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Abstract and contents

Abstract and contents

This talk is an introduction of Koornwinder polynomials,
a family of multi-variable q-orthogonal polynomial which is regarded
as the master class of Macdonald polynomials.

Based on the collaborations with Shintarou Yanagida:

[YY1] Specializing Koornwinder polynomials to Macdonald polynomials
of type B,C ,D and BC , J. Alg. Comb. (2022) published online; arXiv:2105.00936.

[YY2] Bispectral difference Cherednik-Matsuo correspondences of rank 1
in preparation.

1 Askey-Wilson and Koornwinder polynomials

2 Affine root system of type (C∨
n ,Cn)

3 Various properties of Koornwinder polynomials

4 Specialization of parameters [YY1]

5 Bispectral difference CM correspondence of rank 1 and specialization [YY2]
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Askey-Wilson and Koornwinder polynomials

Askey-Wilson polynomials [Askey-Wilson, 1985]

q ∈ C, |q| < 1: the q-shift parameter.

For k ∈ N := Z≥0 and a, a1, . . . , am ∈ C,
(a; q)k :=

∏k
i=1(1− aqi−1), (a1, . . . , am; q)k := (a1; q)k · · · (am; q)k .

The q-hypergeometric series s+1φs

[
a1, ··· , as+1
b1, ··· , bs

; q, z
]
:=

∑∞
k=0

(a1;q)k ···(as+1;q)k
(b1;q)k ···(bs ;q)k

zk

(q;q)k
.

Askey-Wilson polynomial of degree n ∈ N and parameters a, b, c , d ∈ C is
the one-variable q-hypergeometric polynomial given by

pn(y ; q, a, b, c, d) :=
a−n(ab, ac, ad ; q)n

(abcd ; q)n
· 4φ3

[
q−n, qn−1abcd , ax , a/x

ab, ac, ad
; q, q

]
with y = (x + x−1)/2. For n = 0, 1, 2, we have

p0 = 1, p1 = 2y − s − s ′π

1− π
, p2 = 4y 2 − 2(1 + q)(s − s ′πq)

1− πq2
y + const.

(π = abcd , s = a+ b + c + d , s ′ = a−1 + b−1 + c−1 + d−1).
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Askey-Wilson and Koornwinder polynomials

Recurrence relation: Askey-Wilson satisfies the 3-term recursive formula

2xp̃n(y) = Anp̃n+1(y) +
(
a+ a−1 − (An + Cn)

)
p̃n(y) + Cnp̃n−1(y),

p̃n(y) :=
an(abcd ; q)n

(ab, ac, ad ; q)n
pn(y ; q, a, b, c, d),

An :=
(1− abqn)(1− acqn)(1− adqn)(1− abcdqn−1)

a(1− abcdq2n−1)(1− abcdq2n)
,

Cn :=
a(1− qn−1)(1− bcqn−1)(1− bdqn)(1− cdqn−1)

(1− abcdq2n−2)(1− abcdq2n−1)
.

Orthogonality: For generic parameters a, b, c , d ∈ C,∫ 1

−1
pm(y)pn(y)

w(y)

2π
√

1− y2
dy = 0, m ̸= n,

where the weight function w(y) is given by

w(y) :=

∏∞
k=0(1− (2y 2 − 1)qk + q2k)

h(y , a)h(y , b)h(y , c)h(y , d)
, h(y , α) :=

∞∏
k=0

(1− 2αyqk + α2q2k).
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Askey-Wilson and Koornwinder polynomials
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Figure: Askey scheme of q-hypergeometric orthogonal polynomials
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Askey-Wilson and Koornwinder polynomials

Koornwinder polynomials

x = (x1, . . . , xn), A := C[x±1] = C[x±1
1 , . . . , x±1

n ]: Laurent polynomials.

A ↶ Wfin := {±1}n ⋊Sn: the finite Weyl group of type Cn.

AWfin := {f ∈ A | ∀w ∈ Wfin, w .f = f }: the Wfin-invariant Laurent polynomials.

Λ =
⊕n

i=1 Zεi : the weight lattice of type Cn.

Λ+ :=
{
λ =

∑n
i=1 λiεi ∈ Λ | dominant

}
= {partitions λ1 ≥ · · · ≥ λn ≥ 0}.

Koornwinder polynomial was introduced by [Koornwinder 1992]
as a multi-variable version of the Askey-Wilson polynomial.

Pλ(x) = Pλ(x ; q, t, a, b, c, d) ∈ AWfin , λ ∈ Λ+.

If n = 1, it coincides with the Askey-Wilson polynomial.
Koornwinder polynomial can be regarded as Macdonald polynomial
associated to the affine root system of type (C∨

n ,Cn).
[Noumi 1995], [Sahi 1999], [Stokman 2000]
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Affine root system of type (C∨
n , Cn)

Affine root system of type (C∨
n ,Cn)

Root system of type Cn .
V =

⊕n
i=1 Rϵi : n-dimensional real Euclidean space with orthogonal basis ϵi .

R =
{
ϵi ± ϵj | i ̸= j

}
∪ {±2ϵi | 1 ≤ i ≤ n} ⊂ V : root system with simple roots αi (1 ≤ i ≤ n).

Wfin = {±1}n ⋊ Sn ⊂ GL(V ): the finite Weyl group.

Affine root system of type (C∨
n ,Cn).

Λ̃ := Λ⊕ Zδ =
⊕n

i=1 Zεi ⊕ Zδ: extension by the null root δ.

The non-reduced affine root system S of type (C∨
n ,Cn) is given by

S := {±c(εi +
k
2
δ),±εi ± εj + kδ | c = 1, 2, 1 ≤ i < j ≤ n, k ∈ Z} ⊂ Ṽ := V ⊕ Rδ

with simple roots αi (0 ≤ i ≤ n) and α∨
0 , α

∨
n .

The Dynkin diagram is

∗◦
0

◦
1

ks ◦
2

· · · ◦
n−2

◦
n−1

+3 ∗◦
n

The ∗ marks on the vertices 0 and n correspond

to the extra simple roots α∨
0 and α∨

n .

W := t(Λ)⋊Wfin = 〈s0, s1, . . . , sn〉 ⊂ GL(Ṽ ): the extended affine Weyl group.

For n ≥ 2, the system S has five W -orbits

W .αi (i = 1, . . . , n − 1), W .αn, W .α∨
n , W .α0, W .α∨

0 ,

corresponding to the Koornwinder parameters (t, a, b, c, d).

If n = 1, S has 4 orbits, corresponding to the Askey-Wilson parameters (a, b, c, d).
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Affine root system of type (C∨
n , Cn)

Affine Hecke algebra of type (C∨
n ,Cn)

Definition (the affine Hecke algebra H of type (C∨
n ,Cn))

generators: H := C〈T0,T1, . . . ,Tn〉C-alg..

relations:

(Ti − t
1
2

i )(Ti + t
− 1

2

i ) = 0 (i = 0, 1, . . . , n)
TiTj = TjTi (|i − j | > 1, (i , j) ̸∈ {(n, 0), (0, n)})
TiTi+1Ti = Ti+1TiTi+1 (i = 1, . . . , n − 2)
TiTi+1TiTi+1 = Ti+1TiTi+1Ti (i = 0, n − 1)

H has a faithful representation called noumi representation. ρ : H ↪−→ End(C(x)) s.t.

ρ(Ti ) = t
1
2
i + t

− 1
2

i

1− tixi/xi+1

1− xi/xi+1
(si − 1) (i = 1, . . . , n − 1),

ρ(T0) = t
1
2
0 + t

− 1
2

0

(1− u
1
2
0 t

1
2
0 q

1
2 x−1

1 )(1 + u
− 1

2
0 t

1
2
0 q

1
2 x−1

1 )

1− qx−2
1

(s0 − 1),

ρ(Tn) = t
1
2
n + t

− 1
2

n
(1− u

1
2
n t

1
2
n xn)(1 + u

− 1
2

n t
1
2
n xn)

1− x2
n

(sn − 1)
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Affine root system of type (C∨
n , Cn)

Affine Hecke algebras and Koornwinder polynomials

Set Yi := ρ(T−1
i−1 · · ·T

−1
1 T0 · · ·Tn−1TnTn−1 · · ·Ti ) (i = 1, . . . , n).

(center of H) = C[Y±1
1 , . . . ,Y±1

n ] ⊂ H.

Fact (Koornwinder polynomials)

For λ ∈ Λ+, there is a unique Wfin-invariant Laurent polynomial Pλ(x) s.t.

{Pλ(x)}λ∈Λ+
is a basis of AWfin .

triangular expansion: Pλ(x) = mλ(x) +
∑

µ<λ aλµmµ(x), aλµ ∈ C.
q-diff. eqn: f (Y )Pλ(x) = f (γλ)Pλ(x), γλ ∈ C, f (Y ) ∈ C[Y±1]Wfin
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Various properties of Koornwinder polynomials

q-difference equation

For each partition λ ∈ Λ+, the Koornwinder polynomial Pλ(x) satisfies

DPλ(x) = cλPλ(x)

where D is the Macdonald-Koornwinder q-difference operator

D := e1(Y ) ≈
n∑

k=1

(
γk(x)(Tq,xk − 1) + γk(x

−1)(T−1
q,xk

− 1)
)

and cλ :=
∑n

k=1(abcdq
−1t2n−k−1(qλk − 1) + tk−1(q−λk − 1)).

γk(x) :=
(1−axk )(1−bxk )(1−cxk )(1−dxk )

(1−x2
k
)(1−qx2

k
)

∏
j ̸=k

(txk−xj )(1−txk xj )

(xk−xj )(1−xk xj )
.

T±1
q,xi f (x) = f (x1, . . . , q

±1xj , . . . , xn): q-shift operator.

D(AWfin) ⊂ AWfin .

If n = 1, the above eqn. = Askey-Wilson 2nd-order q-difference equation.
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Various properties of Koornwinder polynomials

Orthogonality

If 0 < q < 1 and |a| , |b| , |c | , |d | , |t| < 1, then the set
{Pλ(x) | λ: partitions} is an orthogonal basis of AWfin with respect to

⟨f (x), g(x)⟩ := 1

|Wfin|

(
1

2π
√
−1

)n
∫
T
f (x)g(x) |w(x)|2 dx1 · · · dxn

x1 · · · xn
,

where T is an n-dimensional real torus, and the weight function w(x) is

w(x) :=
n∏

k=1

(x2k ; q)∞
(axk , bxk , cxk , dxk ; q)∞

∏
1≤i<j≤n

(xi/xj , xixj ; q)∞
(txi/xj , txixj ; q)∞

.

If n = 1, the inner product of Askey-Wilson polynomials.
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Specialization of parameters

Specialization to type B, C, D and BC

Theorem (Y.-Yanagida 1, Theorem 1)

Specializing parameters (t, t0, tn, u0, un) = (t,−ab/q,−cd ,−a/b,−c/d)
by the table below, we can recover Macdonald polynomials associated to
subsystems of the affine root system of type (C∨

n ,Cn).

reduced t t0 tn u0 un non-reduced t t0 tn u0 un
Bn tl 1 ts 1 ts (BCn,Cn) tm t2l tstl 1 ts/tl
B∨
n ts 1 t2l 1 1 (C∨

n ,BCn) tm ts tstl ts ts/tl
Cn ts t2l t2l 1 1 (B∨

n ,Bn) tm 1 tstl 1 ts/tl
C∨
n tl ts ts ts ts

BCn tm t2l ts 1 ts
Dn t 1 1 1 1

As a corollary, we can re-derive various results on Macdonald polynomials
of type B,C ,D from properties of Koornwinder polynomials.
E.g. Ram-Yip formula of non-symmetric Macdonald polynomials of type B,C ,D.

[A. Ram, M. Yip (2011)]
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Specialization of parameters

The rank one case

Affine root system of type (C∨
1 ,C1).

V := Rε: one-dimensional real Euclidean space with orthogonal basis ε.

Λ := Zε ⊂ V : weight lattice of the root system C1.

The non-reduced affine root system S of type (C∨
1 ,C1) is given by

S := O1 ⊔ O2 ⊔ O3 ⊔ O4,

O1 := {±ϵ+ cδ | c ∈ Z} , O2 := 2O1, O3 := O1 +
1

2
δ, O4 := 2O3.

W := t(Λ)⋊Wfin = ⟨s0, s1⟩ ⊂ GL(Ṽ ): the extended affine Weyl group.
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Specialization of parameters

Specialization of the rank one case

(C∨
1 ,C1)

Askey-Wilson

(C∨
1 ,BC1) (BC1,C1)

continuous
q-Jacobi

BC1

A1
O1

A1
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Rogers

A1
O3

A1
O4

Figure: Root-theoretic degeneration scheme of Askey-Wilson polynomial
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Specialization of parameters

type Dynkin orbits Noumi Askey-Wilson

(C∨
1 ,C1)

0 1

∗ ∗
O1 ⊔ O2 ⊔ O3 ⊔ O4 t0 t1 u0 u1 a b c d

Askey-Wilson

(C∨
1 ,BC1)

0 1

∗
O1 ⊔ O2 ⊔ O3 ts tstl ts ts/tl q

1
2 ts −q

1
2 ts −tl

(BC1,C1)
0 1

∗
O1 ⊔ O2 ⊔ O4 t2l tstl 1 ts/tl q

1
2 tl −q

1
2 tl ts −tlcont. q-Jacobi

BC1
0 1

O1 ⊔ O4 t2l ts 1 ts q
1
2 tl −q

1
2 tl ts −1

A1
0 1

O1 1 t 1 t q
1
2 −q

1
2 t −1

O3 t 1 t 1 q
1
2 t −q

1
2 1 −1

Rogers O2 1 t2 1 1 q
1
2 −q

1
2 t −t

O4 t2 1 1 1 q
1
2 t −q

1
2 t 1 −1

Table: Subsystems of (C∨
1 ,C1) and parameter specializations
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Bispectral CM correspondence and specialization

Bispectral qKZ-equation

(k1, k0, l1, l0) := (t
1
2
1 , t

1
2
0 , u

1
2
1 , u

1
2
0 )

H0 := CTe + CTs1 = C+ CT1 ⊂ H(W )

Definition (The double affine Hecke algebra of type (C∨
1 ,C1))

The double affine Hecke algebra (DAHA) of type (C∨
1 ,C1), denoted as

H = H(k1, k0, l1, l0, q),

is defined to be the C-subalgebra of End(C[x±1]) generated by C[x±1], H0 and C[Y±1].

Fact (Cherednik involution)

H has a unique C-algebra anti-involution determined by

T ∗
1 := T1, (Y λ)∗ := x−λ, (xλ)∗ := Y−λ

for λ ∈ Λ and
(k∗

1 , k
∗
0 , l

∗
1 , l

∗
0 ) := (k1, l1, k0, l0).
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Bispectral CM correspondence and specialization

K: the space of meromorphic functions of variables x and ξ = Y

W := (W ×W )⋉ 〈ι〉, ι(w ,w ′) = (w ′,w). ∃ action W ↷ K.

HK
0 := K⊗ H0 3 f = f (x , ξ): regarded as function valued in H0.

The bispectral qKZ equations of type (C∨
1 ,C1) for f ∈ HK

0 :{
C1,0(x , ξ)f (q

−1x , ξ) = f (x , ξ)

C0,1(x , ξ)f (x , qξ) = f (t, ξ)

where C1,0,C0,1 are the W-cocycles valued in GL(H0) given by

C1,0 = RL
0 (x0)R

L
1 (x

′
1), C0,1 = RR

0 (ξ
′
0)R

R
1 (ξ

′
1),

with x0 := qx−2, x ′
1 := q2x−2, ξ′0 := qξ2, ξ′1 := q2ξ2 and

RL
i (z) = ki (1 − ki li z

1/2)−1(1 + ki l
−1
i z1/2)−1((1 − z)ηL(Ti ) − (ki − k−1

i ) − (li − l−1
i )z

1
2
)
,

RR
i (z) = k∗i (1 − k∗i l∗i z1/2)−1(1 + k∗i (l∗i )−1z1/2)−1((1 − z)ηR (T

∗
i ) − (k∗i − (k∗i )−1) − (l∗i − l−1

i )z
1
2
)

for i = 0, 1, using the Cherednik involution ∗.
Studied by [Takeyama 2010], [van Meer-Stokman ’10], [van Meer ’11]. [Stokman ’14].
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Bispectral CM correspondence and specialization

Bispectral Cherednik-Matsuo correspondence and specialization

Theorem (Y.-Yanagida2)

The specialization O2 : (k1, k0, l1, l0) = (k, 1, 1, 1) yields the commutative diagram

SOL
(C∨

1 ,C1)

bqKZ (k, 1, 1, 1, q) SOLbAW(k, 1, 1, 1, q)

SOLA1
bqKZ(k, q) SOLbMR(k = t1/2, q)

χ
(C∨

1 ,C1)

+

sp sp

χ
(C∨

1 ,C1)

+

SOLX
bqKZ := {f ∈ HK

0 | solutions of bispectral qKZ eqn. of type X}.
SOLbMR := {sols. of bispectral Macdonald-Ruijsenaars q-diff. eqn. of type A1}
SOLbAW := {solution of bispectral Askey-Wilson q-difference equation}
χ+ : T r

1 7→ k r : bispectral version of difference Cherednik-Matsuo correspondence
[van Meer-Stokman 2010], [van Meer 2011], [Stokman 2014]

Among the 4 specializations, only O2 is consistent with the Cherednik involution.
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Bispectral CM correspondence and specialization

References

1 R. Askey, J. Wilson, Some basic hypergeometric orthogonal polynomials that generalize the Jacobi polynomials,
Mem. Amer. Math. Soc., 54 (1985), no. 319.

2 T. H. Koornwinder, Askey-Wilson polynomials for root systems of type BC, Contemp. Math. 138 (1992), 189–204.

3 I. G. Macdonald, Affine Hecke Algebras and Orthogonal Polynomials, Cambridge Tracts in Math., 157, Cambridge, 2003.

4 M. van Meer, Bispectral quantum Knizhnik-Zamolodchikov equations for arbitrary root systems,
Sel. Math. New Ser., 17 (2011), 183–221.

5 M. van Meer, J. V. Stokman, Double Affine Hecke Algebras and Bispectral Quantum Knizhnik-Zamolodchikov
Equations, Int. Math. Res. Not., 6 (2010), 969–1040.

6 M. Noumi, Macdonald-Koornwinder polynomials and affine Hecke rings (in Japanese), in Various Aspects of
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