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§1. Introduction

In this workshop, several speakers will talk on Macdonald polynomials.

(In particular, Yamaguchi-san, Kanno-sensei, Panupong-san on Wednesday.)

So I will give an introduction, serving preliminaries of those talks.

1. Macdonald polynomials of type A and quantum integrable systems
1.1. Schur polynomials
1.2. Jack polynomials
1.3. Calogero-Sutherland quantum integrable systems
1.4. Ruijsenaars elliptic quantum integrable systems
1.5. Macdonald polynomials of type A

2. Macdonald-Cherednik theory
3. Concluding remarks
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§1.1. Schur polynomial [I.G. Macdonald (1995)]

• Notations for symmetric (Laurent) polynomials
− 𝑥 = (𝑥1, … , 𝑥𝑛): a set of commuting 𝑛-variables.
− ℤ[𝑥±1]𝑆𝑛 = ℤ[𝑥±11 , … , 𝑥

±1
𝑛 ]

𝑆𝑛 : symmetric Laurent polynomials.
− 𝑃+ ≔ {𝜆 = (𝜆1, … , 𝜆𝑛) ∈ ℤ

𝑛 ∣ 𝜆1 ≥ ⋯ ≥ 𝜆𝑛}: weights of type A𝑛−1.
• 𝑠𝜆(𝑥) ∈ ℤ[𝑥

±1]𝑆𝑛 : Schur polynomial associated to 𝜆 ∈ 𝑃+.
− Explicit form:

𝑠𝜆(𝑥) =
det(𝑥𝜆+𝛿)
det(𝑥𝛿)

= [
𝑥
𝜆1+𝑛−1
1 𝑥

𝜆1+𝑛−1
2 ⋯ 𝑥

𝜆1+𝑛−1
𝑛

𝑥
𝜆2+𝑛−2
1 𝑥

𝜆2+𝑛−2
2 ⋯ 𝑥

𝜆2+𝑛−2
𝑛

⋮ ⋮ ⋮
𝑥
𝜆𝑛
1 𝑥

𝜆2
2 ⋯ 𝑥

𝜆𝑛
𝑛

] / [
𝑥𝑛−11 𝑥𝑛−12 ⋯ 𝑥𝑛−1𝑛
𝑥𝑛−21 𝑥𝑛−22 ⋯ 𝑥𝑛−2𝑛

⋮ ⋮ ⋮
𝑥01 𝑥02 ⋯ 𝑥0𝑛

] .

− They form an orthogonal basis of ℂ[𝑥±1]𝑆𝑛 for

(𝑓, 𝑔)1 ≔
1
𝑛! ∫𝑇

𝑓(𝑥)𝑔(𝑥)𝑤1(𝑥) 𝑑𝑥, 𝑤1(𝑥) ≔∏
𝑖≠𝑗
(1 − 𝑥𝑖/𝑥𝑗)

with 𝑇 ≔ {𝑥 ∈ ℂ𝑛 ∣ |𝑥1| = ⋯ = |𝑥𝑛| = 1}, 𝑑𝑥 ≔ ∏
𝑛
𝑖=1 𝑑𝑥𝑖/(2𝜋√−1𝑥𝑖).
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§1.1. Schur polynomial (cont.)

• For 𝜆 ∈ 𝑃+ ∩ ℕ
𝑛 = {partitions}, 𝑠𝜆(𝑥) ∈ ℤ[𝑥]

𝑆𝑛 , a symmetric polynomial.
− Any 𝜇 ∈ 𝑃+ ⊂ ℤ

𝑛 can be written as 𝜇 = 𝜆 − (ℓ𝑛), 𝜆: partition, ℓ ∈ ℕ,
and 𝑠𝜇(𝑥) = 𝑠𝜆(𝑥)/(𝑥1⋯𝑥𝑛)

ℓ.
− {𝑠𝜆(𝑥) ∣ 𝜆: partition} is a basis of ℤ[𝑥]

𝑆𝑛 .
• For 𝜆 ∈ 𝑃+ ∩ ℕ

𝑛, 𝑠𝜆(𝑥) has a triangular expansion

𝑠𝜆 = 𝑚𝜆 +∑
𝜇<𝜆

𝑐𝜆,𝜇𝑚𝜇, 𝑐𝜆,𝜇 ∈ ℤ.

− 𝑚𝜆(𝑥) ≔ ∑𝜇∈𝑆𝑛.𝜆 𝑥
𝜇 = ∑𝜇 𝑥

𝜇1
1 ⋯𝑥

𝜇𝑛
𝑛 : another basis of ℤ[𝑥]𝑆𝑛 .

− 𝜇 ≤ 𝜆 ∶⇔ |𝜇|𝑛 = |𝜆|𝑛 and |𝜇|𝑘 ≤ |𝜆|𝑘 (1 ≤ 𝑘 < 𝑛), |𝜆|𝑘 ≔ ∑
𝑘
𝑖=1 𝜆𝑖.

− Small examples:
𝑠(1) = 𝑚(1), 𝑠(2) = 𝑚(2) + 𝑚(1,1), 𝑠(1,1) = 𝑚(1,1),

𝑠(3) = 𝑚(3) + 𝑚(2,1) + 𝑚(13), 𝑠(2,1) = 𝑚(2,1) + 2𝑚(13), 𝑠(13) = 𝑚(13).

• 𝑠𝜆 is uniquely determined by {
triangular expansion 𝑠𝜆 ∈ 𝑚𝜆 + ∑𝜇<𝜆 ℂ𝑚𝜇,

orthogonality (𝑠𝜆, 𝑠𝜇)1 = 𝛿𝜆,𝜇.

4/19



§1.2. Jack polynomials [H. Jack (1972), R.P. Stanley (1989), I.G. Macdonald (1995)]

• 𝐽𝜆(𝑥; 𝛽) ∈ ℂ[𝑥]
𝑆𝑛 : Jack polynomial assoc. to partition 𝜆 and parameter 𝛽 ∈ ℂ.

− Uniquely determined by {
triangular expansion 𝐽𝜆 ∈ 𝑚𝜆 + ∑𝜇<𝜆 ℂ𝑚𝜇,

orthogonality (𝐽𝜆, 𝐽𝜇)𝛽 ∝ 𝛿𝜆,𝜇,

(𝑓, 𝑔)𝛽 ≔
1
𝑛! ∫𝑇

𝑓(𝑥)𝑔(𝑥)𝑤𝛽(𝑥) 𝑑𝑥, 𝑤𝛽(𝑥) ≔∏
𝑖≠𝑗
(1 − 𝑥𝑖/𝑥𝑗)

𝛽.

− 𝐽𝜆(𝑥; 𝛽 = 1) = 𝑠𝜆(𝑥), i.e., 𝛽-deformation of Schur polynomial.
− Small examples:

𝐽(1) = 𝑚(1), 𝐽(2) = 𝑚(2) +
2𝛽
1 + 𝛽

𝑚(1,1), 𝐽(1,1) = 𝑚(1,1), 𝐽(13) = 𝑚(13),

𝐽(3) = 𝑚(3) +
3𝛽
2 + 𝛽

𝑚(2,1) +
6𝛽2

(1 + 𝛽)(2 + 𝛽)
𝑚(13), 𝐽(2,1) = 𝑚(2,1) +

6𝛽
1 + 2𝛽

𝑚(13).

− Unlike 𝑠𝜆(𝑥) = det(𝑥
𝜆+𝛿)/ det(𝑥𝛿), 𝐽𝜆(𝑥; 𝛽) has no simple formula.

(∃ vertex operator / integral presentation, a bit complicated one.)
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§1.2. Jack polynomials (cont.)

• 𝐽𝑙(𝑥; 𝛽) = 𝐽𝜆(𝑥; 𝛽): Jack polynomial of one-variable (𝑛 = 1, 𝑙 ∈ 𝑃+ ∩ ℕ
𝑛 = ℕ).

− 𝐽𝑙(𝑥; 𝛽) ≅ Jacobi polynomial 𝑃
(𝛼=𝛽,𝛽)
𝑙 (𝑦).

𝑃(𝛼,𝛽)𝑙 (𝑦) ≔ (𝛼+1)𝑛
𝑛! 2𝐹1[

−𝑙, 𝑙 + 𝛼 + 𝛽 + 1
𝛼 + 1

;
1 − 𝑦
2

].

− It sits in the Askey scheme of hypergeometric orthogonal polynomials.
⇝ ∃ q-analogue in Yamaguchi-san’s talk.

Wilson Racah

Continuous
dual Hahn

Continuous
Hahn Hahn dual Hahn

Meixner-
Pollaczek Jacobi pseudo-

Jacobi Meixner Krawtchouk

Laguerre Bessel Charlier

Hermite

4𝐹3(4)

3𝐹2(3)

2𝐹1(2)

1𝐹1(1)/2𝐹0(1)

2𝐹0(0)

Askey scheme of
hypergeometric
orthogonal polynomials
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§1.2. Jack polynomials (cont.)

• Another characterization of Jack polynomial 𝐽𝜆(𝑥; 𝛽):

{
triangular expansion 𝐽𝜆 ∈ 𝑚𝜆 + ∑𝜇<𝜆 ℂ𝑚𝜇,

eigen property 𝐻CS𝐽𝜆 ∈ ℂ𝐽𝜆,
where 𝐻CS is the gauged Calogero-Sutherland Hamiltonian on ℂ[𝑥]

𝑆𝑛 :

𝐻CS ≔ ∑
1≤𝑖≤𝑛

𝜗2𝑖 + 𝛽 ∑
1≤𝑖<𝑗≤𝑛

𝑥𝑖 + 𝑥𝑗
𝑥𝑖 − 𝑥𝑗

(𝜗𝑖 − 𝜗𝑗), 𝜗𝑖 ≔ 𝑥𝑖
𝜕
𝜕𝑥𝑖

.

• ∃ mutually-commuting operators 𝑂(1)𝑥 , 𝑂
(2)
𝑥 = 𝐻CS, 𝑂

(3)
𝑥 , … on ℂ[𝑥]𝑆𝑛 with

𝑂(𝑘)𝑥 ≔ ∑
1≤𝑖≤𝑛

𝐷𝑖(𝛽)
𝑘, 𝐷𝑖(𝛽) ≔ 𝜗𝑖 + 𝛽∑

𝑗≠𝑖

𝑥𝑖
𝑥𝑖 − 𝑥𝑗

(1 − 𝑠𝑖𝑗) (Dunkl operator)

with 𝑠𝑖𝑗𝑓(… , 𝑥𝑖, … , 𝑥𝑗, … ) = 𝑓(… , 𝑥𝑗, … , 𝑥𝑖, … ).
Jack polynomials 𝐽𝜆(𝑥; 𝛽) are joint eigenfunctions of the operators {𝑂

(𝑘)
𝑥 }

∞
𝑘=1.

𝑂(𝑘)𝑥 𝐽𝜆(𝑥; 𝛽) = 𝐽𝜆(𝑥; 𝛽)𝜖
(𝑘)
𝜆 , 𝜖(𝑘)𝜆 ∈ ℂ (𝑘 = 1, 2, … ).
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§1.3. Calogero-Sutherland quantum integrable system [B. Sutherland (1971)]

• The Calogero-Sutherland quantum Hamiltonian

𝐻′CS ≔ ∑
1≤𝑖≤𝑛

𝑝2𝑖
2
+ ∑
1≤𝑖<𝑗≤𝑛

ℏ2𝛽(𝛽 − 1)
sin2 1

2𝑟 (𝑞𝑖 − 𝑞𝑗)

𝑞𝑖 ∈ ℝ/2𝜋𝑟ℝ, 𝑝𝑖 = −√−1ℏ
𝜕
𝜕𝑞𝑖
, 𝛽 ∈ ℝ

describes 𝑛 quantum particles on 𝑆1 of radius 𝑟
with interaction potential ∝ (distance)−2.

𝑞1

𝑞2

𝑞3

𝑞𝑖

𝑞𝑗

𝑞𝑛−1
𝑟

• 𝐻′CS gives a quantization of Calogero-Moser model [F. Calogero (1969), J. Moser (1975)],
which is a classical integrable system with infin. # of IMs 𝐼1 = 𝑃, 𝐼2 = 𝐸, 𝐼3, … .

• 𝐻′CS has the ground state |𝜓0⟩ with energy 𝐸0.

𝜓0(𝑞) ∝∏
𝑖<𝑗
(sin

𝑞𝑖−𝑞𝑗
2𝑟 )

𝛽
=∏

𝑖
𝑥
− 𝛽(𝑛−1)2
𝑖 ∏

𝑖<𝑗
(𝑥𝑖 − 𝑥𝑗)

𝛽, 𝑥𝑖 ≔ 𝑒
√−1𝑞𝑖
𝑟 .

The gauged Hamiltonian 𝐻CS is given by 𝜓
−1
0 𝐻

′
CS𝜓0 =

2𝑟2
ℏ2 (𝐻CS + 𝐸0).

The Hilbert space for 𝐻CS is the symmetric polynomial space: ℂ[𝑥]
𝑆𝑛 .
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§1.4. Ruijsenaars elliptic quantum integrable system

[S.N.M. Ruijsenaars, Comm. Math. Phys. (1987),

Complete integrability of relativistic Calogero-Moser systems and elliptic function identities.]

• Elliptic Ruijsenaars operators: 𝑞-difference operators with elliptic func. coeffs.
− 𝑥 = (𝑥1, … , 𝑥𝑛) ∈ ℂ

𝑛.
− 𝑇𝑞,𝑥𝑖𝑓(𝑥) ≔ 𝑓(𝑥1, … , 𝑞𝑥𝑖, … , 𝑥𝑛): shift operator with shift 𝑞 ∈ ℂ, |𝑞| < 1.
− 𝜃(𝑧; 𝑝): modified Jacobi theta function with elliptic nome 𝑝 ∈ ℂ, |𝑝| < 1.

𝜃(𝑧; 𝑝) ≔ (𝑧; 𝑝)∞(𝑝/𝑧; 𝑝)∞, (𝑧; 𝑝)∞ ∶= ∏∞𝑖=0(1 − 𝑝
𝑖𝑧).

For 𝑟 = 1, … , 𝑛 and another parameter 𝑡 ∈ ℂ, the operator is defined to be

𝐷(𝑟)𝑥 (𝑞, 𝑡, 𝑝) ≔ ∑
𝐼⊂{1,…,𝑛}
|𝐼|=𝑟

∏
𝑖∈𝐼
𝑗∉𝐼

𝜃(𝑡𝑥𝑖/𝑥𝑗; 𝑝)

𝜃(𝑥𝑖/𝑥𝑗; 𝑝)
∏
𝑖∈𝐼
𝑇𝑞,𝑥𝑖.

They commute with each other: [𝐷(𝑟)𝑥 , 𝐷
(𝑠)
𝑥 ] = 0.

• A long-standing problem is to find and study joint eigenfunctions of 𝐷(𝑟)𝑥 ’s.
− Some existence theorems are known.
[Ruijsenaars (2009), Noumi-Shiraishi-Stokman (2021)]
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§1.5. Macdonald polynomials of type A𝑛−1 [I.G. Macdonald (around 1987)]

• Macdonald 𝑞-difference operators of type A𝑛−1 are trigonometric
degeneration of elliptic Ruijsenaars operators.
− 𝑞, 𝑡 ∈ ℂ, |𝑞| < 1, 𝑥 = (𝑥1, … , 𝑥𝑛), 𝑇𝑞,𝑥𝑖𝑓(𝑥) ≔ 𝑓(𝑥1, … , 𝑞𝑥𝑖, … , 𝑥𝑛).

𝐷(𝑟)𝑥 (𝑞, 𝑡) ≔ lim
𝑝→0

𝐷(𝑟)𝑥 (𝑞, 𝑡, 𝑝) = ∑
𝐼⊂{1,…,𝑛}
|𝐼|=𝑟

∏
𝑖∈𝐼
𝑗∉𝐼

1 − 𝑡𝑥𝑖/𝑥𝑗
1 − 𝑥𝑖/𝑥𝑗

∏
𝑖∈𝐼
𝑇𝑞,𝑥𝑖.

• [𝐷(𝑟)𝑥 (𝑞, 𝑡), 𝐷
(𝑠)
𝑥 (𝑞, 𝑡)] = 0 and 𝐷

(𝑟)
𝑥 (𝑞, 𝑡) ↷ ℂ[𝑥±1]𝑆𝑛 .

• ∃! a basis {𝑃𝜆(𝑥; 𝑞, 𝑡) ∣ 𝜆 ∈ 𝑃+} of ℂ[𝑥
±1]𝑆𝑛 such that, for partition 𝜆,

{
triangularity 𝑃𝜆 ∈ 𝑚𝜆 + ∑𝜇<𝜆 ℂ𝑚𝜇,

joint eigen property 𝐷(𝑟)𝑥 (𝑞, 𝑡)𝑃𝜆(𝑥) = 𝑃𝜆(𝑥)𝑒𝑟(𝑞
𝜆𝑡𝜌).

𝑃𝜆(𝑥; 𝑞, 𝑡) is called the Macdonald polynomial of type A.

• ∃ another characterization: {
triangularity 𝑃𝜆 ∈ 𝑚𝜆 + ∑𝜇<𝜆 ℂ𝑚𝜇,

orthogonality (𝑃𝜆, 𝑃𝜇)𝑞,𝑡 ∝ 𝛿𝜆,𝜇.

(𝑓, 𝑔)𝑞,𝑡 ≔
1
𝑛! ∫𝑇

𝑓(𝑥)𝑔(𝑥)𝑤𝑞,𝑡(𝑥) 𝑑𝑥, 𝑤𝑞,𝑡(𝑥) ≔∏
𝑖≠𝑗

(𝑥𝑖/𝑥𝑗; 𝑞)∞
(𝑡𝑥𝑖/𝑥𝑗; 𝑞)∞

.
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• Examples of 𝑃𝜆(𝑥; 𝑞, 𝑡) for small 𝜆:

𝑃(1) = 𝑚(1), 𝑃(2) = 𝑚(2) +
(1 + 𝑞)(1 − 𝑡)

1 − 𝑞𝑡
𝑚(1,1), 𝑃(1,1) = 𝑚(1,1),

𝑃(3) = 𝑚(3) +
(1 − 𝑞3)(1 − 𝑡)
(1 − 𝑞)(1 − 𝑞2𝑡)

𝑚(2,1) +
(1 − 𝑞2)(1 − 𝑞3)(1 − 𝑡)2

(1 − 𝑞)2(1 − 𝑞𝑡)(1 − 𝑞2𝑡)
𝑚(13),

𝑃(2,1) = 𝑚(2,1) +
(1 − 𝑡)(2 + 𝑞 + 𝑡 + 2𝑞𝑡)

(1 − 𝑞𝑡2)
𝑚(13), 𝑃(13) = 𝑚(13).

• Parameter degeneration of Macdonald polynomials 𝑃𝜆(𝑥; 𝑞, 𝑡).
− 𝑃𝜆(𝑞, 𝑡 = 𝑞) = 𝑠𝜆: Schur polynomial.
− lim𝑞→1𝑃𝜆(𝑞, 𝑡 = 𝑞

𝛽) = 𝐽𝜆(𝛽): Jack polynomial.
These can be checked directly by triangular expansions,
and also by the inner product (⋅, ⋅)𝑞,𝑡=𝑞 = (⋅, ⋅)1, (⋅, ⋅)𝑞,𝑡=𝑞𝛽

𝑞→1
−−−−−→ (⋅, ⋅)𝛽.

• Parameter degeneration of Macdonald operators 𝐷(𝑟)𝑥 needs technical care.
We have a stable limit with infinite-variable 𝑥 = (𝑥1, 𝑥2, … ),
where the operator algebra U(𝑞, 𝑡) is the quantum toroidal 𝑔𝑙1, also called
Ding-Iohara-Miki algebra (c.f. [F+09]). ⇝ Panupong-san’s talk.
By vast calculation, one can show that the limit algebra lim𝑞→1 U(𝑞, 𝑡 = 𝑞

𝛽)
contains the infinite family 𝑂(1)𝑥 , 𝑂

(2)
𝑥 = 𝐻CS, 𝑂

(3)
𝑥 , … of commuting operators

including the Calogero-Sutherland Hamiltonian 𝐻CS.
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§2. Macdonald-Cherednik theory

In the previous §1, I introduced the Macdonald polynomials of “type A”.

In this §2, I will introduce an extension of the theory to general root systems,
established by I.G. Macdonald and I. Cherednik.

In the end, it will be clarified that the type A polynomials are associated to
the extended affine Weyl group 𝑊(A𝑛−1).

1. Macdonald polynomials of type A and quantum integrable systems
2. Macdonald-Cherednik theory

2.1. An observation in type A
2.2. Extended affine Weyl groups and Hecke algebras.
2.3. Macdonald-Cherednik theory

3. Concluding remarks
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§2.1. An observation in type A

• Recall the eigen property 𝐷(1)𝑥 𝑃𝜆 = 𝑃𝜆𝜖𝜆 for 𝑃𝜆 = 𝑃𝜆(𝑥; 𝑞, 𝑡), 𝜖𝜆 ∈ ℂ.
In the case 𝜆 = ∅ = (0𝑛), we have 𝑃∅ = 1, and the eigen property yields

∑
𝑤∈𝑆𝑛

∏
1≤𝑖<𝑗≤𝑛

1 − 𝑡𝑥𝑤(𝑗)/𝑥𝑤(𝑖)
1 − 𝑥𝑤(𝑗)/𝑥𝑤(𝑖)

= const. (without 𝑥𝑖’s).

• There is known an extension of the above relation to any finite Weyl group
𝑊fin. For an irreducible finite root system 𝑅 with 𝑊fin = 𝑊fin(𝑅), one has

∑
𝑤∈𝑊fin

∏
𝛼∈Π

1 − 𝑡𝛼𝑒
−𝑤𝛼

1 − 𝑒−𝑤𝛼
= ∑
𝑤∈𝑊fin

∏
𝛼∈Π∩𝑤−1(−Π)

𝑡𝛼,

where Π ⊂ 𝑅 is a chosen set of positive roots. [I.G. Macdonald (1972)]
The first equality is recovered by taking
− 𝑅 = A𝑛−1 ≔ {𝛼𝑖,𝑗 = 𝜀𝑖 − 𝜀𝑗 ∣ 1 ≤ 𝑖 ≠ 𝑗 ≤ 𝑛} ⊂ ∑

𝑛
𝑖=1ℝ𝜀𝑖,

− 𝑥𝑖 = 𝑒
𝛼𝑖,𝑖+1 = 𝑒𝜀𝑖−𝜀𝑖+1 , and 𝑢𝛼 = 𝑡 for any 𝛼 ∈ Π ≔ {𝛼𝑖,𝑗 ∣ 𝑖 < 𝑗} ⊂ 𝑅.

So it might be possible to extend the polynomials 𝑃𝜆 to general root systems.
• The point is the 𝑞-difference operators 𝐷(𝑟)𝑥 ’s form the center of extended
affine Hecke algebra, which can be generalized to other root systems.
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§2.2 Extended affine Weyl groups and Hecke algebras

• 𝑊fin = 𝑊fin(A𝑛−1) = 𝑆𝑛 = ⟨𝑠1, … , 𝑠𝑛−1⟩: finite Weyl group
⊂ Waff(A𝑛−1) ≔ 𝑄 Y 𝑊fin = ⟨𝑠0, … , 𝑠𝑛−1⟩: affine Weyl group

𝑄 ≔ ∑𝑛−1𝑖=1 ℤ𝛼𝑖, 𝛼𝑖 = 𝜀𝑖 − 𝜀𝑖+1: root lattice
⊂ 𝑊 = 𝑊(A𝑛−1) ≔ 𝑃 Y 𝑊fin = ⟨𝑠0, … , 𝑠𝑛−1, 𝜔⟩: extended affine Weyl group

𝑃 ≔ ∑𝑛𝑖=1 ℤ𝜀𝑖: weight lattice

• Fundamental relations of 𝑊

{

𝑠2𝑖 = 1 (𝑖 = 0, … , 𝑛 − 1)
𝑠𝑖𝑠𝑗 = 𝑠𝑗𝑠𝑖 (|𝑖 − 𝑗| > 1)
𝑠𝑖𝑠𝑗𝑠𝑖 = 𝑠𝑗𝑠𝑗𝑠𝑖 (|𝑖 − 𝑗| = 1)
𝜔𝑠𝑖 = 𝑠𝑖−1𝜔 (𝑖 = 0,… , 𝑛 − 1)

0

1 2 𝑛 − 1 𝑛

• Lusztig operators 𝑇𝑖 acting on ℂ(𝑥) [G. Lusztig (1989)]

𝑇𝑖 ≔ 𝑡
−1/2 1 − 𝑡𝑥𝛼𝑖

1 − 𝑥𝛼𝑖
𝑠𝑖 +

𝑡1/2 − 𝑡−1/2

1 − 𝑥𝛼𝑖
(𝑖 = 0, … , 𝑛 − 1),

where 𝑥𝛼𝑖 = 𝑥𝜀𝑖−𝜀𝑖+1 ≔ 𝑥𝑖/𝑥𝑖+1 (𝑖 ≥ 1) and 𝑥
𝛼0 = 𝑥𝛿𝑥𝜀𝑛−𝜀1 ≔ 𝑞𝑥𝑛/𝑥1.

𝑇𝑖’s and �̃� ≔ 𝑠𝑛−1⋯𝑠1𝑇𝑞,𝑥1 generate the extended affine Hecke algebra 𝐻(𝑊).
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§2.3. Macdonald-Cherednik theory [I. Cherednik (1992–95), I.G. Macdonald (2003)]

• 𝑞-Dunkl operators 𝑌𝑖 ∈ 𝐻(𝑊):

𝑌1 ≔ 𝑇1𝑇2⋯𝑇𝑛−1�̃�, 𝑌2 ≔ 𝑇2⋯𝑇𝑛−1�̃�𝑇
−1
1 , … , 𝑌𝑛 ≔ �̃�𝑇

−1
1 ⋯𝑇−1𝑛−1.

These are centers: 𝑍(𝐻(𝑊)) = ℂ[𝑌1, … , 𝑌𝑛]. Moreover, on ℂ[𝑥
±1]𝑆𝑛 ,

𝐷(𝑟)𝑥 (𝑞, 𝑡) = ∑
1≤𝑖1<⋯<𝑖𝑟≤𝑛

𝑌𝑖1 ⋯𝑌𝑖𝑟.

• The above arguments can be extended to other root systems and 𝑊.
A general theory is built for some pairs (𝑆, 𝑆′) of affine root systems.
− Affine root systems in the sense of [I.G. Macdonald (1972)], see next page.

• There are three classes of such pairs (𝑆, 𝑆′).
(I) (𝑆, 𝑆′) = (𝑆(𝑅), 𝑆(𝑅∨)), where 𝑅 is an irreducible finite root system.
(II) 𝑆 = 𝑆′ = 𝑆(𝑅)∨, where 𝑅 is an irreducible finite root system.
(III) 𝑆 = 𝑆′ is a non-reduced affine root system of type (𝑋, 𝑌).
− Type A case corresponds to (I), (𝑆, 𝑆′) = (𝑆(A𝑛−1), 𝑆(A𝑛−1)).
− Type (C∨𝑛, 𝐶𝑛) in (III) is Koornwinder polynomial⇝ Yamaguchi-san’s talk.
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Irreducible affine root systems
reduced, simply-laced reduced, non-simply-laced

A𝑛 B𝑛

D𝑛 B∨𝑛

E6

C𝑛
C∨𝑛
BC𝑛

E7
F4
F∨4

E8
G2
G∨2

non-reduced

(BC𝑛, C𝑛)
∗

(C∨𝑛, BC𝑛)
∗

(B∨𝑛, B𝑛)
∗

(C∨𝑛, C𝑛)
∗ ∗
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• Given a pair (𝑆, 𝑆′) of affine root systems, we can construct
− the extended affine Weyl group 𝑊 ≔ 𝑊fin X 𝑃

′

(𝑊fin is the finite Weyl group coming from 𝑆, and 𝑃′ is the weight lattice coming from 𝑆′)

− the extended affine Hecke algebra 𝐻(𝑊) and 𝑞-diff. operator realization
− 𝑞-Dunkl operators⇝ Macdonald 𝑞-difference operators of type (𝑆, 𝑆′)
acting on the 𝑊fin-invariant Laurent polynomials ℂ[𝑥

±1]𝑊fin .
− ∃! basis of ℂ[𝑥±1]𝑊fin satisfying triangularity and joint eigen property
⇝ Macdonald polynomials 𝑃𝜆(𝑥; 𝑞, 𝑡∗) of type (𝑆, 𝑆

′)
− 𝜆 runs over dominant weights 𝑃′+ ⊂ 𝑃

′.
− (# of 𝑡-parameters) = (# of 𝑊-orbits in the affine root system 𝑆).
A,D,E: 𝑡; B,C,F,G: 𝑡𝑙, 𝑡𝑠; BC: 𝑡𝑙, 𝑡𝑚, 𝑡𝑠; (C∨, C): 𝑡, 𝑡0, 𝑡

∨
0 , 𝑡𝑛, 𝑡

∨
𝑛

− Koornwinder has 6 parameters 𝑞 and 𝑡’s. ⇝ Yamaguchi-san’s talk.
• Using the double affine Hecke algebra (DAHA) associated to (𝑆, 𝑆′),
one can study detailed properties of Macdonald polynomials.
− Orthogonality and the norm formula
− Duality: 𝑃𝜆(𝑞

𝜇𝑡𝜌∗ )/𝑃𝜆(𝑡
𝜌
∗ ) = 𝑃𝜇(𝑞

𝜆𝑡𝜌∗ )/𝑃𝜇(𝑡
𝜌
∗ ). ⇝ Kanno-sensei’s talk

− Non-symmetric Macdonald polynomials
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§3. Concluding remarks

• Orthogonality of Schur/Jack/Macdonald symmetric functions can be
reformulated by using power-sum symmetric functions 𝑝𝑘 ≔ ∑𝑖 𝑥

𝑘
𝑖 .

− (𝑠𝜆, 𝑠𝜇)
′
𝛽=1 = 𝛿𝜆,𝜇 with (𝑝𝑘, 𝑝𝑙)

′
𝛽=1 ≔

1
𝑛𝛿𝑚,𝑛.

− (𝐽𝜆, 𝐽𝜇)
′
𝛽 ∝ 𝛿𝜆,𝜇 with (𝑝𝑘, 𝑝𝑙)

′
𝛽 ≔

1
𝑛
1
𝛽𝛿𝑚,𝑛.

− (𝑃𝜆, 𝑃𝜇)
′
𝑞,𝑡 ∝ 𝛿𝜆,𝜇 with (𝑝𝑘, 𝑝𝑙)

′
𝑞,𝑡 ≔

1
𝑛
1−𝑞𝑛

1−𝑡𝑛 𝛿𝑚,𝑛. ⇝ Kanno-sensei’s talk
• Bispectral property of Macdonald 𝑞-difference operators 𝐷(𝑟)𝑥 of type A:

− ∃ series solution 𝑃(𝑥, 𝑠; 𝑞, 𝑡) s.t. {
𝐷(𝑟)𝑥 𝑃(𝑥, 𝑠) = 𝑃(𝑥, 𝑠)𝜖𝑥(𝑠),
𝐷(𝑟)𝑠 𝑃(𝑥, 𝑠) = 𝑃(𝑥, 𝑠)𝜖𝑠(𝑥).

⇝ Kanno-sensei’s talk
• The ring structure of the invariant polynomials ℂ[𝑥±1]𝑊fin .

− Littlewood-Richardson rule of Schur: 𝑠𝜆𝑠𝜇 = ∑𝜈:partitions LR
𝜈
𝜆,𝜇 𝑠𝜈 with

LR𝜈𝜆,𝜇 ≔ #{semistandard tableaux 𝑇 of shape 𝜆/𝜇 and weight 𝜈}.
− LR rules for Jack/Macdonald polynomials of type A/general type (𝑆, 𝑆′).
⇝ Yamaguchi-san’s talk on Koornwinder case (type (𝐶∨𝑛 , 𝐶𝑛))

− Deformed ring structure⇝ Kanno-sensei’s talk.

18/19



References
Ca69 F. Calogero, Ground state of a one-dimensional 𝑁-body system,

J. Math. Phys., 10 (1969), 2197–2200.
Ch05 I. Cherednik, Double affine Hecke algebras,

London Math. Soc. Lect. Note Series, 319, Cambridge Univ. Press, Cambridge, 2005.
F+09 B. Feign, K. Hashizume, A. Hoshino, J. Shiraishi, S. Yanagida, A commutative algebra on

degenerate ℂℙ1 and Macdonald polynomials, J. Math. Phys., 59 (2009), 095215, 42pp.
J70 H. Jack, A class of symmetric polynomials with a parameter,

Proc. R. Soc. Edinburgh (A) 69 (1970), 1–18.
M71 I. G. Macdonald, Affine root systems and Dedekind’s 𝜂-function,

Inv. Math., 15 (1972), 161–174.
M87 I. G. Macdonald, Orthogonal polynomials associated with root systems, preprint, 1987;

in Sḿinaire Lotharingien de Combinatoire, 45 (2000), B45a; arXiv:math/0011046.
M95 I. G. Macdonald, Symmetric functions and Hall polynomials, 2nd ed.,

Oxford Univ. Press, 1995.
M03 I.G. Macdonald, Affine Hecke Algebras and Orthogonal Polynomials,

Cambridge Tracts in Math., 157, Cambridge Univ. Press, 2003.
R87 S. N. M. Ruijsenaars, Complete integrability of relativistic Calogero-Moser systems and

elliptic function identities, Comm. Math. Phys., 110 (1987), 191–213.
S89 R.P. Stanley, Some Combinatorial Properties of Jack Symmetric Functions,

Adv. Math, 77 (1989), 76–115.
Thank you.

19/19


	Introduction
	Schur polynomial
	Jack polynomials
	Calogero-Sutherland quantum integrable system
	Ruijsenaars elliptic quantum integrable system
	Macdonald polynomials of type A

	Macdonald-Cherednik theory
	An observation in type A
	Extended affine Weyl groups and Hecke algebras
	Macdonald-Cherednik theory

	Concluding remarks

