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I shall explain a proof of 4-dim pure gauge SU(2) AGT relation.

(Mainly based on the works by Poghossian, Fateev-Litvinov and

Hasadz-Jask�olski-Suhanek.)

In this strategy an important role is played by a reursive formula,

whih has oringin in the lassial analysis of onformal blok by Al.

Zamolodhikov in 1984.

I will also disuss a strange term appearing in the reursive formula.

It is nothing but the norm of logarithmi primary �eld,

whih also appeared in the studies of (super) Liouville �eld theory in 2000s.
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x1.0. Notations of partitions and Young diagram

� Partition � = (�

1

,�

2

, ... ,�

k

) : empty sequene ; = () = (0) or

non-inreasing sequene of natural number (�

1

� � � ��

k

� 1)

j�j := �

1

+ � � �+ �

k

, `(�) := k : length

� ` n

def

() � is a partition s.t. j�j = n.

� Young diagram of the partition �:

�

1

boxes

�

2

boxes

�

`�1

�

`

-

?

j

i
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� arm and leg

� : partiton, � = (i, j) : box at the loation (i, j)

a

�

(�) := �

i

� j : arm, `

�

(�) := �

_

j

� i : leg

where �

_

is the transposition of �, �

i

:=

(

�

i

(i � `(�))

0 (i > `(�))

E.g. � = (3, 2, 1, 1) �

_

= (4, 2, 1)

(3, 2, 1, 1)

(3, 2, 1, 1)

a a

(3, 2, 1, 1) (4, 2, 1)

`
`
`

(3, 2, 1, 1) (4, 2, 1)

� = (1, 1) a

�

(�) = �

1

� 1 = 2, `

�

(�) = �

_

1

� 1 = 3

� = (4, 3) a

�

(�) = �

4

� 3 = �2, `

�

(�) = �

_

3

� 4 = �3



x1.1. Combinatorial defn. of pure

SU(r) Nekrasov funtion
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� r 2 Z

�1

x, �

1

, �

2

,

�!

a = (a

1

, ... , a

r

) : indeterminates

Z

4-dim

SU(r)

(x; �

1

, �

2

,

�!

a ) =

X

�!

Y

x

j

�!

Y j

Q

1��,��r

n

�!

Y

�,�

(�

1

, �

2

,

�!

a )

�!

Y = (Y

1

, ... , Y

r

) : r-tuple of partitions, j

�!

Y j := jY

1

j+ � � �+ jY

r

j,

n

�!

Y

�,�

(�

1

, �

2

,

�!

a ) :=

Y

�2Y

�

[�`

Y

�

(�)�

1

+ (a

Y

�

(�) + 1)�

2

+ a

�

� a

�

℄

�

Y

�2Y

�

[(`

Y

�

(�) + 1)�

1

� a

Y

�

(�)�

2

+ a

�

� a

�

℄.



x1.2. Gaiotto state
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x1.2.1 Notations on Virasoro algebra

� Vir :Virasoro alg.

generators : L

n

(n 2 Z), C (entral)

relaiton : [L

n

, L

m

℄ = (n�m)L

n+m

+

1

12

Cn(n

2

� 1)Æ

n+m,0

� Triangular deomposition : Vir = Vir

+

� Vir

0

� Vir

�

Vir

�

:= �

�n2Z

>0

C L

n

, Vir

0

:= C L

0

� C C

� (Our) PBW basis of U(Vir) :

fL

��

L

n
0

L

�

C

m

j n,m 2 Z

�0

, �,� : partitiong,

where for a partition � = (�

1

, ... ,�

`

) we set

L

�

:= L

�

`

� � � L

�

1

, L

��

:= L

��

1

� � � L

��

`
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� , h 2 C : entral harge and highest weight

M(, h) := Ind

Vir

Vir

+

�Vir

0

C

,h

C

,h

:= C j, hi : one dim. (Vir

+

� Vir

0

)-representation

L

n

j, hi = 0 (n > 0), L

0

j, hi = h j, hi, C j, hi =  j, hi

L

0

-weight deomposition :

M(, h) = �

n2Z

�0

M(, h)

n

,

M(, h)

n

:= fv 2 M(, h) j L

0

v = (h + n)vg

� Dual Verma module M

�

(, h) := Ind

Vir

Vir

�

�Vir

0

C

�
,h

C

�
,h

:= C h, hj : one dim. (Vir

�

� Vir

0

)-right repr.

� � : M

�

(, h)�M(, h)! C : Shapovalov form

Determined by h, hj � j, hi = 1, h, hj u � L

n

v j, hi = h, hj uL

n

� v j, hi.



x1.2.3. Ka determinant
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� Set the matrix of Shapovalov form as

K

n

:= (h, hj L

�

L

��

j, hi)

�,�`n

,

then

det K

n

/

Y

r,s2Z

�1

1�rs�n

(h� h

r,s

)

p(n�rs)

(p(m) := #f� j � ` mg)

h

r,s

:=

1

48

[(13� )(r

2

+ s

2

)� 24rs� 2(1� )

+

p

(1� )(25� )(r

2

� s

2

)℄
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� � 2 C �x. Gaiotto state jGi 2 M(, h) is an element suh that

L

1

jGi = �

2

jGi, L

n

jGi = 0 (n � 2),

jGi = j, hi+ � � �

(The homogeneous omponent of jGi in M(, h)

0

is j, hi).

� Dual Gaiotto state hGj 2 M

�

(, h) is similarly de�ned :

hGj L

�1

= �

2

hGj, hGj L

�n

= 0 (n � 2),

hGj = h, hj+ � � �



x1.3. pure gauge SU(2) AGT relation

[Gaiotto, arXiv:0908.0307℄
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� For generi , h

hG j Gi

?

= Z

4-dim

SU(2)

(x; �

1

, �

2

,

�!

a ),

where parameters are related as

Virasoro Nekrasov

 13 + 6(�

1

=�

2

+ �

2

=�

1

)

h (�

1

=�

2

+ �

2

=�

1

+ 2)=4� (a

2

� a

1

)

2

=�

1

�

2

� x

1=4

=(�

1

�

2

)

Restatement [Marshakov-Mironov-Morozov, 2009℄

Sine hG j Gi =

P

1
n=0

�

4n

(K

�1

n

)

(1

n

),(1

n

)

, we should have

(K

�1

n

)

(1

n

),(1

n

)

?

= (�

1

�

2

)

4n

Z

n

(�

1

, �

2

;

�!

a ),

where Z

n

is a homogeneous omponent of Z

4-dim

SU(2)

:

Z

4-dim

SU(2)

(x; �

1

, �

2

,

�!

a ) =

P

1
n=0

x

n

Z

n

(�

1

, �

2

,

�!

a ).
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� The strategy I shall treat is showing that Z

n

and (K

n

)

�1

(1

n

),(1

n

)

satisfy the

same reursive formula.

Poghossian JHEP 0912 (2009), arXiv:0909.3412

Fateev-Litvinov JHEP 1002 (2010), arXiv:0912.0504

Hasadz-Jask�olski-Suhanek JHEP 1006 (2010), arXiv:1004.1841



x2.1 Reursive formula for Nekrasov

partition funtion
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Fat [Fateev-Litvinov, Hasadz-Jask�olski-Suhanek℄

Set a := a

1

� a

2

. Then Z

n

(�

1

, �

2

, a) satis�es

Z

n

(�

1

, �

2

, a) = Æ

n,0

+

X

r,s2Z

�1

1�rs�n

R

r,s

(�

1

, �

2

)

Z

n�rs

(�

1

, �

2

, (r�

1

� s�

2

)=2)

4a

2

� (r�

1

+ s�

2

)

2

(1)

with

R

r,s

(�

1

, �

2

) := 2

�1

Y

1�r�j�r

1�s�k�s

(j,k) 6=(0,0),(r,s)

(j�

1

+ k�

2

)

�1

Remark

(1) The proof uses an integral expression of Z

n

.

(2) Fateev-Litvinov showed the adjoint matter ase.

Hasadz-Jask�olski-Suhanek showed the ases with N

f

� 2.



x2.2 Reursive formula in the

Virasoro side
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Fat [Hasadz-Jask�olski-Suhanek℄

Set

 = (t) := 13� 6(t + t

�1

),

h

r,s

(t) := h

r,s

j

=(t)

=

(rt� s)

2

� (t� 1)

2

4t

Then f

n

(t, h) := (K

n

((t), h)

�1

)

(1

n

),(1

n

)

satis�es

f

n

(t, h) = Æ

0,n

+

X

(r,s)2Z

2
>0

,

1�rs�n

h

lim

h!h

r,s

(t)

N

r,s

(t, h)

h� h

r,s

(t)

i

�1

f

n�rs

(t, h

r,s

(t) + rs)

h� h

r,s

(t)

.

(2)

� N

r,s

(t, h) will be de�ned in the next subsetion.

� By rewriting this formula (2) in the Nekrasov parameter,

one reovers (1) exept the term R

r,s

(�

1

, �

2

).



x2.3. Norm of Logarithmi Primary

Field
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x2.3.1 Singular vetor

� v 2 M(, h)

n

is a singular vetor

def

() L

k

v = 0 for any k 2 Z

>0

.

� M((t), h

r,s

(t))

rs

has a unique singular vetor j�

r,s

i

up to normalization, and it is expressed as :

j�

r,s

i = P

r,s

(t) j(t), h

r,s

(t)i,

P

r,s

(t) = L

rs

�1

+

P

�`rs,�6=(1

rs

)



�

(t)L

��

2 U(Vir

�

)
 C [t, t

�1

℄

For a proof see : D. B. Fuhs, \Singular vetors over the Virasoro algebra and

extended Verma modules", in \Unonventional Lie algebras", Adv. Soviet Math.,

17, AMS, 1993.
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Examples

P

1,1

(t) = L

�1

,

P

2,1

(t) = L

2
�1

� tL

�2

,

P

3,1

(t) = L

3
�1

� 4tL

�2

L

�1

+ 2t(2t� 1)L

�3

,

P

4,1

(t) = L

4
�1

� 10tL

�3

L

�1

+ 9t

2

L

2
�2

+ 2t(12t� 5)L

�3

L

�1

� 6t(6t

2

� 4t + 1)L

�4

,

P

2,2

(t) = L

4
�1

� 2(t + t

�1

)L

�3

L

�1

+ (t

2

� 2 + t

�2

)L

2
�2

� 2(t� 3 + t

�1

)L

�3

L

�1

� 3(t� 2 + t

�1

)L

�4

We also have P

r,s

(t) = P

s,r

(t

�1

).



x2.3.2. Norm of Logarithmi Primary

Field
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� De�ne the anti-autmorphism y on U(Vir) by L

y
n

= L

�n

, C

y

= C.

� By the de�nition of the singular vetor, its norm vanishes :

h�

r,s

j �

r,s

i = h(t), h

r,s

(t)j [P

r,s

(t)℄

y

P

r,s

(t) j(t), h

r,s

(t)i = 0.

� Let us de�ne the norm of logarithmi primary �eld by :

N

r,s

(t, h) := h(t), hj [P

r,s

(t)℄

y

P

r,s

(t) j(t), hi .
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Examples

N

1,1

(t, h) = 2h N

1,1

(t, h) = 2(h� h

1,1

(t))

N

2,1

(t, h) = �(�t(4h + 13=2� 3t� 3=t) + 6h)t� 6th + 4h(1 + 2h)

N

2,1

(t, h) = 4(t

2

� 1)(h� h

2,1

(t)) + 8(h� h

2,1

(t))

2

N

1,2

(t, h) = 4(t

�2

� 1)(h� h

1,2

(t)) + 8(h� h

1,2

(t))

2

N

3,1

(t, h) = 24(t

2

� 1)(4t

2

+ 1)(h� h

3,1

(t)) + 8(16t

2

� 9)(h� h

3,1

(t))

2

+48(h� h

3,1

(t))

3

N

1,3

(t, h) = 24(t

�2

� 1)(4t

�2

+1)(h� h

1,3

(t)) + 8(16t

�2

� 9)(h� h

1,3

(t))

2

+48(h� h

1,3

(t))

3

N

4,1

(t, h) = 288(t

2

� 1)(4t

2

� 1)(9t

2

� 1)(h� h

4,1

(t))

+(1056� 7696t

2

+ 9504t

4

)(h� h

4,1

(t))

2

+128(25t

2

� 9)(h� h

4,1

(t))

3

+ 384(h� h

4,1

(t))

4

N

2,2

(t, h) = �8(t

2

� 1)(t

2

� 4)(t

�2

� 1)(t

�2

� 4)(h� h

2,2

(t))

+16(2t

�4

� 33t

�2

+ 91� 33t

2

+ 2t

4

)(h� h

2,2

(t))

2

+128(t

2

+ 3t + 1))(t

�2

� 3t

�1

+ 1)(h� h

2,2

(t))

3

+384(h� h

2,2

(t))

4
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Observation (Al. Zamolodhikov)

A

r,s

(t) := lim

h!h

r,s

(t)

N

r,s

(t, h)

h� h

r,s

(t)

has the next form :

A

r,s

(t)

?

= 2

Y

1�r�j�r, 1�s�k�s,

(j,k) 6=(0,0),(r,s)

(jt

1=2

+ kt

�1=2

)

� This is nothing but the fator R

r,s

in the reursive formula (1) of

Nekrasov partition funtion.

Thus the AGT relation hG j Gi

?

= Z

4-dim

SU(2)

is redued to the above equation.

.f. Al. Zamolodhikov : \Higher equations of motion in Liouville �eld theory",

Int. J. Mod. Phys. A 19 (2004); hep-th/0312279.
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Step 1. Degree estimate of A

r,s

(t)

Step 2. Determine the zero set S of A

r,s

(t) 2 C [t, t

�1

℄.

(The observation predits

ft = �k=j j 1� r � j � r, 1� s � k � s, j 6= 0, k 6= 0, (j, k) 6= (r, s)g.)

2-1. Bound S from above : from the degree estimate in Step 1

2-2. Bound S from below

2-2-1. Bosonise P

r,s

(t) j(t), hi.

2-2-2. From 2-2-1, S ontains

S

0

:= ft = k=j j 1 � j � r, 1 � k � s, (j, k) 6= (r, s)g

[ft = k=j j 1 � j � r � 1, 1 � k � s� 1g.

2-2-3. Show that �S

0

is also ontained in S.

2-3. From 2-1 and 2-2, one has S = S

0

[ �S

0

.

Step 3. Determine the leading term of t in A

r,s

(t)



x3.1 Step 1. Degree estimate of

A

r,s

(t)
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Fat [Astashkevih-Fuhs, 1997℄ Expanding P

r,s

(t) by t, one has

P

r,s

(t) = [(r � 1)!℄

2s

L

s
�r

t

(r�1)s

+ � � � + [(s� 1)!℄

2r

L

r
�s

t

�(s�1)r

.

This fat and the degree ounting of h(t), hj L

�

L

��

j(t), hi with respet

to t, h gives

Lemma 1 De�ning the max / min degree of the Laurent polynomial

A

r,s

(t) =

P

k

a

k

t

k

by

max deg A

r,s

(t) := maxfk j a

k

6= 0g,

min deg A

r,s

(t) := minfk j a

k

6= 0g

we have

max deg A

r,s

(t) � 2(r� 1)s,

min deg A

r,s

(t) � �2(s� 1)r.



x3.2. Step 2-2-1. Bound S from

below (1) Bosonization
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x3.2.1 Heisenberg algebra

� Heisenberg alg. H

generator : a

n

(n 2 Z) relation [a

n

, a

m

℄ = nÆ

n+m,0

a

0

.

Triangular deomposition : H = H

+

�H

0

�H

�

H

�

:= �

�n2Z

>0

C a

n

,

H

0

:= C a

0

� F

�

: Fok module F

�

:= Ind

H
H

0

�H

+

C

�

C

�

= C j�i

F

: one dim. (H

0

�H

+

)-rep.,

a

0

j�i

F

= � j�i

F

, a

n

j�i

F

= 0 (n 2 Z

>0

)



x3.2.2 Bosonization
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� ' : U(Vir)!

b

U(H) is de�ned by :

L

n

7! L

n

:=

1
2

X

m2Z

Æ
Æ

a

m

a

n�m

Æ
Æ

� (n + 1)�a

n

, C 7! 1� 12�

2

,

where

Æ
Æ

Æ
Æ

is the normal ordering of H.

� The vetor spae homorphism

 : M(, h)! F

�

, L

��

j, hi 7! L

��

j�i

F

is ompatible with ', where  7! 1� 12�

2

, h 7! �(�� 2�)=2.

� Set �(t) := (t

1=2

� t

�1=2

)=

p

2,

�

r,s

(t) :=

�

(r + 1)t

1=2

� (s + 1)t

�1=2

�

=

p

2.

Then (t) = 1� 12�(t)

2

, h

r,s

(t) = �

r,s

(t)(�

r,s

(t)� 2�(t))=2.
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Lemma 2 In the bosonized expression

'(P

r,s

(t)) j�i 2 C [t

�1=2

℄
 C [a

�1

, � � � , a

�rs

℄,

denote the oeÆient of a

�rs

by e

r,s

(t) 2 C [t

�1=2

℄.

Then the zeros of e

r,s

(t) w.r.t. t are in S (inluding multipliities).

� Set d

r,s

(t,�) := �� �

r,s

(t), d

y
r,s

(t,�) := �� �

�r,�s

(t).

Then h� h

r,s

(t) =

1
2

d

r,s

(t,�)d

y
r,s

(t,�).

Lemma 3 The bosonized P

r,s

(t) j(t), hi has the next form :

'(P

r,s

(t)) j�i = d

y
r,s

(t,�)

h

g

0

(t) +

rs�1

X

k=1

(d

r,s

(t,�))

k

g

k

(t)

i

j�i

with g

0

(t) 2 C [t

�1=2

℄
 C [a

�1

, � � � , a

�rs

℄,

g

k

(t) 2 C [t

�1=2

℄
 C [a

�1

, � � � , a

�rs+1

℄ (k 6= 0).
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� From Lemma 3, the oeÆient of a

�rs

in '(P

r,s

(t)) j�i is the same as

that in

'(P

r,s

(t)) j�i j

d

r,s

(t,�)=0

= '(P

r,s

(t)) j�

r,s

(t)i =  (j�

r,s

i),

that is, in the bosonized singular vetor.

� Now it is time to reall the Jak symmetri funtion...
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� � = Z[x

1

, x

2

, ... , ℄

S

1

: ring of symmeri funtions (�a la Madonald),

�

K

:= �
 K.

� m

�

: monomial symmetri funtion

� p

r

:=

X

i

x

r
i

, p

�

:= p

�

1

� � � p

�

`

: power sum symmetri funtion.

� � : indeterminate. �-inner produt on �

Q (�)

:

h p

�

, p

�

i

�

:= Æ

�,�

z

�

�

`(�)

.

where

z

�

:=

Y

i2Z

�1

i

m

i

(�)

m

i

(�)!, with m

i

(�) := #f1 � j � `(�) j �

j

= ig,
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� (moni) Jak symmetri funtion P

(�)

�

2 �

Q (�)

is haraterized by

(i) P

(�)

�

=

X

���



�,�

(�)m

�

, 

�,�

(�) 2 Q (�), 

�,�

(�) = 1

(ii) h P

(�)

�

, P

(�)

�

i

�

= 0 if � 6= �.

Here the ordering in (i) is the dominane semi-ordering :

� � �

def

() j�j = j�j,

P

i
k=1

�

k

�

P

i
k=1

�

k

(i = 1, 2, ...).

� (integral) Jak symmetri funtion J

(�)

�

:

J

(�)

�

:= P

(�)

�

�

Y

�2�

(�a

�

(�) + `

�

(�) + 1)
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� Consider the isomorphism of vetor spaes

� : F

�


 C [t

�1=2

℄! �

C [t

�1=2

℄

, a

��

j�i 7! (t=2)

`(�)=2

p

�

Key Fat

(1) [Mimahi-Yamada, 1995℄ The singular vetor expressed in the

symmetri funtion � Æ (j�

r,s

i) is proportional to Jak symemtri funtion :

� Æ  (j�

r,s

i) / J

(1=t)

(s

r

)

.

(2) [Sakamoto-Shiraishi-Arnaudon-Frappat-Ragouy, 2005℄ The

proportional onstant is

B(r, s, t) :=

r

Y

j=1

s

Y

k=1

(jt� k).
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Fat [.f. Hanlon-Stanley-Stembridge, 1992℄

Let � be a partition of n. Expanding Jak by power sum

J

(�)

�

=

X

�`n

�

�

�

(�)p

�

,

we have

�

(n)

�

(�) = n

Y

(i,j)2�, (i,j)6=(1,1)

[�(i� 1)� (j� 1)℄.

� From Lemmas 2,3, Key Fat and formulas for �

(n)

(s

r

)

(1=t), B(r, s, t) :

Prop A

r,s

(t) has zeros at

S

0

:=ft = k=j j 1 � j � r, 1 � k � s, (j, k) 6= (r, s)g

[ft = k=j j 1 � j � r � 1, 1 � k � s� 1g.

(inluding multipliites)
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� The zero set of A

r,s

(t) is invariant under the transformation t 7! �t.

This is the onsequene of

Fat [Feigin-Fuhs, 1990℄

De�ning the anti auto-morphsm � on U(Vir

�

) by � : L

�n

7! (�1)

n�1

L

�n

,

then

�(P

r,s

)(t) = P

r,s

(�t).

� Now we have S

0

[ (�S

0

) � S and #[S

0

[ (�S

0

)℄ = 2(2rs� r� s).

But Step 1 saids #S � 4rs� 2r � 2s

This is the end of Step 2.

x3.2.9 The end of the proof (Step 3.)

� The leading term of A

r,s

(t) an be alulated from the asymptoti

behavior P

r,s

(t) = L

s
�r

t

(r�1)s

+ � � � .
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� Pure SU(2) AGT relation an be shown by reursive formuals.

The reursive formula has representation theoreti meanings, but it also has

a strange term A

r,s

(t) whih reets the onnetion between singular

vetors and Jak symemtri funtions.

� Question 1. Does reursive formula has any geometri meaning ?

� Question 2. Can we prove analogous AGT onjetures by the same

method ?

e.g. q-analogue (K-theoreti SU(2) Nekrasov $ deformed Virasoro),

higer rank analogue (SU(n) Nekrasov $ W

n

algebra),

aÆne Lie algebra version...

Thank you
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tomorrow's talk
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� 5-dim (or q-deformed) pure SU(2) AGT onjeture (due to

Awata-Yamada)

Æ What is the K-theoreti Nekrasov funtion ?

Æ What is the deformed Virasoro algebra ?

Æ What is the deformed Gaiotto state ?

Æ Does the reursive formula work ?

� Nakajima-Yoshioka blow-up formula

Æ What is it?

Æ What does it imply for CFT ?
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