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Abstract. The lambda-calculus, by its ability to express any computable function,
is theoretically able to represent any algorithm. However, notwithstanding their
equivalence in expressiveness, it is not so easy to find a natural translation for
algorithms described in an imperative way.
The transformation calculus, which only extends the notion of currying in lambda-
calculus, appears to be able to correct this flaw, letting one implicitly manipulate
a state through computations.
This calculus remains very close to lambda-calculus, and keeps most of its prop-
erties. We proved confluence of the untyped calculus, and strong-normalization
in presence of a typing system.

1 Introduction

Currying is as old as lambda calculus. For the simple reason that, in raw lambda calculus
—without pairing or similar built-in constructs—, this is the only way to represent multi-
argument functions. This just means that we will write

in place of

At this stage appears a first asymmetry: while in the pair the two variables play
symmetrical roles, in they don’t. An implicit order was introduced. Materially
this means that we can partially apply our function directly on but not on .

We now look at types. There, currying can be seen as isomorphism of types [3]:

Here comes another asymmetry: why don’t we get any similar isomorphism for
.

The calculus we will present here generalizes currying to these two kinds of sym-
metries: between arguments, and between input and output. For the first one, we are just
taking over the mechanism of label-selective currying developed previously [1, 11].

For the second one we develop a new notion of composition, which, contrary to the
usual one, is compatible with currying.



The resulting system, transformation calculus, is a conservative extension of lambda
calculus. Why such a name? Because this essentially syntactic extension —semantics
remain very similar— provides us with a new way of representing state transformations,
i.e. state being represented by labeled input parameters, that may get returned by our
term. Handling state as a supplementary parameter that gets returned with the result is
not new. But by extending currying we get more flexibility, in two ways. First, since a
part of the state is no more than a labeled parameter, we can dynamically extend it by
simply adding a new parameter at some point in our term. Second, selective currying
lets a transformation ignore parts of the state it doesn’t need. They will just be left
unmodified.

To demonstrate our point, we introduce scope-free variables, which are trivially
encoded in the transformation calculus, and can be used in place of usual scoped
mutable variables, in the Algol tradition. Since they have no syntactic scope, scope-free
variables respect dynamic binding rather than static binding; but they are more flexible
than Algol variables, while simulating blocks and stack discipline.

The rest of this paper is composed as follows. In Section 2 we introduce progressively
the different features which form the transformation calculus. Section 3 is devoted
to the formal definition of the transformation calculus. Sections 4 and 5 respectively
define and give the fundamental properties of scope-free variables and a simply typed
transformation calculus. Related works are presented in Section 6. Finally, Section 7
concludes. For lack of space, no proofs ar given in this paper1.

2 Composition and streams

We first introduce informally and progressively the features of our calculus. We start
from the classical pure lambda-calculus, that is2

::

with -reduction

and where terms are considered modulo -conversion (renaming of bound variables).

2.1 Implicit currying

Currying is the fundamental transformation by which multi-argument functions are
encoded in the lambda-calculus. It can appear in abstractions as well as applications.
For instance will be encoded as , and becomes .

This operation does not modify the nature of calculations, since clearly
and reduce to the same (provided and are distinct
variables).

1 They can be found, together with denotational semantics for the simply typed calculus, in the
report version [9].

2 Application, denoted by a dot, is written postfix, and is left associative.



By implicit currying, we mean that we will write curried and uncurried versions of
terms (for an arbitrary number of arguments) indifferently, always supposing that we
reduce curried ones. Of course we work in the pure lambda-calculus without pairing, so
that no confusion is possible. The new syntax becomes

::

where abstracted variables under the same should be distinct. Implicit currying is
expressed by the two structural equivalences3:

1 1 1

1 1 1

where all ’s are distinct.
is defined as the reflexive, symmetric and transitive closure of ’s.

2.2 Composition

The next step is to introduce a binary composition operator4 (“;”) and a transformation
constructor (“ ”).

:: ;

A transformation is a term such that, provided enough input, it gets a transformation
constructor at its head position.

Together we add a new reduction rule, and a new structural equivalence, to eliminate
compositions. Some other equivalences are introduced in the actual calculus, to enable
earlier flattening of terms, but we leave them for later.

;
1 1; 2 ; 1 1; 2

We can see the sequencing role of composed pairs as follows: when we apply
1; 2 to a sufficient input tuple of arguments, we first apply 1 to this tuple, get

(hopefully) a tuple-term (term of form 1 ) as result of its reduction, and
apply 2 to this result tuple.

It just looks like if we added a stack machine into the lambda-calculus. For instance,
we can write the transformation that switches two terms on top of a stack as

, and can apply it to an input tuple of any size:

3 In fact, if we remember the habit many have of writing for the above term, we have
done absolutely nothing new. However this syntax lets us emphasize some natural groupings
of values. For instance the encoding of pairs in lambda-calculus can be written as .

4 Both the dots of abstraction and application bind tighter than composition.



Composed with another term, it plays the same role as the combi-
nator; but in a postfix way.

;
; ;

;
; ;

Since we are in the lambda-calculus, we can define the fix-point operator . We just
define then loops in terms of this operator. The functional for a while-do loop can be
defined as

while
;

if then ; else
The -condition is a transformation that adds to its input a boolean , false to end,
true to go on, leaving the rest in position. may change the values from the input, but
not their number. Such a functional works on a state of any size.

An imperative version of Euclid’s algorithm for the greatest common divisor can
then be written

0
mod while;

We notice here an important difference between this “while” functional and something
equivalent written using pairing. Here our -condition only uses , whereas a func-
tional using pairing would have required it to receive the whole state even though is
not needed. This remark will become even more important when we will add to our
calculus the power of selective currying.

2.3 Selective currying

Combining lambda-calculus and a stack machine should be enough to express algorithms
both in their functional and imperative form. Variables are denoted by positions on the
stack. However, these positions being relative to the stop of the stack, they change if we
add anything on top of if: e.g. is the third element in , but it becomes the 4th

in ; , where is either a parameter for the next function
or a new variable. That makes it quite uneasy to actually write algorithm using variable
in such a calculus.

The possibility of mixing parameters and variables is good, since it means that we can
see everything with a functional insight. What we would like is to have a more uniform
way to handle a position. The idea is to use several named stacks simultaneously. As
stacks were represented by tuples, we now use sets of named tuples, or streams. For
instance, denotes a set of 3 independent stacks:
named 5, named , and named . Defining a label as being a pair (stack name,

5 is a default name, such that a tuple without name will be interpreted as the stream
.



stack index), we can also write a stream as a set of labeled values: 1 2
1 2 6.
Using this we can write a transformation incrementing the value labeled as

Since is a named position its index is not modified by operations on other names.
We see here a new version of Euclid’s algorithm, using labels for both the function

and the while functional.

while
;

if then ; while else

gcd ;
0

mod while;

On such an example the addition of labels may look as pure verbosity, but what
we obtain here is very close to what we would write as an imperative algorithm. We
only have to add trivial abstractions of the form in order to transform an
assignment-like syntax (where is read as : ) into functions.

2.4 Stream behavior

The examples we presented above worked all right, but what happens with “incorrect”
terms, that are not well-behaved?

We had already such terms in classical lambda-calculus. For instance, if we encode
an if-then-else by a pair , where is expected to be an encoded boolean, and

and the two cases, we expect in most cases and to be well-behaved, that is if
encodes a pair, then should also encode a pair. Otherwise, we will have unexpected
behavior trying to apply a projection on it.

This problem of behavior is even more pernicious with the transformation calculus.
Again in an if-then-else we expect the two branches to have similar behavior. But even
if the second one gives back a stream with more labels than the first, it may well not
appear, as long as we only use transformations that only access labels present in the first
stream. This is still an incoherence.

So, by well-behaved, we will mean here that for any acceptable input with same
stream structure, a transformation should give back a stream with same labels. That is,
its stream-behavior, the stream structure of the result with respect to the stream structure
of the input, should not be dependent on encoded values in the input.

For instance,
if then else

6 We allow omitting the index when there is only one value in the stack, as for .



is not well behaved since it returns either a stream with label or an empty stream,
depending on the value of .

This is difficult to give a precise definition of well-behaved terms in an untyped
framework, since it depends on what encodings we use. In a typed framework that
amounts to subject reduction, and we give in Section 5 a simply typed transformation
calculus that satisfies it (i.e. all typable terms are well-behaved).

2.5 Scope-free variables

We have insisted on how this calculus was a potential basis for an integration of im-
perative and functional styles in the design of algorithms. Here we introduce a general
method to directly map the imperative notion of variable into the transformation calculus.

In fact, what we mean by scope-free variable is slightly stronger than a mutable
variable. We call it scope-free, since it is not syntactically scoped like in structured pro-
gramming, neither is it global. Wecan say that it is local to a sequence of transformations,
composed together.

A scope free variable is essentially a name whose use in labels is exclusively
reserved in the concerned sequence of transformations. This sequence is delimited by
the creation of the variable with value , encoded , and its destruction by
an abstraction, . Between these, all transformations using or modifying this
variable should once take it (through abstraction) and then put it back (by application),
identical or modified. Typically a modification can be written .
That is, the sequence has form:

; ; ; ;

Since some transformations may be functionals, the recognition of such a structure
is not immediate, but for instance and in the last version of Euclid’s algorithm are
scope-free variables.

The most interesting property of scope-free variables is that, like scoped variables,
they have no effect outside of the sequence they are used in. That is, we can use the same
label outside of the sequence our scope-free variable is local to, without interference.
A scope-free variable may even be used in a subsequence of another scope-free variable
using the same label:

; ; ; ; ; ;

In the underlined subsequence the external scope-free variable is identifiable by the
label 1 but comes back to after.

Still, we must be careful that scope-free variables are not variables in the meaning
of lambda-calculus: they appear on a completely different level, that of labels. Nor are
they pervasive like would be references. We do not add side-effects to functions, but just
provide some implicit way to manipulate a “stream” of arguments. That means that a
function that is not called directly on this stream (through composition) will not access
the scope-free variables it contains, and as such cannot have any imperative behavior
with respect to this stream. This is this limitation which permits us to assimilate scope-
free variables with arguments, and still be a conservative extension of lambda-calculus.



We give two examples of the use of scope-free variables. The first one is a simple
encoding of an imperative programming language  a la Algol. The second one shows
how scope-free variable are stronger than scoped ones.

Here is the program and its translation.

begin
var x=5, y=10;
x := x+y;
begin

var x=3;
y := x+y

end
x := x-y;
return(x)

end

5 10 ;
;

3 ;
;

;
;

We expect this program to evaluate to 5 10 3 10 2.

5 10 ;
5 10 ;

15 10 3 ;
1 3 2 15 10 ;
1 3 2 15 13 ;

15 13 ;
2 13

2

Note here that since we encode dynamic binding7 for scope-free variables, we would
get the same result even if the central part was a call to the same piece of code defined
elsewere: with scope-free variable, even Basic’s subprograms, which have no variable
passing, would be a nice feature, since we can create a scope-free variable before the
call to pass a parameter, and destroy it after.

The translation we propose here is a general one. By defining variables at the
beginning of blocks and destroying them by abstractions at the end, we can translate
any Algol-like program (with dynamic binding for mutable variables), even containing
procedures and functions.

The above example still respects a scoping discipline: variables are created and
destroyed in opposite order. To show the specificity of scope-free variables, we must
disobey it.

Not respecting a scoping discipline seems quite dangerous for variables, and of little
use in purely computing programs. However, if we think of IO’s, then the situation is

7 Dynamic binding is generally considered as bad, because destroying referential transparency.
However, if we distinguish between static (defined only once, like -variables) and mutable
variables, the notion of referential transparency for the last is not so clear. Since they are already
not referentially transparent w.r.t. their values, the simpler modeling offered by dynamic binding
can be seen as an advantage.



different. Consider a program with structure

; ;

in which we want the console to be redirected in part ; , and the screen to be changed
in ; . We suppose that we have mutable variables and to indicate respectively
which console and which screen should be used. Moreover we do not know which were
the console and screen before entering .

A dirty method is to use temporary variables and , to store the old values:

c:=con; con:=newc; A; s:=scr;
scr:=news; B; con:=c; C; scr:=s

The problem is that these temporary variables may be modified by error in , or
.

So a better solution is to use static variables, only set once:

let c = !con in
con:=newc; A ;
let s = !scr in

scr:=newc; B ; con:=c; C ; scr:=s
end end

However, because of the scope discipline, is still defined in , whereas we do not
need it anymore. We can see here an inconsistency between the scope of , which is

; ; , and its expected area of use, ; .
We think that the scope-free variable way to do it is cleaner:

; ; ; ;
; ;

We didn’t define any new variable, but did just temporarily hide the original value
by the redirected one. And there are no “dangling” definitions (variables still defined
out of their area of use).

3 Syntax of transformation calculus

In this section we define the untyped transformation calculus.
The definition is done in three steps. 1) We define streams8, as a tool for defining

the calculus. 2) We give a syntactic definition of terms in the transformation calculus,
and add a structural equivalence on these terms9. 3) Then we define reduction rules for
these equivalence classes.

8 In [9], we give another definition of streams, permitting more commutations in the calculus,
but here we use a simpler one.

9 We could use all equivalences as directed reduction rules. This would result in a slightly more
complicated system (cf. [1] for selective -calculus)



Definition 1 stream monoid. Let be a set of names, a set of values. , the set
of -streams on , is the set of the functions from to the tuples of , such that only
a finite number of tuples are not empty.

: IN

For a stream , 1 is the set of its defined positions.
We write as 1 1 1 1 by enumerating all its defined
positions.

Concatenation on streams, the monoidal operation, is the name-wise concatenation
of tuples:

Notations In the following definitions we will use the abbreviations for
, for the free variables of , and for the values contained in the stream
.

Definition 2. Terms of the transformation calculus, or , are those generated by in
the following grammar, where variables should be distinct in abstractions. Composition
has lower priority than dots.

:: variable
transformation constructor
abstraction
application

; composition

They are considered modulo , the minimal congruence defined by the closure of
the following equalities.

1 ; 2 ; 1; 2

1 ; 2 ; 1; 2 2

1; 2 ; 3 ; 1; 2; 3

Equalities and are derived from the monoidal structure. ;, ; and ; are
intuitive. Equality is the “symmetrical” of -reduction: when they have no common
names, application and abstraction may switch, and permit earlier reductions.

Substitutions are done in the same way as for lambda-calculus, composition not in-
teracting with variable binding. Terms will always be considered modulo -conversion.
That is when .



Definition 3. “ ” is defined on transformation calculus terms by -reduction and -
elimination10.

;

is the reflexive and transitive closure of .
Selective -terms and -reduction define the selective -calculus.

Theorem4. Transformation calculus is confluent.

The proofs are given in [9]. Confluence of transformation calculus is obtained from
selective -calculus through a translation into it.

4 Scope-free variable encoding

We cannot expect to give a precise definition of scope-free variable in the transformation
calculus, where it is only encoded. It appears as an intuitive notion of a variable whose
locality is not syntactical but operational. We will define it outside of the calculus.

For this we use a framework in which a program is a sequence of operations.
Operations can themselves contain programs, but these are independent, and may not
have side-effects on the external sequence.

Definition 5. A scope-free variable is some way to create, modify and destroy a value
such that:

1. these operations may appear in different syntactic entities, which may be used
independently.

2. a closed use of this variable is obtained when a creator, some modifiers, and a
destructor result in a modification sequence.

3. its closed use in a modification sequence has no side-effect outside it.

A consequence of this definition is the hiding property we insisted on. The same
variable may have several independent closed uses, with modification sequences in-
cluded in one another, and there is no problem as long as we do not try to modify the
value from one use inside another’s modification sequence.

As we introduced in Section 2, elementary creators, modifiers and destructors in
transformation calculus are respectively , and

. But we can think of more complex ones, acting simultaneously on multiple
variables, taking arguments, or returning results.

To ensure that we have a correct scope-free variable encoding here, we must verify
the third point of the definition, which says that it has no effect outside the sequence it
is used in.

Proposition 6. The scope-free variable encoding into the transformation calculus en-
sures locality to the modification sequence.
10 We chose to make -elimination a reduction rule rather than a structural equality because it

reduces the size of terms, while the structural equalities of Definition 2 do not change it.



As we have seen, thanks to this property, scope-free variables are not only more
flexible than classical scoped variables, but can replace them in most of their uses.
Particularly, in functional language they can replace “disciplined” references (which
do not go out of their scope), without the need of a specific evaluation strategy. Their
only limitation is that —in the transformation calculus— one cannot export them like
references, since they are linked to an explicit name. However, this is a limitation of
the label system we use, and not of scope-free variable in themselves: one can add a
syntactical scope to scope-free variables [10]. The real point about them is that the use
of a (now scoped) scope-free variable is not restricted by that syntactical scope11 (which
is only a problem of naming), like with the stack discipline, but by its life area, or
modification sequence (its real operational scope).

5 Simply typed transformation calculus

To obtain a simply typed form of transformation calculus, we annotate variables with
some type in abstractions, just the same way it is done in lambda calculus. But first we
must define what are these types.

The two most important novelties are that, first, stream types are introduced, and
second, that function type are not from any type to any other, but only from stream types
to stream or base types. This last particularity “flattens” types, but still contains as a
subset all simple types of lambda-calculus.

Definition 7. Simple types in the transformation calculus are generated by in the
following grammar.

:: 1 base types
:: stream types
:: return types
:: types

The same label may not appear more than once in the same stream type; stream types
are equal up to different orders, and , for short.

Definition 8. A term in the simply typed transformation calculus is constructed accord-
ing to the following syntax.

:: : ;

Finally the relation between terms and types is given in the following definition.

Definition 9. A type judgement, written : , expresses that the term has type
in the context . Induction rules for type judgements are given in figure 1.

Rules (I,II,III) are the traditional ones for typed lambda calculus, simply extended
to streams. We can go back to it by limiting labels in streams to sequences of integers
starting from 1 (that is, in the above rules, having only 1).
11 This is true with references too, but their operational scope is only defined by garbage collection.



: (I)

:
: :

(II)

: :
:

(III)

: (IV)
: 1 2 : 2

; : 1
(V)

: 1 2

: 1 2
(VI)

Fig. 1. Typing rules for simply typed transformation calculus

Rule (IV) types the constant . However it will most often need the cooperation of
rule (VI), transformation subtyping, which expresses that any transformation may be
applied to labels it is not concerned with: they will simply be rejected to the result. For
instance, it gives to any symmetrical type ( ). Rule (V) types composition: is
applied to the result stream of , and re-abstracted by its abstraction part. Here again,
we need the collaboration of rule (VI) to extend the types of either or .

Proposition 10 subject reduction. If : and then : .

Proposition 11 strong normalization. If : then there is no infinite reduction
sequence starting from .

This last property is interesting, since it is general belief that introducing mutables
suppresses strong normalization: we keep it here, because all values used by a term
appear in its type.

6 Related works

Since transformation calculus only happens to be able to represent state, its origin is
not to be found in the field of semantics of stateful languages. It is rather based on two
independent threads of work. The first one is the Categorical Combinatory Logic [6], in
which composition and currying play a central role. The direction seems opposed: one
encodes lambda-calculus into CCL (or its abstract machine version, the CAM [5]), while
transformation calculus extends lambda-calculus. But the intuition that algorithmicity
can be found in the structures of the lambda-calculus itself is the same.

The second one is process calculi. Their use of names for communication is similar to
the principle of the transformation calculus. In [2], Boudol proposes the -calculus. The
base is lambda-calculus, but applications express emissions of messages and abstractions
their reception, while multiple terms can be evaluated simultaneously. Milner’s -
calculus [17] proceeds alike, and by labeling with names applications and abstractions,



it allows the use of multiple channels. The fundamental difference with our calculus is
that non-determinism of the receptor of a message make these calculi divergent, while
our terms are syntactically sequenced in order to keep determinism.

After these somewhat different directions, our claims makes necessary to look at the
larger literature concerning modeling of mutables in Algol, Lisp, and modern functional
programming languages. Algol is the closest to our system, since scope-free variables
cannot be used out of their life area, like with Algol’s stack discipline, where a variable
cannot be exported out of its scope.

Landin first proposed an encoding of Algol 60 into the lambda calculus [13]. But
the problem was not solved: “The semantics of applicative expressions can be specified
formally without the recourse to a machine. [ ] With imperative applicative expres-
sions on the other hand it appears impossible to avoid specifying semantics in terms of
a machine”.

After a number of attempts, including marked stores [16] and subtler models [15], a
denotational semantics was finally obtained with Oles and Reynolds category-theoretic
models [19, 21]. The essential idea is to define blocks as functions that can be applied
to a range of states with various shapes, but do not change their shapes. However, inside
the block, state is temporarily extended with local variables. Thus, they do not appear in
its meaning. Our approach shares a lot with this view, since we syntactically “expand”
and “shrink” our state when we create and delete a scope-free variable.

If we go out of the Algol tradition, we can forget about the stack discipline. As a
result, most systems give a formalization of references. So does the -S-calculus [7] for
Scheme, and a call-by-value reduction strategy. With effect inference [14], restrictions
on the reduction strategy can be reduced, and, for instance, parallelism can be introduced.

Still, we feel more concerned by systems going the other way, starting without a spe-
cific reduction strategy. There are a number of them, which enforce single-threadedness
of variables by various typing disciplines [12, 20, 22, 23, 24]. We can see an intuitive
relation between the way scope-free variables are used and linear types, but still we are
not relying to typing for single-threadedness.

We actually do it in a syntactical way. In that we are very close to [18, 4]. In fact,
even the structures of the calculus have similarities: like us, they use the linear structure of
spines to ensure single-threadedness. They have rules to propagate the values of mutable
variables along the spine of a term, like does our structural equivalences for labeled
arguments, and their return-elimination rule ( return , cf.
[18]) can be seen as a variantof -elimination ( ; ) including value-passing.The
essential difference is that, since we use the same mechanism for scope-free variables
and value-passing, we obtain a more unified calculus. In particular, the fact they are
encoding references means that they must do some kind of garbage collection (their pure
construct) to convert a value obtained using mutable variables into a purely functional
one. In the transformation calculus, since we explicitly delete variables, we do not need
such an “impure” purifier.



7 Conclusion
We proposed the transformation calculus as an extension of currying in the lambda-
calculus permitting both functional and imperative encoding of algorithms.

We think this gives interesting answers to the two sides of the relation func-
tion/algorithm: as a demonstration of the relation between lambda-calculus and al-
gorithms, and as a basis for functional languages handling states and sequentiality
problems.

Still there are many topics left to explore. Typing is one of them. If we are to write
program in this calculus, it is even unavoidable, since we must be able to verify that
scope-free variables are correctly used. We presented here a simply typed system. We
propose in [8] a polymorphic version of it, extending that for selective -calculus [11].
This could be completed by the introduction of linear types [24]: in the transformation
calculus, variables are single threaded (operations on them are sequenced), but there
is no restriction to their duplication. This is particularly a problem with IO: we can
semantically create fictitious worlds, but there is no way to implement them. Moreover,
using linear types within the transformations calculus relieves the programmer of most
of the grudge of the linear style, since sending back an argument is easy.

Compilation, which is easy with stores, is complex here. The final goal would be
to eliminate label information, but the possibility to compose a term with a variable
makes impossible to reach it in the general case. There is no problem if we use non-
polymorphic typing, since everything can be compiled into tuples, but the polymorphic
case is still open.

One strength of the transformation calculus is its system of labels. We may be
interested in extending it. For instance, the possibility to generate new label names will
give unique identifiers for scope-free variable, and avoid the hiding of a label in those
subsequences which create new variables on this label. A more structured label space
even enables the use of object-based techniques, and solve the restrictions of dynamic
binding.

Last, the similarities between this calculus and process calculi suggest that it might
be used to express some forms of parallelism. If one looks at the way data flows in our
terms, lots of reminiscences of the dataflow model may be seen. A topic like compilation
of the calculus into this model looks interesting.
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