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Lemma plus_O : forall n, plus n O = n.
Proof.
intros n. induction n. reflexivity.
simpl. rewrite IHn. reflexivity.
Qed.

Lemma plus_m_Sn : forall m n, plus m (S n) = S (plus m n).
Proof.

intros m n. induction m. reflexivity.

simpl. rewrite IHm. reflexivity.
Qed.

Lemma plus_comm : forall m n, plus m n = plus n m.
Proof.
intros. induction m.
simpl. rewrite plus_0. reflexivity.
simpl. rewrite IHm. rewrite plus_m_Sn. reflexivity.
Qed.
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Inductive nat : Set := 0 : nat | S : nat -> nat.
O000Coq0 000000000000 DDDOO0O0DDOOOOO!
Inductive prod (A B : Set) : Set := pair : A -> B -> prod A B.
Inductive sum (A B : Set) : Set := inl : A -> sum A B | inr : B -> sum A B.
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Inductive t(aj...a,:Set): Set :=
| ci1:mi1— ... > Ty —tar...ay

| CmTml = .o = Tk, = ta1...0n.
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I'F match M as x return 7 with c; x11 ... 215, = My | ... | e Timd -+ - Tk, = My, end : 7[M /2]
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Definition prod_ind (A B:Set) (P:prod A B -> Prop) :=
fun (f : forall a b, P (pair a b)) =>
fun p => match p as x return P x with pair a b => f a b end.
Check prod_ind.
: forall (A B : Set) (P : A * B -> Prop),
(forall (a : A) (b : B), P (a, b)) -> forall p : A ¥ B, Pp

Definition sum_ind (A B:Set) (P:sum A B -> Prop) :=
fun (f1 : forall a, P (inl _ a)) (fr : forall b, P (inr _ b)) =>
fun p => match p as x return P x
with inl a => fl a | inr b => fr b end.
Check sum_ind.
forall (A B : Set) (P : A+ B -> Prop),
(forall a : A, P (inl B a)) -> (forall b : B, P (inr 4 b)) ->
forall p : A+ B, Pp

Fixpoint nat_ind (P:nat -> Prop) (f0:P 0) (fn:forall n, Pn -> P (S n))
(n : nat) {struct n} :=
match n as x return P x
with 0 => f0 | S m => fn m (nat_ind P fO fn m) end.
Check nat_ind.
: forall P : mat -> Prop, P 0 -> (forall m : mat, Pn -> P (S n)) ->
forall n : nat, P n
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Lemma plus_O : forall n, plus n O = n.
Proof.

apply nat_ind. reflexivity.

intros n IHn.



simpl.

rewrite IHn.

reflexivity.
Qed.
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Inductive t: 7 — ... = 7, — Prop:=
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Inductive even : nat -> Prop :=
| even_0 : even O
| even_SS : forall n, even n -> even (S (S n)).
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Theorem even_double : forall n, even (n + n).
Proof.

induction n.

apply even_0O.

simpl.

rewrite <- plus_n_Sm.

apply even_SS.

assumption.
Qed.
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Theorem even_plus : forall m n, even m -> even n -> even (m + n).
Proof.

intros m n Hm Hn.

induction Hm.

apply Hn.

simpl.

apply even_SS.

assumption.
Qed.
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Inductive and (A B : Prop) : Prop := conj : A ->B -> A /\ B.

Inductive or (A B : Prop) : Prop :=
or_introl : A -> A \/ B | or_intror : B -> A \/ B.



Inductive ex (A : Type) (P : A -> Prop) : Prop :=
ex_intro : forall x : A, P x -> exists x, P x.

Inductive False : Prop := .

andJor exUUO0OO destruct OO O0DOOOOOODOODOOO
UO00OOFalseODUO0O0oOoonooooobbooboooboooobuoobboobog
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Print False_rect.

fun (P : Type) (f : False) => match f return P with end
: forall P : Type, False —-> P
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Theorem contradict : forall (P Q : Prop),
P ->"P ->Q.
Proof.
intros P Q p np.
elim np.
assumption.
Qed.
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e assert (H:prop). 00 prop0 000000000000 DOOOOOOOOODO HOO
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e auto. Hint DU DO DOUOODOO0OO0OUOO0DLOO0OLOO0O0O0ODapplyl 50000000
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Hint Resolve lemma. lemmaeO0 00 0000O.
Hint Comstructors inductive. inductive D 0D 000000O00O0ODOOO

Hint Constructors even.

Theorem even_plus’ : forall m n,
even m -> even n -> even (m + n).
Proof.

intros m n Hm Hn.
induction Hm; simpl; info auto.
Qed.

e constructor. U OO UOUOUOOUOON applyl OO

Goal even O.
constructor.

e discriminate. DU UDOUUOODOUOOOUOOOOOOOOOOOOOOODOOOOU

Goal 1 <> 2.
intros eq.
discriminate.
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Goal “even 1.
intros ne.
inversion ne.

Goal forall n, even (S (S n)) -> even n.
intros n H.
inversion H.
assumption.

e repeat UL . DUOUUOUOOODOODOOOUODOUOOOrepeat split0 0000 OOMN
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e pattern expr. Uerpr U0 DOUUO0OO0OOOOOOOOOOOOOOO at pos U OOMO
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Goal (1 + 0 = 1).
intros.
pattern 1.
(fun n : nat =>n + 0 =mn) 1
apply plus_O.
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Module Ex4_1.
Inductive odd : nat -> Prop :=
| odd_1 : odd 1
| odd_SS : forall n, odd n -> odd (S (S n)).

Theorem even_odd : forall n, even n -> odd (S n).

Theorem odd_even : forall n, odd n -> even (S n).

Theorem even_not_odd : forall n, even n -> “odd n.

Theorem even_or_odd : forall m, even m \/ odd m.

Theorem odd_odd_even : forall m n, odd m -> odd n -> even (m+n).
End Ex4_1.
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e S:SetU T:Prop OO
vOOOoDoOOoOo.sO0OOoOoooooo TOOOooOO
O:Vn:nat,2*n=n+n

e S:SetU0 T=Prop UG
vOoooooooo

O: funn:nat=>2%n=n-+n

e S=PropU0 T:Prop OO0
vOoOooooooooooooobooooo
O: VP:Prop,P =P
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S=Set00 T:Set JOO
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O: funx=x+1:nat — nat

S=S8etUd0 T:S8et OO
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O: fun (X:Set) (x:X) = x:VX:Set, X =X
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O: prod: VX Y: Set,Set
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Fixpoint vec (n:nat) (T:Set) :=
match n with

| 0 => unit
| Sm => (vec m T * T)%type
end.

Check ((tt, 1, 2, 3) : vec 3 nat).
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Require Import List.

Module Lists.

Print list.

Inductive list (4 : Type) : Type := (x»QOooooog =)
nil : list A | cons : A -> list A -> list 4

4 :: nil. (x cons O :: OOOO %)

]
—
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Definition 11 :

Print 11.

11 =12::2::3::4 :: nil
> list nat

Definition hd {A:Set} (1:list A) := (x{}0AD0D0DDOOOO %)
match 1 with
| cons a _ => a
end.

Error: Non exhaustive pattern—-matching: no clause found for pattern nil

Definition hd {A:Set} (d:A) (1:1list A) :=
match 1 with

| cons a _ => a
| nil => d (x nil OO0OO 4000 =)



end.

Eval compute in hd O 11.

=1
: nat
Fixpoint length {A:Set} (1 : list A) := (x OO %)
match 1 with
| nil => 0
| cons _ 1’ => 1 + length 1’
end.
Eval compute in length 11.
=4
: nat
Fixpoint append {A:Set} (11 12:1list A) : list A := (OO0 %)
match 11 with
| nil => 12
| a :: 17 => a :: append 1’ 12
end.

Eval compute in append (1 :: 2 :: nil) (3 :: 4 :: nil).
=1 ::2:: 3 :: 4 :: nil
list nat

Fixpoint fold_right {A B:Set} (f : A -> B -> B) (z : B) (1 : list A) :=
match 1 with

| nil => z
| a :: 17 => f a (fold_right f z 1’)
end.
(x fold_right @ b (a1 ::...:ay) = a1 ® ... @ ap O b *)

Definition sum := fold_right plus O.
Eval compute in sum 11.

= 10

: nat

Eval compute in fold_right mult 1 11.
=24

: nat
End Lists.
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Module Ex4_2.
Require Import ZArith.
Open Scope Z_scope.

Fixpoint eval_poly (p : list Z) (x : Z) := ...
Eval compute in eval_poly (1 :: 2 :: 3 :: nil) 5. (x = 1 + 245 + 3x5%5 %)
End Ex4_2.
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Definition and’ (P Q : Prop) := forall (X : Prop), (P -> Q -> X) —-> X.
Definition or’ (P Q : Prop) := forall (X : Prop), (P -> X) -> (Q -> X) -> X.
Definition False’ := forall (X : Prop), X.

Definition Equal’ (T : Type) (x y : T) := forall (P : T -> Prop), P x <-> P y.

Theorem and’_ok : forall P Q, and’ P Q <-> P /\ Q.
Proof.
split.
intros.
apply H.
split; assumption.
intros pq X pgx.
destruct pq as [p ql.
apply pgx; assumption.
Qed.

Theorem or’_ok : forall P Q, or’ P Q <-> P \/ Q.
Theorem False’_ok : False’ <-> False.

Theorem Equal’_ok : forall T x y, Equal’ T x y <-> x = y.

U000 3.2 or’ okl False’ ok U U Equal’ ok 0O OOOO



