Linear Algebra II - Homework 1 - Answer

Exercise 1-6. No, it’s not. Let GL3(R) be the set. It’s easy to see that
I3, —I3 € GL3(R), but I3 + (—I3) = 0 ¢ GL3(R). Therefore, it’s not a
subspace of M3(R).

Exercise 1-8. Yes, it is. Let U be the set. Since I3 € U, U # (0. For any
Up,Uy € U, let

11 a2 13 bii bz bis
U = Q22 A23 , Uy = baa  bos
a33 b33

Obviously, for ki, ks € R,

kiai1 + kobin  kiaia + kabia kiags + kabis
kyUy + kUy = kiags + kaobaa  Kiags + kobas el
kyass + kabss

Therefore, U is a subspace of M3(R), and {E11, E1a, E13, Ea, Fa3, E33} can
be a basis of U, where E;; € M;3(R) such that every element of E;; is zero
except that a;; = 1.

Exercise 2. Yes, it is. Let A be the set consisting of all arithmetic real
sequences. Let (v,)nen be the real sequence such that v, = 0 for all n € N.
Obviously, (v,)nen € A, in which case a = 0,0 = 0. Hence, A # (). For any
(Un)nen, (U, )nen € A, let

U, =a—+nb, u, =d+nb, abd, b eR.
Obviously, for ki, ks € R,

k:lun + ]{?QU;L = (kla + ]’CQG,) + n(k‘lb + ]{?Qb/), k:la + kﬁga,, k?lb + ]’Cgb/ € R.



It follows that ki (up)nen + ko(U),)neny = (K1t + kot )neny € A. Therefore, A
is a subspace of real sequences.

Exercise 3-12. Yes, it is a linear map, since for ¢1,co € R and kq, ks € R,
we have

2 3 2 3 2 3
T(k161 + kQCQ) = (/ﬁCl + szz) ( 4 5 ) = k101 ( 4 5 ) + kQCQ ( 4 5 )
= le(Cl> + kQT(CQ).
No, it’s not an isomorphism, since dimR = 1 # 4 = dim M,(R).

Exercise 3-14. Yes, it is a linear map, since for any A, B € M(R) and
k1, ks € R, we have

=k T(A) + kT (B).
Exercise 3-24. No, it’s not a linear map. Since for f(t) = t> € P», we have
T(f + f) =4 x 2t* = 82,
while
T(H)+T(f)=2xt?+2xt2=4> £ T(f + f).
Exercise 3-26. Yes, it is. For any fi(t), fo(t) € P, let
fit) = art? + byt +c1, fo(t) = ast® + bot + ca.
Obviously, for ki, ks € R,

T(fi + fa) = —(a1 + ag)t? — (by + ba)t — (c1 + ¢2)
= —(a1t2 + blt + Cl) — (ath + bgt + Cg) = T(fl) + T(fg)



Therefore, T is a linear map. Yes, it is an isomorphism, since it’s easy to see
that 7' =T.

Exercise 4-1. It is obvious that {1} can be a basis of R, { E11, E12, Fa1, oo}
can be a basis of M,(R) and {t* t,1} can be a basis of P».

Exercise 4-2. For 3-12, we have

T 2

[T]{E11,E12,E21,E12} _ TlEl2 _ 3
{1} I A I !
TlEm 5

For 3-14, we have

E1 E11 E11 E1

TE 1 TE 2 TE 1 TE 9

12 12 12 12

[T]{E117E127E217E22} o TE B TE 5 TE N TE 5
F11,FE12,E21,E22} — 21 21 21 21

t } TE 1 TEE12 TE 1 T%zz

22 E2 22 22

E1n Ei2 E2 Eao

00 -2 0
110 0 =2
100 0 o0

00 2 0

For 3-26, we have
2 2 2
{t*,t,1} T{Q ﬂtt Tltt -
[T]{R:t:l} = T, T, T; = —1
o1 7 1



