Action of mapping class group
on extended Bers slice
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1 Introduction

Let S be an oriented closed surface of genus g > 2. Put

Let X be an element of Teichiiller space Teich(S) of S and Cx be the subset of
V(S) consisting of function groups which uniformize X. We define the action of

mapping class group Mod(S) on Cx and investigate the distribution of elements

of CX.

2 Preliminaries

A compact 3-manifold M is called compression body if it is constructed as follows:
Let Si,...,S, be oriented closed surfaces of genus > 1 (possibly n = 0). Let
I =10,1] be a closed interval. M is obtained from Sy x I,...,S, x I and a 3-ball
B3 by glueing a disk of S; x {0} to a disk of 9B® or a disk of B? to a disk of
OB? orientation reversingly. A component of OM which intersects dB? is denoted
by 0gM and is called the exterior boundary of M.

A Kleinian group is a discrete subgroup of PSLy(C) = Isom™H?® = Aut(C). We
always assume that a Kleinian group is torsion-free and finitely generated. We
denote by Q(G) the region of giscontinuity of a Kleinian group G. For a Kleinian
group G, H?/G is a hyperbolic 3-manifold and each component of Q(G)/G is a
Riemann surface. Ng := H3 U Q(G)/G is called a Kleinian manifold.

A Kleinian group G is called a function group if there is a G-invariant component
Q0(G) of Q(G). A function group G is called a quasi-Fuchsian group if there are
two G-invariant component of Q(G). A Kleinian group G is called geometrically
finite if it has a finite sided convex polyhedron in H3.

Let S be a oriented closed surface of genus g > 2. Put

CB(S) = {M|M is a compression body s.t. dpM = S}.

~

If G is a function group with invariant component Qy(G) such that Qy(G)/G
S, then H?/G is homeomorphic to the interior intM of some M € CB(S) (i.

function group is topologically tame).
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If G is a quasi-Fuchsian group such that each component of Q(G)/G is homeo-
morphic to S, then Ng = H3 U Q(G)/G =2 S x I.
Let M € CB(S). Let

V(M) = Hom(m (M), PSLy(C)) /PSLy(C)

be the representation space equipped with algebraic topology. We denote the
conjugacy class of p : m (M) — G C PSLy(C) by [p,G] or [p]. Let

AH(M) = {[p] € V(M)|p is discrete and faithful}

and MP(M) = intAH(M). Any element [p,G] € M P(M) is geometrically finite
and minimally palabolic, that is, any parabolic element v € G is contained in
p(m1(T)) for some torus component 7' of OM.

Remark. e It is conjectured that M P(M) = AH(M) (Bers-Thurston conjec-

ture).
o If M € CB(S), MP(M) is connected.

Put
V(S) = Hom(m (S), PSLy(C))/PSLy(C).

Then MP(S x I) C AH(S x I) C V(S). For any [p,G] € MP(S x I), G is a
quasi-Fuchsian group. M P(S x I) is called the quasi-Fuchsian space.

Let M € CB(S). If an embedding f : S < M is homotopic to an orientation
preserving homeomorphism S — 0yM, f is called an admissible embedding. For
an admissible embedding f : S <— M, the map

V(M) —V(S)

defined by [p] — [p] o f. is a proper embedding.
Let My, M, € CB(S) and f; : S — M;(j = 1,2) be admissible embeddings.
Then the following holds:

o ker(fi). =ker(fa). & (f1)"(AH (M) = (f2)*(AH (Ms)),
o ker(fi). # ker(f2). < (f1)"(AH(M1)) N (f2)"(AH (Ms)) = 0.
Let M € CB(S). Put

AHRM)  =U; f*(AH(M)) C V(S5)
U
MPM) =, f*(MP(M)) C V(S),

where the union is taken over all admissible embeddings f : S — M.
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Remark. In general, MP(M) consists of infinitely many connected components.
On the other hand, MP(S x I) = M P(S x I) is connected.

Let Teich(S) be the Teichmiiller space of S. Then
MP(S x I) = Teich(S) x Teich(S).
We always fix X € Teich(S) in the following. Let
Cx = {[p, G]|G is a function group s.t. Q(G)/G = X}.

More precisely, if p : m1(S) — G = 1 (Ng) is induced by S — X = Qy(G)/G —
Ng for some function group G, then [p, G] is an element of C'x. Cx is called an
extended Bers slice.

Lemma 1. Cx is compact.

Put
AHx (M) = AH(M)NCx
U
MPx (M) = MP(M)nNCx.

Bx == MPx(S xI) = MP(S x I)NCx is called a Bers slice. Obviously

Cx= |J AHx(M).

MeCB(S)

3 Action of Mod(S) on Cy

Let Mod(S) denote the mapping class group of S. Let [p, G] € Cx. Let Belt(X);
denote the set of Beltrami differentials 1 = p(2)dz/dz on X such that ||u||e < 1.

Belt(X); —— Belt(Q(G)/G);

l l

Teich(S) —— QCo(p).

P
QCo(p) consists of the qc-deformations of [p, G] whose Beltrami differentials are
supported on Qy(G).
The action of 0 € Mod(S) on Cy is defined by

[p] = [p]” ==V, (c7'X) 00,

where o, is the group automorphism of 7 (S) induced by o.



4 Continuity of the action

Theorem 2. Let [p,G] € Cx. If all components of Q(G)/G except for X =
Q0(G)/G are thrice-punctured spheres, then the action of Mod(S) is continuous
at [p|; that is, if [p,] — [p] in Cx then [p,]” — [p]? for all o € Mod(5).

Remark. In general, the action of Mod(.S) is not continuous at 0By = Bx — Bx
(Kerckhoff-Thurston).

5 Maximal cusps

Put IMPx (M) = MPx (M) — MPx(M).

Definition. An eclement [p,G] € OMPx(M) is called a maximal cusp if G is
geometrically finite and all components of Q(G)/G except for X = Qy(G)/G are
thrice-punctured spheres.

Theorem 3 (McMullen). The set of maximal cusps is dense in 0Bx.

Proposition 4. For any M € CB(S), the set of maximal cusps is dense in
OMPx(M).

The set of maximal cusps in IMP x (M) decomposes into finitely many orbit.
The following theorem implies that “each” orbit is dense in OMP x(M).

Theorem 5. For any maximal cusp [p] € OMPx (M), its orbit {[p]” }semoars) is
dense in OMP x (M).

6 Statement of main thorem

Let My, My € CB(S). An embedding f : M; < M, is seid to be admissible if
f is homotopic to an embedding g : M; — M, such that g|OM; : OM; — My is a

homeomorphism.

Theorem 6. Let M € CB(S) and {M,} C CB(S). If {[p.] € AHx(M,)}
converges algebraically to [ps] € AHx (M), then for large enough n there exist
admissible embeddings f,, : M — M,,.

This can be easily seen from the fact that ker p,, D ker p, for large enough n.

Lemma 7. Let My, My € CB(S) and [p] € AH(M>). If there is a sequence {o,}
of Mod(S) such that [p]” converges algebraically to [ps] € AHx (M), then there
exist an admissible embedding f : My — M,.
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Conversely, the following holds.

Theorem 8. Let M, My € C'B(S). Suppose that there exists an admissible em-
bedding f : M; < M,. Then for any geometrically finite element [p] € AH x (M),
the set of accumulation points of {[p]” }semod(s) contains OMP x (My).

Recall that S is a closed surface of genus g > 2. Let H, be a handle body of
genus g. Note that for any M € C'B(S), there are embeddings

SxI—MM— H,

which preserve the exterior bounbaries.

Corollary 9. (1) For any [p] € AHx(H,), the set of accumulation points of
{[p)” toemoacs) contains Uyccps) OMPx(M).

(2) For any M € C'B(S) and any geometrically finite [p] € AHx (M), the set of
accumulation points of {[p]”}semod(s) contains 0Bx = IMPx(S x I).

Remark (Hejhal,Matsuzaki). Let [p] € Cx. [p| € AHx(H,) if and only if [p]
is geometrically finite and isolated in C'x.



