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問題5.2.1

(1) D : a2 ≤ x2 + y2 ≤ 4a2 E : a ≤ r ≤ 2a∫∫
D

dxdy

x2 + y2

m

=
∫∫

E

rdrdθ

r2m

∫ 2a

a

dr

r2m−1

∫ 2π

0
dθ = 2π

∫ 2a

a
r1−2mdr

=
π

1 − m

[
r2−2m

]2a

a
=

π

1 − m
a2−2m(41−m − 1) (m 6= 1)

= 2π [log r]2a
a = 2π log 2 (m = 1)

(2) D : x2 + y2 ≤ 1 E : r ≤ 1∫∫
D

√
1 − x2 − y2dxdy =

∫∫
E

√
1 − r2rdrdθ = 2π

∫ 1

0
r
√

1 − r2dr = −2π

3

[
(1 − r2)3/2

]1

0

=
2π

3

(3) D : x2 + y2 ≤ x E : −π

2
≤ θ ≤ π

2
, r ≤ cos θ∫∫

D
xdxdy =

∫∫
E

r2 cos θdrdθ =
∫ π/2

−π/2
dθ

∫ cos θ

0
r2 cos θdr =

1

3

∫ π/2

−π/2

[
r3

]r=cos θ

r=0
cos θdθ

=
1

3

∫ π/2

−π/2
cos4 θdθ =

1

12

[
cos3 θ sin θ

]π/2

−π/2
+

1

4

∫ π/2

−π/2
cos2 θdθ

=
1

8
[cos θ sin θ]

π/2
−π/2 +

1

8

∫ π/2

−π/2
dθ =

π

8

問題5.2.2

(1) D : 0 ≤ x + y ≤ 2, 0 ≤ x − y ≤ 2 x = u + v, y = u − v E : 0 ≤ u ≤ 1, 0 ≤ v ≤ 1∫∫
D
(x − y)ex+ydxdy =

∫∫
E

veu

∣∣∣∣∣∂(x, y)

∂(u, v)

∣∣∣∣∣ dudv =
∫∫

E
veu

∣∣∣∣∣det

(
1 1

1 −1

)∣∣∣∣∣ dudv

=
∫ 1

0
du

∫ 1

0
2ve2u2dv = 2

∫ 2

0

[
v2e2u

]v=1

v=0
du = 2

∫ 1

0
e2udu =

[
e2u

]1

0
= e2 − 1

(2) D : (x/a)2+(y/b)2 ≤ 1 x = ar cos θ, y = br sin θ E : 0 ≤ r ≤ 1, 0 ≤ θ ≤ 2π∫∫
D

x2dxdy =
∫∫

E
a2r2 cos2 θ

∣∣∣∣∣∂(x, y)

∂(r, θ)

∣∣∣∣∣ drdθ

=
∫∫

E
a2r2 cos2 θ

∣∣∣∣∣det

(
a cos θ −ar sin θ

b sin θ br cos θ

)∣∣∣∣∣ drdθ

=
∫ 2π

0
cos2 θdθ

∫ 1

0
a3br3dr = π

1

4

[
a3br4

]1

0
=

π

4
a3b

(3) D : x2 + 2xy + 2y2 ≤ 1 y = r sin θ, x = r(cos θ − sin θ) E : 0 ≤ r ≤ 1, 0 ≤ θ ≤ 2π∫∫
D
(x + y)4dxdy =

∫∫
E

r4 cos4 θ

∣∣∣∣∣det

(
cos θ − sin θ −r sin θ − r cos θ

sin θ r cos θ

)∣∣∣∣∣ drdθ

=
∫ 2π

0
dθ

∫ 1

0
r5 cos4 θdr =

1

6

∫ 2π

0
cos4 θdθ =

1

6

3

8

∫ 1π

0
dθ =

π

8

1



問題5.2.4

D = {(r cos θ, r sin θ) | α ≤ δ ≤ β, 0 ≤ r ≤ f(θ)}

S(D) =
∫∫

D
dxdy =

∫∫
E

rdrdθ =
∫ β

α
dθ

∫ f(θ)

0
rdr =

∫ β

α

[
1

2
r2

]f(θ)

0
dθ =

1

2

∫ β

α
f(θ)2dθ

(1) S(D) =
1

2

∫ π

0
sin2 θdθ =

π

4

(2) (x2 + y2)2 = x2 − y2 ⇔ r4 = r2(cos2 θ − sin2 θ) ⇔ r2 = cos2 θ − sin2 θ

S(D) = 2
1

2

∫ π/4

−π/4
cos2 θ − sin2 θdθ = 2

∫ π/4

−π/4
cos2 θdθ − π

2

= [sin θ cos θ]
π/4
−π/4 +

∫ π/4

−π/4
dθ − π

2
= 1

(3) S(D) =
1

2

∫ 2π

0
a2(1 + cos θ)2dθ =

a2

2

∫ 2π

0
1 + 2 cos θ + cos2 θdθ

=
a2

2

{
2π + 2 [sin θ]2π

0 + π
}

=
3π

2
a2

2


