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1. INTRODUCTION

EE DB order DRI 5 LTSk, EITKMM [Ma] (& <IZ associated prime J&34)
%> Bruns-Herzog [BH] (& <{Z depth X A#t CM B#J&i4) X° Goto-Nishida [?] (& < (ZIEAH#A —
R —RETD ass PHADIRIZONVWT) 22U TVWED, EZEVPSPDIPTVEIITEEDELT
WT, GEGEDES LA L Gue NSt 2 L& 50 MG 25 ] 2 008 Tw5 ),
FRAHIZZEZD 5T, FARTN L ZHRIFARTR > TS,

1.1. 803k, AFzBL T, mZEMHS,
o R: A[#uER (1T A XA — X =M EIRFERIEL)
o A AHILIRSWER (IF& A YTHEI A —X =722 EIEL) (A —X—DZ & 2EHEL
THIZ 2= =8| LFER),
Mod A: A A IMEED 73 7 — )V,
mod A: FIRAERA A MHEDOLRITE, ADVBF—X—DL ZEXT—VEIZKRE Z &IZER,
proj A: HIRAERS A A TIEED 72 B
fIN: BEXHR AINMBEDRTT —~LE, Ziid Mod A @ Serre ¥ BEIZ 7> T\ 5,
A JEE M IZDWT, rad M: M ORI MEED @i, Z D& SRDBKD LD,

rad M = {z € M| BFMEE S ~NDERDH f: M — S T f(x) =0}

o AINEEM IZDWT LA(X) TX O AEBAIMBEDRTHE X,

o B A B C D Jacobson i (D F D radA,radC) %, FHZ Jr, T 2 EL, XRTHD» S
EEFBREMRL THIZ g & &#EL,

o AMIBEMIZOWT, AnnMy CAZ M - A=0%25 c AEKREERT S, ZIIELHHE -
TTIVZRS>TWD, 72 M Ota iZ2WTH, Annp(z) Taz-A=07%5 \ € A 2k
EFHT D, ZNE T T TR BT TR T 7V IER S 20 IR,

e Spec R: R DFEA T 7 NVDHES (Zariski MitHANDS & EIEAND)

e MaxR: R DM kA T T IVOES
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o RIMEE M IZDOWT, regM :={a € Rlza=0=>2=0} CR, ZOmxDI &% M EH
(M-regular) L HIER, DE 0 M LD r 554 (=) -r: M — M DHH (Z00d RIIFFD
§72 2 L1TiER) . M DIEZERT (non-zero-divisor) & HIFIEN S, & <IZ reg R (FHFED
BRTOEZER T2, Y72 DFi72A R DR S reg R = R\ {0},
M € Mod R (IZ2WT, SuppM := {p € Spec R| M, # 0}. & <{Z Supp R = Spec R.
M € Mod R IZD\WT, dimM %. Supp M OH® prime chain D& X D KMHE,
M € Mod R 1Z2\WT, Min R: Supp M OB/NTDES,
RDATTNIIZDOWT, V(I):={peSpecR|I Cp}.
ROAFTINIIZOWT, VI%&, fMEENLTIIZAS ROTEK, RVABIZERT L
INERDAT TNV RS TWD, VI=1H324ATTVERESTTIVENS, EATT
WAIIREE A TT IV TH B,
e ROMPHAR SIZOWT, Rg TS 'R%487., £72p € Spec R CORRFMLE R, £&EL, M
BED Rt S kR,
e p e SpecRIZDWT, R, DHFMIEEZ k(p) & FH < k(p) := Ry /pR,.
FHEEEZEZD L ZITIMODEEEBENET B,
(1) BB _Ju(ﬁﬁjﬁﬁj\lfﬂﬁ”fﬁqbéc‘:?é
(2) ﬂﬂ?ﬁ@@%‘ﬁﬁj\@ WERENTHL % &7 5,
(3) hnikkE C o)iﬂ‘%X WU TaddX T, X OARENOENKRTF»SRLEET 5,
(4) 5E2ME € BFREERTF P ERFDOLIE, PIXEDHERARTH D, [FEONHR X e £1TXL
T, £ DEELRT

00X >F—>X—=0

THY, PpcaddP THEELIBEDBEET DL E RN,
(5) BHHNZ, 2B EPBARERF I ZHOLIE. [ EOBARKTHY, EREOTH
X e lzRULT, € DEEELS

05X —=>1I"32X >0
THOH, Icadd] THEEOIRLDORFELETH L EER VI,

1.2. HLIRYUELBVWEIRATTFIGRDZ E. 3. Alaodb Tt o —HEMT, —FB1%r
o 72 JEME 22 GE I 2 T 5 IROBE X BAEEZ R LU TEL, 2>\ TiksIAKE Iz S,

78 1.1 (Prime Avoidance). R Z A[#iB{, n>2 & U, p1,pa, -+ ,pn & [p1,p2 PAMNIERTHEAS T
TN THEEOIBRRDATTIDETD LTS (EFLE 2@TEAFTLELTEN), 2D
X RDAFT T IIZDWTIRAFEME:

(1) I Uiy pi

(2) 5 1<i<nPFHEL I Cp;.

FEER. (2) = (1): S

(1) = (2): MMEZRT : MEED 2OV T I ¢ p, 251 I ¢ U, ps THZ] &, niZOVWTD
JFETRT, DED IDITKTH->T, EDp iIZHEA->TWVARVWEDEED 720

n=20%5 I¢p;DNi=12THEYVNLDDT, 2, €I TH>Ta; €p; THEZHDHi=1,2
THNS, BTHRUMETED, B L a €y THIE, zldpr b po BT TVWBEDT, £Z

TRbH, £oT 1 € Po DEGETEITEZNIE J:\/\ [ElRRIZ T2 € Pq ELTEW,

;@E%xl—&—m BEZD, %%5/\/1‘14-%‘26['(&)60 \—7}/1175‘{31%)132 BT TVWBZ & 2R
EDS %b’ﬂ’bfﬁpl ATV 6, x26p1&18ﬁ=6z16p1ﬁ§ﬂjfbi5o J:OTI1+x2€p1
Thd, AR 21+ a0 €po &0, FIENRRD D (pr,ps BEAFTTATHIBEEARN )

n>20D5E, p, FBATTNTHEILIZER, BINEDOHREIZLY (n—-1HOEEEEZ
T i=1,2,--- ,niZDWTC, ;€ I THY, Ta; ldp; A ZETEHITTWS ] LI RIAHVENS,
ZDEE, HLEIRDIIZDVT 2; BDWTIZ p; BT TW25, 2 IEEBTD py,--- ,p, 2l
FTTWBDTEITHDY, £oT, 2TDiIZD2WVWTa; ep; LIRETE D,
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ZDEE, si=x, 42122 Ty EWVITLEEZD, EHAALIDILETH D, INNETDH
ATFTIVEBITVWEZLE2RT, £3i=1,--- ,n—1IZDOWTIE, zep; ELTLED &, 3
@fnwl-~-xn,1€pi01?‘£%”\?"%£jf\ xnepié’.tio’CbiL\ l‘no)tbﬁ IENT S, £oT.
W pr, - oy T TEITTWS

e p, DMITBZ L EREIERDOVTHD, zcp, EINETSE, 5952 2, €p, 'C“Zf)o
TS, xy-xpy €Epp BB, TZT Tp, BEATFTTILEY] (ZhEHDTHS),
1<i<niZ2O2VWTa; €p, WHRH>TULED, TNEa; Dp, ZEITTVWEZ LITENT 2, J:’)’C

zlEp, CHEEI R, O

MR TORAMLIZDOWT, RIZAEDIZHEPDOOSND:

DFIEE12 R’ETT@’&‘I& S%R@Fﬁﬁ'ﬁ;ﬁ A%: (TE’%EBEB&L\) Rﬁ%& My 245 AL T 5,

MEEE B U728 2 TOMAMEHE, B EOMBEEZRD WTHRTE S, 346 A B M (2
DWT, La(M) TAMAIHDOLTHRZI LTI e zlnitiz 5,

EF 1.3. Re iR, S & ZORMR. A% RREELT D, TD&E M e ModA DD INEE N
M S-saturated THDLIE, 1 €M & s€ SIZDOWVWTase NBRolEze N ehbeEr20n5, £
7= M @ S-saturated 2283 MIEED 5725 poset & LY (M) £ EHL Z 22§ 5,

Z D saturated 7 BRI IIEEIZ D W TIRISFHEIZ DD S

R 1.4. R 2R, S 2 ZORMR, A2 RIVEL M € ModA &9 % LIRHK D D!
(1) La(M) ©7mT LY (M) & (ERMEO) @i % & 2#IETH U TW5, X 5T poset
LY (M) & (EBRME D) meet 2HD, LA LHAITHLETWS LIRS 2,
(2) EED L € LA(M) IZX U T, L 2ET S-saturated 3 IMEED IR0y THRUNR S D3 — &
WEEL, Zhe L eEHE, L O saturation & IEE,
(3) S-saturated 7&n5ﬁﬁﬂﬁ¥@ﬁ%L (i € ) IZHLT, LY(M) TD join BEAEL, ZHIE >, L;
THEZOND, &< LY(M) IEZ D join &i@H D meet THEAMHRIZIR S,

SEFA. (1) saturated DERIZE > TPNILTE 5,
(2) Explicit 12, L:={z € M|3s€ Sst. xse€ L} LT NEXERMEZWHEZT I LT <hbnd
(3) (2) 59 <ITHE D, U

FE1Z Z D saturation OEEIEIX. FEb U7 & Z A TOEDINEEZZ 2 5 EICInT 5,

8 1.5. R 2B, S 2XOBMR. A% RRBL M € ModA 9%, ZD&E, Ft
o: M — Mg 25X %8, ROIXEAOTHERDH .

Las(Ms) /= La(M)
N ———— ¢ ' (N),

U DWTIRAL D 32D
(1) b N & o THACSTAERRS Y N D ETh 3,
(2) E?J‘b LEWOHLUTENMT>TANRESE, LD S T saturation L TL 5,
(3) &<IZ. ZOEB{EBLIFRDOMAR Ly, (Mg) 2 LY (M) 2iFET 5,

FEER. BHS M LD 2 DRIEF 2R DB/ TH S, £72 Lg = (L) A FTSICHERTE S, £o
T (1) & @) DHPNIE. (L<T &D) ZhoOBEAHN T THRETHS - LAREN, (3) 1% (1) &
(2) oS,

(1) Ms D Ag HAMBEN 2E 28, pp Y (N)CN &V, oo ' (N)-As C N TH 5,
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HIZNPOTmEED L, 2/swithe € M,s € SEWSIEIFZLTWS, oTax/l=12/ss/lEN
THEDT, €9 H(N) B35, &oTa/s=z/1-1/s€ pp }Y(N)-As TH 5,

(2) L=¢ " H(p(L) - As) ZRT,

(Q)z e LEWB, TOLEHbse SHEFHELTas € LTHD, £oT. p(x) =2/l =
xs/1-1/s € (L) - Ag D3K D YLD,

D)z e He(L) - As) 95, 2%V p(z) € p(L)-As TH2, 2EbHDyecL&sel
PEIEL /1 = y/s L1222 NI AN od, doThdte STk ast =yt L7405, £oT
rz-ste LTHY, z€ LTh5, O

WA 1.6. R Zw[#ili, S 2 ZOMMARLTH, ZOLEEBDOIENS, Rg DA T TIVIES-
saturated 78 R DA T 7 —t—Iind 50, ZDHETRg DEATTNIEZ ROEATTILD
I35 S ERDLLBRVEDIZHNIET %, DDAt p: R — RgIZ2WT, ¢ 1: Spec Rg — Spec R
B TH D, DM {p e SpecR|pNS = @) 255 (ZMIEHADRAMIE>T3),

SEER. REDZ & kD, ¢ SpecRg — Spec R IFHHITH B, Lo TEZDHEMN, S X5
ROFEATTIVDESGL —HT LI 2R,

PeSpecRs #t>T&ET, o Y(P)2EZDL, MLV INFIRDOEITTILTHS, B
Lo Y (P) MRS eRbIE, ZTDIti%E o TENEX POAAHLEEL I IR, P=Rg &7 0F
. o T HY(P)IXS &RbSAR,

RIZp €SpecR%E, SERDLOLBVWpDEATTNET D, ZDL X pld S-saturated TH 5,
BRERS, 2s €PN EREsEPIZDVTIKDNTIE, sgpRI L phprime BRI & LD ey
PRS DT, ZDplZ2WT, ¢(p)-Rs D Rg DHEA T TNV THILE\, z/s-y/t € p(p)-Rs &
T2, THLay/st=a/ulrdbacpluecShHsd, oThHdveSHHD, vy -uww =a-stv
inR&%B3, EoTay-uwwep 22D, uwwe S THY pliE S-saturated Z-o72Z2 & kD ay ep
LiRd, koTazepEhidyep b, z/sc o) Rs £/iFy/t € o(p)-Rs £72%, DED
o(p)-Rs ¥ Rs DEATTIVTH 5, O

A TFTIVOEERILIZONT, Wb S Nullstelensatz DT 7 1 >~ A¥F — LK,

®F 17, RETHBET S, KIZ LS IKERETED D,
(ROAFTI) # {Spec R DA EL }
I———— V()= {peSpecR|I Cp},
I(X) == Npex P X

ZDX EWRMED LD

(1) 2 DDEHRIINET % KELZ . KETO THHETH 5,
2) IV(I) =VITH 5,
(3) ZDOMIGT, R DIREA T T & Spec R D Zariski FHE S D — K —I1Zx T 5,

. (1) 3T <an B, (3) 1 (1) & (2) DR,
(2) I THIDHH5E>TBWT, Nyespec g P = V(0) EREETHTH B,
(Q)zrENSLE, ¢ /(0)&TE, ZD&ES :={l,z,2% - -} ZTROFEHARTHY 0 %
EER\V, LoTRs#0THY SpecRs #  ThH D,

@ # Spec Rg = {p € Spec R|pN S = &} C Spec R

ERBE. HDpL SHRDLOIRVWEDMpeSpecRMVENDS, TNIdzepllFPET 5,
(D) ZB6IFT, 2€/(0)&TDL, DEVHDnIZHLTa" =0TH%, EEDp € Spec R
LT, 525427 =0€p THADT, pWBEATTIVRIELNSzcp binsd, O
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Part 1. AJ#iIR A A ~

ZZICIETHBIIB A EE L MmEERT, . FTBRO—BRUETRYIDEDIETESITIE
AT BDT, AT LILEF—D=IZTDARI N,

2. HI#ED SUPPORT

fRE 2.1. R 2 "B L U7z & SRV D 2D,

(1) M € Mod RIZDWT, SuppM iF EMETHLTWS, DD peSuppM »DpCq7i
5qeSuppM TH 5,

(2) Mod R TORELH0 L - M —- N - 028H-o7-2Z, SuppM = Supp L U Supp N
UNDURVASK

(3) Supp(B, M;) = U, Supp M;.

(4) ROA T TV IIZDWT Suppgr(R/I) =V(I)

(5) M eModR &5 &, SuppM C V(Anng M) Y Sihb, M PERAER S Supp M =
V(Anng M) & 725,

(6) M € Mod RIZD\WT, M =0 & SuppM = & & Supp M N Max R = & IL[FH,

(7) 0 M € Mod R 12D\ THRASK D 32,

dim M = sup{dim M, |m € Supp M}

HEBR. (1) CORMD L &, (My)pn, = M, £0 & DHIS
(2) R 5ER & D BT S D2,
(3) RIAT LA ERRIE A & Al &k D B & 7,
4) (R/Dy =05z ¢pMFELTT - 2=0in R/ &dDdc¢phMFELTrel &

)I:=AmpM & 3$5, MeModRIZHLT, PR > M &S EHNREN, [ DITIFHA
ZIeme. IR @R/ —» M 275, k5T (2)(3)(4) 5 Supp M C V(I).

WIZ M 2ERERZLRET S, ZOLE, BRI DI L TEHR R —» M" 2554035 5
M. INOKIE, TOERTEENTED, DFD [IZ—8, XoTHHF R/I — M" LW G50 H
D, &oT(2)(3)d) £V V(I) C Supp M. (M HERAER: &, M OERERADEERIA->T
LEW, 3) 2Xn )

(6) ETRDOEDA FTTNVIEBTHRA T TIVIZAEEFNDZ LN 5, SuppM = @ & SuppM N
MaxR =@ A, ¥/ M =0& L7Z56MH5DZ SuppM = 2.

EoT. M£0DEHFIZSupp M WA FTLEEGLI L aREIEEN, MA02T22, ¥
0 TRWARAERSH S IEE L 25D, (2) 12X D Supp L KA T 7 VEDIEHR7Z, (5) 1Tk
Y SuppL =V(AnnL) T, LA 0Z&D AnnLIF ROEDA 77 ), &> T V(Ann L) IFfKA
FTNVEED,

(7) Supp M @ chain 3% FTHEMBAA T TV THRDOZ LS IZTELDTHSL D, O

3. TORSION-FREE J& 3l
Torsion-free X 5 torsion-less X 5, IR R — & —EBD—MM T torsion-less %X 2,
EE3L AEZFX—X—B MecModA T3, ZDLE, HARLGHK
ev(—y: M — Homp (Homy (M, A), A)

IZDWTC,
(1) ZHDBHRE E M % torsion-less
(2) 285 (AH) 2 & M % reflevive
b IR
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EFE 3.2. 21— X—ERAIZDVWT, Q(modA) =SubA £\ 5 mod A DEBIE %
M — A}
WO HHDRHDE D7 M cmod A 7574 5EE T 5 (DF 0 HHIMEFEOIMDIEED 2 H)

1) M & torsion-less,

&

8 3.3. A —X—BA LD M € mod A 2D\ TRIZ[FEH,

(
(2) M € SubA,

SEER. (1) = (2): —MRC. AHHARAE ANBE Y 1S LT, 25 A" - Y % &5 (—, A) TRhE,
0= (Y,;A) = (A", A) = A}

YW IESEATINTE S, DD (V,A) i SubA ILAB, ZAUC. SOBAY = (M,A) LT
5 (Y ERERKRZ X, WU L ICHHMEEPS M ~AO2HEZ L b, ZhE (—,A) TRIXL
T, 2= —MEvid), §2LMBELD M E (Y,A) Dsub DT, SubAIZAB,

(2) = (1) LD F=t[fr,eee ful: M s AT 205 HBEAB B, eva: (M,A) — A HE T
mEEIZx=0%mR7,

Lev, =0RDTED I IZDOWTH fi(z) =eve(fi) =00 &oT f(x) =02/S, KoT f»
BH XD 2 =0, O

AHEO L 213, 2N & torsion-free % socle & DEEHE % H 5,

EZE 3.4. RZWHIER M cModR &T 5, ZD&E M D torsion-free TH 5 LI, reg R C reg M
meE, D0 ROFFERTN M OIERTFTHELE, 20 TROFFRT rIZO0T rfE
B M — M DS 0o E R WS, ERMNIZ, M OHEEDTLEH S regR DT THAD
&, M % torsion IfETH B L VI,

TFHENS R HEIINT torsion-free 121, FMEARLTFL TCWEIDI3HBTHES X512, R
DOLEEE (—MIIFIFEREAR) 1349 RIIEEE AT torsion-free DM b, INZFLEZVDT
ERRAERR B FF L 72,

R 3.5. AR R & Mod R TORE5E24
0—-L—->M-—N=0
WZDWTIRDIE D 3L D
(1) M % torsion-free 72 5 L % torsion-free.

(2) M 78 torsion 72 5 L & N I torsion,
(3) L & N 7 torsion (resp. torsion-free) 72 & M % torsion (resp. torsion-free).

SRR, (1) & (2) 11T <,

(3) torsion-free IZ DWW T, L & N % torsion-free & U, r e regR %2 &%, ZD& & r FER
(=)-r: M — M PHEFZRS v, ROKA%ERS:

0 L M N 0
Lol
0 L M N 0

2Tt r f5 5B/, \WE L & N A torsion-free & D £ & HldH S, Ko TEAHFE BHLRDT,
M X torsion-free,

RIZ torsion 12D WT, RIUXTESD, M DEEDIGz Wb, Tk N=M/LIZikdE,
N 73 torsion KD H B r €reg RIZDOWT Zr =0in M/L, 2% Y ar € L, IRIZ L 3 torsion 72 Z &
Mo, HBscregRIZOWVWTaors=0, 2T TrscregRW I NS, Ml torsion TH5, O
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F 7z, torsion ® (HEFE) EHX torsion TH V. torsion-free D (HEIR) EFIPEFES torsion-free
WZiRoTWBZ DT SHN5, 7272 U torsion DR EFE T torsion & 1ZER & 72\ D A3 HIZ FI/E
N3,

torsion & torsion-free & DEIFRIZIRDIFEARM],

R 3.6. A[HIBE R ¥ M € Mod R \Z DWW TR [A{f:

(1) M X torsion-free.
(2) T ZALFED torsion MIFEL L7z & & Homg(T, M) =0 &7% 5,

FEER. (1) = (2): 1T > M &V %L D, 2€T 2L b, §2LHdrecregRVHY ar =0
%, £oT f(x)r=f(ar)=0&7%%, ZZT M % torsion-free XV f(z) =0 &7 5,
2)=(Q):zeM&reregRIZODVWTar=0&9%, 2O &2k o"I5 R/(r)—> M
&\ 3 well-defined 7273, R/(r) DAEEDIGIE r THADT R/(r) & torsion i, £oTz=0
WD, O
R 3.7. RZAER, M €ModR &3 5L, IRD X S7 Mod R TD5EAF
0—>tM —>M— fM —0

TH Y, tM H torsion TH Y., fM I torsion-free TH B LS5 E DR —RWIZFET 5, DFD
Mod R 1Z5 W T torsion MEEDE & torsion-free MMAEDE D torsion pair 1272 > T\ 53,

FEER. HWTHEEED tM:={z € M|IrcregRst. ar =0} £ 3§53, TDEE fM » torsion-
free THBHI LN, MEBB L BAZM>T, WO2EDXSITHN5, O

Z Z T torsion & torsion-free & O —fi%imH* S EfEdL T, torsion-less & torsion-free & DEIfR%E AT
L \ < o

B 3.8. ReAfar—X—F M cModR & L7z& &, M S torsion-less 72 5 1F M & torsion-free
Thb,

FEBA. M € mod R 72 HEFHIEEE, ¥ s, MEBI LD M I R OEREF DI I, Lo
THEBA I LD M % torsion-free,

—INEHDIEHE DTS, M — ((M,R),R) »HSt72 & 1T, M 7 torsion-free /R, £D7
O, zr=0,r€regRL T3, c=00HA"=\, TR M s RELDL,

M%R

bl
M — R

VS HHEAIZENWT, FEIZ 2 20T chase $25Z 8T, f(z) = 008 F <SS, £o T,
ev, =0 € (M,R),R) £72%, M 7 torsion-less 72572206, 2 =0 &85, £oT M &
torsion-free, O
R IO A, ABRAEMEBED torsion-free & torsion-less DFEfEMEZE LT, ZD72dH. &

At 2D > 7ZIRDFE W Z 2 H 5!
@8 3.9. RETHE. Q= Q(R) % ZD%ME (= reg R TO R DREFL). M € ModR ¥ L&
&, RIFIFME,

(1) M X torsion-free,

(2) RAMEDEHR M — M @r Q IFH5,

(3) M X, 2 QM X O RIA/MEEZ/22 (Q MBHE RIMBEL L HANS Z L ITiER),
FLIDX E MPERERLS, Xo WARER Q IHTH D L5 ITlND, & <IZ R HMWHEE
D& E, K% ROMKETLE, RIZFEME,

(1) M & torsion-free,
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(2) Bt M — M ®p K 1Z55,
(3) M i&d 3 K ~2 MLZERE X D4 R MBI R >TW5,

FID X E. M PERESINEZL S, X 3ZARKT K X7 MVERIZINS,

SERA. (1) = (2): M > M®@rQ TaWERIZiT< & d2E, AAMEOFELD ©/1 =0 2D LD,
DEDHD seregRIZDOVT s =0 8725, £o5T M 7 torsion-free £ = =0, ((2) 225 (1)
HFEBRKIZT S ),

(2) = (3): X :=M®rREENIFTLWN,

(3) = (1): —M%iZ. QI X % RINEEL A5 & torsion-free TH D, REHRS ar =0 Tr €regR
o, rtE QM ATHITE, =04 X TRY7ZDDT,

WE MIZQMEEX O RHAMET, X AFIEEXD torsion-free, Ko TEFDsub &Y M %

torsion-free, O
InEMAVT, RO TES:

EIHE 3.10. REAr — X —EiF K 2ZO@K. M € modR & U7z & SIRIZFMHE,
(1) M & torsion-less (< M € SubA),
(2) X I torsion-free (& M 1$dH 2 K N2 MVEROES RN < Bt M — M @z K 5
B,

FERA. (1) = (2): fE B3R,

(2) = (1): ZHFIFEAYWZ L, AREKZAS L0E (K 13 torsion-free 72AYH HIINAEIZ IFELDIA
DV, 1ET),

MEBA %25 &, 25 n>0IZD20WT M<K bAhtsd (MIE KD RBEHME), 20
EE. MO, Kt UTHRSE, o= x1/r,aa/r, - ,zn/r]EM C K" & 2, € Rir #0 % H
WTHNT B, M AERERTH 20T RIEEY UTDERSR my, - my BENBH, K* DIEE
AT, ZORFEUTHTLK 2502225 e, §EHZ rcregRDH>T mr € RVBTA
TDZDWTHDIIDEDITES (D VEMRDOARERIME SIXS A D), AREREM 7
ZEITHERE, o TMr<R"THH, ZOIZehb,

M <ﬂ> Mr < R"
WO HRDFINTE S (RADVHE 2L 212 M 3 torsion-free Z{fi->72), &>7T M € SubR,

(BUEE) 2B DIES Az S TIZTATHEZ 572, FATLL TiEwmd 5.

mU7ZWZ & : M — Homp(Homp (M, R), R) "4, ZOH % FEAbd 2 &,

M ——— Homp(Homp(M, R), R)

l !

M ®r K —— Hompg(Homg(M,R),R)) ®r K

| =

M @r K —— Homg (Homg (M @r K, K), K)

Z 2T M % torsion-free & D ZDHMEITES, FO FORMIIHEBCIDID A = R DEE» S, /-
—HFFIE BAREHIZ—HLTWEDT, FEOERRKIT K X7 MLVZEREIE K £ T reflexive 7
ZeMs, FAM, XoTchase UT—FH EOBEHEDBEE LS, DML, Q Y0 RIt Gorenstein
B2 work L. [torsion-less & torsion-free 23[EME | 13HIZZ S5 WD SO S5NE 65 LW
(Vasconcelos) O
8 3.11. Raemffir—X—E, S Z2ZOMM%ESE., M,N € ModR T M 2HREKEL T B L,
SR 7 [ 1Y
Ext(M,N) ®p Rs = Exth, (M ®p Rs, N ®p Rg)

HETDi>0IZD2VWTH D,
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SERA. A 9 2 A K, O

H L THEWE S5 72D THESR Vasconcelos DiRETX 5, flHATIEWA WA I &% fact & LTE
S5DT, OFhe EIZEMLTL,

& 3.12 ([Va]). R % A[#it — & —Ei T generically Gorenstein & U, ¥ 7z embedded prime %373
W (AssR=MinR) &35, 2O &, M € mod R IZDWTIRIKFHE:

(1) M X torsion-free.

(2) M 3 torsion-less.

BERA. (1) = (2) DAREIX LW,
BT 5,
0—L—MZ((M,R),R)
EWVWIS5ERGE D (evDE%E L), L=0%R3720, SuppL =20 A5,
FTRAMLIZSERRD L, Hom & O #lE & 25 5, p € Spec R IZDWT

0— Ly, — M, = Hompg, (Homg, (M,, Ry))

M5E4E, WE R A generically Gorenstein & D, £ ® minimal prime p T/HA{LL TH, R, &7V
T 4 ¥ Gorenstein B, & > TIEEDHRAER R, MIEE reflexive £V (ZZZD 3 BHRE). L, =0
L5,

EOFH#RT, MinRNSuppL = @ B399 5, 72 R IZ embedded prime 7372\ DT Min R =
AssR., 2%V AssRNSuppL = @ &5, 7= LIFARERELD, SuppLl = V(Ann L), 2D
TFEeDde, YOp € AssRIZDWTH AnnL ¢ p &7 5, Z Z T prime avoidance ff 2 I,
AnmnL ¢ |JAssR &732%, £oTHd € AL 2HY, €| JAssR &5,

FoTmEIm@ &Y ze R\JAssR=regR. 2% z | Rregular TH5, ZITx € AnnL
ERWHIT e, Le=0&%5%, WE M i torsion-free £V LHZ S5, BROTL=0»>5., O

YRIZ socle & D FEBME,
EF 3.13. BA YL M ceModAIZDWT, soc My 2. M OHEFMIAMBEOR T3, Thidike

H0T 5!
soc M = Z{Imﬂf: S — M, S \FHAINHEE }

R 3.14. GE#) B A EOMEE M € Mod A 12D\ TIRIZ[FIE:

(1) soc My =0.

(2) Homy (flA, M) = 0.
SERA. (2) = (1):BH 52

(1) = (2): Hom OERIFIERTHL 2, KoT. (1) 226 THMMEE» S M ~ADHFED Lo
W] DT, LKL TV T, EEORI AR S M A0 a Lrnnwl eibnrs, O

(FErrff) 2 —X—B A EORRAESMEEL. EIHRIMEEE socle ¥ B L DHLK T unique
2T 5

B 3.15. A —X—E, MemodA £T25&, IRD XKD R7TERY

0O —T™™ — M —— FM —— 0
TH>TTM € fIADDsoc(FM) = 0 LRBDEDVFIEL. BN THE, 2D Eh o,
(flA, {soc = 0}) &\ 5 2 DD L mod A D torsion pair TH 2,

SR, TM =S{L|L< M THHEXHR) LEDS, ZRIRERREDR, ABF—Z— M3
AWAERARZ L XD 3 —2—, &oTTMIFERERE 20T, ZORBHRN, LrLESH
BRI D AIRANE, RS ARMBEOERND S 2H 2 HO0T, RIAR, oTTM HYHES
AR 72 5.,



R Eo (GEriR) REEOMBED X € (R5E) 11

ZNiE, EERPSEAR X clIAPSD X - M B R6TEETM — M 2&%HT5, 20
ZeaffS L, EMENLRERD S, FM O socle ¥R THBZ 205 (FM ~D simple 225
Dt & & > TEN% pullback U THZTRI DO o THAHFHB LD IAREID S A0A), —EMHED,
TMIZZO5WSRERP VIRV EHRT SN 5, a

AR, Z® T[socle=0] & torsion-free % torsion-less ¥ DR EZ R TWEZ W\, B R HEILHEIZ
torsion-less % torsion-free 72 M T, [torsion-free 72 & socle=0] ME X 5 & D HEITH £ B L socle
0TH5, socle 0 ZVHWVWEWSDREWVWDT, REMS:

EF 3.16. AR —X—E R M O-socle THD LI, socRp =07 &%\,

RDFEFER, &0 59 <FRITERZ S, socle DELik & D R A 0-socle % Z & & Homp(R/J, R) =0
CEMETH B, depth ZHI>TWB AL S, 0-socle 2 afTERIL depth 28 1 BAERER, &S WA T
H,

F 9 0-socle IZERDMBETEH U 2 DT, R A% 0-socle T M DEBRAERL torsion-less 72 R AL 5
WsocM =01 IH5 (MEBRKRIENLS M cSubRIZED), EHLEZRZIOTHS2S L
WA, L hegE<, MRS EH T, torsion-less T® D 72\, FEHHE 2 5 depth & D associated
prime U FEIIZ R S572DT, LVHATH LTS,

FFHHL lemma 5, AHERTIE R/p LWOTROMEEN L HE0, 2O regular element
IXRHEIZ DT B,

A 3.17. A — X —B R & p € Spec R IZH L T,
regR/p=R\p

FEER. r € RIZOWT, BlLrepib, rfE54 R/p — R/p 3L UEHR LD, BH TRV (R/p #0
725 56), o TregR/p C R\ po

BT, re R\p &S 5. rfEGM R/p — R/p Cabi0lckorbddE, arcp &, rdp
IO pBBRATTNRILEPRSacpD2EDa=0, £>TrregR/p.

HBENIEH - LHIZ, R/p 3EEALOT, BERFIZ0DHR, ENBFEITHVL, a

PR 3.18. At r— X —E R & p € Spec R (ZX LT, RIX[EMH:

(1) % qe AssRDPFAEL p C qo

(2) R/p 2% R E U T torsion-free,
£<IZ, m e Max RIZDWT, R/m A torsion-free 782 & &, me AssR7RZEDF D socR#0
75 Z L AR R,

SEBA. R/p 7% torsion-free 72 Z & 1%, EFH 5 reg R C reg R/p LA, MiEBII LD, reg R C R\p.
DFED (1)ldp C R\regR, TZTamEBTA LD, R\regR=|JAssR, 2%V (1)ldp cUAssR
CEfE, ZZ 7T, AssRIFERES LD, prime avoidance Z2H 21X, Z#iE [H 5 q € AssR ¥ F
fELUp CqR L2l DD (2) &IFEMH, O

o8 3.19. R % O-socle ma[ffair — X -2 35, ZDOELE M € ModR » torsion-free 72 51X
socM=0¢&75,

SFBA. socM #0235, ZDEE, M D socle 12\ % BHMEEE Y HEI1X, 2F0H S5 m e MaxR
ZDOWT, R/m — M WS BN H 5, —MIT torsion-free IFEBAMBETEH L 2D T, R/m H
torsion-free, &> CTAEBIRIZ & D soc R # 0 THJE, O

DEIZ, TsocM = 0725 M % torsion-free] WEZX 5 DIEWVWOnEE X\, LA UHIZIX
R =k[[z,y]] ED R/(x) & A5 &, socle & 0 7223 & 2T torsion-free TRV, ZRDT 1 IRILD
REN NS, ZAIFFEE 1IRE CM BRIZDWTDEEIZ A5,

8 3.20. RZWH 1 Rer—X—Br 35, ZOLE M e modR MsocM =075251F M I
torsion-free TH 5, 2F D soc M = 0 & torsion-free IZFETH 5,



12 HARUHISA ENOMOTO

SEBA. M 77 torsion-free T2\ & LT soc M # 0 /RS, torsion-free THRWDT, H504xr € M
ErcregRPHFELTCar=0ThHd, ZZITL:=zsR<M WO EDINBEEEZXS, IELD
Lr=0T®525. LIZR/(r) NEETH 5,

ZITEDIBLREIenH, reregR LD dimR/(r) =dimR—1=0, £>2TZDIH*X 3%
ZeMS R/(r) BT NVT 4 VEL FHZ LIRS ERMEFCH S, 0 TRVWEIHRINAEL socle
ZRDODT, Lbsoclezdbb, socM #£0 &85, O

% 3.21. R % 1 k5t Cohen-Macaulay Bi& 35, ZMD & E M € mod RIZDWT, M A MCM il
BETHBHZ &L torsion-free TH B Z L IXFMETH 5,

Iz, EHLED 0-socle D05 EP0nE <, BRAIZ0RIGRS BT EEOAERERINEIZE
IEBR LD socle #H D,

B 3.22. IRDEIX 0-socle TH 5:

(1) 1RICEA LD AR+ — X — B (R, m) T reduced 726 @D,
(2) KTV — X —8I R

FEEA. (1) socR#A0 2T 5, DFEFVHZ04z € RVFELTCam=0&%4%, ZZTHLardm
AN Rilocali@xiTLﬁo FoTm=02%AD, dmR=0&%R>TLED, BDTzrem
THH, &Xiz2€eam=0, &> T RlEreduced T L->TLZE D,

(2)socR#£0& 95, 2F0HB04£ze R meMaxRVWHFAELTam=0ThHb, ZIT
RIFARTHEVDTMmA0THY, 0AyemDEND, §5Lay=0THH. RVEHIZFET
5, O

fEE 3.23. A — X —EIk RIZDOWT, dimR>1%5socR=0ThH 5,
WEEXTDEED, TR —X—F R & M € Mod RIZDWTIRDBEEHE YD 37D,

soc R=0
M e SubR é M :torsion-less =———= M:torsion-free =——= soc Mr =0
: f.g. R:gen. Gor, dim R=1
Min R= AbbR
M:f.g.
T HIZ RPBIHILSIRD &L 51270 %:
dim R>0
AfezSubf{g;;;;;;;i AItor&on]essiiiiiiiii M :torsion-free =—= soc M =0
f.g. M:f.g. dim R=1

INDEIRTE ver R F— X —REBUKEHEF DI HX D 72\,

4. ASSOCIATED PRIME J&:34

F41. REAHBLA—X—. M cModR &35 (EEEKTHLIW), ZTDEE AssM 2\
Spec R D REA %,

AssM = {p € SpecR| » 2 H4 R/p — M DFIES 5 }
TEDD, DED R/p DB M IZHANMBEL L TA-TE2E5hp 2L oTELHD,

CORHIX, TEMEIL, pecAssM THDZ X, Hdxc M MPFIELT Anng(z) =p & 72
5Z2rEUTHD, ZN% Ass M DEBIF > TEIRDBLVRDT HM, ZTH5E»rNd L e2Rb
DORVDT, MHEOHDAA L WS HTHR-LUTIELWY, £595& TAss M & M DEDIFS I
WBHEATFTTIV] Alz\0ieAd A—=UDEL, L ICAEBRRTEZ TTEP > T30 275, socle iIZ\W 5
simple ¥ DI TH 5, HL Tinj. hull B L ZHLEF > FAUERKTS £ 0L,

HAME %2 W< D,

iRl 4.2. RZ 1B, M c ModR &3 5%,

(1) {Amng(z) |z € M,z #0} £\ ROATTVDEEEFZERZ D, ZOEEDOBATIEEE)
A T TN B,
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(2) RBPA—R -5, M#A07R5IX Ass M #+ @.
(3) Ass M C Supp M

FEEA. (1) 2721, Anng(x) B EOEGDRNTARZE LT, ab € Anng(z). a € Anng(z) &
T2, 2F0D2-ab=0702-a#0THd, TDL E Anng(za) 2EZ 5. HSHIZ Anng(z) C
Anng(za) THZDT, WAL D Anng(z) = Anng(za) TH 5, VW FE b€ Anng(za) THSDT,
be Anng(z) TH D, &>T Anng(z) EFEA T T,

(2) M #0756, EOEARIFETIEEV, KoTRPXA—X—LD LD TT7ILVOEAITHAIT
NH5,

(3) p € Ass RZZSHRDIAA Rfp — M Do 0, Tk p TRAMESTIUX M, #0033 <S5, O

UWEENRE DT LV TCHEBLITEHRLTHL:

EE 4.3, A Rr—X—E R EONIEE M € Mod R 7 coprimary T&H 5 &1k, Ass M 237272—DD
TEMORDBEZEVD, ZDEE, AssM = {p} £LUT. M % p-coprimary & &L,

HELTHLIPD,

il 4.4. A — X —E{ R & p € Spec RIZDWT, R/p & p-coprimary TH 5, DE D Assg(R/p) =
{p} 2D IO,

SEBA. FIZKAUR D SLD: R/p DILEDTE0 AT € R/p 1o OWT, Amng(F) = p B D IO, Zh
ZIEEEAFTTVOEELDT, PNETES, ZI75T < Ass(R/p) = {p) 25, O

Prime filtration (Z2WT,
Rl 4.5. REZAA— X —B. M € mod R ZHGRAEBIMEEL 5, ZD& &, M OEBZ DS
O=MycCcM;cCcMycCc---CM,_1CM, =M

DEAEL. & M;/M;_, 2¥& % p; € Spec R EFWT R/p; LAMTH B LS5OV END, DF
DILREDOBERAER RFEHL, R/p E\WHOEOMEEZERENLAL TH LS | 2% prime filtration
&I,

IR, M =0%R58bD, M#A0&T5L, AssM # @ &Y p; € AssM DHN3, DF b H4
R/p1 = M MWeh, T0h% M, 235, M/M, #525%%, ZhH 0264800, 0 THRWA
Hov. EREDIELTWL, ZOEEIZ. M OO NEOED LA 25 25DT, M H»r—R—
Mo rhroundibxs, O

TNEED prime filtration 230 2 3UE, support (95 5:

BB 4.6. AR — X —E R L ARAERIEE M IZDOWT, M O prime filtration 2 —2REE L. %
TITHTL BEA T TN E pr, - pn T 58, SuppM =V(p)U---UV(p,) &5,

EERA. @@ L0 9L, 0
PIZHEZERINZ DOV T DIR D £\,
fhRE 4.7. WX — X —ER R . Mod R T 45
0—-L—->M-—N—=0

IZDWT, IR VED:
(1) AssL C AssM
(2) AssM C AssL U Ass N
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EEBH. (1) p e AssL 3HNE, R/p—>L— M EVWSHEFOEKREZTp e AssM 7435,
(2) Z2H5HIEEAM. peAssM L T5L R/p— M Hbb, WOAHEREZ 5:

00— X ——R/p—— 72 ——0

[w [

0 L M N 0
FTXAL0DEHE, ZOLE, (1) 25 T #AssX CAssR/p={p} £7%5 (M2 LmELA)
DT, AssX = {p} TH B, LoTEMOYEIN S, pe AssL LD, WIZ X = 0 DHE, 0
EZEXZ=R/p 725D T, GHEOHEINPS pe AssN 725, PLEXD AssM C AssLUAss N

N O
% 4.8, AR —X—B{ R FOBREKINEE M € mod RIZDWT Ass M IXBRES.
SFBH. Prime filtration My @R 2 & 0, T2 Mm@ & OIS 2, O

b E DBIRIZDOWT, T TWHERZGEHIZS L WHA LW,

fhd 4.9, TR —X—B R X, M eModR & peSpecR%E2EAD, HRLEDIAA Spec R, —
SpecR D% & T, Assg, M, DItiE, B &5 & Assg M DIuhD Spec R, Dyte —HT 5, 2D
TORIROEHE DD 5.

Assgr, My --—- »{g€AssM|qCp} —— Assp M

I I l

Spec Ry, —=— {q € Spec R|q C p} — SpecR

SEPA. q € Assp M D qCp ¥ b, EoTHOIAAR/q > M DH5, Zhkp TRMELTS
&y (R/q)p — My, WTE 2D, (R/q)p = Rp/qR, 82 & &V, qR, € Assg, My AV D LD,

WD ko & ILR ESBRNEWVWITR, g€ SpecRTqCpRdBDIZNUT, qR, € Assy, M,
CIREST D, ZDLE qe Ass M &F 72\, Annihilator 2o ilik2EX 5, 5D a/s € M, B
FAEL T, Anng, (z/s) = qR, £ 72> TW5%, ZITHHILTONRSTH Ann ZED SR VDT,
Anng, (/1) = qRp, £ LT &\,

—FEEOULTEIN LV, Anng(z) =q2Z &, UL —BICIZEHT, WAWSED EX
5, WERMDPA—Z—ERLD qDERR q1,- - ,q, PEND, TIT (/1) (¢;/1) =01in M, 7% Z
Eo. BB 1,8, T8 EpREDVENT z-(5;¢)) =0in M &%, T TxDRHOHOIT
=281 5, BEZABHLDFEL WL, LWVWSHKATH B,

Anngp(2') = q ZREIEE WV, £9 q C Anng(2)) &, RO o OBEP S92 53 IZTS, IR
Z2a=0Da € RIZOVWTIEDIIDET D, TN% M, IZb>TWL &, (2//1) (a/1) =0 3Y
DN D LD, T2 Ts eBiE My, TRAF K I D6, (2/1)-(a/1) =00 RS, &Ko
Ta/l € Anng, (M) =qR, TH D, ZIh 53 EERZERIZE Y (RbE#A T 7LV OXNIG
EM). a€qTHDBIENTSITRD, O

BDLE, THhVWOTA FTTIVEDOEELENTEL,

fhRE 4.10. W —X—B R AT TN I 2EZ, M € ModR/IT £ T 5, ZDEE Mg EHRN
LM, AsspM C V(I) TH5H, £7ARLIEDIAA Spec R/T — SpecR DH & T, Assg;r M &
ASSRM&iQﬁ—g—éo

BEEA. Assp M C V(I) 720 <, pe Assp M & 35¢, Rlp—>M»Hsb, ZITMI=04%&D
R/pZIMITHH, EoTICp, 2EDpe V() ThHhd, bLiFBELEFEYZ0H, O

Prime filtration [ZHR] T, 72& X0k EXEBRMENEEARZ EBN005 (Zhl@Eon]
BERTIEZ DL — TR0 T5), HE T, Ass 2o THRERUIEDHOIDI &2 H
% (fpE E23),
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Rl 4.11. RZW#R— X -8, 04 M Z2HRER RMEEET5 &, RILFEHE:

(1) dim M = 0.

(2) Supp M C Max R.

(3) M cflR.
F-Z0rE M OMKRTE UTHNS BMMNEEE R/my,--- ,R/m, £$ 5%, SuppM =
{my, - ,my} &> TWVW5,

FEER. (1) & (2): B AL, dmM =075, DE D SuppM D EDHEA T 7 NIZHAERFREN
BWZEERLTWS, [TREDORA T TNVIEBTHAAS T T MICEEN, SuppM I B E THU
50T, dimM =075, Supp M KA FT7NDENRSHE->TWD, HiZ, SuppM C Max R
ROoHSMNIdmM =0THh5,

(2) = (3): M @ prime filtration Z—2& 0, T B2FE AT TV & py, - ,p, £ T 5, MELD
IZ& D SuppM =V (p)U---UV(p,) THD, LML (2) &0 SuppM C MaxRRZ NS, p; 7z
HIZETHAA T 7, Ko T prime filtration (X5 IZHEH %2 52 TV 5,

(3) = (2): M OMESI%E L2 &, M IFHHM R M2 EGREIERLZD D, —HHH R I
FEBTHEm e MaxR ZHAWVWT R/m &FHIF D, Ko THAS T 7 my, - ,m, 25 M O
T T 5295, ZDLE Suppg R/m; = V(my) = {m} IR, KoT@mEEZDITLD,
SuppM = {my, -+ ,m,} &Y, SuppM C MaxR &7825, O

F 4.12. A[HER R 12D\ CIRIZIFEE:
(1) RIZ0RITH—&—EB,
(2) EEOAERAERK R INEHXE X AR,
(3) RIFTIVT 1 VI,

FEEA. (1) & (2): mE IO (1) & (3) K0 T <HES,

(2) = (3): Rr IFAMRAER RIFEL W EZIAR., XoTT7 VT 1 Vi,

(3) = (2): AT VT4 VEBILAXI—X—BTHY (ZD3bX50H), Lo THEEDHE
BEAE BOINEE 13 R S B BR, O

DUZFNTZH, Ass DUHEIZRES, £7 Ass FBEEHOEETREO I o TWizhl, £ - L flfH
\Z Hom E5THm5:
R 4.13. REWHLA—X - L, McModR & peSpecR%&2 5%, ZD&E, WIXFEHE:

(1) pe Ass M.
(2) Homp(R/p, M), = Hompg, (k(p), M) # 0, T4idd & THEAT S Bass BUEZIE 10 (p, M) #
0Th5,

SEEA. (1) = (2): fEIH0 5 723, R/p — M ZJRFHL S IUEHS k(p) — M, B TE 3,

(2) = (1): THhEXotz, RUDESIMEBTD 2572, (2) &0 M, DHFIZ k(p) BA>TWVWD
(k(p) IZHH R, MEEEL D, £ 275 D non-zero SHIMTHENTIER) . £ o T pR, € Assp, M, T
HH, WEEI LD pc Ass M MBS, O

IROMEE L depth & PRITTH > B % K< fHS,

i 4.14. R 2wt —X—ER, M eModR%2t%, ZDLE,
R\regM = UASSM
MR D LD, DFE D M @ associated prime DEEFHH union i&, b &5 ¥ M DERTEAKTH 5,

FEFA. £ 3 ac JAssM 55, DE0HDpeAssMIZDOVWTaep THD, ZITp=Anng(z)
b recMMBPENEZDT, za=0&%%, £>TadregM.

HiZadregM &35, DEVDHD040€ MDPHFELTCara=028%5, 2D E Anng(z)
EWVWSATFTIVIEMEIAL) TEATEATTIVOEAD T, 5 RVPF—Z—BRLD, Zhzad
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£57%, ZOEETOMKILATN, Thzpedde, MEI2 LD peAsM THD, £oT
a € Anng(z) Cp &85, O

RIZRB/NEZE A T 7L & Ass & DEFR,

R 4.15. RE2WHr—X—B, M ecModR&T5, ZDXE, LED Supp M DTIZbdTH5
ASSM @;ﬂ%é\to

GEBA. p € SuppM £ 5BE M, A0 THd, &> TqR, € Assp, M, BHN D, @EIAZMES &,
Spec ROHFITEZRT, q€ AssM THY qCp TH 5, O

RE 4.16. REZWfir—X—B2 L, M cModR 2 T35, ZOLEMOERIZ KT 5:
o Ass M DI/INTDES,
e Supp M OMUNTDOES (MinM DI &),

SERA. i ETR Ik D, EED SuppM OILiEH 5 Ass M Otx &8 (%)), Tk, AssM C
Supp M 75, FRIFEARMIIKS Z 2 BELE TIN5,

BOLELRALRD, AssM OMUNTp 22 5L SuppM IZ A%, SuppM DL qTqCpird
LEDNHoT2eTDE, (F) LD €cAsM TP CqR2EDDBHBH, §dLp CqCphd
T, pOUNMELD p =q=p TH 5, > TplESuppM TERNILTH 5,

Wz, SuppM OF/NEp LD e, () kD qgCphdqeAssM Bend, LU AssM C
SuppM 7Zo7=Z &6, pDINMELD p=q &b, &<IZpecAssM TH5D, Hrlk AssM
DIES> B Supp M L D/NI VDT, HSPIZ pldk AssM TERNTH 5, O

% 4.17. Wit — X —B R LOBRERIE M 1T DWW TIRAED D!
(1) Min M IFEBESTHD, M £07%25 MinM # @ TH 5,
(2) fEFED Supp M DILIEHTH S Min M DIt x &G,
Iz, FEDEATTNVRBLTBNES T TN EED,
FERR. (1) WE M BAEREREREL DT, RES XD Ass M IZERES. £ > TZOM/NTD
EAMDM b LAAHBEETHE, - M #0775 AssM # @ &Y Min M 22T,
(2) LIS £V, fEED SuppM DILIEH 2 Ass M Diix G, £7- TAss M BWAERESZR
DTl 2D Ass M DIFTLIEH S T Ass M DRUNE (= Min M OIt) 258, O

Fix, FEOZEATTNVEBTHNEAS TTLEED] 2213, 2 —X—BTRWESTH A
ED Zorn ZfH->TWVWZA S5 LW,
W HATINEMZIE Support 1% Min 2 D23 > TE 5:

% 4.18. REZA[#ir—&X—B, M Z2HRER RN T, Z0OL E MinR IZERESERDOT
Min M = {py,--- ,pn} EFEL &,

Supp M =V (p1) U--- UV (py)
MY AL,
EEBA. SuppM B EMETHUTWEZZ2 &, RETD X VS, O
¥ 7285412 coparimary HI#ED support 1$IXD & S IZFER TE 5:

% 4.19. RZW#ir—X—BR, p € SpecR T 5, ZD&E M p-coparimary 725 (DF D
Ass M = {p}).

Supp M =V (p)
N AIRVASN
SERA. Supp M B EMETHLU TWAZZ & 2 MEEIE X YIS 5, O

72 Z Z T Associated prime D TWL DMFER R EDEEEZEHZEL THL,
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EH 4.20. REA#ir—X—B, McModR&T B, ZD&&E

SuppM = {p€SpecR | M,#0},
U

AssM = {peSpecR | 3R/p— M},
U

MinM = {peAssM | AssM TOI/NE= Supp M TO/NIT },
U

AsshM = {peMinM | dimR/p=dimM}.

DF D Min M & Ass M Of/NG= Supp M O#UNG (fifEI8) TH YD, Assh M 1EX 512 Min M
DIHT, M ORTEEEBLTWEESIBRFEATTIVTHS (SuppM DFEA 7 7 )LD maximal
chain 1343 Supp M DN TR SHBESDT, Min M IZA->T3), L dim M = co DIFEIC
% Assh M ZRIRRICED 5,

FZDLE, AssM IZAS>TWVWABDR MinM IZA>TWaRWE D% embedded prime & WO\,
Min M (Z A2 TWAE D% isolated prime L IES,

FR 4.21. DUBRKOGTO & ED Assh M X Min M IZDWTHWD THfid, ZHS6M2E0 %720
ZEDBRD LI INDE, MA02T 5,
e T dimM < coc D& E, dimM Z2EHT 5 X 57 Supp M TOD chain BVELN, ZTD—
EODOLDE p L35, ZHIEIHSAIC p O Supp M OHUNEE D, Min M £ & T
%, THITSuppM A LEAETHLTWAEZZ L2 BWET L, dimR/p = dim M 23537120,
Assh M #£ o TH 5,
o RIZMWPERERDE E, REINIZEY MinM £ THOH, UrHARELETHS, BL
dimM <oco?2H EDZ & XIS HIZ Min M D722 Assh M DI A->TW\W5, &I
dim M = co DGEN, TOHEE Min M BWERES LD, dimR/p =00 725 Min M O
RN DD, RS, Ko/ Lo, MinM BERAEDT, p A MinM Z2H< &
E O dim R/p DIEIXHRAELH S, UL dimM =00 &0, TNE O EVWEZXD Supp M
T chain ZH(>T® 5 &, TO—FWDDEIZHERS Min M Ot p 2T IMATRS
Z&T, dimR/p £V HEW chain BMENTLEWENL W,
2F0, [dimM <oo £/ M HPEREFRDE E] X, EHAL AsshM # o WMEEEI N3,

WMEZDEIDI EE2ENWTHEL &,

ER 4.22. ROHA— X =B 51X Ass R = {(0)} DAT, AssR=MinR=AsshRT»H5 !
BB 7 EHIH R,

MR 0 RTDEEL LD TEL,

R 4.23. REWA—X—B, 04 M 2 GMRAERK R NNEEL 35 &I FEfH:

(1) M eflR.

(2) dim M = 0.

(3) Supp M C Max R.

(4) Ass M C MaxR.

(5) Min M C Max R.

(6) Assh M C Max R.

F72ZD&E AsshM =MinM = Ass M = SuppM THH, ZOEHKIFERESTHD, TR/m A
M OHENT & UTHHTL 2 ml 2EDEEL LT VWS,

EEAR. (1)(2)(3) DIRMEME I A B T - 72,
(3) = (4) = (5) = (6): AsshM C Min M C Ass M C Supp M & D HH & 2,



18 HARUHISA ENOMOTO

(6) = (2): FTERED LD, AsshM #3 TH5, £>Tpec AsshM HN D, LU (6)
DIRE LD ZHUIMBKA T TNV TH Y, AsshM OERIZED dimM =dimR/p =0 &7 5,

BEDOFEiR, M % (1)-(6) Zii7z9 &9 25, M OMEKT R/my, - ,R/m 72& T 5L, il
E10 KD SuppM = {my,--- ,my} THS, L2ALdmR/m;=0=dimM PEDi TEHEHD DD
T, my,---,my € AsshM TH 5, ko> TEENPKD IO, O

HETdepth & Ef5 DT, Hom EED Ass 25IH L THL,

i 4.24. R 2 Wir— X B, X 2HRAEK R, M € ModR &9 % &, IRDIKD SLD:
Assg Homp (X, M) = Supp X N Assg M.

SEER. R 2S5, X AWEBRARE D Homg(X, M), = Hompg, (X,, M,) (Z7EE,
(C) p € AssgHomp(X, M) &5 5, DF b H4

R/p — Hompg (X, M)

nHs5DT, FAMELT

k(p) — Homg, (X,, M)
WhoH, LXIZX, #A0&D peSuppX THS, ZOEHEDEOHNRS, 0 TRV f: X, - M, 2
HBoTL %, fAOKVBHBILIE FIZED My, DEBTIRVIGIZI DS, LML f-pR, =072 &
&0, ZOTTIEpR, PIFTIHB, K> TpR, € Assg, M, THDH, L Lam#EHEIIZED, ZIHh
5p € Assp M DIED,

(D) p € SuppX NAssg M 2t %, AULKREAET 5, X, # 0 FERAER R, MEL D, H#H
#ll Ry INEE k(p) ~NEHVDZ: X, — k(p). £72 R/p — M ZF/ALL T, B k(p) — M, »
TE%, INHEGHLT, X, - k(p) = My, LVWISHDBTES, ZOHIIHS DT pR, 2 H T
oA, LbEO TRV, &5 TpR, € Assg, Homp, (X, M,) &85, /2mEEgiZ& D,
p € Assg Homp(X, M) D3¢9, O

INZHWT, HEAGVRLO NS pOHRHZRMENES NG, HE T depth D & & DY,

% 4.25. W —X—BR R & X, M €modR & M € Mod R (Z D\ TiXIZ[FlH:
(1) Hompg(X, M) = 0.
(2) Assgp Homg(X, M) = 2.
(3) Supp X NAssp M = @.
(4) Anng X 28 M FHITTZ &,

FEEA. (1) & (2) & Q) X T TITX® ol &b,

(3) = (4): Anng X B M BRI Z B XMW ET 5, $5& Anng X C R\regM =|JAss M &
75, WEMMPERERLD Ass M FHEREA, &> T prime avoidance KD, 5 p € Ass M
PHEELTAmp X Cp &b, £oTpeV(Anng X) =SuppX &0, peSuppX NAssM &
720 FJE,

(4) = (1): r € Amp X T M ERIRTEIS, ERICH [ X > Mi2L 5L,

x 1M
x 1o m

EWVWH AT, r€ Anng X K0 EMEIE TS, r creg M X 0 AGHETY S, XoTf=0, O

5. Ass #3RdD B HiE (Wb BUERSR)

WEATTINEDPDRT I HEFTA T TIVIRIZ L a0 5% h o721 &, lassociated prime %*
—DUNEN] TEWHBANWEIEGRIE 85, LTS5, locally nilpotent 76D Z & X% 5
CRIBUBLK BB Z LIZADVWIEZDOTELDRET,
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5.1. Coprimary /N&# & locally nilpotent Jt.

EE 5.1l. RZWHE, M cModR EZDEMHMEEN <M 2H5, ZDEE N B M D primary
submodule T#H % &%, M/N 77 coprimary TH 2, DFD Ass M/N = Z—2Dauhoisb e &
WS, £/IDLE, AssM/N={p} D& &, N % M @ p-primary submodule & F.5,

ELIZRDATTIVI D primary ¥, UK R/I A coprimary TH2D I, DFD Assgp R/I
MR ETHEILLEHRT D,
9 coprimary YD, JLZE Do RO, HERIZRHERVEZERT S,

EZE 5.2. REAMMER. M % RN T35, ZDOLE re RH M IZ locally nilpotent \ZVERT 5.
M t locally nilpotent THBD L lF, AED € MIZHLTHE n BEFLEL T =045 &%
Wi,

HEHA5A M PERERZ S, locally nilpotent M id nilpotent & W UTdH b, F7-H 5Kk,
M FRITE & W IR 7RI T 5, FEBE. M ERIFEIZIE U T locally nilpotent (Z1%78 670\ Z & A%
SHAMND, £MHELHIZ AssM TRUBTELI L 2RB6A TR,

FlX, M L locally nilpotent 7t 2RI R 2GR 2 KD, Zhida@E o O —BfkizZe->T
w3,

A 5.3. MR R LD RIMEM 2F X5 L. re RIZDOWTIRAI[AME:

(1) r & M E locally nilpotent TdH %,

(2) rid&DpeSupp M IZHEEN5,
& <12, M FElocally nilpotent 72t &/Ri% (| Supp M (2 —Ed 5,
EEAR. (1) = (2): pe SuppM Z{ERIZE D E M, #0TdH b, \WE rH M Elocally nilpotent &
D, o M, ETHES5THD, LrLblrgpedde, rid R, THHILLD, locally
nilpotent #7225 My, =0 &> TLEVWFFEH, LoTrep TH5S,

(2)=(1): 04z € MEREEL. r € /Anng(z) ZREIEL 0, UAULGELCI LD /Anng(z) =
NV (Anng(z)) THo7z, Wi, HRLESG R/ Anng(z) — M 2% 5 DT, Suppy R/ Anng(z) C
SuppM TH Y., &> T V(Anng(z)) = Suppp R/ Anng(z) C Supp M &725, 2)DESGr&l
5E. BRIAEED V(Anng(z)) Dil&ENd, EoTre/Amng(z) TH 5, O

IhEffoT, MIEHIEE. M E® locally nilpotent 7t DX HRIZRZR A TE 2,

%54 Wixr—X—B R EOIHEM € ModR & r € RIZDWT, KA Y LD:

(1) r WM ERITHBZ L&, r HED M D associated prime (ZHJEI RN LIZFEETH 5,

(2) r 2% M FElocally nilpotent ThHdZ & &, rH M DY D associated prime (ZHET 5 &

IIFEMET® 5,
DED regM =R\ |JUAssM THH., M I locally nilpotent 72D EEIE N Ass M TH 5,
FEER. (1) i EIa TH D,
(2) » 7% M E locally nilpotent 72 Z & &, r 23 Supp M D EDTIZHET 5 Z L IZFAMETH - 7=,

—7J., AssM C SuppM THH, ZThifEEI@ 2{>L, ZDOZ&idr BED M D associated
prime IZbHJET 5 Z & & [FAMH, O

Z DFdik & #\, coprimary M % L TR 1T 5,

& 5.5. RZAMR —X—B 0#M e ModR % RINEFE T2 (MIREKDST), KIFFME,
(1) M 1% coprimary TH 5., D% D AssM 131 uEA.
(2) RDytik, M IEHITH 55> M E locally nilpotent TH B RDWTNNTH 5,

F72 M BERAER SR E [FAE:
(3) RDJtIE M IEAITH M M Enilpotent THERDWTNHTH S,
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F/ZDLE, AssM Oyt pld. M Elocally nilpotent JeDHES & —8T 5, T 512 M PERAE
B2 5, p=+Anng M TH 5,

FERA. (1) = (2), (3): WE Ass M »—nHh {p} THB, Lo TREAZEMS &,

R\ p = reg M,
p = {M L locally nilpotent Jt }

LR BDTHS T (2) YLD, M PEBRERZ 5. locally nilpotent Jti& nilpotent JL72 D T
(3) KD LD,
(2) = (1): FE@AZHWBS L, (2) %

UASSM C ﬂAssM

CAMETH D, ZI05 AssM BF—xEERZ & BERNIZ

BODBLRALAD, TT M A0ELD Ass M IZZETRW, 1j£,m\0)2fnp,q € Ass M #H{->TK
2. pCUAssM CNAssM Cq&DpCqThd, SoTHIMELD p=q &b, AssM I
—tHEATH 5, O

ZIDOIRBADE, BUARDZ AL primary ideal DEZ L LTS Z 2%\,

%56, REAMA—R—BELT5, ZOLEALTFTTIVI N primary TH5 I & &, RILFAH:
2,6 ERIZDOVWT, 2a € I THV 2 g IHSIE, HZnWWFELTa" el -0 E, VI
FEATFTNTHY, I VI-primary TH 5,

FERR. ZhUEXDFE 0 IE R/ ERAIEASAT R/T EIZ nilpotent TIEHT 2 Z L DFE WA TH D, O
7z, —BRE LS m-primary EIZDOWTEFEHTEHL,

BB 5.7. (Rm) 23— X —JFFiE. [ % ROEDAFTALL UL &, WIRMETH %,

(1) I'l¥ m-primary THSH, 2D AssR/I = {m}.
2) miF I Z2ELEATTIVOHRTHUNTSHSD, DD meMinR/I.
(3) Suppa(R/T) = {m}.

(4) R/TIFRIBEE L TRIARTH S

(5) dmR/I =0 k745,

(

6) B nMMFEL, m" C T &b,

SR, Max R = {m} 12D, (1)(3)(4)(5) RME I3 iz X W AETH 5,

(1) = (2): —fIZ RINEE M IZ2DWT, Min M & AssM DG & —E U 72D THI S B,

(2) = (3): Suppr(R/I)=V(I) TH>7=DT, peV(I) &T5LICpTHSM ICpCm
DO NEDDTHUNMEL D p=m TRIFNIXR SR,

UEEXD (1)-(5) XFAMETH 5, (6) IZDWTIE, coprimary DFHE DT BER 2fi-7259 <
TELL, b THEEAMNTES, ThETNHEVWTEL,

(5) = (6): WEAimR/I=0&Y R/IETNT 1 viFr—R—fafiRTdd (FE2 LD), —
R T IVT 4 VED Jacobson RIEEFHEE LD, H25ndHH. (m/)"=0THH (6) B,

(1) = (6): M#E R/I 7 m-coprimary T»H 5, EBEDIZL D, m DILld R/T EIZTREFETEH
T5, KoTHLRIZmr CIR5 [ BWFHET S,

(6) = (4): R/IEm" THABDT, R/m" EOAMRAERMEELE RNd, —FH, m* cm* ! C
S CmCREVIHIEZEZNE, Blotzl ZAXARAER R/mEEL D RIMEEE LTREI AR,
DFD R/m" ZRIER RIMBEARDOT, R/IE RIFEEULTEIARBTH 2,

(6) = (1): RPFHBRLID, ROTIFAWITLTH 2P mDILTHE2hOVTNNTH5S, B L
AL SIXIHS 2 R/T FRITH S, B L m D siE, (6) £ R/I BIZREETEHT 2,
Lo THAEBRIZELD I d primary TH D, AssR/I = {m} B35, O
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5.2. Meet-irreducible B3 N& & primary BB MNEF. ¥ERSED 72D, TR IFEZ DB
FED meet TERT I L %2T 5,

EFE 5.8. A& (FEWHL) B, M € ModA &35, ZD& ZEHMEEN < M 7 meet-irreducible
(meet-irred.) TH B LIFE, IRBED LD L EZE VD!
N = N1 ﬂNQ in L(MA) EB&iN: N1 if:CiN: NQ.

DED 2 OO MEFDOIEI S & UTHIZRELRVWE EZ2 WD,
FTXA—Z—DIREDE &, EEDEDINEET meet-irred EDMBED meet THI 5

i 5.9. A& GE[#r) B, M 23— X - AL T2, 20L&, [LED M O Ik
NIZX U T, % meet-irred. EROMBEN, - N, < M DPFEEL. N=N,N---NN, EniT 5,

SERA. M OISO INEED 5 5. meet-irred DERD meet TRELRWVWEDEREZEZ S, HLIDE
EMVETRNGES, MDPF—X—XDBKT N BEND, N i meet-irred D meet TEEL WD
T, & <IZ meet-irreducible TiX7\W, 2D HB Ni,Ny, LS5 N & DEIZKZ WS INEET,
N=N NNy 2EES, LU, BAEDHEELY, Ni & Ny B, meet-irred DHFFRD meet TH
b, o TN BERELILIZROFIE, O

— BRI R =R =R 5726, £ TOIIFNT meet-irred DERD meet TEHEREDLZ DI D
SERHAZ\Z L TH D5,

8 5.10. R 2 #ir — X —BR. M € ModR 2%, ZD& EHDIOMEE N < M IZDWT,
N M @ meet-irred. #5372 51X N i& M @ primary 4 TH 2,

SEBA. N < M % primary TZ\W\W& LT, meet-irred TRWIZ & 2R,

fRELD M/N #0THY, M/N » primary THEWDT Ass M/N 13073 & d 2 0l B2 4
B, o THERS 27Cp, g€ AssM/N 2252, M/N OMRIMEEZ R/p & R/q DB, TD
2 ODIEE XX TH D, BERS, R/p DX T TR NWILOD annihilator & p DT, Kb H A
YETHRWARS, ZOIEO annihilator 2 2 HEp=q 2> TLESDT,

E£2TO0=R/p1NR/p2 £\ Lg(M/N) TOKAMNTE2DT, HHMBEOIGERIZLD Z
N&ELr(M)IZH 5T UL, N=N NNy LW BREMPRTES, 5T NI M OHF T meet-irred.
T\, O

UEDZ &SR3 5:
EHE 5.11. RZW#HA—X -8, M 2HARERRIEL TS, 20L& M OEROEDID I
BENZEBE, 5 M O primary S0 MEE Ny, -+, N; ZHWT,
N=NN---NN;
EETZ, TOESIRFBEEHDI L% N OMEELSR (primary decomposition) &5,
RIT, BEKDIRNER DR ZER L, TNZ2M>T Ass M/N P Rx2 2 2Hh5,
EH 5.12. R2W#r—X—B M % RN L. TOHEDIMDIE N ORI
N=NNn---NN;
NEZoNET 5,
(1) Z DEEZEDRPEERDARN (irredundant) &%, ED N; ZR\VTH N IZIE R SR\ E E,|
DEDVEDIIZDVTENFEN,, N; LRB2LEEND,

(2) MEEADRWHEZ RN EREE (shortest) Th D L%, Ass M/N; 726D NE & S prime 7
55 L E%R VD,

b LERDRPGZ 5N, ORI 2020 RS Z LT, Ho T2 nE S icT
&5, o, ROMEN S, S OITHERD R WIERMRIIEIIIZT D LN TE D,
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& 5.13. Rz — X —EB, M % RIIFE Ny, Ny & M O p-primary S0 MEEE $5, ZD
EEN NNy H M D p-primary B NEETH 5,

E.I.TZEH. 4&‘%‘; D ASSM/Nl = ASSM/N2 = {p} 'C“Z‘D%)o if:%gﬂ'M/(Nl ﬂNg) — M/N1 @M/NQ 75§
HDLHDT, Ass M/(N1NN2) C Ass M/N1UAss M/Ny = {p} TH S, &>T Ass M/(N1NNz2) = {p}
TH 5, O

ZAUZ K D AR — R —BR EDEEDARAEBRMEEO B O B, HEEKA T HE ) iR
O, ZHUIDWTIRMS A5

EIHE 5.14. REAr — & —8 M ZHRER RINEE. N & M OEOHS IR, £7-
N=N,Nn---NN,
% N O M CTOMEKP R NIERNRE §H, TDL SR LD
(1) Ass M/N; = {p;} LB &, AssM/N = {py,--- ,pi} 725 (XD IEHH S 5B),
(2) SSILZOREPRITH Y. ULrs & p; ¥ Min(M/N) IZA% (M/N @ isolated prime)
RO, N F—ENTHS, KO, Bt g M — My, i220WT, N; = ¢ H(Ny,)
ThHb,

SERA. EEWRIE (2) 3DV UHELDTAL, BBIZR 726X 5,
(1) 85 M/N < @, M/N; B*%H B DT, Ass M/N C {p1,---,pi} BHSHTH 3,
Wz, p kLB, p; € AssM/N RS, WEMEBKD R WZ &2 S &,
0# ([ N;)/N < M/N;
J#i
EWVWSDOMNTE, BHIZRD I EWPHERTE S, Lo T
& # Ass (ﬂNj)/N C Ass M/N; = {p;}

J

72D T,
pi € Ass ([ N;)/N C Ass M/N
J
MHES, O
% 5.15. REAI—X—8, I 2 ADEDAFTT7IET 5L, HEERBRWHERS

I'=qn---Ngq
DPIFEL. ZhE—2etiE, AssR/I = {\/aq1, - ,Jai} &% 5.
TR LD, PEER R/I O associated prime 2302 0D, @& AL minimal prime 0755 |

6. Bt 7= OME
socle WA B E DI, WBRA T TV CTORALTF 2y 7 TE 5:

R 6.1. Witk —X—E R EOHE M € Mod R IZDWT, IRIX[FAE
(1) soc Mr =0.
(2) MaxRNAss M = @.
(3) D m e Max R IZX U, soc(My)rg,, = 0.

FEEA. (1) < (2): AssM DEFHR L DI S A,

(2) = (3): 3) THWVWETE, HHmeMaxRIZHUT, Ry MEEL L Tsoc My #0ThHb, D
F D mRy € Ass My 23 Spec Ry DIt LT D 72D, T3 % SpecR DM THEZ B L, fmiEiy
ED. meAssM PV A B, £oT(2) ITFE,

(3) = (2): L0ffHE, (2) THWVWAES, DEDHDSmeMaxR EHH R/m — M B¥dHsb, Zh
Z m CRAMET UL, B4 k(m) — My, 2350, soc(My)r, =0 &FJE, O
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7. AR — X —RAER E O KrRULL YOG A R

ZOHITIE, A — X —EAERD Krull IRGTGAERLZ & 2m$ 2 &2 HEIZT 5, TS DR
JEID Z LB THDLRWDT, D55 Appendix IZTH F L H 5,

71 ERER. £9 (K A TTIVOEIEERT D,

EFE 7.1. Rz p e SpecR &9 5,

htp:=dimR, £ EFL, THNEpIZEEND LS RFEA T TIVD chain DRI DmAMHETH S (72
AEMEZRLUTWRWI IZHER),

ROATFTTNIIZKU, ht1:=inf{htp|pe V(I)} &3 5,

FER 7.2, REWA—X—BLTBEL, V(I)=Suppg R/I Did#d MinR/I DL &
& Z L,

ht I = inf{htp|p € Min R/}
WIS A DB, 72 (Rom) B HEFERZS, ©%LD dimR=htm TH 5,

Whp 2 Krull OFEEERZ HEIZT 520720, FlEHE LTk TFEA 7 7 )LD symbolic power
ZMW Krull DHIHA 77 VERZH L, T2 HOTRECEEEBZINT L] L0550
BB, ZTIZOHNAIEWA ARV IEVWH S 5 LW,

EFE 7.3. R, pcSpecR%2& %, ZDEEn>11220WTp %,
p™ = RN (pRy)" = {a € R|a/1 € (pRy)" C Ry}

TED. p D symbolic power LIEZR, DF D R% p TRHAMLL T, ZOROWEZ n LT, 20
Z RIZELGIZERLIEDTH S,

EE 7.4 (Krull DBREA T 7IVER). REZAMr —X—8 2z € REEREIZLD, ZTDL &,
peMinR/(z) Z#EEILL 2 (DFED 2 ZEE prime DRNTHUNRSH D) &, htp < 12D L
D, DFD THIHAT TNV IIZOWThI<1Th3],

FEER. BHS T, #OA 5 p TRAMEL THEWT, WEREBEFITH S : [(R,m) 22— X —FAT
BHEULT, meMinR/(z) 5K, dmR<1T»H3]

IO, fEED q € Spec R\ {m} I LT dimR, =0 &R L7V, HIEHIZIZ, Ry D
BRA T 7 qRg DN E DTN £5 2 L 2R/ XL QRIEB D5, D72 RIZEIEREL
T. RIZHBIF % q D symbolic power DIEDHPFDFINE $H I a2 /L, LWS I L%xT 5,

reqlLTLEILq=m2EABR>TULEIDT, 2 ¢qllFTHER

WE (2) & m OFIZHEA T T VIR WDT, R/(2) X 0oL, DEVTVT 1 VETH S, T
DI EMH,

g + (z) D q® + (z) D q® + (x) D> -
EWHAFTIVOBERFINEVONIEE S, DXV H D i BEFEHEL. ¢ + (2) = ¢ + () TH 5,

(Claim): ¢V = g+ + 2q@) A3 0 VLD,

BERS, ARECEENDZDIEHES S, Ehrbimak b e, g0 CcqttY) +(z) Rz & kb,
a=b+azcwithe € qit) ce RALNB, DL Eac=a-beq¥) THDIN% Ry ~%kD L,
zc/l1 € (qRy) &0 2W, 2 € q7Z>7-DTxld Ry THHiG, Lo Te/le(qRy) &0, DD
ceq® TH3, &oT (Claim) HR¥7z,

HLIFHETT, s emZFERETI e, HUOHELEZ ZDT, q0) = g0+ B0 D, £oT
Ry ~Fio TV o T (qRy)" = (qRq) ™ AV LD, Ko TEAfiie &Y (qRy) =027%4D Ry
X 0RILTH %, O

N &M 5T Krull DfEESEH %257,

EH 7.5 (Krull DfFEEEH). REFA—X =B [ = (21, ,Tpm) EVWIATTIVEZEZ, p e MinR/I
Egb, ZOLENp<mTHD, £<IThtI<mTH5s,
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FEER. m 2 DWW T DNEZME S, m =025, m =1 DHEENRIES T 7 IVEMTH 5,
m>120L. m—1UTFCIDEHEDEVIDET S, T p TRMELTSZ LT, RERTRX
K\

(Claim 0): (R,m) 23— X — @i, m % (z1, -+ ,2,) EOMNESLTTNETH L, dimR <
mTHd,

PAF (Claim 0) @RI ZAE Uy (Claim 0) 2R3 72D P74 Claim &2 WA WA HEfiT 5,

(Claim 1): [ERIZEIT TNV qAmBERZOND L, q2BLHIEAT TNV p #mHBFEHEL.
pCmOBICIIIERES TTIADRGFELRVE DI BRBDNREND,

(Proof of Claim 1). ¢ & m OFUIE A T TIDBRVES pi=q T X0, BRI R5, M
A qCq Cmeid,  EmOEIZEASTTADRRVES p =g &TEL, BLHER
5o LIEDIRTE, RBFA—Z—1RDOTVONILE S,

(Claim 2): p € Spec R\ {m} 2, p Cm OICHEA FTTANEFELELBVE I REDETE, 20D
EERDEDIBIT Yy, Yy, Ym ERDEMND: Ty Zp Ty, Y EPTHH, miXy, -, ym
EELHREAT T IVOHTHUN]

(Proof of Claim 2). ZZH—FEHAELL IV, WE 2y, 2, PETPIZHEENTVZRS, m
DOI/NMEED p=m &HoTLED, LoTENREp ITIFEENLRY, BEDINZITENE 2
ELT&K, Y1 = I tlgﬁ<o

WEpEmOBIZEASTTADREL, y1 €pRIEEDpCp+ (1) THD, £oTp+ (1) &
BUREATTVEMEZITRDOT, R/(p+ (1)) 1K 0IRIE, £oTHdnBFEEL m" Cp+ (1) &
%5 (e e xR L),

DED =2+ mIZDWVWTC, 2l =y, +y12; LBDEI Ry, €p Lz, € RVFIET S, ZIT
HbE L, EROBATTNqIZOVT, BLqDP 1,0, ym 2ALRSIE, 2,28, 27
EEHEULDT, 21, -, 280, Lo Tq=m&RoTLEDS, £oT. midy, - ,ym 2HLHE
1T T IVDHRTHINTH 5,

(Claim 3): p € SpecR\ {m} 2. p Cm DFIZEA TTIUVBHFELBVES I BREDLET S, Z
DrEhp<m—1&Hk3,

(Proof of Claim 3). (Claim 2) DX D78 yy, -+ ,ym ZH D, TDEEZ R/(y2, - ,ym) EHAD
ELZIANDOMOHEMIE Y 2ELEATTINDORNTHNTH S, Lo THBIBATFTT7ILEELY
htm<1THb, UMNL (Y2, ,ym) CPCmABRIEED, tm=1THb, 20 R/(y2, ,Ym)
DIRIPTPIIMUNEZEAS TTNTH S, £oTplk (Y2, ,ym) EACEA T TIVOHRTHUNT D 5,
Ko TRMEDIREL Y htp < m — 1 B D LD,

(Proof of Claim 0). U Spec R IZEI NI D chainpg C - Cp1 Sp=mhdHo72& LT,
I<m#%mrRT, TOLZE (Claim0) 2L D, BE LS p 1 L mOEIZOEDEMULT, Ipp 1 Cm
DOMNZHEA T T DRV RELTEY, T5& (Claim 3) BMEZZDT, htp 1 <m—1&7%
5, oTI—-1<m—-1HRW\, [<m&i?, O

R 7.6. (Rm) % %—X—RiBLT2E, dmR i m OERTEOMEMT EhSME SN, £<
IZdimR < oo TH 5,

FEER. m = (21, o) EWVWI KD %R LED (RVPA—Z—KD m IFERER RIEETH LD
T)o ZDEEWHSLIZm L (21, 7)) ZALPTHNEAS T TNV THZDT, EEEHIZLD
htm<m. 2¥FD dmR<m Th5, O

72. EEEEOWY - RITOFHOT. EETHIX, Im ERA T 7 NLVOESIEm AT 7Zo72h5,
Wz TEEmDATTARD -5, TORDPSEE mIZE5 LD mahend] Wi &2
DILD:

mE 7.7 (EETHOY). REX—Z—8, [ ROEDATTIVCThI=m”ZLdT5, ZOL
5 x1, m €I THoT, ht(xy,-+ ,2;) =i BRTD i THOVLDE D E DWBFEET 5,

g

N
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SEBA. FERMIIZ prime avoidance f o TIRHANIZEL > T WL, 1 > 12 UT, 21, , 251 &2V T
DILTH->Tht(zy,- ,2i1) =i — 1 RBIEPHPNT VWAL TS (i =1 TIFTHKELRN),
Ii*l = ((El,“- ,.Z'Z',l) tj_Z) (Z =1 TCi IO(O) 2:3‘5)0

ZOrE, YD I;_y E® minimal prime iZbEHEENRNE DBt W I OHIZFHET S L %
R, WHE, B LI ARVWE T 251 [ OEEDOTIENT ;- DdH S minimal prime (25
nad, 2F0

Ic|JMinR/Ti,
Thd, ZITRMPFA—X—EIRI LS Min R/I;_1 13 TRWARES, &> T prime avoidance
MPEZT, 5 ;-1 ® minimal prime p BFEEL, [ X p IZEENS, LrLEREEICLY
htp <i—1THEDT, ZHNIEhtI<i—-1%2EE ht]=mIZFET 5,

PEED o s, ZOLE ht(zy,--,25) =i Lo TWVWD, BERS, HLEDROES
EEICEY ht(zy,--- ,25) <i— 1 THBIETHRDOT, 21, -, 2, 2RUBHATFTT7)Vp Thtp <i—1
BREZELEOPEND, LU L CpTHDIens, RHEDREEID tp>i—1&4D, ko
Thtp=i—1ThHb, ZDOZ D5 pld;_; E® minimal prime TR IFNIXHRS5HLNWZ 22375 <
DB, UNL z; 12ED I;,_; ® minimal prime I TW/=D T, FET 5, O

INZEHWT, BRMEORITIZ DWW TIROFMEER 20105,

T 7.8. (R,m) & A Hr—X—RiBRET 5L, WORITE L
(1) B2 21, ,2m EMTH>Ty R/ (21, ,2m) BWEIAR RINEE (L LIE0RTE, DF
DTINT 4 VB b XS m DR/IMEA.
(2) d:=dim R.

BERA. £ 9°d :=dimRPSHFHT S, D2FD htm=dTHY, EREEDOFIZLD, HD 21, 24 €
m THoT, ht(wy, -+ ,2q) = dBRD2EDMWFET D, T5HL, @I z2HANE, HSNIZm i
(21, -+ ,24) LD minimal prime THRITINXR SRV, KoT R/ (21, ,2q4) ITIFFEAATTAD m
DBELUHRL, DED ORITTHD, £oT (1) DEMITDOWVT, m < d WD LD,
HAEEZRLUEZD, Rf(21, - o) DRIAREZ 72T DL, 250 mid (21, ,2) LD
minimal prime TH 5, ZZTESEE LY htm<m&R2DT, dmR=htm<m2FEDd<m
THb, O

O &EZRELTHLTEL,

% 7.9. (Rm) 2a[#ix—X—FATER, 04 M Z2ABER RIFEE T 5L, ROEITEFEL
(1) 5 a1, ,om EMWBBH>T M/M(x1,-++ ,20) PDEIHFR RIMFELRE LD m D&
IIME
(2) d:=dimg M.
72, di=dim M ZNUT, M/M (2, ,2q) PRIARIZRZHD (BELDENE) 2. M
D system of parameters (s.o0.p) EIEI,

SEBE. [:=Amp M &322, LORE (21, 2 emBH>T R/ I+ (21, ,2)) DEIAR
L5 mDE/ME] THY, DFED R/TIZDOVTORED (1) LFELW, £72(2) Hdim M = dim R/
ThHh, HED (2) LFELV, Ko THEBOEHLORES, O

TAMNIZIE, Krull IRIGIEEA T T NLVDF E P WS HRWLEDTERINTE D I<bhr o i
WA, ZOFEHIZEY M OWGE TMZ2E8NET0RTH-~oEBIAR (0L 128550
ERH>TWBEEDELEWHRIRTE, Zo5DIE52L-<K DK 5,

F/-, FRIETEB LRI B LD E—DE LB E2ENTEL,

i 7.10. (R,m) ZW#ix — X —@FER. 0# M 2 GRERNEEE T5, ZOLESLEDrem
IZDOWT,
dimM — 1 < dim M/Mr < dim M
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MDD, H U r BED M O minimal prime ##17 TWIUE dim M/Mr =dim M — 1 2720,
& U r DY M IERIDE 6 2 DF S Y LD,
FEBA. dim M/Mr < dim M (& Supp M/Mr C Supp M 72 Z D6 HH S W,

dim M < dim M/Mr +1122WC, Wi ¢ := dim M/Mr £ 5< &, AT LY M/Mr D s.0.p.
nen, TNZE 1,1 & T D, DEVIDEE M/M(ryxq, - ,2) DEIER RMNEETHZD
T, FERCACKD, dimM <t + 1595,

ZZTrH» M ®DED minimal prime $#FTVWE LT 5, t:=dimM/Mr72Z & &b (r) 24
£ Supp M TDFlpy C - C pe(=m) BEIVED DY, r € po 7R T M5 po 1 M D minimal prime T
F22W, Ko TpCpodpeSuppM Aend, EoTdimM >t+ 105 H, $§TITRLE
AEBAMM <t+1&RZLE dimM =t+ 1 TRITFNIER S0,

BEDER, HLreregM 746, regM = R\JAssM Cc R\UMinM k0 B-1F—, a

— ISR EBRE LR WEEEEFENTEL,
R 711 Rt —X—8 M emodR% dim M < co WL T2, DL ELEDr e regM
IZDWT, dim M/Mr =dim M — 1 25D 32D,
8. A[HERIZXI9 % SERRE $eff & 2l
EFE 8.1. A[Hir— X —E R generically Gorenstein TH 2 L&, fEED p € MinRIZDWT R,
7 Gorenstein TH 5 & %\ 5,
9. COHEN-MACAULAY B¢ - fIlEf
9.1. depth ICDWT.
EFE 9.1, A[#fix—X— @B (R,m) £ 0# M € mod RIZNUT, Z®D depth % AR TRES:
depthp M := min{i| Ext%(R/m, M) # 0}
DE Y Exth(R/m, M) BEOIBR SRV REND i LEDD, M #£0 THRVIRYD Z OMEAFH R
ThHhdIZLIFHBTRT,
EE 9.2, EENST . M €modRIZDWT depthy M > 1< socg M # 0 39025,
Wb B IEAIF] & DBIRIZOWT,

E# 9.3. r—X—FFER (R,m) LO M € Mod RIZD\WT, 2,29, -+ ,2, € m DS M IER]
FTH DB LI,
(1) M;:= M/M(xy, - ,2;) #0DPE2TD  ITDWTHED LD,
(2) x; € regMi,l 75)}7&‘0 ﬁo\ Oi D ZT; F&E{%’Ji Mifl J:T%%ﬁf%% (:E)%%/U MO =M
£95)
R A -2

FEHFNIERLEET S, UNE< 2 =21, ,2, ZICDF], M % R L2 & My =
M(zy,- ) 203K, FITBTIEFEILEAD,

MR 9.4. REWIHA—X—EELT5L, 04 M c Mod RIZDWTAERED M ERIFNIZMIEL T
THTZEND BHIEE R NS T ETWIT 5,

SERR. 21,29, 23, - CHERIZ M ERIFIDENZETE, ZDEE 21,29, TERINDE RDA
%TJI/HZ\ Rﬁ**‘ﬂ*‘@o)fﬁﬁﬁiﬁk‘ Oi D 3’05 Z 753@’3'( xX; e (Jfl,IQ,"' ,’Jli_l) atofb
£S5, ULPLHASGMZI S5 L My ETa 5B HBEEYOERT, Mo, A0 KO BB L LS
WV, Ko THE, O

FIIMBRRFAFOEZINS &5 Edepth IZHELWIZ 22 ETWL, £7 depth 0 DIFEHFEHE,
REZDTHYH, TIHh5RFMAICHT,
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i 9.5. W#iR — X —{TE (R, m) & GRAERMEE M € mod R 122\ TIRIZFIE,
(1) Homp(R/m,M) #0. 2% depth M = 0.
(2) soc Mr #0.
(3) m OFIZ M EHGA W, DE D mNregM =@, 2% 0 M ERIFORZIFE O,

FEBA. soc Mr = Hompg(R/m, M) &0 (1) & (2) 1FHS D, (1) & (3) IFREZ8 L b, O

FERLU TV, depth DEZDFEMENEL D%, RTH— X —RBTRIUAEHTZDT, £o5
ERTESI Y (EH IR, EANICHEDD &, BB 2o ZRE TR 2 DT, &HM
E‘Elgﬁ:ﬁ%}: l./"C:F)J:L\o

EIE 9.6. WX —X—FATER (Rmk) & GRAERMEE M € modR IZDOWT, ik M 1ERIZ]
Ti, Ty 2B, ZDOEE

EXtZé(k/’a M) = HomR(k7 M/M<x1? e 7mi))

_Jo (<)

| non-zero (i=r)
NETDO<i<r THROILD, &<IZ, WAk M EAFIOREIIZETETHY, depthy M IZ%
L\,

BERR. M3 &0, O

& & T injective resolution 22 L5 D, £ ZTOERKEZENTEL &, TM D inj. resol. £ -
722 &, depth HZEHE TOAFMBEDEIZIImAE ST, BE5 ¥ depthBEHATm A TTL B !
7 I3 &l 10 ORI E L LT, IR0 5:

®& 9.7. T > R2WHEROHNT, TH RE3X—X—RHAETH . R T Il U THRAERK
REDET D, TOLEMLED M € mod RIZDWT, IRAKD ZD:
(1) depthp M = depthp M.

FL XD, ROAXA—Z—1ERbZE & > T, ERIRMZEHIRT 220, £Z ETdepth ¥ 5
e o CM X 5 2 HET 5,

9.2. Bass #{. Bass OffiE. \ W 35 Cohen-Macaulay 4%, Bass iZ & % Gorenstein B& D RS
375E% %% LT, IRD Bass DFEEVIEHE MR TH 5, +— X —RETHUCFEHEZ X 525 5 &5
CRIZK KRB DT, (RO ATERVIEL TR >THL, D55 injective resolution DFE
EERLESIZEIEFEIMHERTH B,

Bass Offid % 8 R72 D, D HIT inj resol ¥ CM ¥ Gorenstein TDFiZ R 57212, Wb
Bass ¥ (Bass number) > 72135 BWEBHATHONP DX T VWD T, ThiEHT 5,

T 9.8. REMA—X—E pcSpecRe UL McEMdR%2, %, ZOLE M ®DpllDWVWT
D i HFE D Bass 8yl (p, M) ZIXRTED 5:
W (p, M) := €g, Exty (k(p), My) = Lr, Exti(R/p, M),

ZITUIRIMHDOREZE T, k(p) IZpR, THADDT, LD Ext #X k(p) X7 FIVZEHRTH D,
(R, WEHER k(p) N7 PIVERE LTORTTH S, M BPAERESL & F 134 Bass BUSA RO B
BThd, BIRE—IGHFT, £/ RPESLRE ST ui(p, M) L EEHL,

HETHD LT, pi(p, M) & TM OBARIED i ZHDIHDEIZ p WO HAEATNWE D] &
WO EHRNTE 5,
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FE 9.9, (Rm) 2 — X —J5GFTER. M € modR &9 5&, NIHED depth IXEFE L V. Bass £
S TIZ N5

depthp M := min{i | u*(m, M) # 0}
D% D m THlo 7 Bass BOHATWAWE S RE/ND L ZTH S,

8 9.10 (Bass Offif). Rz At —X—Bi, M emodR &§5, £/p Cq%. Mz (AE
T) filHENE 57 Spec ROt 5 (DFD dimRy/qRy, =1). £7/2i>027F 5,
ZOBEDD LT, WA OED: B U pi(p, M) #£07251E, piti(q,M)£0THb,

HRMEDREED LD T5VDT, Bass DR S/KD Z & 2%IEL,
% 9.11. RZA{ftx— X —fFfiER. M ecmodR Y T5, ZDLEpecAssM #EFEIZL D&,
depthp M < dim R/p
BB DL, & <Az, depthy M < dim M A3 D 37,

SEPA. pe AssM 2 &5 &, [EPX 572 & 512 Homg(R/p, M), #0 TH 5 (HliEOT3). 2% b
po(p, M) #0, WEdmR/p=d& T2, p=pyCp1 C- - Cpg=m &\ saturated chain %
Y3, +5% Bass ORI OO L 0. pl(py, M) #0 D6V, < DR UMEZIE pd(pg, M) #£0, D F
D Exth(R/m, M) #0 &7 0. depth DEHD S depthy M < d £753 (R/m 5D Ext A4 X%
Win/NEH DY depth 725 72D T), O

ZDESZ, MEED depth [ZBTIRILT EASMZ S5ND, Lo THSMIZ depthy M < dim M <
dimR ThH 5,
&Y dH AT Bass DHIEZFIALTLES S,

Proof of Lemma @ID. IRED & 512, R Zw[#ix—X =B p C q ZFNIMIE 22\ prime D, M
AEBRAR RIEEE U, Exth(R/p, M), #0 {RET 5, ZD&E Exty (R/q, M)y #0 %mR7,

RFftLTE RS, BEDER%Z q CRAMLLT®%, §5& Ry LW XA —X—FAERNTE,
M, € mod Ry T\ q &0 FOEA FTT I UHERBVIRIIZ 25, B3 A LRIDES NE D ED %
% &, Exty (Rq/pRq, Mo)pr, = Extip(R/p,M)q #0 TH Y. RUZ0OI Exty ! (k(q), My) =
Exti ' (R/q,M)q #0 TH 5, &> THOMSRDRIMEREIEE W

(Claim): (R, m, k) At —4% —BfAER. pc SpecR TdimR/p=1TdHYW. M € mod R IC
DWT. L Exth(R/p, M), #0785, Extif'(k, M) #0TH 5,

ZOLEFTpAmED, zem\p BENZDT, ZThEETETS, T5LRDLD7% modR
TORTERFINTE S

0 R/p —2= R/p R/(p+2R) —— 0.

DO DEEDWIEDIL, p BEAFTARIEE o dp P 5T HD 2, MOFERMESED 55
HOMTHD (2 GEHRDA A=Y TEH o1, THIZWDEHEWIT (-, M) X TR
MFLTifhExRas L,

OV S E ST E S M5, 5 R/(p+2a2R) 2FEABDL. pCptaRCmE&d
1 FTADEEIR>TWEA, dimR/p =12%0 p & m ORIICEEA FTALRRN | koT
Suppr R/(p+2R) =V(p+2R) ={m} THD, o TMEEINIZLD R/(p+zR) 1T RIIFEE L
TRIAWRTH 5,

U LRI AR RIBHIST k2 HRERLAL CTRONDS, 22 TH L (WHIET) Extlf ! (k, M) =
07 -7 d 5L, kKT Ext ® vanish 13250 5%V D T, Extd (R/(p + 2R), M) = 0 £ 3,
DED

Ext%(R/p, M) 5 Exty(R/p, M) — 0
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DoER, koT, v em ZHEET S L, PILOMBEIZ LY Exth(R/p,M)=02%2>TLES (&
DOIBEEARAR R B2 Z L ICHER), o TRAMLLTH B3 A Exth(R/p, M), =0 7% 5
TLEW, FPETHS,

BLE& Y Extif ! (k, M) # 0 TRIFIUEE S R, O

Bass O & filfi o 72RO AFRIIIEHICEMTH O, H & TENHES,
8 9.12. (R,m) 23— X —[FER, M 2GMRAEK RINEE p € Supp M Z2HL5 &, IR D NLD:
depthp M < depthyp M, + dim R/p < dimp, M, + dim R/p < dim M
I M AP CM R 51X, EOTRTORIFEFEL W,

SEBH. —M%IZ depthp M < dim M 2D VD Z e 2R BTN TRLUTWS DT, BHDAES DA
RENED & ITH SRS,
¥ 9505 % A
t = depthp M,
d=dimR/p

IO Edepthy M <t+dZRLEZVOTHBH, depth DEHRICL Y pl4(m, M) # 0 2R
£\, Bass OFfifEDOM > TH - TP LMK EELS,
£ depthp, My =t BI & & D,y (pRy, My) #0 TH B, ERICENIN B ES1Z. Th
Fph(p, M) #£0 L HHEUTH S, PN Bass MORMERIZTRT R TL 2,
RIZAmR/p=d72Z kD, p=poCTp1 S+ C pg =m &\ saturated chain HHINZ (5
. dimR/p =d E 0§, dIFEAL p 25 m AD saturated chain DRI TH LW !) koT
Bass Ol & RIS &0 pttd(m, M) = @t d(pg, M) # 0 DHEV. FIRDRE N7z, O

Lo TRDERIFERATH 5:

E# 9.13. R 2 #ir— X —J@fE, M cmodR &§ %,
(1) R REAED & &, M A Cohen-Macaulay INEE (LT CM) THdLiE, M =0THd
2, depthy M = dim M KD ZD & E %W,
(2) M »HBK Cohen-Macualay MIEE (&L TMCM) TH5 &ldk, M =0TH50 . depthy M =
dimM =dim R A O iDL 2S5, Tl depthy M =dim R L HFRETH 5,
(3) MCM 7 R D723z CMR &L (MRIZIR->TW5a Z & IZiER),
(4) R Cohen-Macaulay 32 1E, R RIEEATCM THB L E2 WD (DFEFH Re CMR),

9.3. local RI3ZE® CM 1N CM IROME. Bass DffiiE %5 &, CM IFEI associated prime
IZOWTIRDE I BWRWIEHZR DI LR D HAT RN 5:

iR 9.14. R2 X —X— B, M 2HRER RIMEE 56, Z0eE MH (BREESZW)
CM HIFER 51X, AsshM = Min M = Ass M 23D 2D, D D Ass M DIEIE 2T isolated prime
TH Y (embedded prime 2372\N), T SIZED prime D& ZATE-THB &5 ERITHHTKL 3,

FEEA. —M%IZ AsshM C MinM C AssM TH->72DT, fEED p € Ass M IZDOWT dimR/p =
dim M ThHhHUEE WV, UL2ALREIMEDETDp € Ass M IZDWTdepthy M < dim R/p < dim M
AKD B, M D CMMED depthy M = dim M TH 3, &-THBWNIC dimR/p = dim M 5
B RVASN O
F7- CMMEABETRAENE Z & 2R, ZHIIMDOARZ L, ERFIZ D> T 4056 A
Fik%E L TWADY, Bass Dffil (Z2ffio7zfmiEor) 22X <EEES,
EIE 9.15. RZW#Rr—X—J5rER. M cmodR & L. p € SpecR Z{LFEIZ L B, IRHEKD LD,
(1) M 23 CM B 51X, My, & CM 72 R, IIFETH D, M, # 0 72 SIRDSEL D 3L D:
dimgp M = dime Mp + dlIIlR/]J
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(2) M 28 MCM M7z 51E, M, & MCM 7 R, I TH 5,
(3) R CM (HFT) B 51X, R, ® CM RFERTH b, IRDERA D 3L D:
dimR =dimR, +dimR/p (=htp+dimR/p).
EEEA. (1) i EI212 KD, M 7Y CM 72D TIRDEFERD L D 2 D:
depthp M = depthp My +dim R/p = dimg, My +dim R/p = dim M

ez depthp M, = dimg, M, 2DT M, ECM TH 5,
(2) MEE2 ODAEAZ, BFEED > LAEXD L

depthp M < depthp M, + dim R/p < dimp, My + dim R/p < dim Ry +dim R/p < dim R

EWVWIREADNED VLD, o TMMBMCM DED depthM =dimRZASIE, ThoDEIFET
L <72D, £<IT depthy, = dimR, £7 9 M, 1 MCM TH %,
(3) 12 (1) ® (2) DR TH 5., 0

FEEHEEVPTVEDOE LT, FHGTEH>TCMEZDL 5L VWS HD0H 5,

& 9.16. (R,m) A #i: — X — @i U, M 2GRER RIBEE T 5, 20X SWAHD
OO

(1) M ERIZE m Dt x 2HLS &,
depthp () M/Mz = depthg M/Mz = depthg M — 1

<t

NI RVASR

(2) M ERIZZm DItz iZ2WT, M A i RaG CMMBECTH B & &, M/Mx D R/(z) MEEE
ATi—1IRTE CM INFETH 2 Z &k FAE (RIMFEEATHERLUTH D),

(3) M FEHI»D RIEAIZ m Ot 2 122WT, M AMCM A& RMBTHZ I &, M/Mz &
R/(z) MEEEL AT MCM MEETH 5 Z L IXFHE,

(4) REHIZ m DItz 1IZ20WT, RPARTECMETH DI L& R/(z) M d— 11k CM BT
H B Z L IZFEE,

FEFA. (1) depth DEFEZE MAZEAFIORE ] EEHZITNE, 2 oD T M ERFZMILT
WRIZTZZENTE, TORS A depthyg M THLHD T, THUXH 52T depthp () M/ Mz &
DBHEEIE—DRITREW,

(2)(3)(4) ZAUE (1) LHEEI L0, ERGETEHS LRGeS depth b5 £ 5 ¥ 1 DEBB 2 &
OIS, O

U MCM D 732 9 P DO 72 B 2 B R 5,
& 9.17. (R,m k) % d Rl — X — @i 95, ZD&E, mod R COEREDFERY
0—=L—-M-—=N=0
IZDWT, IRDR D 3D
(1) LN e CMR%5IEM e CMR, 29 CMR IE mod R DHTHATEH L T\ 3,
(2) M,N e CMR%5IELeCMR, D% CMR X mod R ®H1 T epikernel TH U T\ 5,

(3) ZDBRFINFALTERLIE MeCMR%ZS LN e CMR, 2% 9 CM R IZEMKA T
THLUTW3,

ELIZCMRIE, mod R 2 LB I N5 HR RS BEMIE 2 KD,
SEER. & 12 Exth(k,—) THA A M EI 2 EZ LTS oH 5,

(1) RUZWVDIE Exti?(k, M) =0 722 2 DT, BEEZR2AFZEZ LT SHNE (—KIZZ>
WS G IR IERTHIL B)
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(2) 2b5BALPY S, AU Extz¥(k,L) =0 2R LW, i <diZ2WT, i >0 TIERE
FEE
Extly ' (k, N) — Exth(k, L) — Ext'y(k, M)
WY, AR MCM & DIHA TN, DTHAFLIEZ S, i =0 TldHompg(k, L) — Homp(k, M)
EVWOHKERHEDTAY r—THh 5,
(3) Ext OERBIZEMKEFITEES 5D TH S, O

Lo T CMRIFIZELEETHS, RPCM e Eid, KDL, resolving 127225 Z LR F R 5,

EZ 9.18. Enough proj 27 — VB A DB € B resolving TH B L IXIRE NS
(1) € IFHLK EERRK T & epi-kernel TEHUTW5,
(2) ADEREOHFEHNRITEIZEETNS

ERPOT SIRDNP 5D,

%8 9.19. Enough proj 72 7 — )V A OIS € 2 resolving TH B & &, £ ITZFEBL AT
enough proj. TH D, &€ TOHEARIT A TOZENIZ—HT S, £/ RBRIEFELMTDH 5,

CMETIZERcCMR DT, CMR % resolving 1272 %:

R 9.20. R Z7# CM Bk L7722 &, CMR ¥ mod R @ resolving ¥ ETH 5, &< I
CM R IR ZE5EfH T enough proj. R 2B TH D, FERRIEE & 5 CHRERY Y RINFETH
5 (EFINIEREKBEMBEE BFRL)

SEBA. Re C(MRZ&Z e, CMRIZAREMPEMNKAFTHLUSZ &6, $TD mod R D5
TN RIE CMR IZEEND, HEIFHONTH 5, O

9.4. MEICET 2AEE (BNERROEEE type). +— X —JFAE EOARRAERMEE M 12X
LT, w(M) & r(M) 2105 200RBEE D, Zh5IE (CMBEOBAIR) EMEMEETOBA O
L THIGT 2R TH 5, BiHIE M ORUNERGROMEE. BE X type LIFIEN S, Bass
LERLEDINR 5 TWB PR LRGIELR D THF LT ZE W,

ABRIRITTL STLERDEKRT WD &, (M) & Ttop (ZAIfE simple 23\ 5 7> = S$HREAE (T {lEl D 1EBE
FIGZ BN B 0] T r(M) 1 Tsocle (ZfalfiEl simple 23\ % 7> =8 A @& 1 falfiE o il BERY RS AN
BPVDEH] ZflloTWD, ZD3H, u(M) DHIZFZEFDEEINDVERIZTE S0, type DJiE
HIEED depth ¥ E35 L EFEEMBEIE LRI NIEAR SR\, 2875, socle 1% simple %* & D Hom T
HBD, depth P 1M ERSZNEZFETIZR->TLUEI RS TH S,

r(M) DEZDOZYM - AAMIE, CM B EOE#EIMBHZ X 2BAMTIZE > TRIESIND DT
UIXS < fFoTIEL W,

E&H 9.21. (R,m k) i — X —@ERE U, M €mod RIZDWT t:=depthy, M &i&EL, Z
DEEROERB (M), r(M) 2EHT S (ZZTdimy &k R MIVERE LTORIILTH D),
(1) (M) :=dimy M/Mm = dimy top M, ZDEIZ, M OHFEHEE R > M 2L o7 ED
n DIETH 2 (JFFTER X semiperfect 72D THEHWENL D BD), DX D M DEBRDHR/ND
ETH 5,
(2) r(M) := dimy, Exth(k, M) = pt(m, M), ZDO&E%E M O type LIER, DL D mIiZD\VTD
M ®DBassBD>H, HATHWERW—FBNIWIRETOMETHS (depth DEFEL D),

w(M) FFHEDHETH DY (top Z5HHET S, 2FH M %2 Mm TEHNIXRWVWDT), type D
WFZEDEFDERETIE Ext DFMREIZAR->TULED, L2AULIRO L D12, M IEHIF% & 5T depth 0
W2 L& U722 ED socle DIRTTTHRARSNSE (TN type DEBZDZLMEDRID 1 DTHS),
8 9.22. (R,m, k) ZA[Hir— X —RAERE L. 0£#M emodR &35, ZDE Et:=depthy M
L. mOHFED M IEHIGE xq, -+ 2 B ED &,

r(M) = dimy Hompg (k, M/M(x1,--- ,2¢)) = dimg soc M /M (1, -+, x¢)
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DD LD, &I, RO M EHIE 2 1I2DWT,
rr(M) = TR/(w)(M/Mx)
LNDAIRVAON
SERA. EH OB DESDE VA TH S, B o oBE LA M ERZZENEE N, O

9.5. global &2 CM IROEXRME. CM %, £ local IZE#HL T, R global IZIX&MKA 77V
TELIZRAMELTERT 200 EETH 5,

EFE 9.23. R2AHA—X—B MemodR &7 5,
(1) M» CMMEETH5 L, FEDOmMEMax R IZDWT My 78 Ry ML LTCM D & &
205, DX Y depthy My =dimg, My TH 5,
(2) M H MCMMBETH 3 213, fEE0 m € Max R IZDOWT My € CM Ry £755 & 25105,
(3) MCM 7 R INFD 723 B % CM R &<,
(4) R ¥ Cohen-Macaulay 3 TH 5 &ld, ReCMRIREEZE VD,

ER 9.24. CM MDA EFETHZND L WH EHORIZED, EO IFEED m e Max R IZDWT
2T MEEDp € SpecRIZODWT ] L EESMITCEHEAMETH S, HETZoHEH502H LN
AQAN

CM B BNz K WEE2RD>Z L 2R,

EF 9.25. W —X—B RDEIR (catenary) TH D LI, [FEDOREA T TILVDEAE p C q IR L
T, p & qiafESFESTTIVDsaturated chainp Cpy S Cp=qDRERIIPFLVEEE VD,

AR 9.26. 21— X —REZATVWDSDT, FEEEHIZED, p & q 2FS chain DR X IZIF LR
hg/qp/ah® %, &> TEED chain (346 HMZ saturated chain N L5 TE 225 D saturated
chain ZFH UL ZOERLDEIZE 2 LRy, ThRRISBNWI E2EIEL TV
D75 catenary TH 5,

FTHRMEZESIROEADLD 5
8 9.27. A —X—BR RIZDOWVWT, [TEOFEATTILDEEp C q L

htq=htp +htr/qp/q

DO IO 5, RIFBIRTH 5,
BEEA. (BRI p=po C -+ € pr=q &£\ D saturated chain & & 572 & &, | = htp/qp/q ZREE

TATHS, LA U saturated DERAEL VIS 2T htgp, | pi/pic1 =1 THEDTHK pioy Cp; 12
%Mo TRNE, RIZ htq=htp + I DED DT I, d

EIE 9.28. Cohen-Macaulay BRIZEHRTH 5,
FEER. EEDORATTVDEAE P C q &b, Ry CMBROEHOEIRIZL Y CMEHETH D,
dim Rq = dim R, + dim Rq/pR,
MO ILD, DFED
ht ¢ = htp + dim R, /pR,
TH 5, O
F7z. MOMHEIEE KHWS (Depth lemma LER),
R 9.29. R % d Ot #ir — X —BRE$5, TDLE mod R TOIRDTERF
0—-Myg—>Xg1— - —=>Xo—=>M—=0
BY-S5NL E F X, BMCM TH D4 51E, My 139 MCM TH 5,
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SERA. £ D m € Max R ZHl> TRAMLTNIX, RERBIETLI N LT a0 5:
(Rom, k) & d RTAIx— 8 —RBAERE T2 &, EED mod R TOETLS!
0-X—-Y—>2-0
IKDWT, Y DY MCM 7% 51E, depth X = min{d,depth Z + 1} T# %,

FEBE. i =depthZ &35, ZD&E Exti'(k,Z) =0 depthZ =i KWK vih, F£/i<d
F0EHAA Exty (kYY) = 05 depthY = d KWKV LD, RO TEREHEMETET
Exti'(k, X) = 025, RO TdepthX >i Th b,

F9i=dD2EX depthX <dimR=dBDTdepthX =d DS, WiZi<dDE ETL,

Exthy(k,Y) — Exth(k, Z) — Extiy " (k, X)
EWVWIRZERIDBH BN, i <d=depthY XD EMHOEHIZEYE, —FH, depthZ = i WD THA
FOEIFEYE TR, &oTExt) ' (k, X) #0 TRFNIERSHR, KoTdepthX =i+1Th

5, O
fnd 9.30. R Zw#i 1 %5t Cohen-Macaulay B& 35, ZD& &, M € mod RIZDWT, RILFEME:
(1) M € CMR.
(2) soc Mr =0.

(3) M X torsion-free.

FERA. (1) = (2): socM #0235, ZOLEHbm e MaxRIZH LT R/m — M &\ Hbt
Ndhs, BFELTEm) = My £\WW5 mod Ry, TOH%EESZ, ZZTRMPCM &H Ry B CM
IEo ‘:l

10. BAINBEOREEIZ DWW T
Whip B Matlis D GREALZ® D £3, TNV & ZIFIETTBRTR S,
10.1. uniform H0&% & BEEHITE AINEE.

EFE 10.1. A ZIEAER. 0 A M c ModA 2 & 5, ZND uniform IEETH B L1k, M DEED
2 DD non-zero R MEEZDWT, FDIHEERS H 49 non-zero 72 & E %\ 5,

BIRRITTLICERD NZ L > TIE, ZHEDF D simplesocle D Z & LR U TH B, F 7~ essential
submodule 281> TW3a Ak, [T XTD non-zero ¥ MEEDS essential TH B & 5 it TH 3,
WD M essential 2§ SHS DT B,

R 10.2. BRA EONIEE M € Mod A IZDWTIRAR D 320,
(1) M 2 ffi72 513 uniform TH 5,
(2) M 7% uniform 72 5 IXEEAITH 5,
(3) M %3 uniform 7 51X, {EE D non-zero 4 MIEEH uniform TH 5,
(4) M 7% uniform 72 Z & &, M I3EE D non-zero WA MHEOARELRTH B Z L (DF VAT
B D non-zero W MR AREL I TH B Z &) FRMTH 5,
(5) M ?¥ uniform If N OAEHL K2 51E M % uniform TH 5,
D% U uniform JIEFE, O IHZE & SEECARERERZINSHETHE TW5,

EEE. (1),(2),3) RS D TH B, (4) BABHADEZRL VHSHITH 3,

(B)EWRT, 04 L, Ly < M%Z25 ., NDBMOHFTARERNZI LS NNL,NNLy #0
Thbd, £72 NP uniform 2205, (NNL)N(NNL)#0THd, 5T L NLy#0T
H5, O

FLMBEEREP ST AN 5:

8 10.3. B A EOMBEM € Mod A IZDOWTIRIZFEETH 5
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(1) M X uniform.

(2) M 13T D non-zero HB53 NIFE D AEHLK,
(3) M 1&& % uniform IFEDAEIL K,

(4)

4) % N DHAT TN I T A/ P uniform 8B DB D, M £ A/T DRBEHLK,

FEEA. (4) &R M 2 uniform 72 6, M OO O TRWILZEYIZEA T, TN TEERI NS EHS
% #E 2, 20X AT ERBZDTE W, O

SEE 10.4. HIEEAS uniform 22 & S DNFEBAIBED 72T HZ T TR E B DT, —fDT —~VE ETH
uniform object DFRIIEHZTE S, ~OT7 —~VE LT EOEHOD (4) BIAMIAL D 2D (1XT),

—OBRTIE, THHEMEEL D SBAMBEDIES B EIRDEES ] 2%, MOES RN
E A% (projective 722 HAEAME) (BAGHKDIFIEL . U F TR 2 EHEAMEREY), [FBAGHK]
AT AMBEANDOARBILKRZ 2722 &2 F VW L TIEL W,

EIE 10.5. A ZEROER, E #0 2B AR AL 35 L RIZFEE:

(1) E & uniform,

(2) Enda(E) 2YEATER,

(3) Ea IZEBEK,

(4) (EREOEWHMBE0 AN < LIZHULTLIZ N OB AT,

(5) E &® % uniform NfE M OB ADHE,

6) 2 ADEAT TN J TA/J D uniform IIFHFETH 2 L5002 H O, M IZA/JDBA
i,

SRR, < EOMEL D, (1)(4)(5)(6) IXRMETH 5.

(1) = (2) THIEFBAMEMES GFIZ. dual DiEERH LD 72 DD T, MO 72 A
DWTHRD D),

RO MDD —DTH BIR%E RS

(Claim): f,g € Endp(E) D& HICERABRSIE f+9g HIFRABTHS.

9 E DEBR (uniform &) TBAWRI LIZERET S L, [f € Endpy(E) IZ2WT, f A
JFERMARZ e, fOBRFTRWI LIEFAE] Thbd, TTIFIEREZ S IF-HFNTRNI & 2R
FIEE W, Hf/E o722 U720, EPBARNED fIZARELTLEV, EDXBEMNLRZE LD f
EFAENZ R > TUE D,

LT, f&gldBHTIERW, DFD Ker f,Kerg # 0 TH 5, uniform % MHZIX, Ker f N
Kerg#0&725DT, 2ZIM6 f+g bBHFTROWI WS, FEEE Ker(f +9) D Ker fNKerg # 0
RDT,

(2) = (3): —UTMBHZDWT End BAVEHTERL S IXEBN ) 52 5,

(3) = (4): d1. ESHPVB BN, [EEE uniform HEZ2RTOTIRR L, BAEKIZ
B ERYT, TIDWDDIRIEE, [MEBROMEIBASRERD] TEZAVEDT, WM
BERIIMYILBW ZIDBBAMENELIATHS (LrLETELS IDIZ, BAAKDE
EDRDD>TWE T —_)VE R S Z OFRIEHNE )

FEE, T —VEEE UT Z IFEBES R DY, uniform MEO X2 X3, £ 72 End BB
local TZ\\ !

IR D, 0£A M < E WO a2 LS, 2ok E TMIIBAGKERD] OT, Th
% B(M) 232 ROMANTE 5

0 —— M —— E(M)
|l
0 M E

CCTHASKIEL D, MBI B E(M) ABARE D 13 section (2725, LA L EAE
BRI 5722 e 5. CRRABMTRTNIERS AN, LoTHIF EIZ M OBALKIIE>TNS |
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SWVWHBL ko kT ENEMRET D, O

FR 10.6. LTHRARZ K52, Tuniform Y] OXCF & LT, {EREOEDHLAMBEDOH D £ 72ED
A2 D ] &0 D Z&F T uniform EDROSBEEDE R TE D (BRIXICLITERTIEDE D top
M simple RHDTH D), ZHIZDWTH LOMEDN, HEZIMEIZOWTE Y LDDO TIPS
NBM, R0 727zl | ZORKIE, IS THEWELZR DL IZRS WS THD, TN
Pt VIX, IR AY Grothendieck B2 Z & 53K TW S

10.2. AIDBED, BB AMBEOBE. T MOE I LD, EENE AN Z 289 2121
A/J 23 uniform £ 722 K524 T TNV EHERIXR WV, AIHOGEIZINEEZER, EITA#HLr—X—
BRCIREBNBANMBEL R A T 7 AR —HIEd 2 LW BANZFRED ST,

Fix. A/J A uniform £ \WD M, TTICHTETWT, J A A D meet-irred. Z2EMEET
HHILLWOPIZFAMTHE (EERBER), ZIoNAZEHTLILROLI IR,

W 10.7. REA#Hix—X -8R L, [ ROEDATTINET D, ROFRMEEZEZS:

(1) T1FFEAT TN,
(2) I'l* R ® meet-irred. 21 7 7)., 2% Y R/I »¥ uniform 7% R HIEE,
(3) Ii&primary 17 7). D% D Ass R/I B —Ii8EH

ZOEE (1) = (2) = (3) B DT,
FERR. (1) = 2): I=p 2 L. pC L, LBRBATTMINULTp C I NI ZRTIXE WV, FEEE
xzel\p%ﬁﬂﬂi pﬁ‘ 477)bi0x1x2€pf’75‘ HA & AT l‘leEIlﬁIQ&@TpCIlﬂIQ

Thb,
(2) = (3): #EEID TH 3, O

i ETD T, X i8E< Tuniform M coprimary TH 5 | AVRETWAZZ LIZERI W,
UENSIRDZ &35

EIE 10.8. REAHIA—X R T DL, ROELHENIEH 5:

{ BRI AN R IIBEDRRE ) «—L 5 SpecR
E Assp E @ (unique 72) 7T
E(R/p) p

ZZTER/p) X RIEER/p DBAUITH 5,

SERA. (well-defined): £ EMENEANMBEE 22 2L, EHMIIFIZLD F i uniform TH 2D
T, MELEI0IZ &Y E & coprimary, DF D Assg B 1Z—t8EE. RO TENSHDEMENPEEHET
&5,

WIZEPS p ZHA &, R/p MBI 2 X D uniform TH Y, Ko TEMIIABIZL D E(R/p)
FEBRIB AN TH B,

(EDSE->TH EIKRESD): EBEIB AN E 20D, %O associated prime p 2 & %, T2
& R/pEEDHASMBZIR>T WS, EHMIIE LY, EIXHEBMNIC R/p OB NG E(R/p)
I—HLTWS

(B BBMoTHEICRDD): p € Spec REL B ZOLE Rfp X B(R/p) DEHMBHTHE, L
MU {p} =AssR/p CAssE(R/p) T & & AssE(R/p) W—tHEERI L X0, Ass E(R/p) = {p}
TH5,

10.3. AR — 4 —IB L OBAMBEOE L, Eixr— X —E L TlZ. BANBIZEBRENBE ANED
(E[R) EMTEITZ VWIS EEEHNEK D 22, INEHINEE TR —RITITER (k) T,
BANMBEOMEOREZRLTWS,
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F9. AR —BRTREBANBEOEBEMEBANBETH S, —RIIBANBIXER RN
P, BEHTHREND LIRS o= Z IZiEEI NV, EHiZ BANREPERER THE % 2
HAr—R—MEEPIZRHEOT7Z0T 55 LW,

BTHVNPTVWESIZ, L0 - BUBRETEITBARITCOHTEEBRS, Kixxr—2—FTIX
K O FERIZHEED D B,

8 10.9. A ZEEDE, M c ModA 2H%, 2D FRIXFEMETH 5:

(1) idMy <nTH5, DY M OBARTLE n AT TH 3,

(2) fEED X € Mod A IZ2WT Exty"(X,M) =0 Tb %,

(3) fEED X € Mod A IZ2WT Exti T (X, M) =0 ThHh 5.

(4) EEOABAR A MEE X 1220V T ExtT (X, M) =0Th 3,
(5) (LD A DHEAFTT IV AZDWT Exti T (A/JA, M) =0Td 5,

SEER. (1) = (2) = (3) = (4) = (5): WIS,
(5) = (1): FEARMIZ Baer DHEEIRES YD, M OBADMRDO n — 1HHHETHEZ T,

0—-M—E"M)— FE'M)—= - —E"YM)—= X =0

L\WSERHIT, & E(M) BBANTHZE58E0DELE UNTH-THEVLLAELTEH W
W, ZOLEXPBANRIEZRBIEIV, n=0D EEFE X=M2LTW3,
HEODADEATTNVAZLS, ZTDO& & Baer DYEEID, GF A 5 ADPSHEEINS
B Homp (A, X) — Homy (A4, X) BEHTHNUZ VWA, Ext DRELIEZ DL, ZDDITIE
Exti(A/A, X) =0 THIE LW,
FeDBANRIZ Ext DRSERFZEIGEL T, RIIIKIZT < Exty (A/A, X) =025 5%, koTk
12 R 7z Baer DHIEEL D X I ARWTH 5, O

BAMEIZ D W TIHIEARRIZ Baer DHEEP SHEAHA L TRV, 2 —X—MDRETIIET T
TUDRERERTHEZ e E2HANT, RBRED, (F—X—EORHEIFIEZARTI=AN L%
BIRoT=DT, o722 BP0 DONTIINS, THHEZI LIZEEDLY RVDT, HL e
FRIRIEL TVWTT,)

R 10.10. A ZEE L7z SREFAMETH 5,
(1) AZEXR—XR—BTH 5,
(2) EROBANL AMBEOWE E; € Mod A (i € 1) IZH LT, @,c; Ei BBANTH 5,

FEBA. (1) = (2) Baer DHIEIEIZ LD, ADEREOLE A T TV MIZHUT, A8 M — ADFEET
5 D EDFEHEPEFR S X,

Homa (A, @, E;) —— Homa (M, P, E;)

1 1

@, Homy (A, E;) —— €, Homy (M, E;)

ZITAPER—Y—&Y., M (&N IFERERLOT, HOBERREHIZFAETHSD, FOHE
MOEENE E, OBAMEL D 2FTHZOT, TOEME LT FOHIEEH, Lo TR,
2= 1): ADEATTVNDERFI My < My < M, <--- ZIO, M :=UM,; £35, ZD
MEFEEEAEATTNIENT TN S,
ZZT. E(A/M;) &2 A/M; DAL TS, (2) DIRELY @, E(A/M,;) 3BAKTH S,
ZTIROHAZE R 5:
0 M A

@D, E(A/M;)
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LD EESEDPIRETH D, BRZEHRM < A — [[(A/M;) 2EZ5, ZOBTEze M
EWBE, x e M; 85 i BEBEIVELETEOT, TOiAETIE 2 X EOBEHRTERIZRR, D
E0ZDEMHEM - [[;(A/M;) DB D,(A/M;) IZA>TN5 |

HLIFID M — @,(A/M;) Z8E D,(A/M;) — @, E(A/M;) 5B L7 D% o &5 5, B
TA/M; % E(A/M;) DEDEESGLABRLTEL, §5L2F0 p(x) D i BHIEHEIZz+ M, TH D,

IDESITpaEHETDE, @, E(A/M,;) DBAMEL D LEAHIZT 2 o AWEFEET S, LAL A
FERERTHEZ 06, ADfFEREPEZINE) H5 jIFHEL, pO&KIZj UEDEZ S
TREEOTHE, E-oTeDEEHs jULTIIYOLRS,

DED, ZOFIIRLT, FEDx e M D o TOH () D j A EDOKS TR, & <IT 5 Ko
RIFICEHT T 2+ M; = My, 2%0 ze M; WMEoTWa, EbBFFIEINIE. M= M; 7%

KU, o TRMIZE > ERIEEE>TWVWS, KoTABEGEXA—X—Tdh5, O
Lo TR —Z —EBRTIIBANPFPERENTRZNEDTH LD, ZT0HIERT L LT, (EE
D AMBEEBERE AN D (MERR) ER L322 2L %2mT, (FXINDPERO ITER—X -

LS S5 LWw)
Heffie LT — X —IEOG G 2 HEITRT,

R 10.11. A 25, M 23— X—WHEANBEE T2, 20L&, M OBAGK BE(M) IXEEK
BANBEOAREN L FHRETH 5,

SRR, 2 iFane bfz‘\~§?—'l‘$<‘:i§&éﬁé (X=X —=MEERD RS TEENOMEZE DI 2D
A E<HEU ) RIS, E(M) 128135 M OREM XY, TE(M) OE 1 THRWERS Ik
39 M eIbBEmoNEYa TR ZEBEWEHT,

E(M) HEDWEENTHNEKRDD, B LES RS, FEAWRENIR E(M) = B, & E' HBlH
%, b UMANEENRSZZTROO, B PEBENTHRVWELTEWY, EoTE =E,oE" LB
MRS, 2D E(M)=E,®E;®E" Thb, BU FEy & B B HICHEBN RS0 -

ZOEEEVIETE, YU THRWM ODENRT B, Ey, - BTEZ5, ULLLE M, :=MNE;
e TR, HEMIE M, B IREMIR>TWS, &o>T M OO MEEOEDER 75
My <My ®My <My ®My®Mz<--- WTE, MDFX—X—VEIZFIET 3, O

BIZ M PEBRAERE WO REL T TR EOIEIIRE S 2\ EIZEEI N,
R 10.12. A 263 —X—8. E2BANA AINBEET5 L,
E=E
el
EWHEHMDETH O, & E; DEMNBAINMETH 5 DOIPFLET 5,

SEFA. Zorn &AfiE% 21X T <,

FTZ2E2L EDVEMNRENMRNF2/HDOZ L %2mRT, EiddHAAAMRERLISMEEM #£0
2ED (20 £0 %Y T ENSEATM =2A L THTHXEV), TOBAGHK E(M)
EERAD L.

00— M —— E(M)

-
-
-
-
-
-
-

Kk

E
L0, M s BE(M) BAREIEAR Z 805 S it B(M) BBAK L D SIE A2, ko
E(M) DMEBENREMRFZ2EDIXE D (5 LEZXTVWSONAHR — X =5 5, M O associated
prime % & NIXZ Z TR EDHLB) ., UL LU ADPERX—X—RI PO M B 3r—X—MH&D,

E(M) BB ARED B & 0 Kk,

D&Y TE OEBEZRENRNT (EOHIMEEL UTEEL THRT) 2K 2 E;(iel) &
T5L, [TOHREADDEL, WNnd 3 E; ZH5BREMIZREEIBREDEER] LWIEAX 25
2%, $FTTIREDIEDNSETRVDT, —DDANSREHD%2E AL X IZETRN, 77,
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I DENEEL L TOEEEEZT X IZHF %2 ANS L poset (2720, B S AT Zorn DHHED H )&
a9, o T Zomn DAL D X IZHEKIT T BFEET B,

IDLEE =@, E &\W5 EDHDNEERDH DD, AWER—Z—X 0 ThEB AT
H5, LoTAEEZZEIANTPESHIZ, E I EDEMETH>TW5E, 2FV E=F@FE"'L
%5,

UBLEULE' 402352, BAOHERED B ZEBRNRENRN 2D, LoTExhz T
AT A TRIEH S DT AMEIZFET 5, 5T E” =0 TRIFIIERS 20, O

11. Bass 8D, /NG A7 il T DR
AR — X =B EOB AL, T TR o722 oD LS HfEiEE LT\W5:
% 11.1. R2Wfir—X—BRL95L, FcModRMDPHANBFETHEZ L&,
Ex @ E(R/p)®™

peSpec R
EVWSRAMYED D (n, F 0L EOHRE) ZLRRAMTH 5,
SEEA. EM R I L 0, (]

DEOVBANBEZIEET 2101E, £FEA T TNMIZDOWT E(R/p) BMAEEML TWS 2\ 5
WERDNIEI VWV, TNDFEIIMEED Bass BLEBBRLTWS (2WHIhZ o5 % Bass BOEREIZ
L7zbdH33) Z2EATVL,

BROLEIBNE AR EEZLTH L,

T 11.2. A ZIEAMHRER. M %2 AEEE §5 &,
0— M — E°(M)— E'(M) — E*(M) — ---

DM OWBNEADBTH S 21k, EO(M) P M OBAGKTHY, TOWE M — EO(M) OREE
DEAGIED EY(M) THH. .. EW0IHDEWVD, IN5D E(M) & M OAPSFHEZRNT
—HERIZEE S (BUNEADRO—EME) Kb DUNEIZ BY(M) & FE W6, M OUNE AL R
DiHEHOBANBEEZIET Z T 5, £7/2 B(M) = E°(M) & X<&E<,

B, BB EOEEOMEF. BDITBASKERF DI LTHD., THIFHRNEETH
LHHWENE S LIRS BV L BN TH S, Ko TEARE EOMMBE M L TH, —EN
IZ EY (M) LW BANBED RV EE 5,

AHIOHEZLBIZHNTEL:

EIE 11.3. REWHR—X -8, M 2GRER RNEEL TS, Z0LE,
B(M)= D BE(R/p™

pESpec R
DO LD, TIZTpl(p, M) & M @ p TOD Bass 8 (€% 0R)
1 (p, M) = g, Exty(R/p, M),
THH, LXIZOMUEOERKTH S,
DED, MEHIFOONLTELEE D, Bass HERET S Z & &, MEEOMUNS AR HEDFRR
ERDBZLIIAETH B |

INDIFHIZEZEAL T T NVTRIMET 25, FDEOIZH/NG ADBEDO R LS £ -B/NE AL
fETHBI ez RrLTWVL,
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11.1. MINBADBOBFAE. *— 2 —REO—EETY 2D TiHHIZZE S Z2BBLTEH 5 505,
— AT — AV MNEITHHER T 5,

R 11.4. REZAHA—X—ERE L, SZZORMES L 5 LRV LD:

(1) L350 RINEE B2 LT, B AHARN RIBES SE. Es 38 AN Rs MEETH 5.
(2) &b iz, (LD R IR EIZH L TIROBERA D 37 -

idg E = sup{idg,, Em |m € Max R}
= sup{idg, E, |p € Spec R}

(3) Mod R TOAREIER M — E ZEtfb L7z Ms < Es H Mod Rg TOARBENLATH 5,

(4) Mod R TOMAGHE M — E(M) %@t L7z Ms — E(M)s % Mod Rg TOM AWK T
H5,

(5) Mod R TDFB/NE A5 ik

0— M — E°(M) = E*(M) = ---
BEZohb L, ZORAME
0— Mg — E°(M)s = E"(M)g — - -
& Mod Rg TOHM/NEARETH 5,
EERR. arRE MO0 & 0, O
7. MDESIT R/m 5D Ext 13 AREAND Hom TEHHEATE 5,
R 11.5. R 2 #iBd, M % RIEEE L. M ORU/NE A5 i#
0->M-—E"-E'-E>— ...
ZHS (HIZHND), ZOEEEREDOmeMaxR & i > 01X/ LT,
Ext:(R/m, M) = Homp(R/m, E")
EWDS FABBEIES B,
EERR. mE M2 &0, O
72 E(R/p) &\ S HIBEDRATLIZ DWW TiRE RTH <
%8 11.6. RZ i —X—Bi pcSpecR &T 5L,
Suppp E(R/p) =V (p) ={alp C q}
BB, HIZ g e V(p) 1o L TR
E(R/p)q = ER,(Rq/pRq)
DELD LD, 22 THLIE Ry L L TOBALRKTDH S,

BEBR. HiPE. EH IR KD E(R/p) 1& p-coprimary TH D, RETA K DHRED,
BB ALK
0— R/p — E(R/p)

ZRAMLLTEBAEAKTH S I (mEITA) LOHES, O

PAEDH & T Bass OB TN TEDZIZTTHS, £/2IROZ L1 Matlis W THFES> DT
E2WTH L,
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& 11.7. (R,m k) Z o[ — X —J@iiBRE 95 &, p e SpecRIZDNWT,

Hom (k. E(R/p)) = socr E(R/p) = { ' E‘; ) Z;
A/ RVASH

SERA. AssE(R/p)={p} 72 & (EEIIR) £V, p#AmZRE EITsoc E(R/p) =0DHE YLD,
Lo TsocE(k) =k ZREIXE\V, kT E(k) OWBAMBEE AL TWT, E£2LED E(k) D

BRI IR, AEHLRMEL D 2Dk ERDD, FoTIDEIZ—HLRTNIERSRN, DA

\Z soc BE(k) =k DMES, g

HANZ, JRFTEBROBKRA TT7IVDGEICRESEDLDT, ZTDLEZHOIZIEHT 5:

8 11.8. (R,m k) ZW[#ix— X —JGFi5R, M % RI#ELT D, ZOLE E(M)DHTD E(k)
DEBEEIE pf(m, M) 1IZE L\,

SEPH. £ Bass MZFHT 2L (22 Tdim ik ~RZ7 MV2EME LTOWT),
pi(m, M) = dimy, Exth(k, M)
= dimy, Hompg(k, EY)
= dimy, socgy E*

ZIZTCBHDOESIZME LR 2 {# - 72,

—7i
E':= P ER/p)™
pESpec R
CEDDB L,
socg B = socg @ E(R/q)@”;
peSpec R
— D oen B
peSpec R

ThHdH, MEI Z2HEEX, DT
1 (m, M) = dimy, socg E(R/m)®"n

= lel]€ kEBnm

A
m

=n
NI ARVASN U
Proof of M IT3. RZEZAX—X—E, M %2 RiEE L. M OB/NEADRD i HH%
E= P E(R/9)%%
qESpec R
B<. i & peSpecR ZEFEL., nf = pu'(p, M) THDHILERT,
ETMEOA LY, ELIE R, EEE LTO M, DRNEADRED i HETH B, — A,
Ey= P E®y/aR,)®m
g€V (p)
DHE TR L WS,
2 THA—R—JEFER (Ry, pRy) LI M, \ZHHEE 8 % i 2 1E,
MZR,, (PRy, My) = ”fa
D g, (PRp, M)t = plg(p, M) DUE#EE DK 2D, &> TIEKD Y, O
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F72 Bass FIBNTHATWVWAEDNE S E2RIZTEHZ &iE, RO XS5, /N ADRD associated
prime #Z 25D LFEUTH D, ZHIEMEII3 O IEiXfk] THD I LITHER.

R 11.9. R 2 it — X —B, M 2ERAER R I,
0—M— E°(M)— EY(M) — ---
EM/NEADRE T D, 2D E peSpecR & i> 0 DWTIRIXFAE:
(1) 1 (p, M) #0THB.,
(2) pe AssE'(M) TH 5,

SRR, BB AAMEIIA 255 e 52, EEGEHT 5135 A TF oI 0 B,

p € Spec R Z[EET 5, 52 5NBNEAMEE p TRIHET 5 & R, B LTO M, O
INE AR ESND (EIITE) Z&2EBVWHEZT S5, ROEETEEIRS,
i (p, M) # 0 <= Extly (k(p), M) # 0 E"Homp, (k(p), B (M)y) # 0 E=p € Ass E'(M)
Z 2 THRAIDFMEI: Bass MOEHZTH 0. 2FDIX EY(M), »° M, DFNEARRED i HE XV, O

11.2. BARTERLDMEE. RIZ, BARTCHLERDINEIZ DO WTELT 5, 212 Gorenstein BRIZ
DWTERTHLEDERMBEIIITHLH 5,
%9 depth EBARTIZOWTHHBEIZ DN BN EANDH 5,

PRE 11.10. (R,m, k) ZAl#fix — X —FATE, 04 M Z2H6REK RIfELT5, 2D &
depthp M < dim M < idg M
MRV ILD (idp M = oo DIGEDHHFT),

SEER. HIDDAEZIZOVWTIFREID A S, £72% Z DT, Bass Dz Hi>T, d := dim M
LU EIZExtG(k, M) A0 BRENT VS, o THELBEITIEIdM > dH Do, O

FFX—X—BREDINMBOBARTIZOVWTE—RICMEIAH-7=Z2BVELTHE SV
720, TR ENE R/T WS TEOMEED S D Ext ZiRNNIEE WA, Eidx— X —FATERTIE
bR THS, Fo-<KHUIHEZE R —X—REDGELHL TR S,

i 11.11. (R,m, k) Zi[#ix — X —@FrERE U, M 2AGRAER RINEEE T2, 20 Ed>01
DWT, Extp(k,M) =022 & idMgr <dZRZEFAMETHZ, &<,

id Mp = sup{i > 0| Extiy(k, M) # 0} = sup{i > 0| ' (m, M) # 0}

PR, %55 1E. Extyl(k, M) =0s id Mg <dDAZREE L, (<) ZHLHTH S,
(=) Extz%(k, M) =073 5%, 20L& M ORUNE AR

0-M—=E"-E' —... 5 B¢ B ..

2D, B =02 RBIELW,

LT, FHL L0025, $HEERMOIICEY., pdtli(p, M) #0745 pHHNE, 22T
dimR/p=1&79% (FFBRIIARKIT!) & p=po < - Cp =m &\ saturated chain A3
5, &->T Bass OMEEID & Y pdH 1+ (m, M) #0TH Y., DED ExtbHH (k, M) #0 &5,
ZHUIMBEBIZFIES b, O

Tk B, M OBARTOEBRMZAZIZIZETORENIZDWT Exth(k, M) =0 &7%->
TWE 0% BT NUER 50D, FIFFOREV—DD i IZOVWTHATWIIE DRI 2/
% (fniE 1m)

F7-depth DEBRIZRES &, IROL D2 donD, BRKATFTILDSD Bass Bk, depth &
BARTOBREF >TWVWTHE & 5 EXMHRIRETH B,
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% 11.12. (R,m, k) 2 #ir — R —FER, 0#£ M 2ARERNEELT5, 20L&, 4i(m, M) D
WAV, DEVD Exth(k, M) BMARNG > 02kEZ 5L,

(1) 2D & 5% i OFTHRNEEH DA depthy M TH D,

(2) TDL>%2 i DHTHRAREDOEHNIEidg M TH Y, RINIEidg M =00 TH 5,

FiE, "R — X —FAERIZB W TR, BARGOA R A BRAE I OB AT HEIZ—/E T,
BED depth IZFHL W, L WO TIWRERDPK D LD, 2 =X —REUZBVWTHE YDA, DY
BIXRAMEDIREPBETH D (U270 EHRIRTGREBTHE ARTTAE RZIEED 2 TH A
Rob®SL),

FPHEIRTIZOWT, ABRERIMBEOBE TIE»A > THLEDL SRV & 2L TH L,

Rd 11.13. AZBAR—9—E, M emod\ ZBRER A ML T Z, ZDEEn>0I12DO0WT
WIEFETH 5.

(1) pd My <nTHB, 20 M OHHIRITHE n AT TH 5,

(2) £ED X € Mod A IZDWT Exty"(M,X)=0Tdh 5,

(3) fEED X € Mod A IZDWT Exti ™ (M, X) =0Th 3,

(4) fEFE X € mod A IZDWT Ext} (M, X) =0 Th 5,

SEER. B AMBEDG G DX G % e 9 & Y % &, Baer OHEEDPMEZ 20D TH F55 <

Mo TWA I LIZEREINZW, (1) = (2) = (3) = 4) FHO»RDT, (4) = (1) ZREIER W,

WEADBEX—X—T M PERERTH 205,

0-QO"M—->P, 31— >P—>FP—>M=0

EWSERFITH > T, P i FHEBRAERMEINEEL Q"M I FERERMBETH 2 &5 0b 0 HNS
(n=0TIROX :=M293), 2ITOQMPEEMEETHZZ L 2REIEL,

T5 & Ext DEZERFLD, FED X € mod A IZ2WT Exty (Q"M, X) = Ext? ™ (M, X) =0
PERYILD, ZIT

0= Q" 'M 5P, - Q"M =0

EWIEREITH > T P, WERERSENETH 202 20X, Q"M E (AWHA—R—
) HRERTH S, Lo TID%EINC (M, —) TEZEFZMITEIE, FEO Q"M - Q"M
BT P, DIESAdift T2, L ICHEFGHEFZ L. EOESEREAHAL TS, £oT
Q"M IIHEIBETH 5, O

FIE R — R — BT DEE X —#%IZ semiperfect ring DE1E X & UT A/J ZERIE+4372
ZENHIONTED, TDOIBRE0E LN,
WRIZFHE L LT, FRFTHI - 722 EDHHIRTE R TWL,

8 11.14. (R,m) Zi[#ix — X —FEE, 0#£ M 2 ARERINFEE T2, 2O E, mOFD M
ERIB 2y, - 1T LT,

pdr M/M(z1, - ,2¢) = pdp M + ¢t
MDD, &<, mDHFD RIEAF] 29, 2 ITH LT
pdr R/(x1, -+ ,x¢) =t
Thd, FRRILENLEMEIILZ THWRW D LITHER,

SERA. HHS M2t =1 DB RETRX T D TH S, 2 M FEHIR mDteT5, ZODIZETIX
D2OMEED i >0 DOVWTFAETH B Z L 2mRT,

(1) pdg M <i TH5,

(2) pdg M/Mz <i+1THhb,
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WoHD &S ITHERS
0 M 25 M M/Mz —— 0

b5,
(1) = (2) MBEODII LY, [FED N € mod R IZDWT Ext?(M/Mxz,N) = 0 ZREE &
W, EDRESEEINC (-, N) UTEZ2FMHIEEIE,

Exti'(M,N) —— Ext?(M/Mz, N) —— Ext’f*(M, N)

(1) DIE & D Extp (M, N) =022 25, LO%ERFIORHIYaTH5, Ko THAHE YT,
(2) = (1) MBEITIB LY, [EED N € mod RIZDWVWT Extty (M, N) =0 2 REIE XV, &
T pdy M/Mz <i &0 Exti?(M,N)=0Tdb, kDML (—, N) UTEZS2HHEEEIE,

Extif ' (M, N) —— Ext{'(M,N) —— 0

CWISERFINTES, DF Y Extif (M,N) ET o f5ENEHTHE, ZITHr—X—HPH
BRAEME & 0 Ext (M, N) ZERAER R 20T, FllOMEREA T Ext (M,N) =0T
b5,

BLEED (1) & (2) BEETH B, ZNTpdy M/Mz =pdp M+11HIFLALRETVS (%D
HIHER»E, EHLOPMPHROGETERLR) UL =2 TR LRITNIEV T RN &
BB, THUEpdp M =00 FZpdy M/Maz £0% 28 TH2 (ErSHZDE pdy M/Mz < 1
). ThzERZ D,

HUpdg M/Mz=0THolzefRETEE, FED N € mod RIZDOWTIRDTRIINTE 5:

Homp(M,N) —2— Hompg(M, N) — Extp(M/Mz,N) =0

Yo THU < FLOMEEL Y Homp(M,N) = 0 ITLE S, ZhBHIAIEN = M 2ATH
E. M =0 %>TULEWGREDREICKT 5, O

EHE 11.15. (R,m k) Za[fix— X —[FHiER, 0 # M 2 GRAER RIM#EL T2, 2O ELHL
idg M DR 5 1E,

depth R = idg M
DD LD,

FEPA. t:=depthR, d:=idp M &£ 95, z1,---,2; & RIERIFIE T 5B,

(t<diZDVWT) TIRITELLHBRVEWVWTRY, EZEBEAATE5DOREFEITIE I < oo DK
ici$%f%é Extl(R/ (w1, ,20), M) # 0 ZREIE, ¢ <d DD,

ERZ ZI13Wbhbp b Koszul EIKDHEERZ > T\W\W5B &, Ext BEIZEATE, LD Ext 135X
M/M(zq,- - ,2) ERBIZRSTWT, HLUOMEE D ZHidEaThvy, &5, X Bruns-
Herzog TIEZ 5> TW5A, 0 H 2T Koszul @z bz LTEL (Ext BdHdHH
3 Z & BRIEEIRERBEIZE > TWIHE Koszul EIkE A Eba TH kK21 T 5),

0 <i <tIZDWTHRINET Exty(R/(z1, -+ ,23), M) #0%mRd, i =0D& XX Homp(R, M) =
M#A0KXOEYND, i>08Li—1THDNIDET B,

0—— R/(Cbl, 7.’L‘i,1) L) R/(J?l, ,Iifl) E— R/(.’Iﬁl, ,mi) — 0
EWSERRIIN D B, TN (—, M) TESE2FDIFEIE,
Extly "(R/(z1,- -, wi1), M) —== Bxty Y(R/(x1, -+ ,2i1), M) —— Extih(R/(z1,--- ,x;), M)

Y\WSERFINTES, b U Exth(R/(z1, - ,2:), M) = 025> TLE2IE, dLOWMELD
Extis (R/(x1, -+ ,2i_1, M) = 0 TRINIZHE ST, WEOHEIEKT 5, &> TRz,

(t=diz2WT) AR d=idg M DWEREREST S, TTICt<dZRLTWADT, t<dil
THEERT,
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% depthy R=t72Z &5, depthy R/(x1, -+ ,2¢) =0 TH B, 2FD R/(xq,--- ,2¢) IEHH
HAMEEEZFED, Ko T RAPBFARI & X0 BMMEIE R/m=kDATHEDT,

00—k —— R/(x1, - ,2¢) — W — 0
YW S ESREAHINE NG, &oT (=, M) TEREHDIET L.
Exth(R/ (w1, ,4), M) — Extg(k, M) — ExtG (W, M) — ExtbH (R/ (w1, -, 24), M)

EWVWIERIINEOND, LA UMMEITIAIZELD pdg R/ (21, o) =t RDT, t < dITHERT
WE Extz (R/ (1, ,2), M) =0 TH %, £>T

0 —— Ext®(k, M) —— ExtEH (W, M) —— 0

EWSERFINTES, LALGMEITII &Y d=idM 75 Exth(k, M) #0DIFTTH5, o
T ExtLH (W, M) £ 0 DMV, ZHhididM =d IZFET 5, a

FlTib T, BARITTOHBMEDHEEIZONWT,

R 11.16. (R,m, k) Z o[ — X —J5fER, 04 M Z2HRER RIFEE 92 LRIEFAETH 5,
(1) idg M < 00 TH 5,
(2) £TDi>depthy RIZDWT Exti(k, M) =02% b p'(m,M)=0TdH5,
(3) £TDi>dimRIZDVWT Exth(k, M) =02% b p'(m, M) =0T 5,
(4) % i>dimRIZDWVT Exty(k, M) =02%Y p'(m,M)=0Tdh 5,

SEBR. (1) = (2): EHLOCIE & DA,

(2) = (3): ZHUE depthy R < dim R (% ETD) & D4,

(3) = (4): W57

(4) = (1): ZIZHHEEBERN=MTH 5, d:=dim RIZDVTORIHETIRO EREZ REIX X

(Claim): (R,m) % d Rjc*—4% —RBMR. M 2BREK RIIBEE 95, TOEZidr M =
ThHhiE, FBD i > dIZDWT p'(m,M) #0DHWIID, 2ITi=dDHEHBFHFLTWED,
(4) = (1) DEERHIZIZEE LW L IcERI N,

i@"M@@dﬁ%?\ﬁﬁ@

0>M—E - E'-E*—
L%, idM =oco DIFE LD EOMFEIZETER TR,

d=0D%E, 20 SpecR={m} TH5, {FERIZ z>0%t5t WE B b idEr Thn
OD’CunE_ZEZJ:DJM’kE’J meAssE &5, Ko TMEMMIIZED p'(m,M)#0THh 5,

d>00D%6, BRI >dE2EVEETE, 2OLE ui(m M) #0228, D2EY me AssE?
ZARY (EOIA L0 ZOREE), RO KD ITHESITT 5,

(1) TP p e SpecR\ {m} IZ2WTidg, M, < oo DIFA,
(2) % p € Spec R\ {m} (IZ2WTidg, M, = co DA,

(1) ZDE &, AssE' CSuppE' % 2%, LED p € Spec R\ {m} 25 &, @At M, ¥
E & OBARTTAR Ry ALY, EHITTI 2LV idg, M, = depthp, Ry <dimR, <d <i &7
5, ZIT. Gaohl M OBNEADR% p TRFMLS X M, D Mod Ry, TODM/INEG A7 R
3 (REIE) Zrhs, B —0ens, XoTE —0THA,

UEDZ NS, i>dl ﬁb’C & Supp E* C {m} THRITFNIERS KRV, ZDZe, EIELET
YUTHEWZ Lo MBEEIAIZED m e Ass B HED,

(2 ZD&5%piE—D2LB, ZOLEAMR, <dBI L&D, RIEDRENHEZT, £TD
J>dim Ry i UT pd(p, M) #0 TH 5, flEIHX o7, Bass Dl %> TEHE> TV R DS
295, s:=dimR/p £T5&, p=py<C -+ Cps =m &\ saturated chain 2N D, &> T,
Bass O i o0 Z#% D K L{Hi-> T,

p= I (m, M) # 0
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METD j>dim Ry IZ2WTHKD LD, TIT, s+dimRy, =dimR/p+dimR, <dimR=d T

HEDT, BELEITIE, LEOXDPOIID s+ 7 OEPHIE, TdAEOEAE 250, Lo THEE

Di>dizDWT pi(m, M) £0TH5, O
12. GORENSTEIN Bg

£ 5 %< Gorenstein BRIZDWTIRRBZZ N TE S,

EFE 12.1. X —X—E8 R D Gorenstein ImTH 5 L1, dgR<ocoDEE, 2FEH REHEFOK
ARFTHDERTH DL %N,

FE 12.2. XEMZ &> TR (WO R0 TWVWOXHRIEZ). R 2 Gorenstein TR TH D Z &%, £X
DFEATTIV (WAL FT7IV) TORAED Gorenstein HFFERTH L Z L LEHZLTWD, ZDH
HXidR=0ccPH D23 (L), LPULFERY —REBIIZIX. dR< 00 WD SDITEE
THIEIVHRIZEZZDTIZTRZES Lz, BLEWZEREI NV,
12.1. Gorenstein BOEXRME. IR OVWTOIRSHENZDOWT,

fPRE 12.3. "t — X —ER R ¥ Gorenstein 72 51X, (LR D R OREEAES S 1I22WT Rg ® Gorenstein
BThd, FIERED p € Spec RIZD\WT R, % Gorenstein R TH 5,

SEBA. [ ADMBORFLIIBADMTH S WO HMEOALSEBIIRKS, RS, RA
Gorenstein 72 51X R DE X HROB AL N, Tz S TRMET L Rs DEZIHRB AL
fEDMEN S DT, O

RIZE T RFTOEEIZ, Gorenstein BEDIXIER CM HEIZD\WT,
EIE 12.4. (R,m) Z 7J# Gorenstein AT & T 5 &,
depthp R =dim R =idr R

MDD, DFED RO Krull iRt & R D AIRILE R @ depth (F5F L\, & <IZ R i% Cohen-
Macaulay TdH 5,

FEER. 3 AE A depthR < dmR < dRP@ME M THH, —HidgR < oo 5L idr R =
depth R ASEHLITIE Th 5, ZIH5 3 DORIZEL W, 0

R THRWEGEIR, RO KSR on s,

%125, R2m#ir—X—BRL 95 L, RIFFAMETDH D,

(1) RIFAFDEHRT Gorenstein THb, DEV idgR < oo THD,
(2) dmR <00 TH O, fEED m € Max R IZDWT Ry, 1% Gorenstein JRFTETH 5,

$7-20L % dimR = idg R AR D D, (2) DEMED dimR < oo 24 L7=b D% I IE
Gorenstein & & /XN 5,
FEER. (1) = (2): BAGBOFALIZ DWW T OAELIE K

id R = sup{idg,, Rm |m € Max R}

Thotze EoTEAPERBI NS, £TDOme MaxRIZDWTidg, Ry I3HRTH S, OF
D Ry & Gorenstein RITER7L D TEM ZA 75 idr, Rm = dim Ry, DS, £o T, FXDATIX

sup{dim R, | m € Max R}

WZELW, —AZORIEHESPIZAdmRIZFELV, ROTEHES dR = dimR D 2D, &<
dim R IZERTH 5,
(2) = (1): ZbobmEIma &b

id R = sup{idg,, Rm|m € Max R}
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DD LD, & Ry DMRE & D Gorenstein BRTH 5 DT, EHIZA 55 idg, Rm = dim Ry A
S, L-oTEXRDALIX
sup{dim Ry, | m € Max R}
WZARD, ZOEIEFHSPIZAmRIZFELY, WEAdmR < oo EWVWIHREZEZLTW/ZDT, idR =
dlmR WYERTH S, £oT RIFAFDOEET Gorenstein TH 3, O

12.2. Gorenstein BFIEROEH D F. RIZ Gorenstein B D Bass BIZ D W TR S, ZDOANAITIE
HIZHBERHEEZ LTS

EIE 12.6. R % Krull RnAERAr—X -8B 35, ZOL ERIIFAMTDH 3.

(1) R X Gorenstein TH %,

(2) D p € Spec R IZDWT, p?MP(p,R) =0 Th 5,

(3) FEEED p € Spec R IZDWT, p”MP(p, R)=0Tdh 5,

(4) fEED p € Spec RIZDOWTH B n MMFIEL. p”"(p,R) =0 TdHh 5,

(5) EEDO M e Max RIZDWTH D n BFHEL, p”"(m,R) =0 Th 5,
(6) D m € Max R IZOWTH 2 i > htm DEFEL 4i(m, R) = 0 TH 5.,

FEAR. (2) = (3) = (4) = (5) = (6): oD,

(6) = (1): D m € Max R IZ2WT Ry, # Gorenstein R THNIE L\, LA L (6) DEMHER
O, MEMOIE LD idg, Ry < oo WS DT Ry, 1% Gorenstein Td 2,

(1) = (2): p € Spec R Z{ERIZE % &, R, B Gorenstein B Z & (@ [23) %2F A NUX, 1K
EREETFATHS:

(Claim): (R,m) % d RITH# Gorenstein BAARE TS &, i # d I LT pf(m, R) =0,

FEBE, EHIMZAIZ LD depthR=d TH2H 5., depth DERIZLD p~d(m,M)=0Th2, %
EEMIAIZEDidR=dTHEDT, p”(m R) =0LHOITH S, O

& 5 T Gorenstein B D Bass & P (p, R) ML RIZ748 5, FIX I OMHIE 112725 Z & H5E
BHHTE% (G&?7), £D7-HIZ, Gorenstein ERD type (EFHEE2N) %A, [EHTTEH>TW-TE
DRTGIZRAE S 'S, A EENRICOWTO—BEREZ P> TR S DIEI BRELAL VDT, FE
MHIdH & T1T S,

F 3 IEHIST TOREIZ DWW T Gorenstein MEIXFEMETH 5

W 12.7. (R,m) 2 x — X —FE, xem% RIEHILE 95 L. R M Gorenstein THh 5D Z
& & R/(x) ' Gorenstein Th 25 Z LIXFMETH 5,

SERA. AT L ERIFTCTORIZ DWW T DIRSE\W CRECD) 2HW5S &,
idRRZidR/ )R/(I)—Fl

&0, &<IiZidg RPWERTH S (R Gorenstein ThH5) Z& & idg ) R/ (z) WERTHS (R/Rx
7 Gorenstein TH5) Z L IIFEETH S, O

Z X Gorenstein BROH 2 ES & EIZEHTH D, DF Y Gorenstein FFTER (Kl 2 (X ER A
B, DX O RESHEER) 2EAG (e 28R SAEZEOXY o TRnwt) Thiid Gorenstein B
MTED,

13. IEHENNEE

Gorenstein B8 R D X \W& Z A1k, CMR % Frobenius 52 &BIZ/5, DY REGMN CMRIZ
BOWTHEHBAREKTFIZR>TWHEILETH D,
—fIZ CM R DB AREK T D Z & ZIEHEMBE (canonical module) & WEE (EMEZRE R IFE TR
R5),
D HAT AR TN R ERICEDWTIEENRE2EXRT S,
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T 13.1. (R,m, k) Z dIti#i CM BB & LU, Z D & SHMAER R IEE w A EEMEE (canonical
module) TH % L IZR &7z & &2\ D!

(1) w iEhAk CM MEETH S, DF Y depthw = d DK D LD,

2) w B ARTHRTH S, DF D EHMITIEICE D idpw = d A D LD,

(3) witype 1 Th5. 2F D Exth(k,w) Bk RZ ML LT1RILTH 5,

EEN S, EENMBEOMA A 7 7 W2 DWT D Bass BT WK 2 21T 5,

i 13.2. (R,m,k) Z dOt CM @AiERE T4, 20 Zwemod RIZDWTIRIZFAMBETSH 5:
(1) wlXIE¥E R TH 5,
(2) IR 31D:

SERA. BB TR SHES:
e WP MCM TH5 < p<¢m,w) =0 (depth & Bass LOEH L D),
o idpw WAEMRTH S & p”d(m,w) =0 (EH T & Ay 1)
o MCM I w IZ2WVWT, r(w) =1« pi(mw) =1
U

FRIIMKA T 7D Bass 721 T, EREDHEA T T7IVTOD Bass BDFHE U & 5 plifl %3217
5 (RMER), ZDOIZ EITIFIELENMEED localize TAZ L 2RI MBELRDH Y, ZTMER TR,

13.1. 0ORTR—Y—ERDGFE. 5FETHE D 0RCO A — R —ERIZDOVWTHRIIZRFEIXI LTI &
Potz, A CM BOMBTIIERNTTEH LI L TOMTIZ/EI LI LEHEL VDT, EEMEE
HIDIZOWTIDERNIFTLHTEL, REIZED, Ealkair— R —RIETIVT 1 V&R -
7= Z LITHER, & 72 Matlis AU 12 DWW T D Appendix DFAFZ 0, (=) T Matlis B % K7,

FIHE AR PHARERFIZOVWTIZ L1 DIEOL ZA2BIBLTLEIW, HE, MmE
U2k Y. Tmod R TOMARNSR] X THRERLZBAK RINEE YHAUSHDTHEZ LITHRE,

RE 13.3. (R,m, k) & 0 IRJCA — X —JAfTER & 95 LIRAE D 2D
(1) R % Cohen-Macaulay B2 T Y. CMR = mod R = fl R B’ b V7D,
(2) k DBAGHE E = E(k) 3RS AR RIEETH D, Matlis B (—)Y 1& mod R D H A
2525,
(3) HARLEMR R — Endg(E) BERAMTH 5, & <IZEndg(E) ZREARTHH E IXEBEN
Thd,
(4) E ¥ type 1 TH %,
(5) mod R IF5EEE & UTHYAERT R EBARERT E 2R,
(6) X €mod R IZDOWTIRIXAETH 5:
(a) X A E LABTHB,
(b) X IE mod RIZBI B EMMNBANRNRTHS (DX D EBKBANECTHS),
(c) X IXE¥ENMBECTH D (DF Y X IFBANEET type 1 TH D),
(d) X T type 1 TH W RENMBFTH 5,
(e) X W AUGTAHIR (DX W BAN) THOH, HRWEHR R — Endr(X) BRIELITH 5,
& U IEHEMBHI R Z RV —RENIZE £ 5,

SERA. (1) —M%I2 0 < depthR < dimR THAHDT, dimR =055 HENIZ R CM BIZ# 5,
F - ABRABINEE M #0220 T, 0<depthM <dimM < dim R = 07&DT M I MCM JE
2%, HEIFMmE T & OIS h,

(2) BEXERMEHZDWT D Matlis Wt (BHELAR) 25, 5 FE = E(k) 29 % Homg(—, E)
DARDINEGEZ D, WERDPTIVTAVERBBEOTRCARERD, AHZ RERATIEE € fIR
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S (KDHBIIZE SRS, EOEHELD Homp(k, E) =k K0 H, RIFRIMFELELTED
ARREHERTH2TF 2D T, WHRIZ R 220 AATHEIAR),

D EiRkIE Matlis ZOHFOEH BB TH 5,

(3) BtEDE & R & EAWIGS 5D T, HAKERMERIIEL WD T, R~ Endg(R) = Endg(E)
L%, BEOFRIE, —BICH SHERBIERDEATER R S EHXEEN 2D TR (bbsAEH
MR 25 HHED ),

(4) % mod RIS AERT R Z2RD, £-oT (2) DHIHNIZED RIE mod R DB ARERHK T
IZ525DT, Eldmod R ODBAREKTTH 5,

(5) ZHNIIMHE I & Y Hompg(k, E) =k 2545,

(6) FAMEMZFEHL TV, £7 (a) 2OZRMEPHIDIEINETOI L LV ITRTHSATH
% (E DR%EROIE, Matlis 30§ T annihilator AR ZER I ENF 2y IV TEDLDTHD ), £oT
BERMEDPS (a) ZHT,

(b) = (a): EMEHBAMBHTIEM MR IZED E ULA2RW (WE Spec R = {m} 2D T),

(c) = (a): T X OBARTHAERLZOT, EHIOIIRIZL D ZOMEIEER, 2F b X ITAR
ERBANETH S, —J5 X Id type 1 & D simple socle 2R DD TCHEMNINEETH S, LoTX
WWEBRBAMBTH I, ZHWEE ULIPRVWOTX =FE k5,

(d) = (a): X »¥type 1 & D simple socle k ZFiD, £oT X % F = E(k) [ZHDAD Z &

0=-X—=-E—=Y =0

LW IR TOMRBERNINH S5, Tz Matlis & 5 &,
0-YY—>SR—->XY>0

EAD, X DBREID XV HEHE, ROTYY =0 TRIFNERST, koTY =0ThHh X2 F

(e) = (a) £3 (c) = (a) DD L 512, X Z EFOAREMELALY, X =E"2E TS, Ly
U (3) 7225 Endg(E) = R DT, Endr(X) = M, (R) £175BRIZR 5 DT, ZhH R &AL
01 (ML DHHSHIZ) n=1DHE, 2FH X =FE DOE&HIZEsN5, O

13.2. Gorenstein IR & IE#ENNEE. DL EDO¥EfED £ & T, Gorenstein BRD type 1 TH D Z &%,
EYENNHE & OBIRDH S 2T 5,
FTHREED type IZDWTHET B,

W 13.4. (R,m, k) 23— X —J3iER, x e m % RIEAIEE T 5 LIRDELD VL D:
rr(R) =gy (R/(2))
D% 0 R/(z) D R/(x) MEEL LTD type ik r(R) L% L\,
SEER. MmO Iz &b, O
Z 1% W T Gorenstein B D type % F W72 R TR h 5,

EIHE 13.5. (R,m, k) & diXtA — X —JRAfiBiL 5 &, RIXAMETH 5:
(1) R % Gorenstein BR CT»H %,
(2) R I Cohen-Macaulay B2 CH D type 281 TH 5. 20 pd(m,R)=1Th 5,
(3) R % Cohen-Macaulay B2 CTH Y R HE W IEHENMTH 5,

FEEA. T RIEHIGTz e mZWB &, RM (1) 2Wi7z3 22 L R/(z) 2 (1) 2723 Z L 2wl
22 & O, £72RA (2) 29222 R/(x) H(2) 2T A, @O I & Y FIHE,
72 (3) DEMIZEEMBOEFEEANIE, idR < co MO r(R) =1 LAMERDT, 29 (3) 1%
(1) 72 (2) LAMETH 5, DT (3)IZD2VWTH RH (3) 273 2L L R/(x) ¥ (3) &2i/-3Z
&AL A,
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F-(MHE QLB DOELLEELZELTH, RIFCMIZAS (EFHIZA LY) ROT,
&% ‘5@4&%@% tf% REEU?’J Ty, ,T4 ﬁiﬂiﬂf\ dlmR/(.’El, s ,xd) =0 ‘(2650

UEDZ ENEHELETIE dmR =0D5HAIC (1) & (2) & (3) oEMEZ R REIX IV, BT
dmR=0&¢92%, ZOLEERBENESIRDEINEZD,

(1) 2% R AY0IRJC Gorenstein BRCH B2 &, DO EHMIZA I LD TR HPBAIFE &7
% (D% b RMPHIHEAER),

(2) ZhiE TR type 1l TH S| Z L LFAMETH 5,

(3) Znix TR APEYMENRETH D) L LAMETH 5,

ZDELYE, RAFIIHICRETCEHREN L RIMFETHE2 Z2HAVNE, mEDEE 2L IN5
DIFREMEAHE S, O

% & LT, Gorenstein B2 Bass MO ENTE 3,

% 13.6. R % Gorenstein 8 (JFF &R S72WV) 31K, LD p € Spec RIZX LT

; _J1 (i=htp)

FERA. & A CEH D TR, —SEEHE 2 EE T 5, d:=htp LT 5L, R, (ZamE I3
(2 & D i R Gorenstein FTERTH S, Lo TREHIZAIZELDY R, X CMERTH Y idg, R, =i T
H5,

T OMAMELD pil (pRy, Ry) = p~'(p,R) =0 TH B, KEBARIL i I L5, Bass HD
EHREEDE VTR 3! (0Ry, Ry) = 7' (p, R) =0 TH %,

LoTpi(p,R) =1 ZmBIT L VD, Z1iE R, ' Gorenstein 78D T type 1 THBHZ & (fir
C33) 55D, O

14, EXEMBEOMEZ & CM

E¥ENBIZODWTHLUWHEEZFAN, The CMBELOMbL D 2R3,

FDEHIZ, FAITGTEI>THRT S (reduction T5) ZENEZVWDT, TOHREVA NS
935,

FTEOIERTTEMBEEOIEATTEIZDWT, CM BB TIIRDPFIAE X N5,

8 14.1. (R,m) % d RoTr# CM JHFTER. M %MK CM iffe 95, 20L& AssM C AssR
OO, BT, EED RIEADE 2 € m IFEHEIZ M ERITH H 5.,

SERA. MAEOIA 124 D AsshR=MinR = AssR CAsshM =MinM = AssM 72 o722 & & En»
HZ5, peAssM 23, ZOLE MAMCMZ-70T dimM = d =0T dimR/p = d TH
5 (peAsshM &), UPULAmR=d DT, pcAsshRTHH5, ko TpecAssRTH5,

PAEED AssM C AssRTH 5B, BFOFRIE, mEEIA LS, 2FE0 RIEHI Tz Ik, XD
AssRDITHHITTWBEDT, AENSED AssM Dbty s, L->Tald M EANIZRSE, O

ZOMBEIZED, RIFAI GGz 2> TULEZIE. MCMIIEIZE 5312 2 BT RTD MCM JnEt
DIERTEIZ 5 O THEFTH 5,

FI RO, EEMNFED type 1 OFM% A CHERIBBRIZOWTORMIZEEHRZ S T
»H B,

EIE 14.2. R % docH# CM B, ARER RINBtEw 225, 20 E, w HEENFETH
BIEERDHEOINDZ LIZFEMETH B

(1) wlE MCM TH 3.

(2) w BB ARTCAERTH 5. > THART I TH 5,

(3) HAREM R — End(wg) HFAMTH 2,
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Type 1 D&M, FIZFBAL L HMELEL, ZA2EEMEEZ Wz CM BOAHM: 233 %
EEILH, Lo THOEERMERLEE EDEBRIZES | CWHORMLITEHRTH S, Lo THERMARZRK
TIREWVBETR W (GHE LI type DEIREDIES BEZFS5TH5),

ZOFEHIE, OMMTOBEEIMERI TREINTWVWS, K> TEAHTLTE > TW-T 0RTIZhR
BEINIZFERETHIN, TOLEFIIWAWAMWhEamr nELX 35,

FITHARTTIZDOWT, FEHIFEEERO SUR T A 219 TR 7228, ADGE 2R THE <,

e 14.3. R 21 d 0 CM B CTHERIRITLLE TS, ZDEE0# N € CMRIZDWTIRILFAME,

(1) idNg < 00 TH 5,

(2) idNg=d TH 3,

(3) N 562 CM R TOBARNRTH S, 2F VIEEDO M € CMAIZH LT, Extz(M,N) =
Exty (M, N) =0 D 0 322,

FERA. A I &0, O

ZhuEa bt e WS X0 BAFESIVWTWT, B R — X —RE LT, BARGTEE RN
HEIWIZE AR ERBIEWEZINS Z & (mERE) M3 nTWnwa,

WAz, IE¥ENEED type 1 DEFHITERIZETO reduction & fAMED LW (L URAME & FEMEDE
W) DT, reduction U TEMMEA Z/RT72DIZ, HE5M4DE & TIEATA reduction (Zxf LTS
FKIRBFBOIZELERSE, TN —Z—RETPH £,

B 14.4. (R,m) Az CM B L, RIER Gz e m Z[EET 5, £720#4#M,N e CMR %
B2, ZOLEdN=dimR &35L (([dN <ooTH&L\)., HALGHK

Homp (M, N) ®p R/(z) — Hompg/(,)(M/Mz,N/Nz)
WBEETH 5,
SR, PRI EDIC &Y 2 M ERIAD N EAITHH 5 2 LT, & - Tl
0NN N/Ne—0
NTES, TN Homp(M,—) TEZE2FIDIXT &,
0 — Homp (M, N) & Homp (M, N) — Homg (M, N/Nz) — Exty(M, N)

DoEs, ULALIdN <ol & M e CMRARZENS, MBEMEIICEY Exth(M,N) =0T
bhd, £oT, RIFEZEEINZLS,

—/i. Hompg (M, N/Nz) = Homp(y)(M/Mxz,N/Nz) 72 Z &%, —@rR/(z): Mod R — Mod R/(x)
DNEHBEFOLEMERIE NN NE, FLdd L,

0 — Hompg(M, N) & Hompg(M, N) — Hompg (4 (M/Mz,N/Nz) — 0
WS ESERFI DG S NI D TRI Nz, O

i 14.5. (R,m) Z A — X —FTERT 5, £/mzem& f: M - NemodRZ &V, FEX
N5G44% f: M/Mx — N/Nx £EL, 2O E o XN EHEERET S, fRAMRZ L2
[N AR Z e RFAETH B,

SERR. WIS 2T f ASAEAS FIRARTH S (9rR/(x) REFRDT), koTUT FARRE
T 5,
T fARMRZ LR AT, ROTHRRNH 2

M—1 N

| |

M/Mz —' N/Nz
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WETARHED, FEHFEN = (M) + Ne BPP25DT, zem & N emodRICEELT
FLUOMHEIZLD N = f(M) D0 fREHTHSE (ZH5MIT, o BN EMTHEZ 21305
@\1\)0

T AR C LR RT, K % fOME L. ROMREEZ 2,

K
K M
K/Ke —— M/Mx 7, N/Nz —— 0
0 0 0
CNEMLEERTEETHS (0 N EHIBZ L L, @pR/(x) PEEERZLED), &o>THE
DffiE & D -
0— K/Kz — M/Maz L N/Nz — 0

MNERIZIRD, REXD fHRBERZOT K/Ke =07 HT, PILOMELY K=0, 2F0 fiX
HETH D, O

PLED 2006, [EHIFETO reduction ¥ Hom EBERHEUZDOWT, (RO LS IZF D55,

% 14.6. RE2AHARTHAFCMEL L, REMlTGzrem & 04 M,N € CMR 215,
(1) f: M - NGz on&E fARAMTHEIL L, FEINDEM4 f: M/Mx — N/Nx
MHEITHSZ L IXFMETH 5,
IHICIdN=d&d5L, IREEDILD:
(2) M/Mxz & N/Nz DEEZR 61X, ZOEEE M & N & ORBIC lift 35,
(3) Endgr(N) ®r R/(z) = Endg,(s)(N/Nz) &\ BFAMHH 5,
(4) HR%GH R — Endp(N )7b=nﬁuw)5 e, BRBG4E R/ (v) — Endgy (o) (N/Na) %
FMTHZZ LIZFEETH 5,

FERR. (1) ZhidiE o e mE @I L0 3< (AN EHTHEHDDT),

DFidN = d%&i?éoiofmmmmﬁ@zé

(2) @A IZLY, [ f: M/Mx — N/Nz 3 $H5 f: M - N »o5iEEIhsH0L—
ﬁbfméo;of()%@xi fEBIDEES (BARAift 5 Z LT id N = d DsE),

(3) M IEa & b,

(4) MOAEHREHZ R 5

R—— 5 Endg(N)

| |

R l‘ HEHdR ®RR/()

T~ I

EHdR/(J) (N/N:E)

Z I CLOBBRIIEHERZREHRT, Rl LiEdT<F v/ TES, £72 Endr(N)®gr R/(z)
End g (o) (N/Na) 5.2 & bfliorz, koTERIE (1) & 0>, 0

ML EDO¥EfGDE & TIEMEMNMBIIZ OWTOCH @2 MHFHTE %, HEHLPTWETRRTE L,
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FI 14.7. (R,m) % d ¥t CM AL T3, 0 £w e CMREED, 2N idpw = d (idpw < 00)
ZhilzdEdHE, RO 2DIFIFEMETH S:

(1) wd¥type 1 TH 3. 2% Exth(k,w)=1TH 3,

(2) HARBRGMH R — Endg(w) BAETH 5,

EFBA. d 12D\ T DIRME TR T,

d=0Dt &, mED33 LV,

d>0¢95, ZOLEREHr € m ZEET S (depthR=d >0 XVHEN5), R =
R/(2), 0 =w/wr LEL &, FFMBEOIBIZLY RiZd— 10 OM BB Th 5, £z X R
FHIZOTHBMIZw EAITHEH D (HEED)., Lo THmEIBIZLY e CMRTHD, 5
2, REAILE D dpw =idgw —1=d— 1 BP9 25DT, we CMRIZI DEMHDIRGLZ i 7z L
T\W5,

(1) = (2): wA (1) 27T DOT, MEEZAICLD, W RIMFEE LT type 1 TH D, £oT
IR DEIC & 0 BRZR G R — Endg@) RAETH S, ZITRMEBIZLD, HRALEH
R — Endg(w) AFEL, DX 0 (2) A,

(2) = (1): w#At(2) 2= TOT, RAEBIZEY R — Endp(@) RAMTH S, & - TRNED
IREIZED Wik type 1l TH D, LoTHEEIAIZED wd typel TH S, O

ZHIZE D EHM@ANRENZ, TIHSEDIZ, FFLTIEEIEESE NS Z & HEW, Bass
BEHWEEEOTEELONS:

% 14.8. RZW# CM JGfBR e U, w ZIE¥E RINFEE 5, 2D & ZERED p € Spec RIZDWT,
wp WKIEYE R, IIECH B, & < ISURALD £

,ui(p,o.)):{l (Z_htp)
0 (i#htp)
SERA. EH M O ESRMAVPREAME TR0 S 0% RAiE X v,

(1) wH MCM 0T, w, L ETE 12 £ ) MCM 7 R, IEETH 3,

(2) idrw <00 BDT, MEIIAIZLDY idp, wp <00 TH D,

(3) HARLEH R — Endg(w) PAMTHSD T, FA{LL T R, — Endg(w), 2AEI7ZZA,
Endg(w), = Endg, (wp) 2HIEBTI L DiES, £ > THRZREMR R, — Endg, (w,) 1A%
Thd,

PAEXD w, ZEB M2 D522 T DT, R, ML U TIERNFETH S,
%D Bass BUZ DWW TOFRIIMEIZA & LD Z e 6R/ES, U

FFEII LD, S, ERENEFEO —BHERES,
PEE 14.9. REAH AT CM BATRE T3, ZDE X w & wy BEBITIEEMEER SIE, w) 2w,y
NI RVASN

BEER. d 12D W\ TDRHAE TRT,

d=00D& &, MEMmE3 LK,

d>00D %, RIEAlZtz 22 % (depthR=d >0 & VEMND), ZDO& SEH I DZEHIZ LD
TS 2T w;/wiz & R/ (x) L UTIEENECTH B, Lo TRINEDIEIZ L D wi /w1 2wy /wax
MDD, TITRIMEB(2) ZHFIETE. w) Xwy D, O

15. LR D BT 5 RTDEEMER 5
FHEIZIOANANIBMBTEER, TEA3L 022 5TI20WERZN,

EE 15.1. THEOHH R— S 2F X5,
(1) z € SH R LE (integral) TH B L1E, R & v THEKI NS S DD ER Rlx] DWERAER R
MBIz E %20,
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(2) SHROBILKTHDLIE, SOMEBRDILH R FPETHLLEER VS,
(3) ZDHLRMWBRYILK (finite extension) THD &1, SV RMEFE UTHRER L &%
Wi,

1) z ¥ R ¥,
2) 5 RIFEDOE=y 7ZHANFEL, 2 BZOHRIZH->TWD,

ZD2) DXz IZDOVWTORKRADZ & % integral relation & I3,

FEER. (1) = (2): WX S OEAER Rlx] € S R EERESNEECHSD, 22T, RCR+a2RC
R+zR+2>RC --- 2\»5 Rlz] ® RED D EFFIHH 0, union % & 5725 Rz] 12— T 5,
£ o T R[z] DABRERELD &I T R[z) IZ—HLTWVWDE, 2E0DHDn> 10 HFEL, Rlz] iE
RIMMEE LT 1, 2,22, 2" P CTHERIND, ZZTa" e Rlz]2FA5L, Zhdil,x,- a" !
THEBEINDZ N6, 2l EnikRE=Y 7 RFHEZHADIRTH 5,

(2) = (1): 2) DERMELD, BB n>1DBHFEL, 2" i1, 2" DHITEITITWS, LoTh
MHIZ 2 DRZIERT (n—1) A FORSIZHSEE S, 2ED Rz] R LT L2, -+ 2"t
THBINTE b ARAERK, O

WEITEOEHIT_v 7LHAENTEET 0. BRERINEEE W 7ZIESBEDIZE ST
I MoK 5,
fORIZHB LI —InRT>THEL,

fHRE 15.3. AIMEBOMKN R Sz e RIZHLT, RIZEMETH 5:
(1) 2 & R FE¥ETH 3,
(2) 5 SOMWHBT CRZ]CTCSHBLEDMRHY (DFD & REATL S DMNE). R
B LT TIZERERTH S,

FERA. (1) = (2): T & LT Rlz] ZEamE 2 £ D K\,

(2) = (1): £ ROATER—F —IROBEIFFAN—BRTHRDD | FM L0 T 2 5HRAEK R
EERHD, 55U RVPEX—Z =726, Rlx] & T OWMAMNEEL O BREKTH D, KoTEHRLD 2
X R FETH B,

RHIPR—F—FEERELBWEGEICIFTHRXD M) v 7 E2FEVT TLKCHAELL IV L 2 D integral
relation 2, f7FIRX NV v 7 THAE->TDL %, TO RMEEL U TDERRE a1, ,a, & U,
T BY TS, Te CTHRIEDS, HaxldFEla; 7250 R TEIT S, HWVWTP-T,

e 15.2. AIHBEOMKN R— S & e SIZ DWW TRIZFEE:
(
(

a1T = airi1 +azrar + -+ ApTpl

a2 = a17T12 + A2r22 + -+ + ApTp2

An® = a1T1p + a2T2p + -+ + AnTon

LB KSRy € RAMHET B, (THITHL &,

i1 T2 - Tin

o1 T22 -t T2n
[a17 ,an}l’ = [0’17 7an]

Tnl o Tin

DED, ry; DT AL T DL,
[a1, - ,an)(xE, — A) =0
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Z 2T E, $HA T8, KoT. (2B, — A) ORRTATFI 2L 585 Z & T,
[a1, - ,a,] -det(zE, —A) =0

Y75, koTdet(zE, — A) € Rg) BT 28T, WE1eTTHHIEMS, LIENTTRS
£T, det(zE, —A)=0&7%4%, det(zE, — A) &I S5 & REBEDE= Y 7ZHAZ ¢ Z2RA
LRI > TWBDTRI Nz, O

6. RIZFTSA05:
% 15.4. ARIEKRIZBILRTH B,

E7-\0b i 2 EEHE D well-defined (272 5:

% 15.5. JHEOHEHN R SIZEWT, SOILT R EEBLEDEEE R T 5, RIZS DE
NEEIRD, SOHRTREZEDHRARDEILKRE R >TWDS,

FERA. RAOSHIZE LI DWW TH U TWIIEE W, z,ye S & R EHEE T2, ZDOL Z Rz, y| AR
AR RIBERZ L2 REIE 24y, —y, oy DWERZ LOFHEID X OHES,

z PR EEXY Rz 3AREKR RINFETHY, yld R EBLDOTELAA Rz] ETHETH
%, &2 T Rlz,y| = Rlz][y] FERERK R[z] INEtL 25D T, AREKR RINFETH S, O

Z OFEN & ARG E R D EL T, WAH D5

% 15.6. JHIROHBEH R — SIZBWVWT, ¢, ,cn €ESHREELTE, ZOrE, SOHHER
Rlci, -+ ,cn) IE ROBRIKRTH Y, & ITHBIERTH B,

RIZBILR TR E DD EDL LW Z &, THE CM MELREBEERO & D [IZK5mnWT & e
A TE A — X —RBD L E LN THD,

FTMTIZDOVWT, Wb ERTFHEEHENZLES, T2 5ANAIETE L 5D THW,
W 15.7. BILKRC SIZOWVWT, SHEIROD & &, IRIKFME:

(1) R DA,

(2) S DMK,
FEEA. (1) = (2): SOEEDLs #A#0%2 LD, 2" +a 2" 1+ +a,=0in S LRDE5%
a; € RVFIES B, 22T, EfIHa, B EBRS, 2 TILKVELT, [RPBHZDT) << »
FIE> B eihd, TNEFEVELT, a, 202 LTLW, T8, 2 TLLKoT, z-b=a, &
W3beS, 0£a, e RETES, [RVIKLD ] a, Z3AHTHBHDT, TIh6FT MRS TH
Weis,

2)=(1): 0#£z€R%L5, 1/x € SHHNZDT, Dy D integral relation &< &,
/a2 +ay /2" P+ +an1/r+a,=0in S &b a, € RD¥eND, Tl a"t 2hriFs L,

1/z+arz+--- +ap_12" 2+ a, 2" =0

WS THD LD, Ko THBIHITNIE /2 e RIS, O

B 15.8. RC S #EBIiKkETHLE, MHEKDILD:

(1) P eSpecSIZDWT, RNP e MaxR & P e MaxS (ZFAfE, £<iZ. RN(—): SpecS —
Spec R 1XEA% Max S — Max R % %8 T 5,

(2) pe MaxR%2 &2, % P € MaxS BfFfELTp = RNP &%, 20 LOEHK
Max S — Max R 325t &£ 75,

DEDIRDOAHK AN D 0. BHIMNIT pullback (278> TW5:
Max S —» Max R
j p-b. j

Spec S m Spec R
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SR, () p:=RNPLT2L. HE R/p—s S/PHTE%, PecSpecS &0 S/P I3k, *7-.
R C SWEIKRBLI NS R/p C S/P BEHLKRZZ W (integral relation HWT) <0595,
Lo THIEMmA X0, S/PWBMELRI L& R/p MR Z L I3FEfHE, DD PeMaxS & peMaxR
(=SEiLT

2)peMaxREE B, pS EWVS SOAIFTARERS (p THEBEINE SOAFT L), 20
EEPSAS EREIZTIE pSEEL SOMRAIT TV P 2N, p=PNR &S, 73
S5, pC PNRESpecS TH Y., plIBRA T T NENS,

FOoTUTHAEE ST, pS#S2RT N 25ROV v 7 {FS 5, pS =95 Z2INELTFE
2T, ETARIEKIZE VPR DAV ERIEET 5,

1eS=pSI2&D, 1=ricy+---+rpc, withr; Ep T, €S 2RBHDVENG, ZDE X,
T:=Rlc1,  ,cp| BFEZD, RMEBIZED TIX ROERILKTH 5,

ZDrE, pTRHONZ1Z2EE T DAFTTIVEDT, pT =T TH5 (INT, HERILKD
BEDOFF->TWIIZE 2RI, Z22h56, TO RMBFEL L TOEERE L DIFHADONY v o
35,

DEDPT =T RHRIENS, TOEFKRE p»IFET OEKR, EWVWSETHE, 5[EELTV
AZNARLE, fEE. pBREOHETH AICDWTdet(E, —A) BT 2T, WET X1 28580
T, det(Ep—A)=0&7%%, LAVEBETEE, 14p Dt =02%0, lep B0 FHET2, O

TIKDAELEI N o7, THIIZBEANRE D LIZINIIHETE S, IRPEILROEE LM
H (L ULAMUBEZA L2 D),

EE 15.9. R— S 2RI KE L, Hind 545 RN (—): SpecS — Spec R & Z 5,

(1) (Lying-over) Spec S — Spec R 132 TH 5,

(2) (Incomparability) p € Spec R Z[EE L, ZHIITRI K 572 Spec S DFEA T 7 )V 7= H DI
. RUTEERR LW,

(3) (Going-up) p; C p2 £S5 Spec R TOWAH L, RNP, =p; 725 P; € Spec S MEREIZE:
AoNeThH, ZOrE, HBP,C SpecS THH, PP C P,7» D RNP, = P2 55D
NS,

FERA. (1) MRS TT7NVICIRESES lpeSpecREL D, RIMBEE LT R — S 2HAkT 5 &,
Bl Ry < Sp := S®r Ry, WTE, TNIIERERMTH S, UMW, S, 13KiF. S ORPA%ES
R\plZ&k 2 SORFALZDTRIRK ! £/, S, & R, DBILKTH S | ¥R 5. S, DIERED T
Wt z/a withx € S,a€ R\p &I T, 2 DILD R LD integral relation Z W TX > T, a D
TP TEH S TRNIX 2/a D R, £ integral relation " TE 5 |

Max S, —» Max R, = {pR,}

j p.b. j

Spec S, ——— Spec R,

l [

SpecS —— Spec R

ZDESBAHHAPNTEC, MEMmMB LY —F LW | 22 LD, pR, € Max R, IS %
fASPDOELEDTNTES, TNEETETEHELHE, AW EHHMEI D plZhh 2HTH D,

(2) DA & pullback P& 20 & O EREAIZIE, p IZRIEDIFET Max Sy, 226K TVWHDT
GEMRIEERV, ROABP ALV, BHHLS — S, &Y Spec S, % Spec S DI/ AT &
5 &, P € SpecS W SpecS, IZBTHILiE. PN(R\p)=0RZ e, D£ED RNPCyp
LlFME, (PAEDZER5, ToMMEESRKIC pullback 7Z& 00 5)

ZZT. P,P,eSpecSIZODWTRNPL=p=RNP K& d%, LDOZ M5 P, P, € SpecSy
LRAD, o THEMR LD P, P e Max S, TH D, &Ko TAEBRITR ]
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(2) p1 Cp2inSpecR & RNP, =p, 7% Py € Spec S WG-Z oz 35, ZOLE, R— S
R/p1 = S/Pp &S B %2 FE T 5, 7 ZEHLPBILK (S DIED R EOD integral relation
ERIRIZBEEIEEV), ROABKREE Z 5:

SpecS/P; — Spec R/py

N

V(P1) ——— V(p1)

[ l

Spec S ———» Spec R

CHETHTHD, —BLE (L—BT) X (1) 028, EoT. po e V(p) KHIET 575 V()
POINEDT, ZhE Py EFhUEEW, O

I, BIEKTIEHRITGHEDL SN 29 h 5 (EE, lying-over & going-up & incompa-
rability UMD 72\0),

% 15.10. RC S #WHEROBILRL 5L, dimR=dimS TH 5,
FEBA. 9 Spec R IZBWTHEDM AN pg Cp1 C -+ Cp, Doz T 5, 5L lying-over &

going-up % JIEYX Spec S — Spec R T ZIX, SpecS 2B AHAM PhCc P C---CP, ThHh-oT
RNP; =p; L22HDO0HN5, ZITIDMRINIEDHRINTH D, e o TN TELR?-
7256 pDIEITHELL 2B IDT, £oT, [SpecRIZEX n @ chain BB 574 51X, SpecS
WEZnDchain B TES] 2&25, dimR <dimS D (dimR =00 D& ETHRLR),

Wz, Spec SITBITBHEDERIIPL C P, C -+ C P, o735, 2O E RN(—): SpecS —
SpecR TEBZET, p;:=RNP&THNE, 20HZXTHp,CppC---Cp, DTES, TH
REOBAIITHSZ L EFT. LB i1EONT pi = pisy Ko TLEoRLTHE, P L
P 122 BHIZE U Spec R DILIZ &R, & 5T incomparability & 0, P; & Py (CAEBRIZER N
Z2IIBROFIE, FoTINIIEDHKSITHS, LoT. [SpecS IZEX n D chain ’H 545
I, SpecRIZEX n D chain BN TEB| 2256, dimS <dimRHPHES (dimS =00 D& ETH
KALK),

LEDZ &5 dimR =dimS TH 5, O

T/, ARAESIFEORTIE, DR L EERIEAZ S, HFEROL b HIzL o\, HELTHR—
2—RETHLEZX 5,
R 15.11. RC S 2 A RO ARIER, M €modS £ L7z2 &, dim Mg =dimMg TH 5, &
{IZdimS = dim S &7 5,

FEBR. M AVERRAR S MIEET, R C SHEMRIERL I E K0, MIFERAERK R MEERZ £I12HR (8
HER7ZEZNWNETVI?), £oTdim Mg = dim(R/ Anng M) T dim Mg = dim(S/ Anng M) & 7%
5 (FFm#EE UTo Krull e, AiFEe L TO Krull ikit). —FH. RC S IFH4H R/ Anng M —
S/Anng M ZiFE T 252 03005 (FEHLEITIE Anng M = RNAnng M 72D T), ZHUIHHS
PZEBRILRTHBDT, & ITEBIEAT, 220080 Krull IRt —8d 5%, £o>TdimMg =
dim(R/ Anngp M) = dim(S/ Anng M) = dim Mg TH 5, O

CNDERIER ZREILRIZED 720 HRERDEE Z PR L 72 5 £ 5 72 % A5 720,

Part 2. JEA#E, &< ICR—9—REHLY
16. FFEATERIZDOWT

T 16.1. GEAr#) B A B HBFF (semilocal) TH D &Ik, A/J MWEHMERRE %205,
ZT J = Jx =rad A: Jacobson R,

(
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WA ARAMERE VAR H 5, AHOEEITH o L3,

& 16.2. (GEA#) B A IZOWT, RIEFEME, £72%&00 T4 22T £ ICTESHATH
[l i

(1) AT WHfER,

(2) AT BETIVT 1 VB,
(3) AT WAERARA K,
(4) HBAEBMWED A DWKAEA T TN My,-- M, ZFHNT T =M, N---N M, &Eh5,
(5) A/TJ 24 AMBEE RZ L (ARER) BN
(6) fEREDA AMEE M € Mod A IZDWT, socM ={r e M|z-J =0} 2 Homy(A/T,M).
(7) EESA A DIRED (MERR) ERE® S HAINEE,
(8) HuffiAs A MDD (MERR) TEREIE S BFANEE,

SEER. (1)-(5) BAX Y X —F, (6) DMEIF LS, HLIFEHFSHL TV,

(1) = (2): FHMEOERZ, THIFEE UCTRREMMNEE] &3 A/ T 1A BRAERCEJHN
MEIOEIHRB, &<ETVT1Y, KoTAN/TFETVT 1V,

(2) = (3): TNT « VINBHXE (CHRRAER N M PWERRERDERIEZ. 0=nNN; &H5
MEEN, <M ZHNTERED RS, FliZ¥r0EET, Zo@Bos2AREICIRVERZ SN
&)

(3) = (4):

7
8

J = (UM | M HRAA 77V}

I AJT BEEARERES £ (4) DES TR BR LN,
4) = (5): T =M N---NM, KRG FTIV M, =5 %o TELS &,

AT < A/My & AJM,

EWVWD B SIT AT PRI OIH A MEEL 725, & o TA/T IR IEE,

(5) = (1): FHMERDEZRD —2,

(6)-(8) KFART THIDTHIS 72, (6) xHEF < -

(1) = (6): soc M (FFHMMEFL D, T THZA S, 5T (socM)-T=0&D, socM C {z €
Mz T =0} (25 508G REEME L SRV), Wiee T =07 T5E, sh <M 205 A
HWAMBEEEZEZ S, ZNE, (eA)J C2J ={0} LB DT, J NI THZAS, 2F0 A/J Ik
FoT (1) &0 THIRFEHFIEE, DT 2A CsocX &V x € socX,

(6) = (5): soc(A/T) = A/T B¢ (6) DARA BB, &oT A/T L4 HAAEE,
(6) = (7): [T I THHI & ELRMIBEDFE] AY(6) "5 FZX5DT, EMEATLHILE
ENXT CHEHRMOERAERMAH 5,

(7) = (8): HS M,
(8) = (5): J DEEM S,

AT = [0/ M | M ERRAA 77V )

YN HEAH D, &AM ISR, & o T (8) & D 2 OERS LR, MO S
SBEEE AT E D . A/T 1R BATIIAE, 0

IFATEROEE R E,

R 16.3. A 2 BRFERE T 5, AT I FEMEEE UCTERMZN, A/\J=516---a85, £HITT
Wizl §5, ZOrE ([TEOBEMAANBRIKLT IO S o @I, Db, BEAMED
[ BRI A BRAE U 22220,

FERR. S ZHAINNE L T2, JOERIZED AT - S Wi EHNREND CERATWSR),
ZZITA=5¢ ¢S, EEMINBEEOFIZoPNT W=D T, (Hl 21X Jordan-Holder Dk KE +
D—FMWAR D, REMINBEDOZRE LD, DN 5,) ST S Ok EE, O

=
=
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TT@@O) El:lo

8 16.4. AHAER R 12DV TIRIFEME,
(1) RIF¥ERA. 20 R/JTr M FHMEL,
(2) HH R INEED FASEAEBRME L 227,
(3) Max R I3EMRES

FEEA. (1) = (2): M@ B3 LY,

(2) & (3): A B R Tk, MaxR &, Bl R O RMEOESIZ BRI H 5, BAA
T TV MAZTDOWTIE R/M HSEFANREZ U, FIZBHINEE S 12 DWW T Ann S 238K+ 77 VI
8%, TNPERBEHGRI LIFT A TES (rMEIsER )

(3) = (1): MBEIE2A D (4) Wiz I N2 DT RILKFAT, O

Bl 16.5. RIFFRATERDH,
o WK — X —JFER,
o Wit — X PR R EDX—&— RARE (dnd [3),
o HTINT A VE - ETINVT 14 VB
e semiperfect ring (*E5ERER),

BERR. AT VT 4 VERA DR ERT, HOHS AN XTIV T 1« VIIHETHD, TOEAN/T T
VT4 VI TH D, Lo TMEMM2AHL»S ANFEFERTHS, £HF, GTNVT 1Y = H%ekR
= PEEE o PP, X o THWVW (A= N—FILEEE), O

DEIT, MAFDOREL L BROMIL & DEAFR, IEE, FRABEROME T—HM S DX I (& socle D
k< H5Wn) ZERES,

fEE 16.6. A 2T —X—BL L. M eModA & $53, ZDLZx,
rad M = MJ
MDD, M WPEREREBEL TRWIZ LITER ]

BEER. fiH D720 Ty =T EL,

MJ cradMIiZ2WT, ZhiEWwWoTERYE=Dlee MT &35, 2O Excrad M 23R,
ZDEDIZEr=m - Nze M e TJ EHEELTHTATH S, radM ITADZ L ERTZDHIT,
EEOBMAENDE f: M - S 225, f(z)=0ZRNEE0D, f(z) = f(m\) = f(m)A=0
B, mEE f(m) (=) A= S &S modA TOHIZ, Ne J =radJ Zflio7z,

rad M ¢ MJ 1Z2WT, F—i& M/MJ W AN/JT L3528 15 AFERFED AT &
PHHER, Ko T M/MJ IEXERKA/T INEE. Ko TEHREHA IR, rad M OEHRELD. M 25
RO HEHMABENDOFHIL TR M — M/rad M #RHT %, £oT,

M ——— M/MJ

|

M/rad M
EWHHIEALH D, oTradM cCcJ kb, O
17. F—2—RE D7D

EFE 17.1. RZ AR —X—E A% R-algebra £ §5 (R — A L\WHEEFRRIT, HH3A DM
ABE5bD), TDLE, AiPZ\ 4 — RHE (noetherian R-algebra) TH 5 &I, Agp € mod R
LB EEEND, ROTMT VT4 VEBOL &, 2—4— RO ZL2TIT4 > RRE (artin
R-algebra) & X,

UTFRICR—9— REBEEIE EE, RIABRR—I—BEZERTEHILET 5,
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17.1. BF - EAME. FIBEHNICIVWVEEZE DI E2RLTVERL,

fE17.2. R2WHPLXA—R—B AZ3x—X—RMAKLTHL, AFX—X—BTH5, RVEH
TNV T 4D EF, ABWI7IVT « > TH (artin R-algebra LI 5)

SERA. ADEATTAD ERFIZ. AD RAMBELLTO EFINZE R >T WS, WEAcmodR &
DAFFR—Z— RINEE, LoTHIFIEES, TVT 1 vE AR O

FIFERD A — X — R &5 MIFEERDP 2 TH b5,

MR8 17.3. BAIZOWT, WILIFE{E:

(1) B2 —2—B RMPEFEMEL, AZr—2— RIBOMEE ANDE Z LN TES,
(2) ADHL Z(A) DR —R—EBTHO, AX Z(A) INEEE UTHERAER,

EFR. (1) = (2): A 232 —X— RABETZ, ZOLE Z(A)FAETH Y. 72 A D REBHM
BTEtdHd (ROITHPHFLMERATZDT), £oT Z(A) IFERER RIMBETHD (R A —
R—72DT), DEY Z(A) BAHfERr—Z— RAREL LoTeITHR—K—B, WS, AD
RINEEE UTOESRIZ Z(A) MEEL LT ERRIZRoTWSD T, Z(A) ML UTHBRAER,

(2) = (1): S A (R:=Z(A) & LTHRIZHEEZ AnE X W), a

FoT, F=2—REUZEHT R, EBBROL D [FIZL>TEDLEZPED S RWhADBEITA
D, THOIWVWD LI EHE5EHAS, BT depth RIRITTL® CM P& DIZDOWT,
2 DDERDRILDBURIZDOWT,

WRE174. REA[ir—X—B, A2 32— X— RAREELTE, ZDrE, JrDtid Jy Dt L
THEMT S, 250, ATRC Iy TH5B, DE0ER%Z 0: R A2 T32, o(Jr) C Ja DK
URVASOR

ZERR. S ROTIIFAHUIMEHTEZ 200, AT 1T A OB MEEZ Z 2 12, ATR DS Al
BEX LT, Ap O superfluous submodule TH 2B Z & 2RT (WAKAA T T7NVOHERIIZAB I L
BRI, EWVoTH IV, SERIEEIL), 2FED, My CAZEZEDO AHSINEEE U, AJp+M = A
MO DEE M=ARIEERT,

RINEEE RCHILZ W20, XN HDEER DL, AMIABRER RMBETH D, AL
SIEHZEEC RANMBETEH DD T, AT+ M =A LWSEXIT A © RESIBEE LTD
%X, Ko T RMBLATHLUORHERZFS ZENRNTET, M=ADKDID, XoTATr C I
Th b, O

e 17.5. R 2 afix — X —CHFHE LT3, 2O Ex—X— R A BEXERTHS (R
MPRFTH AXREAREIZESZ2W),

FERA. RTZ &I A /Ty DREEMERE WS Z 2, LA L. ADITIZ Jp DIEMNT B L Ty T AT
(M ra), E>TA/Jy & RIBEELTRB L, Jr DI THHB, 20 R/Tg MEETH 5,
EoT ATy R/ Tr EDF—2—REE b RND,

ZZTR/JrlE RAMWERMLVPEMETH L, £<IZTNVT 1Y R/Te RE £oTA/TA
ETVT 4 VERTHD, MEMEAIZED AMPERAITH 5, a

Rz, BSABRERES>BLTRHI->THREU (RIIBEDLD S50, IZ20WT, AUEIRmI X
H & THHDILEIZTIRICR depth TR %, FEHIE R 2RERATOGE R EAEIKIZ R0 T (25T
BWGEII X R Y7258 0WL MY v F =2 %2 T5), TNERITENKT,

8 17.6. RZAMr—X—B, A %23 —X— RREELTE, ZDLE M € ModA IZDWVWTIRA
IPARVASR

(1) My € modA & Mg € mod R \Z[FMH, $720b THRAEKMIT RTH A THFIMHEL

(2) REYRMERETHE, My cflA & Mg € IR IZFEME (FIFEFEHFOKEIX NS0,
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FERA. (1) HGAMICH TE AL DA A THEIZ, Mr DS RMBEE UCTAHRRAERE T2, DT
FOERRIZ. AMBELLTH My 2EKLTWS, &> T My IXEBRAEK A IR,

Wz, My DERER ABEE T2, A" > M 205 A IO EH 5, Zhid RN
LTOERTEHY, AgemodRZZEDS Mp € mod R DMES,

(2) Mr e fIR7ZE T3, THOHKMMIZEZ DL KW, L(My) (resp. L(Mg)) % M ® A &
SIMBED 72 TH (resp. REDMBEDRTR) LT 5L, ST L(My) & L(MR) DEHRTH
%, MpeflR &V L(Mg) 33— —WMnD7 VT4 Y, EoTZDUWNEL(My) 3 —K—
P DTIVT 4 VIR Z DTN, EoT My Fx—X—HIEEDP DT VT 1« VIR, D% D
My € flA,

WA, TRIARAMBERINBEEATEREIAR] 2R0720H, fIA X modA DRPT
IERTEU 20T, THH#A A MEE Sy 1& Sk € IR] Z5REIE+4.

WE RPWERMEOMELCDICED A B ERAITHS, £oT Sy & A/ Ty DENIKT (4
FEIE3) . DAICHD A/Ty € IR ZRBIFE WV, METEIZED, ATy & Tr 21 TR,
Lo T AN/ Ty FEBRER R/ T MEETH O, RICERBIRI LS R/Tp ETVT 1 VB, DRIC
ATy cflRERY, BbY, O

H2EFER S WGEDIEHZ AT L TEL, WOWAFHARADEZHS, —oHDTEA:
(A =R —DIRETHVSEW), FIIZHIEFAE RZZ D0V T, #HPH->THESEAZTTI W,

RE 17.7. RZmHER, A% RRET AR DERER RIMETHEEDLET B, ZDL EILED
BMiA ANMBESA XS RIMBEL UTESARTHS, <120 M € ModA IZDWT, My € flA &
Mg € fl R 1ZIF{H,

SRR, XoXrAUL, W AMBENAIRIZAZZEZRNIE T, Sy 28 A MBEE L, T :=
Ann(Sgp)={a € R|Sa=0} T3, ZNEIRDATFTTNTHS, ZDLE, WIKYILD:

(Claim): I (X R DKL TT7 NV TH 5,

(Proof of Claim). WE S #0 & D 1€ IRDT, [IZFRDEDAFTT I, £oTI 2ELHA
AF TNV mDENE, I =m%ERT,

SmEWIbD%EFEAD L, ROTLVAHIZIEMRT S Z LITERETE. Zhid S O AEBIM
BThd, oTSAPHHiAZEED, Sm=0DSm=52%k5, Bi&LsEmcI i,
IT=m»H>, Sm=85 L LTFHEREL,

ZZoNAPSTLERDIEDS, SpcmodR &Y. 21, ,2, 2 S D RMEEEL LUTOEKRE
T2, ZOLESm=SRKILhs,

T1 = 21711 + T2T21 + +++ + TpTnl

To = T1T12 + TaTo2 + - - + TpTn2

Tp = T1T1n + T2T2n + - + TnTnn

LIRBE DI e m BMFET B, [THITHL &,

i1 T2 o Tin

21 T22 -+ Taop
[l‘l, 7xn] = [x17 )In]

Tnl o Thn

DFED, vy 2LOFHIE ALTB L,

[€1, -,z (B, — A) =0
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Z T B, 3HBAATH, Ko T, (B, — A) ODRR T35 2606815 Z & T,
[x1, -+ ,2,] -det(E, — A) =0

2755, HHLHE VT det(E, — A) 2itHT 2L, det(E, — A) =1+7r withr e m B9 5, Z0
JelE oy, 2, TRTERTDT, SZ2KT. DED1+rclcmeiRb, LALremiall
"6, 1emAPEVFHE, O

IDZ M5 S, WAL F 7 m:= Ann(Sg) 2T, ARAER R/m Mt Aktd, &
L2540 R/mIFEZROT, R/m ML LTS IEIAR, o T RIMFLATHEIARTH 5.
V<, ZOFEHENS S IE RINEEE LT R/m DEMEFAMTH 5, 0

17.2. BEBBRCTOBRMEICOVWT. x—X— RREA VD722 &, ROFZEATFT TV p THEL
THEMTDHIL2ELLTE, ZTRIZOWTIEY{L & BB M,

E 178 RAEWHA—X -8 A%2F%—X—RRELL. ROBHELS S 2L L, ZDLE,
Ag IZIZARIZ A — & — Rg REDEEENR A S, £7AFED AIEEM 2 LT, RIBEE LTORF
At Mg 13 Ag MIEEE A7eET, M € modA 75 Mg € modAg TH 3,

SEEA. L TE B, O
ZIno, 2%0 STORFLIZTERETF ModA — ModAg ZiEET 2,

RE 17.9. RZ A —X—B, A %23 —X— R ROBMESSEZL D, M,N €modA &
35, ZOkE,

Ext) (M, N)s = Ext) (Mg, Ns)
EWD R MEEE UCOREDH 5,

FEEA. MBI EFRL, —IGAT v FT 5,

M=ADBE%EEZEZLHL, i>0TIEERT, i =0 THliIZEHIZ Ng IZFELL, L5,
EoTHEED M OBEE. AR —R—8Y2 M cmodA £ 0. M OFEAMECHIRERH HINEE
M55 ONIND, TNIDWT (-, N) LTEAMLLTIcEO Y=L > =00, JFirt
UT(—,Ng) LTaFERY =, oDWEL, Lo TRAMEAREE I en s, MilldFEL
W, O

17.3. KrullJRTIic 2 W T, 3 — X —REEDOMMEED Krull IRt RO L b itk snwl e
BRE5, ZOEOIZEALBILRDI 2P S5TW:,

g 17.10. RZAMIxA—X—B, A2 x—X— RAKELTS, ZOLE M € modA IZDWVWT,
dim MR = dim MZ(A) 73‘}5‘2 D ﬁ?o

FEER. £ HAA M IZRAFELE L TH Z(A) IFEE UCTHLHERAERRZ L IZiERE, &£ - T annihilator
Thbo>TKrull R %FHHT 2, WE R — Z(A) WS AT HBEOMERIAIH O, ZAILH S 5
2 R/Amnp M — Z(A)/Amnz )y M WS B Z2FEE S5, £72 Z(A)g € modRIZE D, Z
NIZTHBROARIELATH S, Lo TELLIDIZED, 220 Krull IRk —H3 5, £-T
dimMR:dimMZ(A) O

EZE 17.11. XA —X—EB R A —X— RAREBAZF X, M € modA D Krull’Rt%. dim Mg,
DFEDMODORMBELE L TOKrull ikt BHT 5, EOMBEIZE D, ZOUWSTIIERERD & D HIiZ
L5670,

17.4. Depth IZDWT. RIZ, HEEERDEGFDOLEIZ depth #F 2, TNBEBERICL ST 2 —X—
REDADBETEIT LI 2 /A5, LI, IHIROARILKT depth IFEDLSBRNWI L2/ B,
FFAHD L ZD & 51T depth 0 DEED S,

M 17.12. (R,m) 2 Wi r— X —FiB, A 23 —X— RREL T3, ZOLE M emodA 2
DWW TIRILFEME:
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(1) soc My = 0.

(2) HOHIA(A/JA7M) =0.

(3) soc Mr =0.

(4) Homg(R/m, M) = 0.

(5) m OHFIZ M IERIGAEINS (554 M % RIBEELTAS),

&<, Homp(A/ T, M) #0722 &, me Assg M \ZFETH 5,

FEEA. RASEAT &L D A RERET (MEmE2), Lo TMEGE2 L0 (1) & (2) & (3) & (4) Boh
%, ¥7-HEOMEDS LV (4) = (5) TH 5,

(1) = (3): TH oMM, socMp #0 EIRET DL, 0£x€socMp &2l bLam=0TdH5,
ZZT, AIEEL L TDsocle ZfED720WDT, Li=A<M%Z#Z25, ZHIEAWRPNEETH D,
Im=0%Z 25 RIBEFEUTRIAR, Lo THBELIBIZED ANBELLTLRIARTHS
DT, BT socLy #0, E>TsocMpy#0 L7,

(3) = (1): socMpy #0 2T %, DED Sy < My &\ HH A B NEENR DL, ZZTE=Mm
BIraic&b, SReflRe%2 (ZOHEIXLDIEL, Sm=0R2h6 SIFERMTHS),
Lo TEBHAAs0cSg#0 KD soc Mg # 0, O

EIE 17.13. W#ix — X —FR (R,m) EO X — X —REA LEHRAK A NEE M € mod A 12D\
T, RIEEE LTOMK M ERIF] 21, 2, LD, ZDEE

Ext) (A/Jn, M) = Homp (A/Tn, M/M(x1,--- ,2;))

_Jo (i<n)

| non-zero (i=r)
METDO<i<r THEOILD, &<IZ, MK M EHFIOEIIIET—ETHY, depthy M 1255
L, ZORIBRDEDVHIZEST AL MIZE>TDARE S,

SEEA. THEROBALFEL, J:=J\ T 5. M, := M/M(xy,--- ;) £ 352, M; 1% AJEEe
05 2 IR,
(RIDEBIZDOWVWT) i IZDOWVWTDRMNETEYDEFESZ/RT, i =00D& ZITHHS H,
RXi—1QEAFNIZOWTESDRE D Loz Th, TDEE xy,-- oy \& M IERIFIE D,
RIRIEDRE & Ext (AT, M) = Homp (AT, Mi_1) B3O SED, ULAU o € midk M, 1EH]
BOT, MBI &Y Homp(A/J, M;_1)=0TH5, 2% Exti '(A/T,M)=0Td5,
—J
0—-MZ M— M —0
EWVWIERSIE, AMBEE LTOERRITEH S | Zhiz (A/J, ) TRERFIMHET &,

0 — Ext'y Y(A/J, My) — Ext) (A/J, M) 25 Exti (AT, M)

EWVWSTBRIINTEDD, v, emBI k0, WEITA LD 2, 3N/ T 28T, EoT-HLHDEH
FEREHETHBDT, Extiy (A/T, M) 2 Exty(A/T, M) TH 5, £7z w9, ,2; 1& My FHI%
DT, WIEDORE X Y. Exti '(A/T, M) = Homp(A/ T, M;) TH 5, &->TExth(A)T, M) =
Homp (A/ T, M;) &7525,

(ZBBODOESICOWVWT)i<r D& E Homp(A/T, M;) =072 &1 ETBUZTRL TS, &DA
KOMATE, zypp em DM FRIZRZ XD, T2 12X Y Homa (A/ T, M;) =0 &7 5,

i=r D& &, Hompa(A/J,M,)#0%m5R7, HLEORS, EICIAICLD m DFIZ M, E
ARG HBDT, 21, o, WD EAFNIE S —DILEMA B I LN TE, MAMIZFE, Lo
T Homp(A/ T, M) #0TdH %,

HEDERIZZINSHONTH D,
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18. Bass OffifE. pEpTH ¥ KRULL {X7T
depth EIRICIZDWT X 572 Bass DMfiEETID D, »*—X—REKZEX S, iTHEE<HELUTH
B0, AEPHMATRIZALS &3,

fRE 18.1. R2 A — X —, A2 X —X— R M cmodA 235, £/2pCq%. Rl
(BET) MENE >4 SpecRD =t 95, £/2i>0&F 5,
ZDBEEDE & T, MWK ILD:

i A i A
ExtAp(ﬁ,Mp) £0 = ExtAtl(qu , M) # 0.
p

DURIZK WA, A=RDGEIZZFDE F Bass DFfiTH 5,

SRR, GEHE KL, FTRIMEA - A, TOA T TV Ty, OFE AN Ty, L5<,
Frao L ZLHEUL, HH05 q TRHAMELTEWT, EzrEiEL v :
(Claim): (R,m) Zr[#ix—4% —BR. A Z*x—4%9— R#. p € SpecR TdimR/p=1T
HY. M emodAIZDWT, B L Exty (A/Ja,, My) #0785, Exty (A/Tn, M) # 0 TH 2,
AHOL ELFAUL s em\p 2EET 2, ROEELI%EEZ 5:
A . A A
AN Ja, - AN T, _>xA+AmjAp -
CNRFEBTETH D | a PR PE S DRI PELVH, #HEDPDD: a e AMIZOWTar € ANy,
3ol EELV a/l-x/le Ty, THBH, TIZTa/leMy,z/le Ry, ERTWE, —Tixgp
Z&&Y x/1Id R, THH, £oTa/le Ty, WD, TNFaecANTy, Z2HEKT 5,
ZOREINZ, (-, M) UTRZE2F2MIXT L

q

0— 0

A A T S
AﬂjAp’ AQJAP) :vAJrAﬂjAp’

I THHIET, ExtiT (A/TA, M) =072 RET S, $H&, I L B3 ICkD, (B
DEZXAR A JIEHZDWT Exti ! (—, M) = 0 2%,

“H xringe & R AT aR+p 2 5 LI, BERS ¢ P THBORE > —T,

pEDT DL, Ap DI A, RAFELT Jy, KARIEE VA, ZHRMEITE X 05>, koT

m ‘i\ *_&—E@R/(JTR‘FIJ) {%ﬁ?%éo ﬂ@@ Bass @%ﬁ%ﬁﬂ:ﬂ]@?ﬁﬁﬂ“@’@ofi5ﬁi

R/(xR+p) BT NT 1 VB, koT A _— 7V F 4 VEADT, ML LTEIERTH

Ext’, ( M) 5 Ext ( M) — Ext{H(

:L‘A—‘rAﬁjAp
b, o TANMBELLTINDARIERLDT, #RMAAGDLET,
; A
i+1 _
Excty (xA—FAﬂjAP M) =0
PRED . B EIFHILDOHEL DT <, Extg(ﬁ, M) = 0%V, Zhk p ’C“)%'ﬁﬁﬂﬁ‘ﬂ&iExtf\p(}\A"p , M) =
0 DV, FIET B O

AD & E LR U K5I, depth &G E DBERTIRDI D25

% 18.2. RZWr— X —FfiER. A 232 —X— R M cmodA & §5, 2O EpcAssg M
PERIZED &,
depthy M < dim R/p < id My
75, £<LiZdepthM <dimM <idMy TH2S (ZNSDEIF RIZESHD 5722 LITHER),
WX —RZ—REEDIMBED CM M2 EET 20, DA, HFRNACM THEZ L2 HET S
(B TH 5 Z EIIMRE LW,
EZE 18.3. REMHR—X—CME, A %232—X—R¥ M cmodA T3,

(1) M 7 Cohen-Macaulay (CM) TH 2 1E, Mr P RAMFEELTCMDEEE WS, DED
fEED m € Max R IZDWT depthy My, = dimp, My BED LD EE2 VD,
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(2) M 28K Cohen-Macaulay (MCM) T#H 2 &iE, MR e CMRDY  E%2 W5, DX WIEED
m € Max R IZ2WT depthg My = dim Ry 2R DD E E 2N D,

(3) CMAIZ& D, MCM 72 A DTz, 22< &b RAEH CM EDOGEIX. AN
FEO MCM PEIXEH 73 L@ 710 12k D RDE D HIZE o\,

(4) A A Cohen-Macaulay R B  (R-order) ThH 2 (HIZ REIRLITELR) LI, Ac CMA D
EEERWVD,

19. 18NS A D R AL

ZDOHEITIE, Bass BEMU/NSADIRE OBRE 2 — X —REO—HETX 5, TRALIZD
W,

i 19.1. RE2W#fix—X—Bi, SZ2ZOMHR. A Z23x—X— RIREL T2 LEMMPHKD LD

(1) JHP{EBIF Mod A — Mod Ag t& mod A — mod Ag (IZHIBRE 4, Z DHIR S N7z B FIIARE
MeHThs,

(2) (LD A EE B2 U, EDBANZSIE, Es 3B AN Ag EETH 5,

(3) EEDAMBEE IZHL, ERBANTHEZ L L, LED p € Spec R IZDWT E, BB A
A, MEETHZZ L, FRDm e Max R IZDWT By DA Ay MIFETH S Z L 1T
HAETHD, 2FOBAMIIFEALLEZEZIATF v I TES,

(4) LD AN B2 U, IROFERDRL D 32D

idy E = sup{ida,, B |m € Max R}
= sup{ida, Ey | p € Spec R}

(5) Mod A TOARBENHS M — ENGRoNnd e, ZORAML Mg — Eg & Mod Ag TDOA
HIHEHTH 5,

(6) Mod A TOBAMIE M — E(M) 52605 E, ZORFML Mg — E(M)g & Mod Ag
TOMAEUMTH 5,

(7) Mod A T DN A 53 fiFk

0— M — E°(M) = EY(M) = ---
WEZohb e, ZDRFME

0— Mg — E°(M)s — E*(M)g — -
I Mod Ag TOMUNEADRTH 5,

FEEA. (1) £ M € modA DB 2L A" - M WS 2HHH2DT, FHLL T AL — Mg 25T
50T, HSNZFRAMEIZEATF mod A — mod Ag %ifFET 5,

COBEFNPARENEH R 2R\, ZD7®, X e modAg Z{TREIZL DL, Ag DA —&—

MEED

At Lar x50
E\WS modAg TOREREHNTESL, ZIT fIEZAs DILERD LT EHTHTHEH,. TDOES
TRTONRZEID K57 S DA e, T DI - 72FTHIFFEHD coker 1% f D coker & —FL T
W5 (THIOHEAZEREEZE 2N, LoTHDRLS ik f: A" — A™ £S5 mod A TOH D R
tTh 2 LIETE 5,

LI DiEmEMNDR D TS & BARZRAR Homp (A", A™)s =2 Homp, (A%, AR) D3> 7= (i
BT, ZOH LT FICRGT2HE2ENRS DL, f/lswithse SEWVWHIFEELTWS, —F
f/1E f/s &S 2 DD5E Mod Ag TS NZFEBLZRDT, %D coker IR L 725,

PAED &S ikink v, fld f: A" — A ORFHEROTH 5, BB+ oo T, X
I% Coker f € mod A DFFATMLIZFEIELTH 5,

(2) ZHUF (1) eEMEAPSHI5, BRAEWS & EFBANEZ LTS, 20L&, gl &
D, ALREOABRAER As A X (X LT Exty (X, Es) =0 ThiuEE v, L2L (1) &9 X = Mg



B L GE#) REBLOMBED X € (R59) 65

2 B A IRAER A B M DD, & o THE LTI IC &Y Exty (Mg, Es) = Extj(M,E)s =0 &
A

(3) TTIRLAZZL LY, EED m e Max R IZDWT Ey BB AR SIXEDBBAN] %2R
FIF &, OO IEMmE MY 2 & D EROARAR A JIEE M 1225\ T Exty (M, E) =0 &5
FIREVD, MEZDIICED, FEDO m e Max R IZDWT Exth (M, E)y =051 LW, LAL
MBI IZ KD Exty (M, E)m = Exty_(Mn, En) =0 2725,

(4) (3) DFFH L LU <. (1) & A M9 &l 20 & @i 0729 5 5 FARROEH TR S O T&HE
F v 7N\,

(5) ZHUFRFALTHD MBEORN E S 20T 2 0% Glid U= 8 25, oA A #EiT
FEZOLKIE LS TIBR IR0 EETH DM, UFOFHIZZDDAEL T I 24
AL I UM 0B, §3< M2 0aiEEHIc A S (280 ZNTIHHTETWAIET),

5 M € La(E) 3KRENZTTH S, TNEFRFLL T Mg € Lay(Es) BARERZ T Z R\,
M IE & W ROFEM Ly (Es) 2 L3(E) o7z, o T, M e LJ(E) 2REX&Ww, 2ITM
& M D SIZ& 5 saturation TH D, LU INE M D Ly(E) TRERNZ 7222063 <ITH
T %, ROH/BLRAEXR D,

0£AcLY(E)Z2LD, DFED AIXE D0 THROVEBSMEET saturated TH 5, $5& M H¥E
DOREHFRDIIMEEFZ 572286 MNA#A0ThHD, o TM<IMEIDMNA#0THS, &
DTMMPLIE) ICBWTAEKNTHS (ZIZTL(E) IZET 2 meet (ZilH OI@IH 725722
CATHERD,

(6),(7) T (2) & (5) MHEBITHED, O

F7o. MU HHIIEED S D Ext (3B AR L 72IHAD Hom & AT 5:
R 19.2. A ZIERHER S & CERHG A B M 2EEOH ANEEE U, M OMUNE A5 iR
0—-+M-—E"—>E'" - FE*— ...
2D, ZOLEMLED >0 LT,
Exti (S, M) = Homy (S, EY)
EWSFHEDH B,

SEBR. £ 97 S AVEHMINEED & 20 RTIEL W (EFTHPNBEDT), M D/NEADHREZ X
B> T,

Li X

0 M’ E? M+ —— 0
E$B (MO=M) &, EFRIZEY BV T M OB NG,
ZDEE, BMIEES 220V T, ERIZp: S E 2L 5,

L

0 M? Mt — 0
HEL A0S, SHEMEID o IS, XoTIme X B OIS MNEE, LU M A E O
AERAMBEZ 0722 %2 FEZX B2, Imp & M OIERMIE T TIER, Lo TlImp OHH
LD, Imp <M &7%5, DD LaailT 5 5PFEETS5DTrp =0 L7425,
U EDFERD S, (—,m): Homy (S, EY) — Homp (S, M) Z¥ 0 EHRTH S, £oT(—,101m)
: Homy (S, E%) — Homy (S, E™HY) ¥ 056, —J., Ext) (S, M) ZEHEL D,

(=stimi—1) (=stig1ms)

Homy (S, B! —=% 5 Homy (S, EY) ———%— Homy (S, B*T)
DAXEOY—THb, LML ED22o05KIFZE¥0EHED, Exth (S, M) = Homy (S, E?) H¢
D O

BRI 7 BoRIZ, FEAME (BIFET NI 1IZDOWTHED LD,
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20. BADROMIE - B ARTTARRIIEEZDOWT
A = R D413 Bass 89S M ORUNG ADMREDREE % RE L TWh, 2 — X —R¥ Tl Bass D
i TR~ LS, Exty (JATP,MP) LD IIEED Extly (k(p), My) OFBY (A= R Tix—
B) THY, THIZDOWTHL LS IENF RS, HIAIXRIZGETID R —X —REMTH 5,
8 20.1. A Z AR —X—BR R LOX— X —REE T2, T-GRERAIFEM O AFEEL
T DWINE A 53 it
0— M — E°(M)— E'(M) - E*(M) — ---

b, ZTOEEi>02& pcSpecRIZDWTIRILIEHE:

(1) pe AssREi(M)\ DED EY(M) % RINEEL R 5 & p HY associate LT\ 5,

(2) Exth, (22 M) £0.
SEBA. p € Spec R 2T %, G-A SNIMUNEAIEE p TRAMES & A, IifEE LTD M, ©
NS AR RN RS NS (MEIED) 22 %2BWH%Z 5, ROFETERIRES.,

p € Assp EY(M) — pRy € Assg, Ei(M)p

@HomAp(ﬁ,Ei(M)p) #0
In,
< Ext}, (ﬂ,MP) #0
VW
IITIHBEMELIY 2 FORIGECCID % R, REA, iKWz, 3FBHIEMETD &, A, 2
R (MEIER) ROT A,/ JJy, DERKA, R Eh 5, O

INnzHAWT, A Bass OffE =0 1k [p 2% EY(M) 1T associate L TWA7% 6, T kb —
D _E® prime (4T EY(M) IZ associate L TW5 ] LFihd, Znifi->T, BARILHA/T T
B D &S i O O 3 — X —REURD 35 5.,

R 20.2. (R,m) ZA#it—X—8, A2x—X—RE M E2ERERANEETZ, 0L E
d>0122WT, Exti*(A/T,M)=0ThHsdIrlidMy <dFAMETHS, &<IT,

id My = sup{i > 0| Ext’ (A/J, M) # 0}
NI ARVASN
SEER. b &I, ExtiYA/T, M) =0sid My <dDAZFEIEEN, (<) ZHSHTH 5,
(=) Ext34A/T, M) =072 T35, ZDLE M OWBNE AR
0-M—-E"-E' ... 5 pd 5 pitt ..

BB, B — 0 & RtE L,

BHETEM L0295, RMBLLTp € AssEH 2S5, T4 &M@EDIIIC&D
Extdt (L M) £ 0 2%%, 22 TdmR/p =1 &35 (RFBEARATE ) &, p=p C
P

- Cpp=m &\ saturated chain 2N S, &> T Bass O T £ 0 ExtT™ (A, M) #0
LD, REIZFET B U

21. F— X —RE LDOMBEDOR ARG

WA — X —BROGSIIEHEIIIEIC LD, BARTIE—E (BED depth IZFLW) o7z, Z
NOX—2—REIKEE 27V, LELEx—X—REDEE&IZ. BRIRTEZTEOM %% 2 TAN
X905 & 512, BARGEHERD depth (YK7T) £ 0 EOMEEIWS 5 THEH B, UL LEIEFESR
BZTWBAI W REINDG,
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21.1. =4 —RED depth TFHSIWAS5ND. FTHHOL S LFEU LS I, FEEHBERIZE N
TW5) ERIETH — & —RER EO IR Z > 72 IO HIRTT A 0 % GEWIX AT 556 D
BIITOILATH 5,

WE 21.1. (R, m) R — X — R, A% 5—X— RIEL 0# M 2ARAR A IBEE T2,
ZOrEmOHED M EMF 2,z H LT,

pdy M/M(xy, -+ ,x¢) = pdy M+t
MDD, &<, mDOFD A FERF 2, 2 (KL T,
pdpa A/(xq, -+ ) A=t
D RRVASN

SEER. S M2t =1 DFEITRERE A THS, 2% M EAlRm DIEE T 5, IRD 2 DIMLED
i>0IWZDOWCHEIETH S Z & %2RT,

(1) pdy M <i TH 5,

(2) pdy M/Mz <i+1TdH5,

WO D& S IZERELE

0 M—"% M M/Mz — 0

DHH, ZHiE mod A TOERYITHD | (RDIEIE M IZHLHIIEHAT2DT Ma & M D A
DIEETH D)

(1) = (2) MBEOIBICE Y, {LED N € modA IZ2WT Ext?(M/Mz,N) = 0 ZRtEE &
W, DRI (-, N) U TREZ25HIEE I,

Exti™ (M, N) —— Exti"?(M/Mz, N) —— Ext'"?(M, N)

(1) DIRFE L D Exty"(M,N) =072 &h 5, EORERIIDOMHIIEYrTHE, LoTHAPL L,
(2) = (1) MEIC@™ICE Y, [EED N € mod A IZ2WT Exti (M, N) =0 ZREIEL V0, &
T pdy M/Mz <i &0 Ext{*(M,N)=0Thb, LDEEEIN (—, N) UTEELFFIEEIE,

Ext ™ (M, N) —— Ext"'(M,N) —— 0

LW ERHINTES, DD ExtiT (M, N) ETa 541325 Th s, 22 Tr—X—EPaRA
bk & 0 Exti ™ (M, N) I3ARAER R B2 DT, RIEEE ATHILOFHEIMEZ T Exti™ (M, N) =
0TH5,

BAEXDY (1) & 2 PRAMETH S, TNTpdy M/Mz=pdy, M +11ZIELAERETVWS (%D
HIHEANE, EHLOPPRROGETERLR) UrL—2Z 0 HELRITNIEVIT RN &
Hb, TNEpdy M =0DE EIZpdy M/Mz #0722 TH5 (EnSHBDIEpdy M/ Mz <1
2. ThERED,

HUpdy M/ Mz =0Tho/eRETH L, FEED N € mod A IZDWTIRDTERFINTE 5:

Homy (M, N) —%— Homp (M, N) —— Extj(M/Mz,N) =0

EoTRUL HLOMBEEL D Hompy (M, N) = 0 HBHTLES, ZHEHAIEN = M 2R ATH
B M=02%R>TLEVMEOIREIZKT 5, O

IROTBHOIHEHEHMIOIZI DIV RTH 5,

EE 21.2. (R,m) 2k — X —FE, Azt —X— RIE 04 M 26RAERK A NEEE T 5,
ZD L ERER

id Mp > depthp A
MK DD (FEIFR DI D EIFE S0V,
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SERA. t:=depthA 235, 21, -, 2y Z m OFD A EHIF T 5, Exth (A/A(xy,- - ,2¢), M) #0
ZREIRL id My >t RS,
0 < i < IZDWTRHNEET Ext) (A/A(z1, -, 24), M) # 0 %53, i = 0D & =& Homp (A, M) =
M#A0KXDEYND, i>08Li—1THDNIDET B,
0——r A/A(.’El, 71'1',1) L) A/A(ifl, ,(Eifl) — A/A({Eb ,xi) — 0
W5 mod A TORFELRFINH 5, ZHIZ (—, M) TREERFDIXEIE,
Exti\_l(A/A(xl,--~ ,.’Eifl),M) L> EthA_l(A/A(.’L‘h'-' ,xi,l),M) E— EXtZ(A/A(LL’l,"' 7.’13¢>,M)

YW ERHIMNTES, U Exth(A/A(zy, - ,a2:), M) = 012> TLEAIE, dLlowMEL D
Exti ' (A/A(zy, - 21, M) = 0 CRIFIUTR ST, RIEOIEISER T 5, Ko TRENz, O
EIZADREADGEEIZIEid My < oo 226 id My =depthA X5, IROMEZLENT 5 (Z
NWHKREHT® %),
i 21.3. (R,m) 2k — X —JGiik, A 23 —X—RE N 2ARER AL TS, £/
N O AMEEE UTOM/NEARRD i HEHZ EY(N) LiEE, m O N EJS 21, 0, 2H5, Z
DRE-27¢: N A/IVACH
(1) AEREDHAE A JIEE S 12DV T
Homp (S, N/N(z1,- -+ ,x¢)) = Homu (S, E*(N)) = Ext} (S, N)
NI RVASR
(2) &<z,
socy N/N(z1, -+ ,2¢) = socy EY(N) = Exth (A/ T, N)
DD LD,
EEAR. N EHIIT 2 1IZW LT
0N N— N/Nxy —0
X5 mod A TORTERFINH S, 2ITA)TRSE(1)DSEL, (2) TRS:=A/T LEL &,

Exty (S, N) —— Ext\ (S, N/Nz;) — Ext} (S, N) —— Ext} (S, N)

LWSEERHINBH D, depthN =t &0 Ext{H(S,N) = 0 »WEH IR L 0> DT FEIEE
O, - emBZ D5 Sz < ST =0V LS, Lo T—BEHEDERITY O,

eEAGE

Ext (S, N/Nax;) = Ext} (S, N)
M d, PATIRNIIIZ
Ext (S, N) = Homu (S, N/N (21, ,2¢))
RS, o TMBEIEAIZEIDEFLDHT
Hom, (S, EY(N)) = Ext)y (S, N) = Homy (S, N/N(x1,--- ,z;))

PHES, £oT (1) BRI hiz,

(2) DRI TIE, L e FAIxZFNF N socy EH(M) & socy N/N(xy,---,x,) (2L (i 152
LAHEITE L), =

ZO¥MDL L (RIIMFOLHRLSTHTEED) MBEZX D, ZOFERIZ, RWE (t=0) D&
THIEHPERFERIZR S TWAZ L IZEEI N,

M8 21.4. (R,m) 2% — X — @R, A 232 —X—R%. 0# M 26RERNFEL TS, £/
t:=depthp A LU, d:=idy M < o0 EIRET D, ZD& IRV LD:
(1) t <d DD LD,
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(2) socy EY(A) IZHTL B HHM A II#EL . socy B4(M) IZHTL 2 BffinfEc, & LHEEZS O
Nhdrdde, t=nbH>,
(3) ADEFTR St =d DK DLD,

SRR, (1) RO Th B,

(2) £ A RAER A JIEE N (2DWT socy EY(N) = Exty (A/J,N) E->7=Z & (fifEra
CAEIG2 L HEITE £ 0) 2E0HT, T5& socy BIPHN(N) £0ThbH (B,
Lidp N < oo 5 iEsocy EYNN £0ThH5 (MEDI) Z &IZHEE,

socpy EY(A) & socy B4 M) 2 BIZEENDHMIEE S o/ T 5, TDEE A EA
Ty, 1y AN &, socy BEY(A) =socy A/A(xy, -+ ,2) 72072 (FliEEI3) DT, 745

0 —— S —— A/A(x1, ,2¢) — X —— 0

Y35 mod A TORSERFINING, ZNIT (=, N) T35, SHIET, t < d RO LRET
RN
Ext4(A/A(z1,- -+ ,21), N) —— Ext(S, N) — Exti™ (X, N)

EWVWIDFERHMNH Y, MELIDIZED pdy A/A(z1, - y2) =t <dRIE KD —FEFEO, £
72idaN=d &b —FLHbLY O,

EoTExtY(S,N)=0&250, ThFHEEIIICED E4N) D socle iZ S BWARWT & %7
WU, FEY 5,

(3) soca EY(A) # 0 & socy B4 M) #0722 &6, A DEAT L 0 HH A IEEHZ—D La7nwo
T. 22D socle IZI1FH B AAMLBO MBS, £oT(2) &0 t=d» WS, O

o TRADEEIE TGorenstein 7 & IX Cohen-Macaulay] DRELIAE X 5,

% 21.5. (R,m) 2a[ffir— X —JGiEd, A 2x—X— RAHKE T3, 2oL E, &L A»REHA®
DidAy <ocomHiE, AR RIMEEE LT CMINEETH D,

id Ay = depth A = dim A (< dim R)
MW YILD, £<IZR%Z R/Anng(A) TROEZNIE, A X MCM L TS, BERLLD,

SFEA. A% R depth A < dimA <idAy BRIZATH Y, AVRFRIL L idAy <o BRI NS
M £ idAjy = depthA THZDTH S, 0

21.2. IERISTCEIo/2 & EDIRZELV. AHAREMRIR R EOX — X —REA EOHIEE M 2D\ Ti,
e p € Spec R TRIAMLL T A, INEE M, 21E5,
o M IERIZ RDytx ZAl->TET, A/Azx I M/ Mz 2 /E5,
LS 2 ODHEKRMRIBIEND S, FERITTTE S LIRITEHAEDS TV L DTIRHMIAIZ P S & S I1Z{HH]
(CHBEDPTLEWBDTHEVIHFETRN),

FTHABRET 2, A 23— Z—BAE (Rm) EOF—2—RE, 2z cm &2 D, Az
BEZBEZNEADEHA FTVNTHB, £/ AJAziF R/(x) LOF— X —REZH>T W3,
X512, HARMDIAA Mod A/Ax — Mod A D& & T ModA/Ax i Mz =07%% M € Mod A
NonsE] LEZA5, £ 0MDAARIE mod A/Azr — mod A IZ restrict I 5,

ZZTIRERTTEH -7 & SR AaEE W DR T, ROmEIL, TIERTTH - 7-BETO
Ext#%, L DETOExt TR TS (B LLIEZOWH) | 25->TH D, Ext BMREMAL TE
b2 %2Z-5TWT, ERICEHTH 3,

& 21.6. (R,m) Zr#Hir—X—B A%23x—X— R M 2HRERANFELET S, £
rem% A EMD»D M EHIZ7tE U, A= A/Azx, M := M/Mx &35, 2TOLEKi>0IZD0
T. modA/Ax — mod R &\ 5 2 DDRDEATF D HIRFEHL

Ext’(—, M) = Exti™ (-, M)
PEHET D, 2EVE X emodA %2 EIZDOoZ AL SHELIZR S,
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SERA. & i 12 DWW T ELOHRBIMMELET LI L %2 i IZDOWTORNETRT (WhWw 3EREFED
—BMErDFRS LW, HIFWECHEIZTES),
FFIREL D IRD mod A TD5ELF

0 M == M M 0

0 A—— A A 0

N b,
(Step 1): i=0D&EE, MIZDWVWTDERINI X € mod A 2 oA &,

Homp (X, M) —— Homp (X, M) — Ext} (X, M) —2— Ext} (X, M)

ZIZTXz=0THY xid M ERZRDOT, RE2Z3 &Y Homp (X, M) =0TH 5, FHEDOHIZ
Xz=0&b¥o4f, 2% Homy(X, M) = Exty (X,M) £\5 X ZOWTOHRAMNEH S, *
7z mod A < mod A IZEFEFHE & U Homa (X, M) = Homy (X, M) DT, i =0 THS,

(Step 2): X € proj A IS L TIE Ext (X, M) =0 &% %, 2D Ext'(A, M) =0 ZREIE
FWVA ZHIF A IZDOVWTOETERFNS pdy A =1 PHEETI DL S IZHES DTEW,

(Step 3): i >0 DEZEAEAHZDELTi+1 TRAEDLCS, X €emodA ZH5, 2% modA
T syzygy &5 &,

0 X' P X 0

Y425 mod A TOEFAIIT P € projA BN D, ZHUT (-, M) TEHLHI0FHIE

Exti(P, M) —— Exti(X', M) —— Ext“H (X, M) ——— 0
Exti™ (P, M) —— Extit (X', M) —— Ext\"?(X, M) —— Ext{"?(P,M) =0

EWVWD EOFERFINTE, £724(—, M) 2 U TREZER2AFIDIETIX FOZELRFINTE S, E7-MEOH
EIRINEDINE L DFEL, FORLRFIDOFREDIAIL (Step 2) KW ¥R TH S, Lo TREDOEE
ML D EMORBNEEI N, ZOBRDDZEDTH S, O

Iz &, MO ARITA, ERETHIS & 15 2 LW RES:

% 21.7. (Rm) 20ix— X —[AER, AZ23x—X— R MemodA 2l b, ¥7mxecm%
A BR[O M ERIZZ e 95, TDOEE

idy M = idy/ae M/Mz + 1
MDD (EBSPNERTE W),

FERR. EPRIFELHBRIZ A = A/Av. M = M/Mz £5<, \VWE depthA > 1D Tidy M > 1
PEBPIA X DELD LD, Ko TREREIFE D n > 0L T, ida M <n+1<<=idg M < n,
(=) fEED X € mod ATH LT Exty™(X, M) = 0 2 REIE L 0A, @Dz &b,

Ext="(X, M) = Ext;" (X, M) =0

ﬁ)ldMA§n+libfltE5o

(<) 2H5IFEROEMIZTOEZTTIRHESTERY (RERSEYIZ X cmodA 2L > TE
TH Xo=02R6BR0A5), LU %8 2 X T E 5,

MEPI2 2L D, Exty>n+ 1A/ T, M) =0 %2R EELN (J=T0). UL UMIETT I &
DA/T -2=0Thb, &oTHl¥lperasHz T,

Ext;" "N (A/J, M) = ExtZ"(A/J, M) =0
Widy M <n X 0HES, O
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21.3. CM BEDBARTDAL. RIZAE CMELED CMBEAIZRELT, 2O CMA TOR
ARTEE mod A TOB AR % HIRT 5,
FTHBBEARFEES LW—RETX 5L, ROELEE2IET 20D EHTH 5,

T 21.8. AL d oL A — X —B R DEFERIRTT (equi-codimensional) TH 3 L%, [ERED m € Max R
WZOWT dimRy =d DR DD E TRV,

HH 5 AL — 2 —FATERIZEHBEIICERIOTTH 5,

fid 21.9. R % w[#i d ¥Rt Cohen-Macaulay 32 (JHr PR S 7m\) THRMKLE L. A % R IR
35, ZTOLE0#ANeEmodAIZDWTEARMEKD 2D,
(1) idNy > d TH 5,
(2) i >0 DVWTHUTIXAMETH 2
(a) idNpy <d+i ThH b,
(b) fEED M € CMA IZDWT Extp (M, N) = 0 3% D 32,
(c) D M € CMA IZ2W\WT Exte (M, N) = 0 235 Y 322,

BEEA. (1) £97id Ny = sup{ida,, N |m € Max R} 23T K D kD io7z, — /i dimR=d 7%
DT, dim Ry = d %% m € Max R D NS (FRVGTEMAIFZ ZIEES LoTH WA, 255
(ZIFRERIUITITDEILN) s D mIZDOWT, EHETA LD id Ny > depthy, Ay THD, LU A
X RIIFEL LT MCM THBDT, Ay 1& Ry JIFEL LT MCM 72D T, depthy Ap = dim Ry = d
Thb, £5TidNy >d DT, idN >d k5,

(2) [FfEME A FE LT W <,

(a) = (b): ZZHA—BIEEAPTH S, £ (R, m) BRAADEEEKLICEZD, ZOLE M € mod A
EIEEIZE D, t:=depthy M IZDWTORMNIET, Ext;™ (M, N) =0 2REIE, t=d DL &
IZERDBHED,

ETL=005AE. (a) DIEIZL D Exty™(M,N)=02DTE\, t=depthM >0 &3
5, ZOEEMERHtzcm ZH5L, WDOHD modA TDHTELF

0+ M5 M— M/Mz— 0

B &, depthM/Mz =t —1TH3, Ko TRHHEDREIZ LD Exty M/ Mz, N) =0
Thbd, £oTj>d+i—tiZ20WT, K2

Ext) (M, N) % Ext) (M, N) — Ext\"'(M/Mz, N)

MTEBD, j+1 > d+i—t+1 BDOTHREDHIFZE O TH S, &> THUOHEIZ LY Ext) (M, N) =
0TH52,

RIZ RERFERELZWGEEE2EZ S, M c CMA Z{EEICE 5L, BExt'(M,N)=0%xRL
720, ZOOMEREIZm e MaxR &2 D, Exty! (M, Nu) =0 THNE L, 7255 My € CM A,
THYH, ROVZERRTADTAmR, =d 222 X0, BFOHENSHE,

(b) = (c): B,

(c) = (d): FERED M € mod A IZx LT Exti (M, N) = 0 ZREIE &\, LA LIXD mod A
TORERS

0-QM Py 1 — - P —>Py—M—=0
TP cprojA 25D %MWS (DX VML > TWoTd R syzygy 22 5), 56 ADR
BB DOTAECMATH>72DT, depth lemma FHEELZA) XD QM € CMA BHES,
£ o T ExtiH (M, N) = Ext{™H (QIM,N) =0 &% 5, O

2D ICMA TOBARITIE, mod A TOBARITLY A F A d] HEY LD, TIh6T <,
CMA TOBANRIZOWTIRD Z L0133 h5:

% 21.10. R At CM BT d IRIGPDFERRIGE T D, TDEE RBERA EDO0#N e CMA
2 DWW TR DI EME,
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(1) N 1355208 CMA TOBAKHETH 5,
(2) ANy =d Th 5,

APPENDIX A. MATLIS BUFIZ DWW T

Whp 5 Matlis SIEEAIIFEE OB 2B OB 2 52 5 Z 1220\ T, iz fiEd s &n
AZNAENVIENFADLN, LOHATREZDEVETIIN S,
F 9 INHERE @ injective cogenerator 12D\ T,

WmE Al. A2 —ROIEAHER., FE € Mod A ZHREKEES WA AN T5, ZOLEE
2 Mod A DBARERFTH 5 & 13,

(1) Ex B"BAR A NIBETH 2,
(2) BAF Homp(—, F) DWRETH L, DX 0EEOH M — N IZX LT, Homp(N,E) —
Homy (M, E) P02 516 L OHIFERTH S,

ETMOHESRMED D 5,

i A2, A 2B E2BAMANMETL, 2O ERIIFAMTH 5,

(1) EZBARERTFTH 5,

(2) EREOEBTTHRWIEE X € Mod A TR L TE¥BR TRV X — EXBTHNS,
(3) [EEOX O TRVWARAERME: X i L T¥r TRV X — E 2 Hih b,
(4) [LEOHH A MBS TR L TE R TRVWE S — E 2N 5,
(5)

5) (ERDHEM A MEE S 12N U THH S — E PN 5,

SRR, (1) = (2): TS X - X BB TARVWDOT, H%H Hom (X, E) — Homy (X, E) A€ 0
TR, Lo TE¥RTRVWH X - E N5,

(2) = (3) = (4) = (5): HSH,

(5) = (2): ¥HTRHRWINEE X 2H5 &, ¥aTRWERERTSMEY < X 2HNhd, Zok
Y PERAEREL D BMMBENOEHFRH D, TI06 EZERTEY S E2FX5L¥
OTRW\», ZIZTEDOBANLD ZO5M4k%E X NLERTE 5,

(2) = (1) EETRWHX - Y Z2H5E, X » Z <> Y BRI ITDHEZ £0TH
%5, £2TCTZ - E2W0HEXUuTRWHIIN, BAMLID Y - BRI NG, ZOHIE
Homy (Y, E) — Homp (X, E) DH LT X — Z — EIZf7<H, ThidEu Tl O

BROMARERF & UT, THRMIBEAERE] 2 THA —X—] HORETIHHEIZARLD DA
BNz,
W A3, A ZIROWT N Z 7SI R § 5.

(1) BEHE A DRSO [ BOE ASAT R,
(2) AR —&—,

TOrE, Ei=@E(S) (S MM A MBORMEEES) REARERTTH 5.
IR DD ORI, BAMEDBRIBISCTH B, £%— & — 75 58 AL A G U

5 (fEIIm) OTE XBANE., b URBEEIEREZ S B AAEREMNLOT E X AN
e, O

EHE A4 Ar—ZX—BAIHLT, E:=@QES) (SIZHEMINFEORTIEEESD) DI L EEN
BARERTF LITEZ,

Bl Z AL — & — FFrER (R, m, k) I22\WT, MUNSARER T X E(k) TH 5,
ZDHET, IRD & D H—RIN B H 5,
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8 A5, AT Z2IEAMHRER, pEy 20 (D, A) MEETH D, Ep & 1 EDZNE N Mod A & Mod I'°P
DBARERTTHEEIO5REDETE, DL ZROHREH

nx: X — Homr(Homa (X, E), E) in Mod A
py : Y — Homp (Homp (Y, E), E) in Mod I’
DH B, IRHD L D:

(1) 2D nx & py FEIZHEFNTH B,

(2) ref(Ep) = {X € ModA |nx XFIEL } & ref(pFE) := {Y € ModI°P | uy (FFEIEL } &5
Mod A & ModT°P DA FEZEHRT 2 L. INSIEZNTNOMBFEEDF D Serre I8
TETH D,

(3) ref(Ep) & ref(pE) & (—, E) IZX D EREE L THNTH 5:

Homy (—,FE)
Mod A m————— ModT™P

]~ Homyp (—,F) ]\

ref(Ey) «+———— ref(rE)
(4) X eref(Ep) £ U Y :=Homy (X, E) &< &, HOKFEHEL
L(Xy) <« L(rY)

MWEET B, & IZ X DRERERTHRH LY WERKERTHSZ LIXFAM., X M
F—=R—=BETHEI LY DBTIVT 4 VIIBETH B Z L IZAME, X HEIARBRTHS Z
LY DEIERTHEZRILIXAETH S,

FERR. 9 (-, B) WA B, %Z)\'Iick D5eRfFTHB I LI

(1) nx WHEEZRL, Z072HICE, 0£rc X 22D, %5X>+Eﬁﬁrbx#kmf@
mﬁtﬁ&ﬁﬂmo:m_uA—hxamjx IR AHE 5T, EDRBARER TR EH
5X 5 ETHhoTEHEKRA— X 5 ERXYOTRWEDDREND, TNHRDEZEDTH S,

(2) EEDOHEELS0—-L—-M— N —-0% ModA T3 &,

0 L M N 0

[ [ [

0—— ((L7E)3E) B ((MvE)7M) B ((NaE)aE) —0

WD A (HEZHS) A EOBAME (1) K0 TES, Uy & gy HFAEEZ S 5-lemma 12
K0 gy BEBL DXV ref(Ey) IFHERTHU 5, HIT gy BREBIZE T2, Eomr#fftk o 3R
&L &N %[_Jﬁ”'Cix FERSBRNZ & T <D 5 (diagram chase $ U < & snake lemma),
K o Tref(Ey) & Mod A @ Serre HiETH 5,

(3) TNIX 22D (-, E) BWRERLEIZZ>TWE IR SMEGRTHD, —IEbrALPE L,
HRBAREE TX € ref(Er) %518 (X, E) € ref(nE)] EHREIE. B ref(By) & PDREHEI
K OBEDOBNMHZ Z DD, ROMAEEZ 5,

(X,B) ““% ((X,E),E),E)

\ s

BbOVWTHEMD L THTH DT, nx MRS IE pix g PR,

(4) £7 ref(Ep) & ref(pE) (ZMEEE D Serre HERDTT —~UVETH D, (—, E) 1T & DB
27> TWT, ULH»H Serre D TEFNTND T —R)VETOUS R RITEF OB INBELEU S
DTHbD, oTHD, O
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—MEMTEADDIIZZETT, HEIFBRTHIEZ D722 SITEBIZZ S WO RS 2ES,
EARNZH S DT OSSR DTENTR D 9,

EE A6 REAHA—X—FRL L, MUNEARERT E 205, 2%V
E:= @ E(R/m).

meMax R
IO %, Homp(—,E): ModR «» Mod R I, BEXARMBEOEOME IR S IR 2H%T 5,
:@XX%‘I‘%O):}:%J:< (—)V &&EL,

BEEA. SERREDORMIZZ > TS (B (R, R) MHIMETH DBARERTIZHRoTWS) Z&IZ
Bi 5,
¥ 9 Homy (S, E) = S 2mR7,

Homy (S, E) = Homy (S, @ E(R/m))
meMax R
P Hom, (S, E(R/m))
meMax R
= Homy (S, E(S))
=5

LEMRETE S, ZIToHBHIF SHEREKL Y, ZFHIE, —MUTHEMINEE S (2OWT E(S) 1
simple essential socle S’ ZFO DT, S & ' BIFARL ST S - E(S) FEOHTLIRNI &
Wns (BaeEznid S LR B(S) OMSMENRTE, Zhid S OREML D SIz—87T
5139,) B, S = R/m LKA T T7IVHWTEL &, Homp(R/m, E(R/m)) = R/m TH 2
M, ABIZ E(R/m) D5H m THASILEEKRTHD, BHAA R/mEEL, LU LT
RNE5IE E(R/m) 1I21E R/m PAMZ & BAME MBS H 2 Z L1270, R/m A E(R/m) OHT
KRB EIZFIES 5,

PAEAS Homp (S, E) 2 S A RIMEE LTHRD D, o Tng: S — ((S,E),E) 2EX5 L,
((S,E),E)=(S,E) =S &720D, nsg 1S5 S~DEHLBZ S, LU —MITns IFHEHZ 572
ZeaFEZNL BIZHBU T s EAEIRES,

EkzZEZNE (— E): IRS fIR: (-, E) &\W5 HFD well-defined 72 Z &3 T <00, £
72 ref(E) BHERTHI LT 2 & L AL BMNEEZ D\WC S € ref(E) 52 L &AL, 0BT
F2MPo70b LITRD I ENNINDE, 5T (- E)IFIRODHCHN 25X 5, O

X OIWCEIFEMBAER ETEZINIE, ref(E) ImodR 2EHLZ 010, 22 ETlE modR
artR (T T 4 VIIEEDE) DRV EZSNTWEI R ohb

2 3L
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