethane (PU) forms a multi-block structure 

and a microphase-separated structure, and the hard 

segments have strong hydrogen bond. PU is used as 

adhesives for automotive because it exhibits good 

adhesive properties to many materials. In order to 

make adhesives with high adhesive strength, it is 

important to understand the failure mechanism of 

adhesion based on the information of molecular 

aggregation structures. In this study, changes in the 

molecular aggregation structure of the PU adhesive 

during the tensile shear deformation process and 

difference of that change depending on the 

measurement positions are analyzed using synchrotron 

radiation μ-beam small-angle X-ray scattering (SAXS) 

measurement.  

2. Experiments  

The poly (oxypropylene) glycol (PPG, Mn = 1000) 

was dried under nitrogen atmosphere.  The 4,4’-

diphenylmethane diisocyanate (MDI) was added into 

dry PPG with a formulartion ratio of K = ([NCO]iso / 

[OH]polyol) = 2.08 and mixed for 4 h at 80℃. After that, 

the 1,4-butanediol (BD) was added into the 

prepolymer with NCO INDEX = [NCO]pre / [OH]BD = 

1.04 and stirred. The product was coated on two 

adherents with the thickness of 0.8 mm, and then kept 

at 120℃, 24 h.   

The changes in the molecular aggregation structure of 

the PU adhesive during the cyclic lap shear 

deformation process were investigated by in-situ 

SAXS measurement at the SPring-8 BL05XU. This 

measurement was performed by changing the 

measurement position for each cycle. 

3. Results and Discussion  

Figure 1 shows the stress-strain curve during the 

lap shear test of the PU adhesive. As the number of 

cycles increased, stress softening occurred and stress 

decreased slightly. Figure 2 shows the SAXS patterns and the strain dependence of the ellipticity of the 

SAXS patterns of the PU adhesive during the lap shear deformation. In the initial state, SAXS exhibited 

ring pattern around q = 0.48 nm-1. This ring corresponds to a microphase-separated structure, which 

consisted of the hard segment domains and a soft segment matrix. As the strain increased, this isotropic 

ring changed to ellipsoid and the long axis of the ellipsoid started to decline. As a result, it was shown 

that the applied strain and the change in the internal structure of the adhesive corresponded well. Those 

were observed that the ellipticity of the SAXS patterns were maximum at the overlap. Therefore, it can 

be stated that the change of internal structure in the overlap end and the damage starts from there. 
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Finsler geometry simulation of PVDF deformation in external electric fields 

Vladislav Egorov1, Hiroshi Koibuchi2 

1Cherepovets State University, Cherepovets, 162600, Russian Federation 

2National Institute of Technology (KOSEN), Sendai College, Natori, Miyagi 981-1239, Japan 

Polyvinylidene difluoride (PVDF) is a ferroelectric polymer with strong coupling between its 

mechanical and electrical properties. When the external electric field is applied, PVDF undergoes 

mechanical deformation. In our model of PVDF, we use the Finsler geometry (FG) technique to 

implement the interaction between the mechanical and electrical properties of the material. The idea 

of the FG model is to replace the anisotropy of the mechanical properties with the anisotropy of the 

space metric, which we set to be dependent on the dipole orientation.  

We carried out the simulation of the deformation in the uniform electric field using the 

cylindrical lattice (Fig. 1a) discretized by tetrahedrons. On each vertex, the polarization vector was 

established (Fig. 1b). The Finsler metric connected with was defined to make bonds l  shrinks when 

they are orientated along the direction of .  The simulation results (Fig. 1c, d)  are in good agreement 

with the reported experimental data. 

More detailed information about the FG model of PVDF can be found in [1,2]. 

 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Fig. 1. (a) A thin cylinder discretized by tetrahedrons on which the simulation was performed. (b) a 

tetrahedron on which the discrete Hamiltonian is defined. (c, d) Simulation results. 

Acknowledgement  This work is supported in part by a Collaborative Research Project of the Institute of 

Fluid Science (IFS), Tohoku University, and it is also supported in part by JSPS KAKENHI:  Grant Number 

20H04647. 
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Structural Changes in Polyurethane Elastomers under Uniaxial and Biaxial Deformation 
Ananda Kafle1, Kakeru Obayashi2, Ken Kojio1,2,3* 
1Institute for Materials Chemistry and Engineering, Kyushu University, Fukuoka, Japan   
2Graduate School of Engineering, Kyushu University, Fukuoka, Japan   
3WPI-I2CNER, Kyushu University, Fukuoka, Japan 
*kojio@cstf.kyushu-u.ac.jp 

Keywords: Polyurethane elastomer, Uniaxial and biaxial deformation, Microphase separated structure, in-situ X-
ray scattering 

Thermoplastic elastomers (TPEs) possess both thermoplastic and elastomeric properties.  Over the years, 
TPEs have gained broad interest as an alternative to the conventional thermoset elastomers, particularly due to 
their recyclability, simplicity of synthesis, and ease of molding.  They exhibit high resilience and a substantial 
energy dissipation at high strains1.  In the case of the PUE, the polymer chains can cross-linked by physical and 
chemical cross-linking point. The extent and characteristics of these crosslinks can be modified to achieve various 
desirable properties. This has made PUEs one of the most widely used TPEs.  Mechanical properties of TPEs are 
strongly dependent on deformation mode because molecular orientation and disentanglement of polymer chains, 
and dissociation of hydrogen bonds occurred in TPEs are affected by distribution of applied stress direction.  The 
purpose of this study is to understand the effects of the modes of deformation on physical and chemical cross-
linking, orientation of domains, in various PUEs.     

 
 

 
(a)       (b) 

 
Fig. 1. Stress-strain curves for the (a) cyclic uniaxial and (b) equi-biaxial deformation testing for a polyurethane 
prepared from poly(oxytetramethylene) glycol, 1,4-bis(isocyanatomethyl)cyclohexane, and 1,4-butanediol. 

 
 

   For these studies, the PUE samples with different ratios of hard and soft fractions were prepared. The elastomer 
specimens were cut to appropriate dimensions and subjected to cyclic uniaxial and equi-biaxial stretching1. The 
values of stress (σ), both during loading and unloading, were plotted against strain. The stress hysteresis and the 
dissipation of energy were evaluated. Synchrotron small-angle X-ray scattering (SAXS) and wide-angle X-ray 
scattering (WAXS) experiments were also carried out during uniaxial and equi-biaxial stretching process.   

Figure 1 shows stress-strain curves of the cyclic uniaxial and equi-biaxial stretching of the PUE sheets 
synthesized from poly(oxytetramethylene) glycol, 1,4-bis(isocyanatomethyl)cyclohexane, and 1,4-butanediol. As 
shown in this figure, stress hysteresis occurs both in cyclic uniaxial and equi-biaxial stretching. Both PUEs did not 
exhibit consistent increase in hysteresis.  It seems that experimental condition is not optimized well.  Strain 2 
for uniaxial deformation is close to strain 1 for biaxial deformation in terms of thickness decrease.  At these 
strains, hysteresis observed in  uniaxial deformation mode is slightly larger than for biaxial deformation.  
Changes in microphase-separated state and orientation of hard segment domains obtained by SAXS and WAXS 
measurement will be discussed in the poster session. 

References 
1) N. Dechnarong, K. Kamitani, C. -H. Cheng, S. Masuda, S. Nozaki, C. Nagano, A. Fujimoto, A. 

Hamada, Y. Amamoto, K. Kojio, A. Takahara, Polymer J., 53, 703-712, 2021.  
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Distributions of 2 and 3 dimensional arithmetic discrete sets

Tohoku University
Kosuke Ono

Abstruct

A quasicrystal is a form of solid matter whose atoms are arranged like those of a crystal but assume
patterns that do not exactly repeat themselves. The interest in quasicrystals arose when Schechtman et
al. discovered materials whose X-ray diffraction spectra had sharp spots indicative of long range order.
Soon after the announcement of their discoveries, material scientists and mathematicians began intensve
studies of quasicrystals from both the empirical and theoretical sides.

Sunada introduced arithmetic class of quasicrystals induced from

Γ := {(x1, . . . , xd) ∈ Zd | gcd(x1, . . . , xd) = 1,

d∑

i=1

aixi ≡ 0 (mod p)},

where p is a prime, ai ∈ Z, p ̸ |ai (i = 1, . . . , d), and proposed generalized Poisson summation formula
as a definition of quasicrystal, i.e. we call Γ is a quasicrystal of Poisson type for discrete set Γ ⊂ Rd, if
a generalized Poisson summation formula holds for Γ. Moreover he studied distributions of the following
setsin the case of p = 2:

Γ1 := {(x1, . . . , xd) ∈ Zd | gcd(x1, . . . , xd) = 1},

Γp := {(x1, x2) ∈ Z2 | gcd(x1, x2) = 1, x1 − x2 ≡ 0 (mod p)},

and he concluded that Γ1 has a structure near to a quasicrystal, and Γ2 is indeed a quasicrystal. Fur-
thermore he concluded that distributions of Γ1 and Γ2 are related to Guauss’s Mathematisches Tagebuch
(Mathematical Diary) and the asymptotic behavior of primitive Pythagorean triples.

In the previous work, we considered the case of Γ3 (p = 3) and obtained the following formula:

lim
N→∞

1

N
#{(x, y, z) PET | z ≤ N} =

√
3

4π2
,

where PET is the set of all of primitive Eisenstein triples. We also proved that Γ3 is a quasicrystal of
Poisson type. A key of proving whether a discrete set Γ ⊂ Rd is a quasicrystal of Poisson type is to obtain
“a summation formula”.

In this study, we consider the case Γ3 (p = 3) and the following set:

Γ3(0, p) := {(x1, x2, x3) ∈ Z3 | gcd(x1, x2, x3) = 1,
3∑

i=1

aixi = 0}.

In this talk, I will explane resent studies on “summation formula” for Γ3(0, p).
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SPECTRAL EMBEDDINGS OF THE C60 FULLERENE AND
SOME OTHER ARCHIMEDIAN SOLIDS

TAKUMI GOMYOU

For a finite graph G = (V, E) with vertex weight m0 and edge length l, Göring-
Helmberg-Wappler [1, 2] introduced optimization problems which are dual to each
other in the framework of semidefinite programing. The first problem is to max-
imize the quantity

∑
u∈V m0(u)∥φ(u)∥2 over all embedding maps φ : V → R|V |

subject to the constraints
∑

u∈V m0(u)φ(u) = 0 and ∥φ(u) − φ(v)∥ ≤ l(uv)
for all uv ∈ E. The second problem is to maximize the first nonzero eigen-
value of the weighted Laplacian over all edge weights m1 with the normalization∑

uv∈E l(uv)2m1(uv) =
∑

uv∈E l(uv)2. Göring et al. observed that an optimal em-
bedding yields eigenvectors of the first nonzero eigenvalue of an optimal weight
Laplacian.

If the parameters m0 and l are both uniform, then the above problems may be
solved for a well-known graph. The one-skeleton graph of a Platonic solid in R3

is an example, that the uniform edge weight and the corresponding spectral em-
bedding give optimal solutions to the problems, respectively. We consider the C60

fullerene (having a structure of the truncated icosahedron) and some other Archi-
median solids, and solve the optimization problems for the one-skeleton graphs of
them when m0 is uniform and l is invariant under the automorphism groups of
polyhedra. It turns out that the inclusion of the vertices of the graph into the
given polyhedron, in which the lengths of sides coincide with those given by l,
is an optimal embedding. In particular, if l is also uniform, then the equilateral
polyhedron is an optimal embedding. On the other hand, an optimal edge weight
is obtained non-uniformly though the edge-length parameter is uniform.

This is a joint work with T. Kobayashi (Setsunan University), T. Kondo (Kagoshima
University) and S. Nayatani (Nagoya University).
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Uniqueness of local minimizers for crystalline variational problems

Kento Okuda
(Joint work with Miyuki Koiso)

Institute of Mathematics for Industry, Kyushu University

Abstract

Anisotropic substances, such as crystals and some kinds of liquid crystals are considered to
form a local minimizer of an anisotropic surface energy with volume constraint. The anisotropic
energy of a surface is the integral of an energy density that depends on the normal direction of
the surface. For a given energy density function, the energy minimizer among all closed surfaces
enclosing the same volume is unique. It is a convex closed surface called the Wulff shape ([4]). In
this talk, more generally, we study local minimizers of the anisotropic energy and their uniqueness.
However, when the Wulff shape has a flat part with dimension larger than or equal to one like a
polyhedron, the energy density function has non-differentiable points and the classical variational
method cannot be applied, which makes it difficult to study local minimizers of the energy. In
fact, only for curves in R2, the uniqueness of local minimizers has been proved ([3]). In this talk,
we restrict ourselves to the case where the Wulff shape is a polyhedron. Studying local minimizers
in such a case is called a crystalline variational problem. We show that if the Wulff shape is a
regular polyhedron in R3 and the energy density function is convex, then any local minimizer of
the anisotropic energy for all variations that preserve the enclosed volume is, up to homothety and
translation, the Wulff shape. We also mention an application of our main theorem to material
science (cf. [1]).

References
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Construction and deformation of discrete surfaces via
integrable transformations

Masashi Yasumoto
Institute of Mathematics for Industry, Kyushu University

744 Motooka, Nishi-ku, Fukuoka 819-0395, Japan
m-yasumoto@imi.kyushu-u.ac.jp

Bobenko and Pinkall [1] described a theory of discrete isothermic surfaces in the Euclidean
3-space, and they introduced discrete minimal surfaces as a special class of discrete isothermic
surfaces. Applying a discrete version of the Christoffel transformation, they derived a Weierstrass
representation for discrete minimal surfaces. Continuing from [1], several Weierstrass-type formulae
were obtained in [2], [4], [7] by an application of integrable transformations. We first introduce
that all such Weierstrass-type representations are given by an application of the Omega dual
transformation that is a generalization of the Christoffel transformation. This gives a unified
description of all known Weierstrass-type representations, and new representation formulae arise.
This is besed on joint work [6] with Mason Pember and Denis Polly.

On the other hand, although we can construct discrete holomorphic functions numerically
by solving the Cauchy problem with the given boundary conditions, a difficulty in constructing
discrete surfaces via the Weierstrass-type representations is that there are few concrete examples of
discrete holomorphic functions. In the latter part of this poster, by using a discrete analogue of the
results in [3], we deform a given discrete minimal surface into a new discrete minimal surface. As an
application, we propose a new method to create a new discrete holomorphic function corresponding
to new discrete minimal surface. This is based on ongoing project [5] with Yoshiki Jikumaru.
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Reflection Principles for Minimal and Maximal Surfaces  
 
*Shintaro Akamine1,  
1 College of Bioresource Sciences, Nihon University, 1866 Kameino, Fujisawa, Kanagawa, 252-0880, Japan.  
*akamine.shintaro@nihon-u.ac.jp 
 
Keywords: Minimal surface, Maximal surface, Reflection principle, Symmetry 
 
  A minimal surface in Euclidean 3-space is a surface whose mean curvature H 
vanishes identically. Since the equation H = 0 is invariant under scaling, minimal 
surfaces appear in many situations with different scales:  
soap films (Fig.1), structure of diblock copolymers, black holes etc.  
  Mathematically, a minimal surface is described by using harmonic function (the 
function f satisfying the Laplace equationΔf=0) as their coordinate functions. 
Therefore, by the classical Schwarz reflection principle in complex analysis yields 
that minimal surfaces have some kinds of symmetries (see Fig.2).  
 
 

 
On the other hand, a maximal surface in Minkowski 3-space (spacetime) with signature (++-) is a spacetime 

analogue of a minimal surface, that is, a surface whose metric is Riemannian and H = 0.  
By definition, maximal surfaces are similar to minimal surfaces, and also have similar symmetry principles. 
                      
In this poster presentation, we see a new reflection principle for lightlike lines of maximal surfaces (Fig.3). 

 
 

   

 

 

  

 

 

This presentation is based on the joint work [1] with Hiroki Fujino (Nagoya University). 

References:  
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[2] L.J. Alias, R.M.B. Chaves, and P. Mira, Bjorling problem for maximal surfaces in Lorentz-Minkowski 
space, Math. Proc. Cambridge Philos. Soc. 134 (2003), no. 2, 289–316.  
[3] R. Osserman, A survey of minimal surfaces, Second, Dover Publications, Inc., New York, 1986. 

Fig. 2. Minimal surfaces with planar symmetry (left and center) and a minimal surface with line symmetry (right). 

Fig. 1. A minimal surface as a soap film which  
 minimizes the surface area for given boundary.  

Fig. 3. Maximal surfaces with a symmetry with respect to lightlike straight lines. 
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Production of ZrO2 nanocomposite films as a minimal surface 
 

Noriaki Yoshihara, Rikuto Takai, and Seiichi Takami* 

Graduate School of Engineering, Nagoya University, Nagoya 464-8603, Japan 

 
We have collaborated with researchers in mathematic fields to realize miniaturized materials whose 

structure is designed by mathematics. For instance, we successfully produced cerium oxide 
nanoporous materials that have a bicontinuous structure similar to the K4 crystal. The produced 
materials had large surface area, which is favorable for catalysts. During the collaboration, we noticed 
that the ideas from mathematician are free from prejudice that experimental researchers have. After 
this success, we are studying the fabrication of nanocomposite films that are produced as a minimal 
surface. Minimal surfaces, surfaces with the minimum area under given boundary conditions, often 
appear in nature. One example is soap film spanned on a frame. We think that we might fabricate 
complicated ceramics nanocomposite film as a minimal surface on a designed frame and tried to 
prepare ZrO2 nanocomposite films. 

ZrO2 nanocomposite films were prepared as follows. ZrO2 nanoparticles with the average diameter 
of 50 nm were dispersed in water at the weight concentration of 22 wt%. Propyl gallate was then 
dissolved in this dispersion liquid and used to span ZrO2 nanocomposite films. To span ZrO2 
nanocomposite films, helicoid coils were prepared by machining work from a stainless steel wire with 
the diameter of 0.1 mm (Fig. 1). The diameter of the helicoid was 1.0 mm. To produce ZrO2 
nanocomposite films as a minimal surface, the ZrO2 dispersion liquid was put on the frames and dried 
in air. 

Figure 2 shows an image of ZrO2 nanocomposite films spanned on the helicoid wire. The ZrO2 
nanocomposite film was successfully spanned as a minimal surface on the helicoid frame. The dried 
film contains the ZrO2 nanoparticles with the weight fraction of 93.4 wt%. To further study the 
structure of the spanned film, the film was observed by scanning electron microscope. As shown in 
Fig. 3, the spanned film had a hierarchical structure where the film was formed with spherical 
structures with the average size of ~40 µm that were composed with the ZrO2 nanoparticles. The 
observed hierarchical structure suggested that these films may be used as a absorbent or catalyst with 
high surface area.  

 
 

 Fig. 1 The helicoid frame on which 
nanocomposite films were spanned. 

Fig. 2 ZrO2 nanocomposite film 
spanned as a minimal surface. 

Fig. 3 Surface morphology of the 
ZrO2 nanocomposite film. 
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Self-assembly based on the principles of 

supramolecular chemistry affords a range of 

versatile nanostructures. Recent developments 

in materials science based on the concept have 

allowed for the bottom-up synthesis of 

functional nanomaterials with hierarchic 

structures.  

Metallosurfactants (MSs) are a new class 

of building blocks of the functional 

nanomaterials, in which ligand moieties in the 

surfactant framework bind to various 

transition metals. Since transition metals are 

incorporated within the surfactants, they can 

form various self-assembled structures with 

metallic interfaces, such as micelles, vesicles, 

and lyotropic liquid crystals. Moreover, 

regulation of self-assembly of MSs in solution 

could be realized by simple metal 

coordination process. 

We herein report the 

metal-coordination-driven self-assembly of an 

N-heterocyclic carbene (NHC)-based 

surfactant. Owing to the NHC, Au(I), Ag(I), 

and Pd(II) can coordinated to the surfactant at 

the linkage between the hydrophilic and 

hydrophobic parts as shown in Fig. 1(a). 

Motivated by the capability to bond a broad 

spectrum of metals, we have investigated the 

metal-dependent self-assembly behavior of the 

MSs1-3). 

Although the NHC-based surfactant did not provide an anisotropic phase at any concentration, the Au(I)- , 

Ag(I)-, and Pd(II)-coordinated MSs (Au-MS, Ag-MS, and Pd-MS) provided optically anisotropic phases. Fig. 

1(b) summarises the concentration-dependent nature of the geometrical transformation of MSs at 25 °C. All the 

phases were identified by a combination of visual observations, polarised microscopy, and small-angle X-ray 

scattering measurements. On increasing the Au-MS concentration, the micellar solution became increasingly 

viscous. The phase transition from the isotropic micellar phase (Wm) to the anisotropic phase occurred above 46 

wt%, where H1 phases were observed. In the case of Ag-MS, Wm and H1 phases were also found, while the 

region of H1 was expanded. These self-assembled structures differed to that of Pd-MS, wherein the H1 phase was 

not observed, and the L3 (sponge) and L (lamellar) phases were detected. 
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Fig. 1 (a) Structures of metallosurfactants (MSs) and (b) two 

phase diagrams of MSs (25 ºC). 
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Several substances are known to form triply periodic 

minimal surface(TPMS)-like structures, including the 

bicontinuous cubic phases (Q phases) of lyotropic liquid 

crystals. In the type II Q phase, the midplane in the non-polar 

region of the bilayer is located on a TPMS, and the bilayer is 

periodically connected in three dimensions. On the other hand, 

in the type I, the middle of the polar region is located on a 

TPMS. 

We have succeeded in single-crystal X-ray structural 

analysis of the type II Q-phase, a lipid monoolein/water-based 

Q-phase[1] and a phytanthiol/water-based Q-phase [2], 

respectively, and revealed the electron density distributions. 

We report here on the single-crystal X-ray structure analysis 

of the type I Q phase in non-ionic surfactant/water systems 

using C12EO6 (Hexaethylene Glycol Mono-n-dodecyl Ether), C12EO7 and C12EO8, respectively 

[3]. We used single crystals of type I Q-phase and measured X-ray diffraction at Spring-8 

BL40B2 using a rotating crystal method. The amplitudes of the structure factors were 

converted from the X-ray diffraction data. Two model were used to optimize the experimental 

amplitudes of structure factors. One model was the PS model, in which the polar-nonpolar 

interface is parallel to an TPMS, and the other was the CMCS model, in which the interface is 

a constant mean curvature surface. After the optimization, the PS model agreed well with the 

experimental amplitudes and R-factor of about 0.05, while the CMCS model does not agree 

with the experimental amplitudes and R-factor of about 0.2. Next, we used the experimental 

amplitudes and model phases to calculate the electron density (Fig.). It showed that the polar 

region is located on the TPMS and the polar-nonpolar interface is parallel to the TPMS. 

Two layers of C12EO6-8 polar chains face each other on the TPMS, sandwiching a thin water 

layer. It is suggested that the constant length of the polar chains, regardless of their location, is 

entropically advantageous and allows the interface to shift away from the CMCS. The other 

findings are discussed in this presentation. 
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Fig. Electron density of 

C12EO6/water QI phase.  
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