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Main object K- homology of the symplectic affine Grassmannian:

K( Grspan
(a))

= @WacR(
T)[O ×w'struceuresheat of～

Schubert variety
×w CGrspan(a}

I want to calculate the structur constant Cwiw! .

[O×w] .[Ox ] =Ʃw .iw

.

(Oxv}
.
CW . ERG0∞

VEWaf



K - theoretic Peterson isomorpiism 22

QKT (G/B ) →
g.

QH
*
(GB ) →= H

*
CGB) (Ruantum )

1 S {
Theve
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Kn gr.
affine

③ G( G ) ) H (Gra)
.
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⑧ ょ
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[ Ikeda - Iwao - Shimozon- Y}Main n

There is an isomorphism of R(T) - algebras

K* (GrG ) ⇒ gP器 .
S.

geometric algebraic .combinatorials

Ow[ . ]→ gPuc'cy 1 b ) [ Jr×w]→ gpw'cylb )
.

睢 gpuin cylb ) =Dwc
Demazure operator



Notation 422

G : = Span( ε ) = { A εGla(4 )( IAJA= 3 . 丁= (a

U The symplectic group .

BiB Borel subgroup .

O
T :ニ di

..
.dntEx ,Maximal

U

{ didz "dn dn…
dii

} torus .

O



Root system Cnll 5/22
A setof roots

e
20 : = - 2a

, ,
α
i
: = araz

, …
, αn- i"= An

-
an ,α n=2ay E

五

δ= 0c ) : Simple roots . ai
QV
:

= F αi* … * □ an= REは…の IEn : coroot latice of 氏
.

ロローロー …7 ー←ー

α
W: = LS ,S2," , Sn〉 grp. 二

{ ±}"
*

、Sn 2
, 2～.、 2n

n

⑧ Waf : = LSo,s ., Sn'grQ) *W'Affine Weyl grp .
U

0 Wat := {wWaWat l(wsi ) =ew) t 1isεW} ≈ Was/w
Example : CE

"
～, Wat

=

{ so, , SaS.So, SoS,So. " } S. S0



Affive Grassmannian of Span (¢) h2
@ Gra : = G ( 1K)/G(Q) ,

① := cCt]
.
ik := Frac θ= C《t )

.

Cind - scheme ) :The symplectic affine Grassmannian

@ I : = eVi
'

CB ) CG (O ) : Iwabor ; subgroup .

evo : G(o) →G(t* o) )

IWG(① )
0～

ms Gra =品 Wat Schubert cell

Xw:= IWG(O)CGrG'. Schubertvariety .

( dimXw = e (w) )
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∞ θw : = ①Xw : Structure sheaf of Xw

Jaxw
'

i= The ideal sheaf of the boundary
∂Xwi= UXv

wv

Main Theorem [ Ikeda - Iwao -Shimozon- ].

There is an isomorphism of R(T) - algebras
K* (GG) ⇒ gP,st.

O.] →gPuc
'
cy
1b ) . [ Jrxw

]
→ gpw" (ylb )

.



K - theoretic equivariant dual chu'ss P -function
.8z

C
.
' ..-…

20 2
. α 2

Notation
x- y

0 xBY := xty tβxy ∞xoy : =

けβ Y
B R := 0 ∞ x

1 tβ
ixx=

8 b = ( bi , ba , … ) .bi
1 - eBai ( bi = - e

-ra

)
equivariantparameters 7 ーβ ーβ

( β= 0 ～s bi→ a : )
∞ R : = ¢ [ b: , b: i鄂 1 ]

∞ FU 1 b1
R

: = (Uxu ) (U* b , ) … (U*br. ) CR ≡ 1 )

∞ SP "= {λ= (λ ,λ 2 , . … . . λ 、7λεっ…π≥ ,

λ k =0 ⇒ λr+、 = 0}
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f : symmetric .

. g「':= { f ε¢ [Yiy. ." 「βI
f (t

,
- t-β , Y 3 ,y 4 ,) does hot depend}

= ① ¢ gPxCy )
～

[β}
on 七

λESP Nakagawa-Naruse s

∞2 (x ) :=π I - Ys=Ʃ GQλ( x)gp(y)=ƩGQYは
:なに x :Yj

λ ESP 0 λESP O
0

K - theoretschur's Q -functionfactoriall)

( if β= - 1 ) [ Ikeda - Naruse )

2 (UO : =µy
; " tY
; = ƩGQK( U 1)ly

1 R30 \

One variabele ー 1 け πulb δ Pb)ー



Example 1L2

Y = CY. . Y 2 ) , β=- 1 ,bi =
0 , pa

=
0

gPo ( y ) = 7
, gp , cy ) =φ . ty 2

,"c )

g
.PzCy) = ( Y , +y2 -1 )Cy (tyz ) ,い

gps (y] = Cy.tY=- ) S -y , ty - yzty . y2 ty) い

∞ gp (y1b ) =gp , (y)-bgp(
y

) t'gpcy) い c " い

EgR= R*gT=⑤ RgP(ylb)
λESP



Demazure operators
"左2

W
.

"= CSo
,
S
' .
S .

.
. 7

grp
. a R = CCb : .b に刊習

by S :PCb;) b si (; ) .

Wo.

A

gTR
by S

。 (Cx 5 ) =2 (b. ly )(
Sia

.
(c )xf )

S: (Cxf ) = S
:

'
cc ) * f

CER
,
5 EgアC )
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T : : =

ls :
ti= o, l ..ecto . =→

Y
e (ac )

e (α: ] : = bix biti

@ Di : = T: - β =
( 1 - βe(α : ) )-

s (Demazureop .
)

e (αi )

～> Ti
.
D :
* gTR

,

T: [5 ) : =
f - si . f

e (α: )

Theonem CC . f .[Nakagawa -Naruse ] )

T :(δPx( Y 1b ) ) =8Pv { :} CY 1 b ){ - δPλ CY 1 b )

0
⑤



Example ぶ
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λ= 6,
4
,

3
, 1 )

0～ 6 7 …過O 1 2 3 4 5 6 7 …

O 1 2 3 4 5 6 7
T4 (gP(Y1 b )) =δ p( ylb )

(6
,
5
, 3, 1 ) O 1 2 3 4 5 6 …

ー

∞ T2 (gP×(y ( b ) ) = - gP× Cy 1 b ) Q c 2 3 4 5
…

σ T
3 ( gp× (ylb ) )

= 0

Proposition
。 た-. ( gP :- . (Y 1 b)) = gp: Cy 1 b)

。

gP (91 b ) =T: … T. To()



士
gpwn 'cytb
)

& gpa'cylb)
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Cnas : oー∞…〈

20 2 .
αn -. αn

R , RCT ) : = ①Cbi ,b 1 1≤:≤n:
'

b
; 1→ {bi (j≡ : mod 2n , 1 ≤ :≤ n )

ー

bzn -こ1 ( j ≡ : mod 2n , hti ≤ : ≤ 2n )

2nt 1

bon ( π ( b . ) , π ( ba)… …)

(

bi ,ba , ", bu , bn
,

bny.
…

, t ,bi ,be, … )
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∞ R(T ) RgTR = ⑤RCT)δ P×( Yl bo"' ) 22

λε SP

Tn : =
. Sn ～

R (T)R δTR
e(an )

ー e (an ) . = buabn

ー

Sn . (Cxf ) =SnP (c ) *f

{ i = n

～

- SnP ( bi ) =: こキい

T:
^

= -た。 ( i= 0 , 1
.
…

,
n )

たな … = T
;
T: Cn

'
braid rel . of.



For w ε Wa, defives: i. sie
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Tw := T
た
… Tie , Dui= Di . … Die

.

gpwn,
～

(ylb ) =Dwtr )gp(yib ): =Tw( ^
).

～

∞

g「'(n
,RG), =①R( T)8Pw( Y 1b )= ① R(T )gP' cyib )

WEWat weWafe
7.

9a

R (T) め 「 てた…、「っ
「o
,g
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β i : = {Si-
… S

.
S
0 ( 1 ≤ : ≤ n )

ε Wap
Sunt- … Sm-.SnSn-

" S
.So ( n1 ≤ i ≤ 2 n )

λ , ≤2n ,Pc
"

,

={ λ=( λ2.… , λe >
λ: ミ n ⇒ λ:、氷 } ≈ Wap

Partition

ψ U

λ= ( λ, λ2 . " , λe ) , , Wλ i
= Pre " βλ sβλ

,.

Prop .
Wataw

-

ε Pe
'

" ,eEwi ≤2nr .

ー〉 gpwn
'

cylb ) = gPλ (ylbo
'
) ( β= - 1 )ー

λ
0

[Nakagawa - Naruse}



(1 )
〉 12C

2
o=0→ Waf=≤ So,Si, Sz >
20 ↓ の 2

U
ゅ e ≡4λ↑

1 Was ⇒ PC := {λ : part
2

& }
s=β 1

λ
8

こ ≤ 2⇒ 入:+くふS
i

由
S. S 0 = P2冊
ー .

S
2S、 S0=P3 SoS 、S 0 士

四 / ッ
S、 S2S、 S0 S2S0 S.S.

=P4 四
四 10 1

SOS、 S2S , S 0 SIS2S0S、 So 旬
. :
.

L

.
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Main theorem [ Ikeda - Iwao - Shimozon - Y. ]
There is an isomorphism of R(T) - algebras

K* (Gra ) ⇒ gp感き :
,
S.

Ow[ ]I →gPc'cy1 b ). [Ja ×w]→ gpwcylb )
.

β= 0
Ikeda - Iwao -Shimoz ]

H( Gra} ⇒ T ini
(

S : = ( pt) =ECa,.,an])

Xw
I→ Putscyla , ( = gPn

"'

(ylb )
s = .
))



Idea of Proof 2022

@ K
×

(

Gra
)rat: =Frac( R(T)) *K*CGra )

ー ① Frac (RG) )tー

γ EQV

∞ gPR', rat : =FracCR(T ) ) *p照
= FracCR(T) [2 ( b : ly )

± "
l i ≤ :≤ 2n]

Key Lemma

ー ch ) , rat ,

as Frac (Rπ) ]Irat : K(Gralrat～ gTRCT
)

ー

- alg .儿 U

七 Ev い 2 I )bly
B
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tEu = 1 + 臨」 RE :lbIk ( ] lI ≤ : ≤ n )Ioxer
Q

Lemma

2CYlb: ) =1C :lbkgpe"(y1 b) ( i ≤ i≤n )
.

Example

2 Cylb . ) = 1 - (bobi ) gpoin
"

2 (yb 2 ) =1 - [ 5 x5)gp( 5 * 5)( 5≥ ,
2 = b.

)SPcyibb(b) +
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RCT)

K(Gra )
～

g「nc ) , rat
hat

Qrat

U U
Ikeda(

KK (Gra)
～shimozono gPinR

τ)

世 五
リ Conjecture .

R(CT )
[ -tα~ 1αε五 ] R(T) [ gPs:

'

cy 1 b ) l 1 ≤ : ≤ 2n]e (α )

Example
=
tE

,

ー車rat (
- tαo^

) =
- R (bily

) =gp "cyib ) = 士 (CO 》
s "e (α0 ) e (20 )


