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The simply-typed A-calculus, invented by Church in 1941, was the first type discipline
for A-calculus. However, it is rather weak, both as a A-calculus (it cannot even encode
Church numerals!), and as a logic (it is limited to propositional logic).

It was followed in 1958 by Godel’s System T, which was actually rather based on
combinatory logic, and mostly concerned by providing a computational interpretation of
intuitionistic predicate logic.

System F'was introduced in 1971 by Girard, as a purer and more expressive extension of
A-calculus. It follows some ideas of Martin-Lof’s Type Theory (another follower of Godel),
solving some of its technical problems. Interestingly, the same system was discovered
independently by Reynolds, who called it Second-order lambda-calculus.

1 Types and terms

Simple types are extended with variables and universal quantification.

T == T —=T function
| X type variable
|

VX. T  polymorphic type

Note that, thank to extra expressiveness, many types, including natural numbers and
the Cartesian product, can be encoded just using functions and quantification.
Terms are extended with type abstraction and application.

M ])\:c TM|M M

| type abstraction
| [ ] type application

B-reduction is defined both for term and type application:

(Mo :T.M) N — [N/z|M
(AXM)T] — [T/X]M

where we need to define type substitution:

T/X]X = T
T/X]Y = Y X4Y
T/X|(T) = To) = [T/X]Ty — [T/X]|Ts
T/X|VY.T, = VY.T/X|Tq Y ¢ ftv(T) U {X}
[T/X](\e: TL.M) = A : [T/X]T0.[T/X]M
IT/X](AY.M) = AY.[T/X|M Y ¢ ftv(T) U {X}

[T/X](M[T1]) = ([T/X]M)[[T/X]T3]
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Here ftv(T) is defined on types in a way similar as fv(M) was defined on terms:

ftV(Tl — Tg) = ftV(Tl) U ftV(Tg)
ftv(X) = {X}
ftv(VX T) = ftv(T)\ {X}
ftv(zy - Th, ..o 2, 0 T,) = U, ftv(Th)

Renaming of bound variables (a-conversion) also applies to VX and AX.

2 Type derivation
The shape of typing judgments does not change.
'e=M:T

We just need new rules for the new constructs.

Var 'ta:T (z:Tel)
DTy M:Ts

Ab
> TR T M T, =Ty
A Fl_MZTQ—>T1 Fl_NTQ
pp TFMN:T,
TEM:T
TAbs o vxr (X € fvl)
- M:VX.T
TApp

I'FM[T] : [Ty X]T

The condition X ¢ ftv(I') in TAbs ensures that in I' = M : T, free type variables are
shared between I', M, and T.
Again, the following theorems can be proved.

Theorem 1 (Confluence) If M — ... = N and M — ... — P then there exists R
such that N — ... -+ R and P — ... = R.

Theorem 2 (Subject reduction) If ' = M : 7 can be derived and M — N, then
I'= N : 71 is derwable.

Theorem 3 (Strong normalization) IfI'+ M : 7 is derivable for some I and T, then
there is no infinite reduction starting from M.

3 Computational power
Booleans, Church numerals, and pairs can be directly encoded in System F.

Ftrue = AX Az : XAy : X.z : Bool
Ffalse = AX Az : X Ay : X.y : Bool
F not = A\b : Bool.b[Bool] false true : Bool — Bool
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where Bool =VX.X — X — X.

Fe, = AXAf: X — Xz : X.f": Nat

Fcy = Am:NatAn: Nat. AXAf: X — XAz : X.(m[X] z (n[X] f x)) : Nat — Nat — Nat
Fcy = Am: Nat.An : Nat. AX Af : X — X.(m[X] (n[X] f)) : Nat — Nat — Nat

F cpow = Am : Nat.An : Nat. AX.n[X — X] (m[X]) : Nat — Nat — Nat

where Nat = VX. (X —- X) - X — X.

Fpair=AXAY Az : XAy : YAy Af: X >Y 5. fry: VXVY.X - Y — Pair(X,Y)
- fst = AX.AY\p : Pair(X,Y).p[X] (\z : XAy : Yir) : VXYY Pair(X,Y) — X
Fsnd = AX.AY\p : Pair(X,Y).p[Y] (Az : Xy : Yiy) : VX.VY.Pair(X,Y) = Y

where Pair(X,Y) =Vy.(X =Y = v) = 7.

These encodings alone show that System F can compute all primitive recursive func-
tions. Actually, thanks to the ability of passing functions as arguments to other functions,
it can do even more than that, computing the Ackermann function for instance. However,
strong normalization means that Y cannot be encoded, and one cannot define arbitrary
recursive functions, or compute arbitrary loops.

Exercise 1 Write a typed version of if0 : Nat — Bool.

4 Logical view

In the Curry-Howard correspondence, System F is isomorphic to second-order intuition-
istic (propositional) logic. That is, a logic in which one can quantify over propositions®.
It is tmpredicative, meaning that a polymorphic function can be applied to its own poly-
morphic type.

AFA AFVX.A

AFVX.A
Second-order logic allows to express many logical connectives with just implication
and quantification. In System F, one can directly encode True, False, conjunction and
disjunction.

True = VXX - X
False = VX.X
SANT = VX.(S—>T—-X)—=X

SVT = VX.(S—=>X)»(T—->X)—-X
F AX Mz : X.x: True
s:St:T F AXANf:S—=>T—->X.fst:SANT
s:S F AXANf:S—=>XXNg:T—-X.fs:5VT
t:T F AXANf:S—>XXNg:T—Xgt:SVT
One cannot build a term of type False, but it is possible to encode Ex-falso:
AFL
AFA
by the following derivation
I'= M : False
'EM[A]: A

INot to confuse with first-order predicate logic, which quantifies over terms.



