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1. Introduction

! Tet £ be a prime number. Let (3 be a complete discrete valuation ring with
fraction field K of characteristic 0 and residue field k = O/.J(O) of characteristic
£. We assume that K is hig enough for all groups in this paper. Let GL,(g) be
the general linear group aver field of g elements, where g is a prime power. We
assume that £ dose not divide ¢g. Let e he the multiplicative arder of ¢ in k. The
unipatent hlacks of OGL,(q) are parametrized hy e-weights (semisimple parts) and
e-cores (unipatent parts) [FS82]. Let B, , be the unipatent black of OGL,,(q) with
e-weight w and e-care p.

Let p be an e-care satisfying the following property : p has an (e-runner) ahacus
representation such that I'; | +w — 1 < I'; where T'; is the numher of heads an the
i-th runner [Rou98],[CK02]. Tet m = ew +|p|. Let N, = (GL(q)1Gy) x GLi4(q)-
Let f be the black idempatent of By(O(GL(q)1S.)) & By,; where By(O(GL:(g)?
G,.)) is the principal black of the wreath praduct GL.(g) ! G,.. Let D he a Sylow
f-subgroup of GL.(q) ! &,.. Then, as an O(GL,.(q) x N,.)-module, B, ,f has a
unique indecomposahle direct summand X, with vertex AD = {(d,d) | d € D}.
W.Turner [Tur02]praved the fallowing which is analogoues ta the result of Chuang
and Kesser for symmetric groups [CKO02].

Theorem 1.1. If w < ¢, then a (B, z, ON, f)-bimodule X,, induces a Morita
equivalence between ON,. f and B, ;.

This result was praved by the second authar independently [Miy(1].

Nate that using this result, combining with [Mar96],[Rou95] and [Chu99], one
can prave Broué’s conjecture [Brod(], [Bra92] for weight twa unipotent hlacks of
finite general linear groups very easily.

In this paper, we consider the carrespondences of various modules under the
equivalence above. In section 3, we consider simple modules. In section 4, we treat
Young madules and Specht type madules. Throughout the paper, we assume w < £.
The main results of this paper, namely, Carallary 3.3 and Thearem 4.9, enahle us
ta calculate not only decomposition numbers of B, , but alsa the radical series
of Specht type modules lying in By, ;. These graded decamposition numbers are
calculated in [Miy(01] explicitly in terms of the Littlewood-Richardson coefficients.
(Moreaver, we can alsa calculate the Loewy layers for Young modules lying in B, ;.)
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! The ariginal title of this paper at 7/1&/2001 was * Madule carrespandences in some hlacks
aof finite general linear groups™. There were some averlaps between W. Turner’s wark [Tur(2] and
the ariginal version of this paper. In this paper, we shall remave the averlaps fraom the ariginal
version af this paper.
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ce,

The second authar conjectured that under the condition “u: < £° these graded
decompasition numbers lying in B, ; are caincident with erystallized decomposition
numbers introduced in [LT96] (see, alsa [LLT96]). This conjecture is praved by
[LMO2].

2. Modules for the wreath product

In this paper, modules always mean finitely generated right madules, unless
stated atherwise. Let A F n. In [Jam&6], James defined a K[GL,(q)]-madule
(resp. kGL,(g)-module] Sk (A) (resp. Si(A)). Sk(A) is simple and affords an
irreducible unipotent character. On the ather hand, Sy(A) has a unique simple
quatient D(A). Mareaver, {D(A) | A F m, e-care of X\ is p} is a complete set
of representatives of isomarphic classes of simple k ® B, ;-modules [DJ&G]. Let
X@a(A) be the Yamg OGL,(q)-madule carresponding ta A [DJ&9]. Then Xa(A)
is an indecomposable direct summand of a permutation OGL,(q}-madule induced
from a parahalic subgroup. For R € {K,k} let Xg(A) be R & Xa(M\). Let
A = (Aa,---,Ac—1) be a multipartition of w. Tet R € {K,O0,k}. Far each A\,
we write S‘;i for the Specht R&), |-module carresponding ta A;. Nate that, since
w < £, .S'ji“ is simple prajective. Hence there is a unique prajective 0S|,  |-madule
S which is a lift of S)*. Moreaver, Si' = K @ Si'. Let v; = (i + 1,17 ") F ¢
for0 <i<e—1. Let Ty he ane of Xg, Xy, Sk, St and D. Then TR(M,-}@"*il @Sﬁ"
is an R[GL.(q) 1 G|y, ]-madule [JK&1]. We set,

e—1
Tr(N) = IndGy (DS (Q(Tr(v) =M & S)') & Sr(p)
=

where Sa(p) is a prajective indecomposable By ,-module (note that By ,; has defect
zera), Sr(p) = R & Sa(p) is a simple R[N,.]f-module for R = K, k. Then
{D(\) | A : e-tuple partition of u}

is a complete set of isomarphism classes of simple kN, f~madules.

Let P(p,w) he the set of all partitions of m with e-care p. Tet X € P(p,w).
Using the ahacus representation of g mentioned in Introduction, we can consider
the e-quatient of A [JK&1]. We denate the e-quatient of A hy

A=A Ay

The carrespandence
A A

gives a hijection between P(p,w) and the set of all e-tuples partitions of w. Hence,
{DN | X € P(p,w)}

is a complete set of representatives of isomarphism classes of simple kN, f-madules.
For a € P(p,uw — 1), let

C(a,d) = {A € P(p,w) | o® C XD, XD =@ (5 £ 5)}.

On the ather hand, let P(w) be the set of all partitions of w and let P, (w) =
{A € P(u:) | @ C A} far o F w: — 1. We need the fallowing camhinatarial lemma.
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Lemma 2.1. (1) Let o and T be bijections from P(w) to P(w). Suppose w > 2.
If 6(Pa(w)) = 7(Pa(w)) for any a k- w — 1, then o = 7.

(2) Let o and T be bijections fram P(p,w) ta P(p,w). Supposew > 2. Ifo(T(a,i)) =
7(T(a,2)) for any o, ¢, then o = 7.

Proof. (1) Let A = (M, Ag,---) F w. Suppose that A; > A\gyqy > --- > A; >0 for
same ¢ £ j. We define twa partitions a, 3 as follows:

— y —_ —_ . A
a=(a,an), a;=XN—1, ap =N (kF# )

B= (BB}, Bi=X—1, B =M (k7).
Then P, (w) ™ Pg(w) = {A\}, and o(A) = 7(\).

So we may assume that A = (A?). Let 4 = (A" ', Ay — 1). Then o(u) = (1)
for p2 € P (w) other than A by the above argument. Hence we have o(\) = 7(A).
(2) Let A € P(p,w). If there exists ¢ such that A¥) = (I for any j 7 ¢, then
o(A) = 7(\) hy (1). So we may assume that A? £ @, A =£ (I for some i 7 j. Take
a, 3 € P(p,w — 1) satisfying:

a® cAD gl - A0,
Then I'(a,4) " T(3,7) = {A\}, and a(\) = 7(\). O

3. Simple modules

Definition

Groups: Let G he GL,(q) and let G' be a Levi subgroup of G carresponding to a
composition (e,n — e}, which is isomarphic to GL.(q) x GL,_.(q). Let N =
N,.(resp. N’} he the normalizer of a Levi subgroup carresponding ta a com-
position (e, |p[) in G'(resp. G'), which is isomarphic to GL.(g)1G.. x GL), (q)
(resp. GLe(q) x Ny 1)-

Blacks: TLet By be the principal black of OGL.(q)- Let b he the hlack idempatent of
By g Let f (resp. f') be the the black idempotent of Ba(O[GL:(q) 1 G.]) &
Ba,, (resp. Bg ® Bg(O[GL:(q)1&,.—1]) & Ba,, ). For a black ideal B of OH
for some subgroup H of G we denaote k ® B by B.

Functors: For a finite dimensional algehra A, we denate hy mad-A the category of finitely

generated right A-modules. Far any Levi subgroup L of G, we denate hy RY
(resp. *R$) the Harish-Chandra induction (resp. restriction )} functor far G
and L. Let X\ be Homp, (X, Buy,,). Define functors F,, (F.)x and F,
as follows:

F=— KoNy J\',:_' : mOd—OANf — mod—Bt,_‘ﬁ
(Fu,}K’ = — O_CK[N]! (K [ 4\’:} s mOd—K[AN]f — mod-K & Bu"ﬁ
F,=— CuNF XY : mod-kNf — mad-By,

For F € {F,.,(F.)K, F.}, we denate the inverse of F by F*.

Lemma 3.1. ResGiN (X)) = bRE N (Ba & X 1)

Proaf. First,

d N (ON' Yy = RE N (Bo e Xy 1) &V
where 17 is a direct sum of indecomposable madules with vertex nat conjugate of
AD. On the other hand, Resgik:, (X..) is a direct summand of Indg"rfx}\'N, (ON'f1.
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Since Resgiki, (X..) is indecomposahle by [Tur(2], Resgik:, (X,.) is a direct sum-
mand of R\ (Bg & X,u—1). Since
(F) re(Ind N, (K[N"]f')) = B(RE) (id @ (Fuet ) 1) (K [N )
by [Tur02],
K& X, =bRE N (K & (Bg & Xy1))
as K[G]-madules. Hence
ResG N0 (X)) = bREX N (Ba & X1
O
In arder ta compare the lahels of some B, ,-modules with that of same kN f-
madules, the following definition will he impartant.
Definition Let A € P(p,w) be the partition such that
30) — ,\(’.)! ife+7 : add,
MDY if e+ even.
Theorem 3.2. (F,)x(Sk(\)) = Sk (\).

Praaf. We praceed hy induction on w. The case w: = 2 is praved in [Tur02]. So we
assume w > 2. Define a hijection & : P(p,w) — P(p,w) hy

(Fu)x(Sx(N) 2= Sx(a(N).
It suffices ta show that o(\} = X By the Littlewood-Richardson rule,

(Fu)re(Ind Sie(v) @ Se(@)) = (Fu)x( € Sk(m)= @ Sklo(w)
HET (a7) HET (a7)
far o € P(p,w:—1) and 0 € ¢ < ¢ — 1. On the ather hand,

RE (id & (Fu—1) k) (Sk(v:) ® Sk (a)) = bRE (S () & Sk ()

B sScw= P Sk

HET(4.4) HET (a.d)
by induction and [Tur(2]. Since these two modules are isomorphic hy Lemma 3.1,
we have o(T(a, %)) = ([(a,))¥. Hence o(\) = A by Lemma 2.1. O

Corollary 3.3. F,.(D(\) = D(\) for A € P(p,w).
Proof. Let XA € P(p,w , We will show that F&(B(i“ = D(A) hy induction on

1=
A. Suppose that F.(D()) = D(p) for any p¢ € P(p,w), p¢ > \. Suppose that
F(D(#) = D(\) for v € P(p,w). We write V < W if modules V' and W have
the same composition factars. Then
Se(A) & (D dae D)) & D(N)
>
for same nonnegative integers dy,. By Theorem 3.2,
Su(\) ¢ (@ drD(j)) & D(5).
=M

Since S';-{(j\} has ﬁ(_j\} as a composition factor hy definition, we have v» = A. O
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4. Young modules

Recall that
e—1

Xp(N) = IndG S (R Xp(v) ™™ & S¥) & S(p)

=0
and Sp(A) is a submadule of X () by definition.
Lemma 4.1. [Xy()\) : D(A)] = 1.
Praaf. By Mackey’s decompaosition thearem, we know

GLe ()G GLAaNG0 17y A @ GL(a) ) 11 ryva
RES(;I_F(G)XH_ IndGT-r(t}l)?EA (I/ 1= (Res(;r.,(g)m. ('[; 1]
2E[E R \G., ]

for any R[GL.(q)1&, ]-madule V. Here, [6, \&,,] is a set of the right coset repre-
sentatives of G, \G,,.
In particular,

GLA(aNG0
Resgy” (5" (D(A))

e—1 e—1 ]
(1) = (H dimp 5'?) ; @ (®(D(V«s}}®l)‘il) & Si(p).
a€|

=0 Gy \&,] \i=a
. . GL-(9)1&y, e—1 <~ V& Al o @A
Comparing the composition factors of Res(r.r_r( a)<n Ry Xu(v)®IMil @ S with
e—1 .
R D(v;) %Nl we get

e—1 e—1 e—1

GL (oS - | - : ] . :

[Resir e Q) Xu(wa) ¥l &2 24 - Q) D(w)*l] = T dimi S2+.
=0 =0 =0

Therefare, by (1) we have [Xx(A) : D(A)] = 1. O
Let 73, (resp. X, ) be the character afforded by Xa(A) (resp. Sre(\).
Far e-tuple multipartitions A and g we define a tatal arder A = p hy
A = p if there exists m such that A, > u,,, and A; = p; for j >m.
Then, hy definition clearly the fallowing halds:
Proposition 4.2. (ny,x,) =1 and {1jy.x,} =0 if X = p.
In particular, we know the fallowing;:

Corollary 4.3. If A # pu, then Xy(A) 2 Xy(p).

Lemma 4.4. Soc(fk(k}} = Soc(g'k(_).}}

GL ()16,

GL.(aney, Dreserves the Loewy layers of modules,

Praof. Since the functar Ind
e—1
Soc(Xu(A)) = Indg7 (918" (R)(Sac(Xu(va))) 5™ @ $27) & Si(p).

=0

Similarly, we have

e—1
Soc(Su(A)) = Tndgr (913 (RU(Soc(Su(va)) =M @ $27) & Si(p).
=0
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However, Sac(Xwu(r;)) = Soc(Sk(v;)) for i =0,... ,e — 1. Hence, we are done. O
Since Si(A) is indecomposable, by Lemma 4.1 we immediately know

Corollary 4.5. Xy (\) is indecomposable.

Lemma 4.6. F*(Xy(\)) = Xy(7) for some v € P(p,w).

Proof. Let L := L. ;) be the Levi subgroup of ¢ carresponding ta the compasition
(e, p) |= m. Resy (F2(V)) is a direct summand of b,.-*R$ (V) for any B, ,-module
V. Any indecomposable direct summand of Res} (F*(Xw(A))) has the following
shape :

w

Q) X (Wm(s)) @ Si(p)-

=1
Here, m(¢) is an element of {0,1,2,... ,e—1} for any ¢ € {1,2,... ,w}. Hence, any
indecamposable direct summand of F (X (A)) is a direct summand of

e—1
(Ind?'(@ﬁ'(us@“f)) & Sk(p)

=0
far some (nq,n1,... ,n. 1) = w. Since F; is an equivalence, we get

F2(Xx(A\) = Xi(v) for some v.

Theorem 4.7. F,(X.(\)) = Xp(\) for any A € P(p,w).
Praof. Tt suffices ta show that
(2) Fo(Xu(N) = Xu(N)

for any A € P(p,w). We praceed hy induction on (>, P(p,w:}}. By Carallary 3.3,
we have already shown (2] for the maximal element of P(p,w). Suppose that the
claim (2) holds for any g > A. By Lemma 4.6 there exists v € P(p,w) such that

F* (Xu(N) = Xi (7).
In particular, i’;-_:(:f'} must have ﬁ(:f'} as a composition factar. So, we deduce hy
Carallary 3.3 that Xy (\) = F,.(Xy(#)) must have D(v) = F,.(D(#)) as a composi-
tion factor. Hence, by [Tam&4, 16.3] we deduce v > A. Suppose that v > A. By the
assumption of induction, we have

F(Xu(v)) = Xu(5).
In ather wards, we have
F2 (X)) = F} (Xu(A))-
Therefare, we have v = A and get a cantradiction. O
Let P(\) (resp. }5(_:\}} he the prajective indecompasable madule carresponding
ta D(A) (resp. D(A)). Then, Specht type madules Si.(A), Si(A) and Young madules
Xi(A), Xu(\) enjay the following properties:
Lemma 4.8. (1) If 7 € Hompg(P(A), Xx(\)) satisfies
Top(r(P(A))) = D), then 7(P(A)) = S(\).
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(2) If ¢ € Homun (P(N), Xu(X)) satisfies Top(:(P(X))) = D(X), then :(P(\)) =

Si(N).

Praof. (1) is clear by [DJ&I]. (2): By Lemma 4.1 we have already known [X’;-i(;\} :
D(A\)] = 1. Mareaver, Si(\) is a submadule of X (\) and have its unique top D(A).
So, ¥:(P(\)) must he isomarphic ta Sp()). O

By Corallary 3.3, Theorem 4.7 and Lemma 4.8, we have
Theorem 4.9. F,(Su(\)) = Su()\) for any A € P(p,w).
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