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Edmonds Problem Edmonds 1967

Can we compute the rank of

𝐴𝐴 = 𝐴𝐴1𝑥𝑥1 + 𝐴𝐴2𝑥𝑥2 + ⋯+ 𝐴𝐴𝑚𝑚𝑥𝑥𝑚𝑚
in polynomial time ?

𝑥𝑥𝑖𝑖 : variables,   𝐴𝐴𝑖𝑖: 𝑛𝑛 × 𝑛𝑛 matrices over field 𝕂𝕂

𝐴𝐴: matrix over 𝕂𝕂 𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥𝑚𝑚 ⊂ 𝕂𝕂(𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥𝑚𝑚)
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• RP, but P ?   (for large field)
• Related to fundamental problems in diverse areas

～ combinatorial optimization, rigidity theory, TCS,…



Motivation in combinatorial optimization:
Algebraic interpretation of bipartite matching
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𝐺𝐺 = (𝑈𝑈,𝑉𝑉;𝐸𝐸)
= �

𝑖𝑖𝑗𝑗∈𝐸𝐸
𝐸𝐸𝑖𝑖𝑗𝑗𝑥𝑥𝑖𝑖𝑗𝑗

Lem. # maximum matching of 𝐺𝐺 = rank 𝐴𝐴

∵ det 𝐴𝐴 = �
𝑀𝑀

± �
𝑖𝑖𝑗𝑗 ∈𝑀𝑀

𝑥𝑥𝑖𝑖𝑗𝑗

• min-max formula (Hall, König-Egerváry )
• polynomial time algorithm
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Linear matroid intersection ---- 𝐴𝐴 = �
𝑘𝑘=1

𝑚𝑚

𝑎𝑎𝑘𝑘𝑏𝑏𝑘𝑘𝑇𝑇 𝑥𝑥𝑘𝑘

𝐴𝐴 = �
𝑘𝑘=1

𝑚𝑚

(𝑎𝑎𝑘𝑘𝑏𝑏𝑘𝑘𝑇𝑇 − 𝑏𝑏𝑘𝑘𝑎𝑎𝑘𝑘𝑇𝑇) 𝑥𝑥𝑘𝑘Linear matroid matching -----

∃ min-max theorem + polynomial time algorithm (Edmonds,  Lovász) 

Non-bipartite matching       ---- 𝐴𝐴 = �
𝑖𝑖𝑗𝑗∈𝐸𝐸

𝑇𝑇𝑖𝑖𝑗𝑗𝑥𝑥𝑖𝑖𝑗𝑗
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Edmonds Problem

Can we compute the rank (ncrank) of

𝐴𝐴 = 𝐴𝐴1𝑥𝑥1 + 𝐴𝐴2𝑥𝑥2 + ⋯+ 𝐴𝐴𝑚𝑚𝑥𝑥𝑚𝑚
in polynomial time ?

𝑥𝑥𝑖𝑖 : noncommutative variables,  𝐴𝐴𝑖𝑖: matrices over field 𝕂𝕂

Non-commutative

𝐴𝐴: matrix over free ring 𝕂𝕂 𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥𝑚𝑚

free skew field 𝕂𝕂( 𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥𝑚𝑚 )

⊂

Ivanyos-Qiao-Subrahmanyam 2017

• rank 𝐴𝐴 ≤ ncrank 𝐴𝐴



ncrank ∑𝑘𝑘 𝐴𝐴𝑘𝑘𝑥𝑥𝑘𝑘 = 2𝑛𝑛 − Max. 𝑟𝑟 + 𝑠𝑠

s.t. (∀𝑘𝑘)

𝑃𝑃,𝑄𝑄 ∈ GL𝑛𝑛(𝕂𝕂)

0

∗ ∗
∗

∗𝑟𝑟

𝑠𝑠

𝑃𝑃𝐴𝐴𝑘𝑘𝑄𝑄 =

FR-formula min-max relations
in combinatorial optimization

Thm (Fortin-Reutenauer 2004)
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In the case of bipartite matching 𝐴𝐴 = ∑𝑖𝑖𝑗𝑗∈𝐸𝐸 𝐸𝐸𝑖𝑖𝑗𝑗𝑥𝑥𝑖𝑖𝑗𝑗,
𝑃𝑃,𝑄𝑄 can be chosen as permutation matrices

 rank 𝐴𝐴 = ncrank 𝐴𝐴 (Edmods-Rado property)

ncrank A = Min 2𝑛𝑛 − |𝑆𝑆| s.t. 𝑆𝑆: stable set of 𝐺𝐺

= Max 𝑀𝑀 s. t. 𝑀𝑀: matching in 𝐺𝐺

= rank 𝐴𝐴



Linear matroid intersection ---- 𝐴𝐴 = �
𝑘𝑘=1

𝑚𝑚

𝑎𝑎𝑘𝑘𝑏𝑏𝑘𝑘𝑇𝑇 𝑥𝑥𝑘𝑘

𝐴𝐴 = �
𝑘𝑘=1

𝑚𝑚

(𝑎𝑎𝑘𝑘𝑏𝑏𝑘𝑘𝑇𝑇 − 𝑏𝑏𝑘𝑘𝑎𝑎𝑘𝑘𝑇𝑇) 𝑥𝑥𝑘𝑘Linear matroid matching ----

Non-bipartite matching       ---- 𝐴𝐴 = �
𝑖𝑖𝑗𝑗∈𝐸𝐸

𝑇𝑇𝑖𝑖𝑗𝑗𝑥𝑥𝑖𝑖𝑗𝑗

 rank 𝐴𝐴 = ncrank 𝐴𝐴

 rank 𝐴𝐴 < ncrank 𝐴𝐴

 rank 𝐴𝐴 < ncrank 𝐴𝐴

2x2-partitioned matrix

𝐴𝐴 =

𝐴𝐴11𝑥𝑥11 𝐴𝐴12𝑥𝑥12
𝐴𝐴21𝑥𝑥21 𝐴𝐴22𝑥𝑥22

⋯ 𝐴𝐴1𝑛𝑛𝑥𝑥1𝑛𝑛
⋯ 𝐴𝐴2𝑛𝑛𝑥𝑥2𝑛𝑛

⋮ ⋮
𝐴𝐴𝑛𝑛1𝑥𝑥𝑛𝑛1 𝐴𝐴𝑛𝑛2𝑥𝑥𝑛𝑛2

⋱ ⋮
⋯ 𝐴𝐴𝑛𝑛𝑛𝑛𝑥𝑥𝑛𝑛𝑛𝑛

where 𝐴𝐴𝑖𝑖𝑗𝑗 ∈ 𝕂𝕂2×2

rank 𝐴𝐴 = ncrank 𝐴𝐴 (from Iwata-Murota 95)

“Matching” concept  & combinatorial “blow-up free” algorithm 
based on Wong sequence (H-Iwamasa 2020)
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Weighted Edmonds problem: Motivation

~ capture “weighted” combinatorial optimization problems

from (non-commutative) linear algebra

1

2

3

4

1

2

3

4

𝑐𝑐12

𝑐𝑐43

Ex: Weighted bipartite matching

Max. 𝑐𝑐 𝑀𝑀 ≔ ∑𝑖𝑖𝑗𝑗∈𝑀𝑀 𝑐𝑐𝑖𝑖𝑗𝑗

s.t. 𝑀𝑀: perfect matching

𝑐𝑐𝑖𝑖𝑗𝑗 ∈ ℤ+: edge-weight
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Algebraic Interpretation of Weighted Matching
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𝑐𝑐12

𝑐𝑐43

4

𝐴𝐴(𝑡𝑡) =

𝑥𝑥12𝑡𝑡𝑐𝑐12
𝑥𝑥21𝑡𝑡𝑐𝑐21

𝑥𝑥14𝑡𝑡𝑐𝑐14
𝑥𝑥23𝑡𝑡𝑐𝑐23

𝑥𝑥32𝑡𝑡𝑐𝑐32
𝑥𝑥41𝑡𝑡𝑐𝑐41 𝑥𝑥43𝑡𝑡𝑐𝑐43 𝑥𝑥44𝑡𝑡𝑐𝑐44

1

3

4

2

1 2

= �
𝑖𝑖𝑗𝑗∈𝐸𝐸

𝐸𝐸𝑖𝑖𝑗𝑗𝑥𝑥𝑖𝑖𝑗𝑗𝑡𝑡𝑐𝑐𝑖𝑖𝑖𝑖

3

Lem. Max weight of perfect matching = deg𝑡𝑡 det 𝐴𝐴(𝑡𝑡)

∵ deg det 𝐴𝐴 = deg �
𝑀𝑀

±𝑡𝑡𝑐𝑐(𝑀𝑀) �
𝑖𝑖𝑗𝑗 ∈𝑀𝑀

𝑥𝑥𝑖𝑖𝑗𝑗 = max
𝑀𝑀

𝑐𝑐(𝑀𝑀)



Weighted linear matroid intersection ---- 𝐴𝐴 = �
𝑘𝑘=1

𝑚𝑚

𝑎𝑎𝑘𝑘𝑏𝑏𝑘𝑘𝑇𝑇 𝑥𝑥𝑘𝑘𝑡𝑡𝑐𝑐𝑘𝑘

𝐴𝐴 = �
𝑘𝑘=1

𝑚𝑚

(𝑎𝑎𝑘𝑘𝑏𝑏𝑘𝑘𝑇𝑇 − 𝑏𝑏𝑘𝑘𝑎𝑎𝑘𝑘𝑇𝑇) 𝑥𝑥𝑘𝑘𝑡𝑡𝑐𝑐𝑘𝑘Weighted linear matroid matching -----

Weighted non-bipartite matching       ---- 𝐴𝐴 = �
𝑖𝑖𝑗𝑗∈𝐸𝐸

𝑇𝑇𝑖𝑖𝑗𝑗𝑥𝑥𝑖𝑖𝑗𝑗𝑡𝑡𝑐𝑐𝑖𝑖𝑖𝑖
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A weighted version of Edmonds Problem

Can we compute deg det of 

𝐴𝐴(𝑡𝑡) = 𝐴𝐴1(𝑡𝑡)𝑥𝑥1 + ⋯+ 𝐴𝐴𝑚𝑚(𝑡𝑡)𝑥𝑥𝑚𝑚
in polynomial time ?

𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥𝑚𝑚: variables

𝐴𝐴1(𝑡𝑡), … ,𝐴𝐴𝑚𝑚(𝑡𝑡): matrices over 𝕂𝕂[𝑡𝑡]

𝐴𝐴: matrix over 𝕂𝕂 𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥𝑚𝑚 (𝑡𝑡)

Goal: develop a non-commutative version

Important special case:

𝐴𝐴(𝑡𝑡) = 𝐴𝐴1𝑥𝑥1𝑡𝑡𝑐𝑐1 + ⋯+ 𝐴𝐴𝑚𝑚𝑥𝑥𝑚𝑚𝑡𝑡𝑐𝑐𝑚𝑚

𝐴𝐴1, … ,𝐴𝐴𝑚𝑚: matrices over 𝕂𝕂 , 𝑐𝑐1, … , 𝑐𝑐𝑚𝑚: (nonnegative) integers
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Contribution of [H.19] & [H-Ikeda 20]

• Formulate weighted non-commutative Edmonds problem 

by using Dieudonné determinant Det

• Establish a formula for deg Det (～ an analogue of FR formula for nc-rank)

～ L-convex function on Euclidean building 

• Algorithm:  minimization of L-convex function

～ 𝑂𝑂(𝑛𝑛𝑛𝑛) nc-rank computation, 𝑛𝑛: max degree

• Special case of deg det = deg Det (strong Edmonds-Rado property):

～ weighted linear matroid intersection

• Polytime algorithm for deg Det of  𝐴𝐴1𝑥𝑥1𝑡𝑡𝑐𝑐1 + ⋯+ 𝐴𝐴𝑚𝑚𝑥𝑥𝑚𝑚𝑡𝑡𝑐𝑐𝑚𝑚

 Polytime algorithm for deg det = deg Det of 2x2-partitioned matrix

• Polyhedral interpretation of deg Det by nc-version of Newton polytope 
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How to see  𝐴𝐴(𝑡𝑡) = 𝐴𝐴1(𝑡𝑡)𝑥𝑥1 + ⋯+ 𝐴𝐴𝑚𝑚(𝑡𝑡)𝑥𝑥𝑚𝑚

• Matrix over (skew) polynomial ring 𝕂𝕂 𝑥𝑥 [t]

• Matrix over the rational function skew field 𝕂𝕂 𝑥𝑥 (t)

• Degree: ⁄deg 𝑝𝑝 𝑞𝑞 ≔ deg 𝑝𝑝 − deg 𝑞𝑞

Ore ring ---- ∀𝑝𝑝, 𝑞𝑞,∃𝑢𝑢, 𝑣𝑣:𝑝𝑝𝑢𝑢 = 𝑞𝑞𝑣𝑣

⁄𝑝𝑝 𝑞𝑞 = ⁄𝑝𝑝′ 𝑞𝑞′ ⇔ ∃𝑢𝑢,𝑣𝑣, 𝑝𝑝𝑢𝑢 = 𝑝𝑝′𝑣𝑣, 𝑞𝑞𝑢𝑢 = 𝑞𝑞′𝑣𝑣

≠ 0

≠ 0
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How to define “determinant” 
of matrices over skew field

𝐴𝐴: nonsingular over 𝔽𝔽 (Our case: 𝔽𝔽 = 𝕂𝕂 𝑥𝑥 (t))

Bruhat decomposition: LU-decomposition of matrices over skew field

𝐴𝐴 = 𝐿𝐿 𝐷𝐷 𝑃𝑃 𝑈𝑈
uni-lower-triangular

diagonal permutation

uni-upper-triangular

unique

Dieudonné determinant ∈ Abelianization 𝔽𝔽∗/[𝔽𝔽∗,𝔽𝔽∗] of 𝔽𝔽∗

Det 𝐴𝐴 ≔ sgn 𝑃𝑃 𝐷𝐷11𝐷𝐷22 …𝐷𝐷𝑛𝑛𝑛𝑛 mod [𝔽𝔽∗,𝔽𝔽∗]
commutator group

Lem. Det 𝐴𝐴𝐵𝐵 = Det 𝐴𝐴 Det 𝐵𝐵 Det 𝐴𝐴 ≔ 0 for singular 𝐴𝐴

See e.g., P. Cohn: Further Algebra and Applications, Springer, 2003
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Weighted Non-commutative Edmonds Problem

Can we compute deg Det of

𝐴𝐴(𝑡𝑡) = 𝐴𝐴1(𝑡𝑡)𝑥𝑥1 + ⋯+ 𝐴𝐴𝑚𝑚(𝑡𝑡)𝑥𝑥𝑚𝑚
in polynomial time ?

𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥𝑚𝑚: variables 𝑥𝑥𝑖𝑖𝑥𝑥𝑗𝑗 ≠ 𝑥𝑥𝑗𝑗𝑥𝑥𝑖𝑖
𝐴𝐴1 𝑡𝑡 , … ,𝐴𝐴𝑚𝑚 𝑡𝑡 : matrices over 𝕂𝕂[𝑡𝑡]

𝐴𝐴: matrix over 𝕂𝕂( 𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥𝑚𝑚 )(𝑡𝑡)

Rem. deg Det is well-defined since deg is zero on commutators
deg (𝑝𝑝𝑞𝑞𝑝𝑝−1𝑞𝑞−1) = 0
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Formula for deg Det

deg Det 𝐴𝐴 = Min. −deg det 𝑃𝑃 − deg det Q

s.t.  deg 𝑃𝑃𝐴𝐴𝑘𝑘𝑄𝑄 𝑖𝑖𝑗𝑗 ≤ 0 (∀𝑘𝑘,∀𝑖𝑖𝑖𝑖)

𝑃𝑃,𝑄𝑄 ∈ GL𝑛𝑛(𝕂𝕂 𝑡𝑡 )

𝐴𝐴(𝑡𝑡) = 𝐴𝐴1(𝑡𝑡)𝑥𝑥1 + ⋯+ 𝐴𝐴𝑚𝑚(𝑡𝑡)𝑥𝑥𝑚𝑚

Thm. [H. 19]

deg 𝑃𝑃𝐴𝐴𝑘𝑘𝑄𝑄 𝑖𝑖𝑗𝑗 ≤ 0 (∀𝑘𝑘,∀𝑖𝑖𝑖𝑖) ⇔ deg 𝑃𝑃𝐴𝐴𝑄𝑄 𝑖𝑖𝑗𝑗 ≤ 0 (∀𝑖𝑖𝑖𝑖)

⇒ deg Det 𝑃𝑃𝐴𝐴𝑄𝑄 ≤ 0 ⇒ deg (Det 𝑃𝑃 Det 𝐴𝐴 Det 𝑄𝑄) ≤ 0

⇒ deg Det 𝑃𝑃 + deg Det 𝐴𝐴 + deg Det 𝑄𝑄 ≤ 0

(Proof of ≤ ; Murota 95 for deg det)

deg det 𝑃𝑃 deg det 𝑄𝑄
= =

This problem is viewed as 
discrete convex optimization 
over Euclidean building

is definable on 
any field with valuation, 
such as ℚ



𝔽𝔽: skew field, 𝔽𝔽 𝑡𝑡 : rational function skew field   (our case: 𝔽𝔽 = 𝕂𝕂( 𝑥𝑥 ))

𝐵𝐵 = 𝐵𝐵(𝑡𝑡) ∈ 𝔽𝔽 𝑡𝑡 𝑛𝑛×𝑛𝑛

Lem:  Suppose deg𝐵𝐵𝑖𝑖𝑗𝑗 ≤ 0 ⟷ 𝐵𝐵 𝑡𝑡 = 𝐵𝐵 0 + 𝐵𝐵 −1 𝑡𝑡−1 + 𝐵𝐵 −2 𝑡𝑡−2 + ⋯

deg Det 𝐵𝐵 = 0 if and only if 𝐵𝐵 0 is nonsingular over 𝔽𝔽

over 𝔽𝔽

𝑃𝑃,𝑄𝑄: feasible ( deg(𝑃𝑃𝐴𝐴𝑄𝑄)𝑖𝑖𝑗𝑗≤ 0 )

If ncrank(𝑃𝑃𝐴𝐴𝑄𝑄) 0 = 𝑛𝑛  𝑃𝑃,𝑄𝑄: optimal;  deg Det A = −deg det 𝑃𝑃 − deg det 𝑄𝑄

Rem. If rank (𝑃𝑃𝐴𝐴𝑄𝑄) 0 = 𝑛𝑛 𝑃𝑃,𝑄𝑄: optimal;  deg det A = −deg det 𝑃𝑃 − deg det 𝑄𝑄

Proof of Thm

Otherwise, ∃𝑆𝑆,𝑇𝑇 ∈ GL𝑛𝑛(𝕂𝕂) s.t. 𝑆𝑆 𝑃𝑃𝐴𝐴𝑄𝑄 0𝑇𝑇 =

0

∗ ∗
∗

∗𝑟𝑟

𝑠𝑠

𝑟𝑟 + 𝑠𝑠 > 𝑛𝑛

deg Det 𝑃𝑃𝐴𝐴𝑄𝑄 = 0

Auxiliary lemma



 𝑆𝑆 𝑃𝑃𝐴𝐴𝑄𝑄 𝑇𝑇 =
𝑡𝑡−1

∗ ∗
∗

∗𝑟𝑟
𝑠𝑠

deg 𝐼𝐼 𝑂𝑂
𝑂𝑂 𝑡𝑡𝐼𝐼𝑟𝑟

𝑆𝑆𝑃𝑃𝐴𝐴𝑄𝑄𝑇𝑇 𝐼𝐼 𝑂𝑂
𝑂𝑂 𝑡𝑡−1𝐼𝐼𝑛𝑛−𝑠𝑠

≤ 0

Update 𝑃𝑃,𝑄𝑄 → 𝑃𝑃′,𝑄𝑄′ ≔ 𝐼𝐼 𝑂𝑂
𝑂𝑂 𝑡𝑡𝐼𝐼𝑟𝑟

𝑆𝑆𝑃𝑃,𝑄𝑄𝑇𝑇 𝐼𝐼 𝑂𝑂
𝑂𝑂 𝑡𝑡−1𝐼𝐼𝑛𝑛−𝑠𝑠

feasible, 

−deg det 𝑃𝑃′ − deg det 𝑄𝑄′ = −deg det 𝑃𝑃 − deg det 𝑄𝑄 + (𝑛𝑛 − 𝑟𝑟 − 𝑠𝑠)

Repeat this procedure: 

If terminates then deg Det 𝐴𝐴 = −deg det 𝑃𝑃 − deg det 𝑄𝑄

Otherwise, deg Det 𝐴𝐴 ≤ RHS = −∞
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Deg-Det algorithm

1: 𝑃𝑃𝐴𝐴𝑄𝑄 = 𝑃𝑃𝐴𝐴𝑄𝑄 (0) + 𝑡𝑡−1𝑀𝑀

3: If 𝑟𝑟 + 𝑠𝑠 = 𝑛𝑛 ⇒ 𝑃𝑃,𝑄𝑄:optimal; deg Det 𝐴𝐴 = −deg det 𝑃𝑃 − deg det 𝑄𝑄

0: Choose 𝑃𝑃,𝑄𝑄 ∈ GL𝑛𝑛(𝕂𝕂 𝑡𝑡 ) s.t. deg 𝑃𝑃𝐴𝐴𝑄𝑄 𝑖𝑖𝑗𝑗 ≤ 0

2: Choose 𝑆𝑆,𝑇𝑇 ∈ GL𝑛𝑛(𝕂𝕂) s.t. 𝑆𝑆 𝑃𝑃𝐴𝐴𝑄𝑄 0𝑇𝑇 =

0

∗ ∗
∗

∗𝑟𝑟
𝑠𝑠with maximum 𝑟𝑟 + 𝑠𝑠

4: If 𝑟𝑟 + 𝑠𝑠 > 𝑛𝑛 ⇒
𝑃𝑃,𝑄𝑄 ← 𝐼𝐼 𝑂𝑂

𝑂𝑂 𝑡𝑡𝐼𝐼𝑟𝑟
𝑆𝑆𝑃𝑃,𝑄𝑄𝑇𝑇 𝐼𝐼 𝑂𝑂

𝑂𝑂 𝑡𝑡−1𝐼𝐼𝑛𝑛−𝑠𝑠

Input: 𝐴𝐴(𝑡𝑡) = 𝑥𝑥1𝐴𝐴1(𝑡𝑡) + 𝑥𝑥2𝐴𝐴2(𝑡𝑡) + ⋯+ 𝑥𝑥𝑚𝑚𝐴𝐴𝑚𝑚(𝑡𝑡)

; go to 1

𝑃𝑃𝐴𝐴𝑄𝑄 0: nc-nonsingular

Optimization
over the link at 𝑃𝑃 , 𝑄𝑄

(= spherical building)
= nc-rank computation

𝑃𝑃 , 𝑄𝑄 moves on the 1-skeleton of the Euclidean building

Minimizing an L-convex func
on Euclidean building



Building theoretic view

𝕂𝕂 𝑡𝑡 − ≔ ⁄𝑝𝑝 𝑞𝑞 ∈ 𝕂𝕂 𝑡𝑡 ⁄deg 𝑝𝑝 𝑞𝑞 ≤ 0} (= valuation ring)

𝐺𝐺𝐿𝐿𝑛𝑛(𝕂𝕂 𝑡𝑡 −):  group of invertible 𝑛𝑛 × 𝑛𝑛 matrices over 𝕂𝕂 𝑡𝑡 −

Min. −deg det 𝑃𝑃 − deg det 𝑄𝑄

s.t.  deg 𝑃𝑃𝐴𝐴𝑘𝑘𝑄𝑄 𝑖𝑖𝑗𝑗 ≤ 0 (∀𝑘𝑘,∀𝑖𝑖𝑖𝑖)

𝑃𝑃,𝑄𝑄 ∈ 𝐺𝐺𝐿𝐿𝑛𝑛(𝕂𝕂 𝑡𝑡 )

Obs.  𝑃𝑃,𝑄𝑄 → 𝑈𝑈𝑃𝑃,𝑄𝑄𝑉𝑉 (𝑈𝑈,𝑉𝑉 ∈ 𝐺𝐺𝐿𝐿𝑛𝑛(𝕂𝕂 𝑡𝑡 −) )

does not change feasibility & objective value

 The problem is over ℒ × ℒ, where ℒ ≔ 𝐺𝐺𝐿𝐿𝑛𝑛(𝕂𝕂 𝑡𝑡 )/𝐺𝐺𝐿𝐿𝑛𝑛(𝕂𝕂 𝑡𝑡 −)

Def. 𝑃𝑃 ≔ 𝕂𝕂 𝑡𝑡 −-module generated by columns of 𝑃𝑃 ∈ 𝐺𝐺𝐿𝐿𝑛𝑛(𝕂𝕂 𝑡𝑡 )

= 𝑃𝑃 𝑃𝑃 ∈ 𝐺𝐺𝐿𝐿𝑛𝑛(𝕂𝕂 𝑡𝑡 )}



Lem. ℒ = 𝑃𝑃 𝑃𝑃 ∈ 𝐺𝐺𝐿𝐿𝑛𝑛(𝕂𝕂 𝑡𝑡 )} is a modular lattice,

where ≼≔⊆, ∧= ∩, ∨= +, and 𝑡𝑡ℒ = ℒ
This structure is equivalent to 
Euclidean building of 𝐺𝐺𝐿𝐿𝑛𝑛(𝕂𝕂(𝑡𝑡))

𝑃𝑃

𝑡𝑡𝑃𝑃

 Part of Euclidean building 
for 𝐺𝐺𝐿𝐿2(𝕂𝕂(𝑡𝑡)))

Define L-convex function: 𝑓𝑓 𝑥𝑥 + 𝑓𝑓 𝑦𝑦 ≥ 𝑓𝑓 𝑥𝑥 ∧ 𝑦𝑦 + 𝑓𝑓 𝑥𝑥 ∨ 𝑦𝑦 , 𝑓𝑓 𝑡𝑡𝑥𝑥 = 𝑓𝑓(𝑥𝑥)

 The deg Det problem is L-convex function minimization on ℒ × ℒ∗
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Remarks

• Idea comes from combinatorial relaxation method (Murota 90) for deg det

• Bipartite matching 𝐴𝐴 = ∑𝐸𝐸𝑖𝑖𝑗𝑗𝑥𝑥𝑖𝑖𝑗𝑗𝑡𝑡𝑐𝑐𝑖𝑖𝑖𝑖  Hungarian method

• Linear matroid intersection 𝐴𝐴 = ∑𝑘𝑘 𝑎𝑎𝑘𝑘𝑏𝑏𝑘𝑘𝑇𝑇𝑥𝑥𝑘𝑘𝑡𝑡𝑐𝑐𝑘𝑘

 Frank’s weight splitting algorithm (Furue-H 20)

• Computation of  deg Det for skew polynomial matrix (Oki 19)

• Further discrete convex analysis & cost-scaling imply

a polytime algorithm for deg Det 𝐴𝐴 = ∑𝑘𝑘 𝐴𝐴𝑘𝑘𝑥𝑥𝑘𝑘𝑡𝑡𝑐𝑐𝑘𝑘 (H-Ikeda 20)



Polyhedral interpretation of deg Det [H-Ikeda 20]

Obs. deg det∑𝑘𝑘=1𝑚𝑚 𝐴𝐴𝑘𝑘𝑥𝑥𝑘𝑘𝑡𝑡𝑐𝑐𝑘𝑘 = max 𝑐𝑐𝑇𝑇𝑢𝑢 𝑢𝑢 ∈ Newton 𝐴𝐴}

where Newton 𝐴𝐴≔ Newton polytope of det𝐴𝐴

Def. Newton polytope of polynomial 𝑝𝑝 𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥𝑚𝑚

≔ Conv 𝛼𝛼 ∈ ℤ𝑚𝑚 𝑥𝑥1
𝛼𝛼1𝑥𝑥2

𝛼𝛼2 … 𝑥𝑥𝑚𝑚
𝛼𝛼𝑚𝑚 is a monomial of 𝑝𝑝 } ⊆ ℝ𝑚𝑚

Def. NcNewton 𝐴𝐴 ≔ ⋃𝑑𝑑≥1proj Newton 𝐴𝐴{𝑑𝑑}

𝑛𝑛-Blow-up 𝐴𝐴{𝑑𝑑} ≔ ∑𝑘𝑘=1𝑚𝑚 𝐴𝐴𝑘𝑘 ⊗ 𝑋𝑋𝑘𝑘,   𝑋𝑋𝑘𝑘 = (𝑥𝑥𝑘𝑘,𝑖𝑖𝑗𝑗): 𝑛𝑛 × 𝑛𝑛 variable matrix

proj: (𝑢𝑢𝑘𝑘,𝑖𝑖𝑗𝑗)𝑘𝑘,𝑖𝑖𝑗𝑗 → ( 1
𝑑𝑑
∑𝑖𝑖,𝑗𝑗 𝑢𝑢𝑘𝑘,𝑖𝑖𝑗𝑗 )𝑘𝑘 ∈ ℝ𝑚𝑚

Prop.  deg Det∑𝑘𝑘=1𝑚𝑚 𝐴𝐴𝑘𝑘𝑥𝑥𝑘𝑘𝑡𝑡𝑐𝑐𝑘𝑘 = max 𝑐𝑐𝑇𝑇𝑢𝑢 𝑢𝑢 ∈ NcNewton 𝐴𝐴}

 NcNewton 𝐴𝐴 is an integral polytope ⊇ Newton 𝐴𝐴

𝑝𝑝 𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥𝑚𝑚 = ∑𝛼𝛼 𝑏𝑏𝛼𝛼𝑥𝑥𝛼𝛼 ⟹ 𝑝𝑝 𝑥𝑥1𝑡𝑡𝑐𝑐1 , 𝑥𝑥2𝑡𝑡𝑐𝑐2 , … , 𝑥𝑥𝑚𝑚𝑡𝑡𝑐𝑐𝑚𝑚 = ∑𝛼𝛼 𝑏𝑏𝛼𝛼𝑥𝑥𝛼𝛼𝑡𝑡𝑐𝑐
𝑇𝑇𝛼𝛼



Fact:  ncrank 𝐴𝐴 = 1
𝑑𝑑

ncrank 𝐴𝐴{𝑑𝑑} = 1
𝑑𝑑

rank 𝐴𝐴{𝑑𝑑}

If 𝑛𝑛: large

 deg Det 𝐴𝐴(𝑡𝑡) = 1
𝑑𝑑

deg Det 𝐴𝐴 𝑡𝑡 {𝑑𝑑} = 1
𝑑𝑑

deg det𝐴𝐴 𝑡𝑡 {𝑑𝑑}

If 𝑛𝑛: large

Proof sketch:

Def. Strong Edmonds-Rado property ⇔ Newton 𝐴𝐴 = NcNewton 𝐴𝐴

If 𝐴𝐴 = ∑𝑘𝑘 𝑎𝑎𝑘𝑘𝑏𝑏𝑘𝑘𝑇𝑇𝑥𝑥𝑘𝑘 (matroid intersection)

Matroid intersection polytope = Newton 𝐴𝐴 = NcNewton 𝐴𝐴

If 𝐴𝐴 = ∑𝑖𝑖𝑗𝑗 𝑇𝑇𝑖𝑖𝑗𝑗 𝑥𝑥𝑖𝑖𝑗𝑗 (nonbipartite matching)

 2 � Matching polytope = Newton 𝐴𝐴 ⊂ NcNewton 𝐴𝐴
?? 2 � Fractional matching polytope ??

Problem: Further study on NcNewton 𝐴𝐴 ( char. of vertices/facets, LP-description )

= max 𝑐𝑐𝑇𝑇𝑢𝑢 𝑢𝑢 ∈ proj Newton 𝐴𝐴{𝑑𝑑}}𝑃𝑃,𝑄𝑄 → 𝑃𝑃⨂𝐼𝐼𝑑𝑑 ,𝑄𝑄⨂𝐼𝐼𝑑𝑑

Derksen-Makam, IQS



2. Reduction of nc-singularity over ℚ

to  that over 𝐺𝐺𝐺𝐺(𝑝𝑝) by 𝑝𝑝-adic valuation

𝑣𝑣𝑝𝑝 𝑢𝑢 ≔ 𝑘𝑘 if 𝑢𝑢 = 𝑝𝑝𝑘𝑘 𝑎𝑎
𝑏𝑏
∈ ℚ, 𝑎𝑎, 𝑏𝑏 ∈ ℤ prime to 𝑝𝑝

Def. ( 𝑝𝑝-adic valuation ) 𝑝𝑝: prime, 𝑣𝑣𝑝𝑝:ℚ → ℤ ∪ {∞}

𝑝𝑝-adic expansion of 𝑢𝑢 ∈ ℚ:

𝑢𝑢 = 𝑎𝑎𝑘𝑘𝑝𝑝𝑘𝑘 + 𝑎𝑎𝑘𝑘+1𝑝𝑝𝑘𝑘+1 + ⋯

where 𝑘𝑘 = 𝑣𝑣𝑝𝑝 𝑢𝑢 , 𝑎𝑎𝑖𝑖 ∈ 0,1,2, … ,𝑝𝑝 − 1 = 𝐺𝐺𝐺𝐺(𝑝𝑝)

𝑣𝑣𝑝𝑝 0 ≔ ∞

Gauss extension: 𝑣𝑣𝑝𝑝:ℚ(𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥𝑚𝑚) → ℤ ∪ {∞}

𝑣𝑣𝑝𝑝 𝑓𝑓 ≔ min
𝑖𝑖
𝑣𝑣𝑝𝑝 𝑐𝑐𝑖𝑖 (𝑓𝑓 = ∑𝑖𝑖 𝑐𝑐𝑖𝑖𝑥𝑥𝛼𝛼𝑖𝑖 )

𝑣𝑣𝑝𝑝 ⁄𝑓𝑓 𝑔𝑔 ≔ 𝑣𝑣𝑝𝑝 𝑓𝑓 − 𝑣𝑣𝑝𝑝(𝑔𝑔)



𝑣𝑣𝑝𝑝Det′ 𝐴𝐴 ≔ Max. −𝑣𝑣𝑝𝑝 det𝑃𝑃 − 𝑣𝑣𝑝𝑝 det𝑄𝑄

s. t. 𝑣𝑣𝑝𝑝 𝑃𝑃𝐴𝐴𝑘𝑘𝑄𝑄 𝑖𝑖𝑗𝑗 ≥ 0 ∀𝑖𝑖𝑖𝑖,𝑘𝑘

𝑃𝑃,𝑄𝑄 ∈ 𝐺𝐺𝐿𝐿𝑛𝑛(ℚ)

Cor.   𝐴𝐴: nc-nonsingular ⇔ 𝑣𝑣𝑝𝑝 Det′ 𝐴𝐴 < 𝑂𝑂(𝑛𝑛 log𝑛𝑛𝐷𝐷) < ∞
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𝑧𝑧 = 1011 �000
𝑣𝑣2(𝑧𝑧)

𝑏𝑏𝑖𝑖𝑡𝑡𝑠𝑠𝑖𝑖𝑧𝑧𝑏𝑏

Problem: How can we extend 𝑣𝑣𝑝𝑝 to ℚ 𝑥𝑥 so that  𝑣𝑣𝑝𝑝Det′ 𝐴𝐴 = 𝑣𝑣𝑝𝑝Det 𝐴𝐴 ?

Instead of  nc-rank / FR formula, we solve 

𝐴𝐴 = 𝐴𝐴1𝑥𝑥1 + 𝐴𝐴2𝑥𝑥2 + ⋯+ 𝐴𝐴𝑚𝑚𝑥𝑥𝑚𝑚, where 𝐴𝐴𝑘𝑘 over ℤ ⊆ ℚ

Lem.  𝑣𝑣𝑝𝑝 Det′ 𝐴𝐴 = 1
𝑑𝑑
𝑣𝑣𝑝𝑝 Det′𝐴𝐴{𝑑𝑑} = 1

𝑑𝑑
𝑣𝑣𝑝𝑝 det𝐴𝐴{𝑑𝑑}

If 𝑛𝑛: large

∵ | coefficient of det𝐴𝐴{𝑑𝑑}| ≤ 𝑛𝑛𝐷𝐷 𝑂𝑂(𝑛𝑛𝑑𝑑)

1
𝑛𝑛 𝑣𝑣𝑝𝑝 det𝐴𝐴{𝑑𝑑} = 𝑂𝑂(𝑛𝑛 log𝑝𝑝 𝑛𝑛𝐷𝐷)

with 𝐴𝐴𝑘𝑘,𝑖𝑖𝑗𝑗 < 𝐷𝐷

 𝑣𝑣𝑝𝑝 𝑧𝑧 ≤ log𝑝𝑝 |𝑧𝑧| for 0 ≠ 𝑧𝑧 ∈ ℤ
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𝑣𝑣𝑝𝑝(𝑃𝑃𝐴𝐴𝑘𝑘𝑄𝑄) ≥ 0

 𝑃𝑃𝐴𝐴𝑘𝑘𝑄𝑄 = 𝑃𝑃𝐴𝐴𝑘𝑘𝑄𝑄 0 + 𝑃𝑃𝐴𝐴𝑘𝑘𝑄𝑄 (1)𝑝𝑝 + 𝑃𝑃𝐴𝐴𝑘𝑘𝑄𝑄 (2)𝑝𝑝2 + ⋯

over GF(𝑝𝑝) 𝑝𝑝-adic expansion

• If ncrank ∑𝑘𝑘 𝑃𝑃𝐴𝐴𝑘𝑘𝑄𝑄 0 𝑥𝑥𝑘𝑘 = 𝑛𝑛 over GF(𝑝𝑝)

 ncrank ∑𝑘𝑘 𝑃𝑃𝐴𝐴𝑘𝑘𝑄𝑄 𝑥𝑥𝑘𝑘 = ncrank ∑𝑘𝑘 𝐴𝐴𝑘𝑘 𝑥𝑥𝑘𝑘 = 𝑛𝑛 over ℚ

• Otherwise ∃𝑆𝑆,𝑇𝑇 s.t. 𝑆𝑆 𝑃𝑃𝐴𝐴𝑘𝑘𝑄𝑄 (0)𝑇𝑇 = (∀𝑘𝑘)
0

∗ ∗∗

∗
𝑟𝑟

𝑠𝑠

mod 𝑝𝑝

𝑟𝑟 + 𝑠𝑠 > 𝑛𝑛

Update 𝑃𝑃,𝑄𝑄 → 𝑃𝑃′,𝑄𝑄′ ≔
𝐼𝐼𝑛𝑛−𝑟𝑟

𝑝𝑝−1𝐼𝐼𝑟𝑟
𝑆𝑆𝑃𝑃,𝑄𝑄𝑇𝑇 𝐼𝐼𝑠𝑠

𝑝𝑝𝐼𝐼𝑛𝑛−𝑠𝑠

−𝑣𝑣𝑝𝑝 det𝑃𝑃′ − 𝑣𝑣𝑝𝑝 det𝑄𝑄′ = −𝑣𝑣𝑝𝑝 det𝑃𝑃 − 𝑣𝑣𝑝𝑝 det𝑄𝑄 + (𝑟𝑟 + 𝑠𝑠 − 𝑛𝑛)

Initially, 𝑃𝑃,𝑄𝑄 ≔ 𝐼𝐼, 𝐼𝐼 ; obj = 0



Final remarks

• I gave up to find a shrunk subspace (Hall blocker) by this approach.

Difficulty:  𝑝𝑝-adic expansion of a rational 𝑥𝑥 is cycling, 

where the length of the cycle may be exponential of bit-size(𝑥𝑥).   

• 𝑣𝑣 Det′𝐴𝐴 problem is useful and has many analogies of the FR formula for nc-rank.

Question:  Find a natural reasoning of 𝑣𝑣 Det′𝐴𝐴 in left-right action :

𝑆𝑆𝐿𝐿𝑛𝑛(𝕂𝕂) × 𝑆𝑆𝐿𝐿𝑛𝑛(𝕂𝕂) ∋ 𝑆𝑆,𝑇𝑇 ↦ 𝑆𝑆𝐴𝐴𝑘𝑘𝑇𝑇 𝑘𝑘=1,2,…,𝑚𝑚

in a field 𝕂𝕂 with discrete valuation 𝑣𝑣.

END



Additional references

H. Hirai and Y. Iwamasa: A combinatorial algorithm for computing the rank of a generic 
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