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§1. Introduction

In this workshop, several speakers will talk on Macdonald polynomials.
(In particular, Yamaguchi-san, Kanno-sensei, Panupong-san on Wednesday.)
So | will give an introduction, serving preliminaries of those talks.

1. Macdonald polynomials of type A and quantum integrable systems
11. Schur polynomials
1.2. Jack polynomials
1.3. Calogero-Sutherland quantum integrable systems
1.4. Ruijsenaars elliptic quantum integrable systems
1.5. Macdonald polynomials of type A
2. Macdonald-Cherednik theory
3. Concluding remarks
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§1.1. Schur polynomial  [1.6. Macdonald (1995)]

« Notations for symmetric (Laurent) polynomials
- X = (Xq,...,X,): @ set of commuting n-variables.

- Z[x*" P = Z[x3", ..., 3 ]°n: symmetric Laurent polynomials.
- P ={A=(A,...,A))€Z" | A, 2 2 A} weights of type A, _,

e 5,(x) € Z[x*']°n: Schur polynomial associated to A € P,.
- Explicit form:

S0 = oDy :
X1n
*1]5

- They form an orthogonal basis of C[x for

1= nl![ng(X)m(x)dx, w,(x) = '|—|'(1

i#j

Aq+n-1 Mm1 Mm1 n1 M
A6 X . o
det(X ) Ap+n-2 /\2+n 2 2+n 2 n 2] n -2
_ | x . .

n_

- X/x;)

with T = {x € C" | |x;] = = = |x,| = 1}, dx =TI, dx;/(2m/-1x,).
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§1.1. Schur polynomial (cont.)

 ForA e P, nN" = {partitions}, s,(x) € Z[x]°n, a symmetric polynomial.
- Any p € P, c Z" can be written as p = A - (£"), A: partition, £ € N,
and s, (x) = 5,(x)/(x, e x )
- {s;(x) | A: partition} is a basis of Z[X]n.
« ForAe P, nN" s,(x) has a triangular expansion

S, = mA+ZcApmu, Cop eZ.
p<A
oy p .
- M) =T X =T, X1 - Xn": another basis of Z[x]*.
- psAe fpl =1Al and |pl, < |Al, (T<kR<n) |Al, = Zfﬂ/\
- Small examples:
Sa) = My S@) = M) * My Sa) = Maay

S@) = M) * Mg,y * Meazy Sy = Mgy + 2Mezy Si3) = Mgy,

. ) i triangular expansion s, € m, +3
« s, is uniquely determined by : . A EMr2,qm,

orthogonality (spr u)1 = 6/\’“.
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§1.2. Jack polynomials  [H. Jack (1972), R.P. Stanley (1989), 1.G. Macdonald (1995)]

s J)(x;B) € C[x]°": Jack polynomial assoc. to partition A and parameter B € C.

. . triangular expansion J, € m, +
- Uniquely determined by[ g P A A zu«\ u

orthogonality (jA,j“)B « 6/\,“,

(F.9)s = = [T FOg0ws0x)dx,  wyx) = TT(1 - x,/x)°

i#f
- J,(x;B = 1) = 5,(x), i.e,, B-deformation of Schur polynomial.
- Small examples:
2B
Jay=may @y =My * g Maay Jan = Maay Sz = Masy

i} 3B 6p° 6B
Joy =Myt g Men * G pyze gy "0 Jen = Men * 7558 Mey

- Unlike s,(x) = det(x"*?)/ det(x®), J,(x; B) has no simple formula.
(3 vertex operator / integral presentation, a bit complicated one.)
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§1.2. Jack polynomials (cont.)

Ji(x; B) = J,(x; B): Jack polynomial of one-variable (n =1, € P, nN" = N).
- J(x; B) = Jacobi polynomial P{"*P(y).
POy = [ L0 B 1]

- It sits in the Askey scheme of hypergeometric orthogonal polynomials.

~» 3 g-analogue in Yamaguchi-san’s talk.

Wilson Ra\aahR) JF5(%)
Contl|rhu%us Con|_‘|unhunous Hahn dual Hahn 35 3)

Mejxner-

pseudo-
Pollaczek

eobi Meixner  Krawtchouk  ,F;(2)

Laguerre Bessel Charlier 1F (M 5Fo(1)

/

Hermite ,Fo(0)

Askey scheme of
hypergeometric
orthogonal polynomials
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§1.2. Jack polynomials (cont.)

« Another characterization of Jack polynomial J,(x; B):
triangular expansion  Jyem,+3 _, Cm

ul
eigen property Hesly € Uy,
where H_ is the gauged Calogero-Sutherland Hamiltonian on C[x]:
o}
= 0 9), & =lig

1<ign 1<i<jsn I
« 3 mutually-commuting operators OS),O(Z) = He, 09, .. on C[x]°n with

cs?
Og(k) = Z D,(B)kr 3 +

1<isn j#i '

with sijf(...,x,-,...,xj,...) = f(...,xj,...,x,-,... ).

Jack polynomials J,(x; B) are joint eigenfunctions of the operators {0%} .

s,- (Dunkl operator)

0P B) = ik BlER s € €€ (R=1,2,...).
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§1.3. Calogero-Sutherland quantum integrable system  [B. sutherland (1971)]

e The Calogero-Sutherland quantum Hamiltonian

4,
ye o, 5 _MBE-Y)
Hes q,
1sisn 1<i<jsn sin’ —(q, ) q, ol
o .
q; € R/2mrR, pi:“/:ha_q,-' BeR q; 9
describes n quantum particles on S' of radius r q;

with interaction potential « (distance)™

* H¢ gives a quantization of Calogero-Moser model [F. Calogero (1969), ). Moser (1975)],

which is a classical integrable system with infin. # of IMs I, = P, 1, = E, I,
H¢g has the ground state |y,) with energy E,.

_B(n-1) =

Wy(q) « ﬂ(sm i q’)'3=]_[x,- ? ﬂ(xi—xj)ﬁ, X =e 7

i<j i i<j

. . . . - r 2
The gauged Hamiltonian Hcg is given by wg'Hisw, = 35 (Hes + Ey).
The Hilbert space for H. is the symmetric polynomial space: C[x]°n.
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§1.4. Ruijsenaars elliptic quantum integrable system

[S.N.M. Ruijsenaars, Comm. Math. Phys. (1987),

Complete integrability of relativistic Calogero-Moser systems and elliptic function identities.]

« Elliptic Ruijsenaars operators: g-difference operators with elliptic func. coeffs.

- X=Xy, X,) €C"
- Tq’x;f(x) = f(Xq, .2 Xy ..., X, ): Shift operator with shiftq € C, |g] < 1.
- 6(z; p): modified Jacobi theta function with elliptic nome p € C, |p] < 1.

0(z;p) = (Z: P)oo(PIZi D)oy (Zi D)y = TIZ5(1 - P'2).

Forr =1,...,n and another parameter t € C, the operator is defined to be

8(tx; /%
DNg,t,p)= > il ]_[ o

Ic{,..,n} iel (
|I|=r Je&l

They commute with each other: [D{), D] = 0

« A long-standing problem is to find and study joint eigenfunctions of DE{)’S.

- Some existence theorems are known.
[Ruijsenaars (2009), Noumi-Shiraishi-Stokman (2021)]
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§1.5. Macdonald polynomials of type A, _, [1.G. Macdonald (around 1987)]

» Macdonald g-difference operators of type A, _; are trigonometric
degeneration of elliptic Ruijsenaars operators.
- q,teq |q] <1, x=(X),..,X,) Tq’X,f(x) = f(Xq, ,qx,, 2 Xp)-
- tX; [ X;

D{(g,1) = lim D{(q,t,p) = > T+ T, 1] To

Ic{1,...,n} i€l iel

« [D{(q, 1), D{)(g,t)] = 0 and DY, t) ~ CLx*"P*n.

« 3l a basis {P,(x;q,t) | A € P} of C[x*"']* such that, for partition A,
triangularity P, em,+ ZM cm,,
joint eigen property  D{)(g, t)P,(x) = P,(x)e (g*t?).

P.(x; g, 1) is called the Macdonald polynomial of type A.

triangularity Py em,+% ,Cm
orthogonality (P, P,),. = 6, ,

(X 1%;30)os

e J another characterization: ( i

(frg)q,t = %ng(x)wq,t(x) dX' Qf(x) ]—[ (tX / ) ’

l#}
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Examples of P,(x; g, t) for small A:

(1+g)1-1)
Poy=May Py =M * = "gr— Maay Pagy = Maay
(1-¢*(1-1) (1-9H(1-%)(1 - t)?
=M, + m + m s,
@O (-q)1-g2t) DT (1-02(1-qn)(1-q%) )

_ (1-t)(2+qg+t+2qt) _
Peny = Man* =gy Maar FPuz = Masy

p

Parameter degeneration of Macdonald polynomials P,(x; g, t).
- P,(g,t = q) =s,: Schur polynomial.
- lim,_\P\(a,t = qP) = J,(B): Jack polynomial.

These can be checked directly by triangular expansions,

-1
and also by the inner product (-, -)q‘t=q = () (4 -)q’tzqﬁ =, (- ')B'

Parameter degeneration of Macdonald operators DE{) needs technical care.

We have a stable limit with infinite-variable x = (x;, X,,...),

where the operator algebra U(q, t) is the quantum toroidal gl,, also called
Ding-lohara-Miki algebra (c.f. [F+09]). ~» Panupong-san’s talk.

By vast calculation, one can show that the limit algebra limq_)1 U(g,t = gP)
contains the infinite family 0", 0@) = H, 0¥, ... of commuting operators
including the Calogero-Sutherland Hamiltonian H.
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§2. Macdonald-Cherednik theory

In the previous §1, I introduced the Macdonald polynomials of “type A"

In this 82, | will introduce an extension of the theory to general root systems,
established by I.G. Macdonald and I. Cherednik.

In the end, it will be clarified that the type A polynomials are associated to
the extended affine Weyl group W(A, _,).

1. Macdonald polynomials of type A and quantum integrable systems
2. Macdonald-Cherednik theory

21. An observation in type A

2.2. Extended affine Weyl groups and Hecke algebras.

2.3. Macdonald-Cherednik theory
3. Concluding remarks

12/19



§2.1. An observation in type A

« Recall the eigen property D{VP, = P,€, for P, = Py(x; q,1), €, € C.
In the case A = @ = (0"), we have Py = 1, and the eigen property yields
1-tx, /X,
Z H 1W—U)w(') = const.  (without x;'s).
wes, 1<igen 1~ Xw) X
e There is known an extension of the above relation to any finite Weyl group
Wy, For an irreducible finite root system R with Wy, = W, (R), one has

1-t.e™

Z ﬂ 1 - e-wa - Z H tar
WEWfin aen WeWfin aEI'InW'1(-I'I)

where N c R is a chosen set of positive roots. [1.G. Macdonald (1972)]
The first equality is recovered by taking

-R=A_, =={ai’j=si—£j [1<i#jsn}c)’ Rg,

- X; = €% = e, and u, = tforany a € M= {a” |i<j}cR.
So it might be possible to extend the polynomials P, to general root systems.

« The point is the g-difference operators DE(’)'S form the center of extended

affine Hecke algebra, which can be generalized to other root systems.
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§2.2 Extended affine Weyl groups and Hecke algebras
o Wy = Weo(A,) =S, = (S, S, ): finite Weyl group
C WA, ;) = Q= Wy, = (s, ..., S,_,): affine Weyl group
Q=3""Za; a; = € - g,,: root lattice
cW=W(A,,)=P>xW; = (so,...,sn_1, ) extended affine Weyl group
P := Zlf’ﬂ Zg;: weight lattice

i+1°

e Fundamental relations of W

0
sf=1 (i=0,..,n-1)
SiSj = SjS; (Il-l|>1)
sisisi=ssis (i-jl=1 &Le
ws; =S, ,w (i=0,..,n-1) 1 2 n-1 n

» Lusztig operators T; acting on €(x)  [G. Lusztig (1989)]

1/2 -1/2
T t_1/21_tX,5~+t/ =i /
1-x% ! 1_le’

where x% = x%%+1 = X [x;,, (i 2 1) and x% = Xx8xEnEr i= qx,/X,.

T'sand W:=s,_, =5, Ty x, S€Nerate the extended affine Hecke algebra H(W).
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§2.3. Macdonald-Cherednik theory  [i. cherednik (1992-95), I.G. Macdonald (2003)]

* g-Dunkl operators Y; € H(W):

. . ~ -1 w— 71 -1
Y, =TT, T @, Y,=T,=T @T;", ., Y =& T,

1 1°2 b

n-1

These are centers: Z(H(W)) = C[Y,, ..., Y, ]. Moreover, on C[x*']*,

Dg(r)(q' )= z yi1 Y’}'
1<iq<e<i<n

o The above arguments can be extended to other root systems and W.
A general theory is built for some pairs (S,S’) of affine root systems.
- Affine root systems in the sense of [I.G. Macdonald (1972)], see next page.
« There are three classes of such pairs (S, S").
(1) (S,S") = (S(R),S(RY)), where R is an irreducible finite root system.
() S=S"=S(R)Y, where R is an irreducible finite root system.
(1) S =S"is a non-reduced affine root system of type (X, Y).
- Type A case corresponds to (1), (5,5") = (S(A,_1), S(A,_;))-
- Type (CY,C ) in (1) is Koornwinder polynomial + Yamaguchi-san’s talk.

n'=n
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Irreducible affine root systems

reduced, simply-laced

reduced, non-simply-laced

P \
A n e“—eo— —e— Bn ./o—.— —e—e—e
.\o—o— —o—o/. Y .\o—o— —o—e=<-0
D n J / \. B n . / ==
T Cc oe—0—e— —e—e==0
E 6 .7.7:7.7. Cn oX=0—e— —e—e==—e
BC n es=e—e—o— —e—e—=e
* F o—e—o=—0—o
E o—o—0—0—0—0—o Y
U FZ o—eo—eo=x—0o—o
* G o—e=e
| 2
E & G \2/ —eo=<-e
non-reduced
( BC n Cn ) e==e—e—o— —o—e=e (Cx , B Cn ) o=X=e—o— —o—eo=re
( BX: B n ) >‘*’* =0=C==0 (Cx ,C 1 ) ome—e— —e—e=x=e
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« Given a pair (S,S’) of affine root systems, we can construct
- the extended affine Weyl group W = W < P’
(W, is the finite Weyl group coming from S, and P’ is the weight lattice coming from S*)
- the extended affine Hecke algebra H(W) and g-diff. operator realization
- g-Dunkl operators ~» Macdonald g-difference operators of type (S,S’)
acting on the Wy -invariant Laurent polynomials C[x*"Wein,
- 3! basis of C[x*']Win satisfying triangularity and joint eigen property
~» Macdonald polynomials P,(x; g, t,) of type (S,S")
- Aruns over dominant weights P, c P’
- (# of t-parameters) = (# of W-orbits in the affine root system S).
ADEt; BCFEG t,t; BCt,t ,t; (C,Q)t,t,,ty,t,t
- Koornwinder has 6 parameters g and t's. «» Yamaguchi-san's talk.
« Using the double affine Hecke algebra (DAHA) associated to (S,S"),
one can study detailed properties of Macdonald polynomials.
- Orthogonality and the norm formula
- Duality: P,(g¥t?)/P,(t?) = Pp(q"tf)/P”(tf). ~» Kanno-sensei’s talk
- Non-symmetric Macdonald polynomials
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§3. Concluding remarks

« Orthogonality of Schur/Jack/Macdonald symmetric functions can be
reformulated by using power-sum symmetric functions p,, =3, x,-k.

= (SpS,)peq = B3, With (y, Py ¢ 16m’n‘
- Uy )B «8,, with (P P =
- (P, Pu)q't o« ‘SA.u with (p,,, p,)qt e 6mn ~» Kanno-sensei's talk
« Bispectral property of Macdonald g-difference operators D of type A:
['P(x, ) = P(x, )€, (S),
DOP(x, s) = P(x, s)e(x).

pn
- I series solution P(x,s; q,t) st. 2‘
S

~» Kanno-sensei’s talk
« The ring structure of the invariant polynomials €[x*"]%rin.
- Littlewood-Richardson rule of Schur: 538, = vaartltlons LRMSV with
LR"'“ = #{semistandard tableaux T of shape A/p and weight v}.
- LR rules for Jack/Macdonald polynomials of type A/general type (S, S").
~» Yamaguchi-san’s talk on Koornwinder case (type (<, n))

- Deformed ring structure «» Kanno-sensei’s talk.
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