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Let K be an algebraically closed field. For an integer n, we say that a Hom-
finite K-linear triangulated category T is n-Calabi-Yau (n-CY ) if there exists a
functorial isomorphism HomT (X, Y ) � DHomT (Y, X [n]) for any X, Y ∈ T , where
D = HomK(−, K) is the K-dual. There are many important triangulated cate-
gories in representation theory, in particular cluster categories played an important
role in categorification of cluster algebras.

1. Background (I) For an acyclic quiver Q, we denote by KQ the path algebra
and by Π = Π(KQ) the preprojective algebra of Q. The following dichotomies of
representation theory of KQ and structure theory of Π are well known.

Q KQ Π
Dynkin representation finite finite dimensional selfinjective

non-Dynkin representation infinite infinite dimensional

The stable category modΠ is 2-CY for Dynkin case, and the bounded derived
category Db(Π) of finite dimensional Π-modules is 2-CY for non-Dynkin case.

(II) Let Q be an extended Dynkin quiver with the extending vertex e. Then
R := eΠe is a Kleinian singularity, and in particular the stable category CM(R)
of maximal Cohen-Macaulay R-modules is 1-CY [19].

Recently higher analogue of preprojective algebras are introduced in represen-
tation theory [10, 11, 13] and non-commutative algebraic geometry [15, 16]:

Definition 1 Let n be a positive integer and Λ be a finite dimensional K-algebra
with gl.dimΛ ≤ n. The (n + 1)-preprojective algebra of Λ is defined as the tensor
algebra of the Λ-bimodule ExtnΛ(DΛ, Λ):

Π = Πn+1(Λ) := TΛExtnΛ(DΛ, Λ).

For the case n = 1, this is a well-known description of preprojective algebras.
For the case n = 2, this gives a description of cluster tilted algebras [3].

We will generalize CY properties in (I) and (II) above to higher cases.

The above stable categories have realizations as cluster categories defined as
follows: Let n be a positive integer and Λ be a finite dimensional K-algebra with
gl.dimΛ ≤ n. Let Db(Λ) be the bounded derived category of finite dimensional Λ-
modules, ν be the Nakayama functor of Db(Λ) and νn := ν◦[−n]. The triangulated
hull Cn(Λ) of the orbit category Db(Λ)/νn is called the n-cluster category [4, 12,
1, 18, 5]. If Cn(Λ) is Hom-finite, then it is n-CY. Notice that Πn+1(Λ) is the
endomorphism algebra EndCn(Λ)(Λ) of Λ in Cn(Λ).

We have the equivalences between stable categories and cluster categories:

Theorem 2 (a) [1] For a Dynkin quiver Q, we have a triangle equivalence
modΠ(KQ) � C2(Γ) for the stable Auslander algebra Γ of KQ.

(b) [17] In (II) above, we have an equivalence CM(R) � C1(KQ′), where Q′ is
the Dynkin quiver obtained by removing e from Q.
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We will generalize these equivalences to higher cases.

2. Our results Throughout let n be a positive integer and Λ be a finite di-
mensional K-algebra with gl.dimΛ ≤ n. In general, the homological behaviour of
Πn+1(Λ) is not as nice as the case n = 1. So we have to restrict to the following.

Definition 3 [8] We say that Λ is n-representation controlled if H�(νi
n(Λ)) = 0

for any i ∈ Z and � ∈ Z − nZ.

We have the following dichotomy of n-representation controlled algebras, where
M ∈ modΛ is n-cluster tilting if addM coincides with the following subcategories:

• {X ∈ modΛ | Exti
Λ(M, X) = 0 for any 0 < i < n}.

• {X ∈ modΛ | Exti
Λ(X, M) = 0 for any 0 < i < n}.

Proposition 4 (Dichotomy) Λ is n-representation controlled if and only if pre-
cisely one of the following conditions holds.

(a) Λ has an n-cluster tilting module M . (n-representation finite [9, 10, 6])
(b) ν−i

n (Λ) ∈ modΛ for any i ≥ 0. (n-representation infinite [8])

For the case (a), the basic part of M is unique. We call EndΛ(M) and EndΛ(M)
the n-Auslander algebra and the stable n-Auslander algebra of Λ respectively.

Example 5 (a) It is clear from definition that the path algebra of an acyclic
quiver is always 1-representation controlled. Moreover it is easy to check that
1-representation (in)finiteness coincides with representation (in)finiteness.

(b) [6] The tensor product KQ1⊗K · · ·⊗K KQn for non-Dynkin quivers Qi is n-
representation infinite. The tensor product KQ1⊗K · · ·⊗KKQn for Dynkin quivers
Qi is n-representation finite if each Qi is stable under the canonical involution of
the underlying graph and the Coxeter numbers of all Qi’s are equal.

Notice that n-representation infinite algebras are studied in non-commutative
algebraic geometry [15, 16] under the name ‘n-Fano algebra’.

2.1. Finite case We have the results for n-representation finite algebras:

Theorem 6 [11] Let Λ be an n-representation finite algebra and Π = Πn+1(Λ).
(a) Π is a finite dimensional selfinjective algebra and modΠ is (n + 1)-CY.
(b) We have a triangle equivalence modΠ � Cn+1(Γ) for the stable n-Auslander

algebra Γ of Λ (e.g. Theorem 2 (a)).

Example 7 [9, 10, 11] Let n = 2 and Λ be an Auslander algebra of the path algebra
of type A3. Then Λ is 2-representation finite and Π = Π3(Λ) is the Jacobian
algebra of the quiver below with potential

∑
xyz − zyx. The 2-Auslander algebra

Γ and the stable 2-Auslander algebra Γ are the following:
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There is a general structure theorem of 2-representation finite algebras in terms
of ‘selfinjective quivers with potential’ and their ‘cuts’ [7].

2.2. Infinite case We have the results for n-representation infinite algebras:

Theorem 8 Let Λ be an n-representation infinite algebra and Π = Πn+1(Λ).
(a) [13] Db(Π) is (n + 1)-CY.
(b) [2] Let e ∈ Λ be an idempotent. Assume dimK(Π/(e)) < ∞, eΛ(1 − e) = 0

and that Π is noetherian. Then CM(Π) is n-CY and we have a triangle equivalence
CM(eΠe) � Cn(Λ/(e)) (e.g. Theorem 2 (b)).

Example 9 [2, 8] Let n = 2 and Λ be a Beilinson algebra of dimension 2. Then
Λ is 2-representation infinite and Π = Π3(Λ) is the Jacobian algebra of the quiver
below with potential

∑
xyz − zyx.
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Moreover R = eΠe is the subring of K[x, y, z] generated by all monomials whose
degrees are multiples of 3. In particular we recover the equivalence CM(R) �
C2(KQ) for Q • • given in [14]. See [2] for more examples.

There is a general structure theorem of 2-representation infinite algebras in
terms of ‘good quivers with potential’ and their ‘cuts’ [8].
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