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What is AGT onjeture ?L. F. Alday, D. Gaiotto, Y. Tahikawa,"Liouville Correlation Funtions from Four-dimensional Gauge Theories",Lett. Math. Phys. 91 (2010), arXiv:0906.3219.Physial meaning :4 dimensional N = 2 U(2) Super Yang-Mills theory=?2 dimensional Liouville onformal �eld theoryIn today's talk, I only mention the (mathematially) simple part :rank 2 pure gauge Nekrasov partition funtion(algebrai geometry / ombinatoris)=?norm of Whittaker vetor of Virasoro algebra(representation theory)
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x1. Nekrasov partition funtion
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Nakajima-Yoshioka, Invent. Math. 162 (2005),Nekrasov, Adv. Theor. Math. Phys. 7 (2003)x1.1. Geometri de�nition� M(r,n) : moduli of framed torsion free sheaves over P2 (r : rank, n : 2)� ADHM desription :

M(r, n) = 8<:(B1, B2, j, k) ����� B1, B2 2 End(C n),j 2 Hom(C r , C n),k 2 Hom(C n, C r) s.t. (1)&(2)9=;ÆGLn(C )(1)[B1, B2℄ + jk = 0(2)there is no subspae S � C n s.t. Bi(S) � S and Imj � S� Ation of G := T2 � T r�1 (T := C �):(B1, B2, j, k) 7! (t1B1, t2B2, js�1, t1t2sk)ti 2 T , s = (s�)r�=1 2 T r , Y� s� = 1
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� Partition funtion of "4-dim U(r) pure gauge theory"ZNf=0,instrank=r (x; �1, �2,�!a ) = Z(x; �1, �2,�!a ):= 1Xn=0 xn ZM(r,n) 1 (1 2 H�G(M(r, n)))

= 1Xn=0 xn lim~!0 ~2nr 2nrXi=0(�1)ih[Hi(M(r, n),O)℄�� t1=e�~�1t2=e�~�2s�=e�~a�� Loalization theorem of G-equivariant ohomology gives

Z(x; �1, �2,�!a ) =X�!Y xj�!Y je(T�!Y ),where �!Y = (Y1, ... , Yr) : r-tuple of partitions, j�!Y j := jY1j + � � �+ jYrj.



x1.2. Partition, Young diagram
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� Partition � = (�1,�2, ... ,�k) : empty sequene ; = () = (0) ornon-inreasing sequene of natural number (�1 � � � ��k � 1)j�j := �1 + � � �+ �k , `(�) := k : length� ` n def() � is a partition s.t. j�j = n.� Young diagram of the partition �:

�1 boxes�2 boxes
�`�1�`

-? j
i
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� (relative) arm and leg� : partition, � = (i, j) : box loated at (i.j)a�(�) := �i � j : arm, `�(�) := �_j � i : leg,

where �_ is the transpose of �, �i := (�i (i � `(�))0 (i > `(�))E.g. � = (3, 2, 1, 1) �_ = (4, 2, 1)

(3, 2, 1, 1) (4, 2, 1)� = (1, 1) a�(�) = �1 � 1 = 2, `�(�) = �_1 � 1 = 3� = (4, 3) a�(�) = �4 � 3 = �2, `�(�) = �_3 � 4 = �3



x1.3 Combinatorial de�nition
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� r 2 Z�1 : rank, x, �1, �2,�!a = (a1, ... , ar) : indeterminant

Z(x; �1, �2,�!a ) =X�!Y xj�!Y jQ1��,��r n�!Y�,�(�1, �2,�!a )�!Y = (Y1, ... , Yr) : r-tuple of partitions, j�!Y j := jY1j+ � � � + jYrj,n�!Y�,�(�1, �2,�!a ) := Y�2Y�[�`Y�(�)�1 + (aY�(�) + 1)�2 + a� � a�℄� Y�2Y�[(`Y�(�) + 1)�1 � aY�(�)�2 + a� � a�℄.
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� Abbreviation :Z�!Y (�1, �2,�!a ) := [ Y1��,��r n�!Y�,�(�1, �2,�!a )℄�1,

Zn(�1, �2,�!a ) := Xj�!Y j=nZ�!Y (�1, �2,�!a ).

E.g. r = 1 : ZY = 1nY11(�1, �2)nY11 = Q�2Y[�`Y(�)�1 + (aY(�) + 1)�2℄[(`Y(�) + 1)�1 � aY(�)�2℄Z0 = Z(;) = 1, Z1 = Z(1) = 1�1�2Z2 = Z(2) + Z(1,1) = 12�2(�1 � �2)�2�1 + 1�2�1(�2 � �1)2�1 = 12�21�22Z3 = Z(3) + Z(2,1) + Z(1,1,1) = � � � = 16�31�32
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� If r = 1, thenZr=1(x; �1, �2) =Xn=0 xnZn(�1, �2) = exp( x�1�2 )E.g. 2. r = 2Z1 = Z(1),; + Z;,(1)= 1�1�2(a1 � a2)(�1 + �2 + a2 � a1) + 1(�1 + �2 + a1 � a2)(a2 � a1)�2�1Z2 = Z(2),; + Z(1,1),; + Z(1),(1) + Z;,(1,1) + Z;,(2)There seems no `simple' formula for the ase r = 2 as opposed to the aser = 1...



x1.2. Nakajima-Yoshioka Blow-up formula
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� Z satis�es the next bilinear di�erential equation.� �1,�2(�, x) := ddu ���u=0 xu�(u) Z 10 dtt tu e�t�(e�1t � 1)(e�2t � 1)eZ(x; �1, �2,�!a ) := exp[� X1�� 6=��r �1,�2(a� � a�; x)℄Z(x; �1, �2,�!a )

(D(�1,�2)x )m(f, g) := � ddy�m f(x + �1y)g(x + �2y)���y=0� X�!k [D(�1,�2)log x � 112(�1 + �2)(r� 1)℄d

(eZ(x; �1, �2 � �1,�!a + �1�!k ), eZ(x; �1 � �2, �2,�!a + �2�!k ))= (0 1 � d � 2r � 1eZ(x; �1, �2,�!a ) d = 0
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The index �!k runs in the range f�!k = (k1, ... , kr) 2 Zr j Pr�=1 k� = 0g.� This system of equations is alled blow-up formula.� The proof uses a desription of moduli over the blown-up bP2.� The blow-up formula determines Z uniquely.(The equations with d = 1, 2 give a reursie formula for Zn.)� Nakajima and Yoshioka used this blow-up formulato solve the Nekrasov onjeture.



x2. Virasoro algebra
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x2.1 De�nition� Vir : Lie algebra with entral extension 2 C : entral harge,generators : Ln (n 2 Z)relations : [Ln, Lm℄ = (n�m)Ln+m + 112n(n2 � 1)Æn+m,0� Triangular deomposition : Vir = Vir,+ � Vir,0 � Vir,�Vir,� := ��n2Z>0C Ln, Vir,0 := C L0 � C� PBW basis of U(Vir): fL��Ln0L� j n 2 Z�0, �,� : partitiongHere we denoted for a parition � = (�1, ... ,�`)L� := L�` � � � L�1, L�� := L��1 � � � L��`



x2.2 Verma module Mh
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� h 2 C : highest weightC h := C jhi : one-dimensional (Vir,+ � Vir,0) representationLn jhi = 0 (n > 0), L0 jhi = h jhi� Mh := IndVirVir,+�Vir,0C h� weight deomposition :Mh = �n2Z�0Mh,n, Mh,n := fv 2 Mh j L0v = (h + n)vg� basis of Mh,n : fL�� jhi ;� ` ngDual Verma module M�h := IndVirVir,��Vir,0C �hC �h := C hhj : 1-dim (Vir,� � Vir,0) rep.hhj Ln = 0 (n < 0), hhj L0 = h hhjweight deomp. : M�h = �n2Z�0M�h,n, M�h,n := fv 2 M�h j vL0 = (h� n)vgbasis of M�h,n : fhhj L�;� ` ng



x2.3 Shapovalov form
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� � : M�h �Mh ! C : bilinear formhhj � jhi := 1, hhj L� � L�� jhi := X�1,�2,n Æ�1,;Æ�2,;�1,�2,nhn(L�L�� PBW= X�1,�2:partitionn2Z�0 �1,�2,nL��1Ln0L�2)

� Then uLn � v = u � Lnv (u 2 M�h, v 2 Mh).Below we simply write hhj L�L�� jhi := hhj L� � L�� jhi, uv := u � v.� hhj L�L�� jhi = 0 unless j�j = j�j� hhj L�L�� jhi = hhj L��L� jhi.



x2.4. Ka determinant
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� De�ne a matrix Kn := (hhj L�L�� jhi)�,�`n. Thendet Kn = Yr,s2Z�11�rs�n(h� hr,s)p(n�rs),

where p(m) := #f� j � ` mg,

hr,s := 148[(13� )(r2 + s2)� 24rs� 2(1� )+p(1� )(25� )(r2 � s2)℄Proof needs free �eld realization (Feigin-Fuhs, 1980's.)� Single pole phenomena [K. Brown, J. Algebra (2003)℄Eah element of K�1n has at most simple poles with respet to h.Remark Similar phenomena holds for �nite dimensional Lie algebra.(Ostapenko, J. Algebra 147 (1992))



x3. Gaiotto onjeture
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� The original AGT onjeture laims thatthe onformal blok (four-point orrelation funtion of CFT) oinides withthe Nekrasov parition funtion (with Nf = 4 gauge matters).� Here we only mention a degenerate version.Ref. : Gaiotto arXiv:0908.0307x3.1 Gaiotto state� � 2 C �x.Gaiotto state jGi is an element of Mh satisfying :L1 jGi = �2 jGi, Ln jGi = 0 (n � 2), jGi = jhi+ � � �� Dual Gaiotto state hGj 2 M�h is similarly de�ned:hGj L�1 = �2 hGj, hGj L�n = 0 (n � 2), hGj = hhj + � � �
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� jGi is a (degenerate) Whittaker vetor of Virasoro algebra.� De�nition of Whittaker vetor (Kostant, Invent. Math. 48 (1978))g : �n. dim. Lie alg., n : maximal nilpotent Lie subalg. of g� : n! C : homomorphism of Lie alg. (entral harater)V : U(g)-modulew 2 V Whittaker vetor w.r.t. �def() for any x 2 n one has xw = �(x)w� In the ase of Virasoro alg., replae g with Vir, and n with Vir,+.� is determined by the images of L1 and L2.Gaiotto state is a Whittaker vetor w.r.t. � with �(L1) = �2, �(L2) = 0.



x3.2 Gaiotto ojeture for pure Gauge partition funtion
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Conjeture hG j Gi ?= Zr=2(x; �1, �2,�!a ).Here the parameters are related as :Virasoro Nekrasov 13 + 6(�1=�2 + �2=�1)h (�1=�2 + �2=�1 + 2)=4� (a2 � a1)2=�1�2� x1=4=(�1�2)Restatement (Marshakov-Mironov-Morozov, Phys. Lett. B 682 (2009))One has hG j Gi = P1n=0 �4n(K�1n )(1n,1n), so that(K�1n )(1n,1n) ?= (�1�2)4nZn(�1, �2;�!a )



x4. Whittaker vetor via Jak symmetri funtion
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� Singular veors of Mh an be expressed by Jak symmetri funtions.(Mimahi-Yamada, Comm. Math. Phys. 174 (1995))Problem : Can jGi be also expressed by Jak symmetri funtions ?(Observed by Awata-Yamada. They atually onjetued that the deformed Gaiottostate is expressed via Madonald symmetri funtions.)



x4.1 Heisenberg algbra
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� Heisenberg algebra Hgenerators : an (n 2 Z) relations [an, am℄ = nÆn+m,0a0.Triang. deomp. : H = H+ �H0 �H� H� := ��n2Z+C an, H0 := C a0� F� : Fok representation F� := IndHH0�H+C �Here C � = C j�iF is the 1-dim. (H0 �H+) rep. given bya0 j�iF = � j�iF , an j�iF = 0 (n 2 Z>0)basis of F� : fa�� j�iF j � : partitiongweight deomp. : F� = �n�0F�,n, F�,n := fv 2 F� j a0v = (n + �)vg



x4.2 Feigin-Fuhs bosonization
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� The next map is alled Feigin-Fuhs bosonization of Virasoro algebra.��0 : U(Vir(�0)) ! bU(H)Ln 7! Ln := 12 Xm2Z ÆÆaman�m ÆÆ � (n + 1)�0an,

where (�0) := 1� 12�20, ÆÆ ÆÆ is the normal ordering.� Moreorever the linear isomorphismf�0,� : Mh(�,�0) ! F�L�� jh(�,�0)i 7! L�� j�iFis ompatible with ��0 . Here h(�,�0) := 12[(�� �0)2 � �20℄.



x4.3 Symmetri funtions
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� �(N) : ring of N-variable Z-oeÆient symmetri polynomials� �(N)n : spae of n-degree symm. polynom., �(N) =Ln�0 �(N)n� m(N)� (x) : monomial symmetri polynom.If n � N, then fm� j � ` ng is a Z-basis of �(N)n .� p(N)k :=PNi=1 xki 2 �(N)k : power sum symm. polynom.� �(N)n,Q := �(N)n 
Z Q , �(N)n,C := �(N)n 
Z C .� If n � N, then fp(N)� j � ` ng is a Q -basis of �(N)n,Q .



x4.4 Jak symmetri polynomial
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� Jak symmetri polynomial P(N)� (x;�) 2 �(N)C is determined by(i) P(N)� (x;�) = X��� �,�(�)m(N)� (x), �,�(�) 2 C , �,�(�) = 1(ii) H(N)� P(N)� (x;�) = �(N)� (�)P(N)� (x;�),H(N)� := NXi=1(xi ��xi )2 + � X1�i<j�N xi + xjxi � xj (xi ��xi � xj ��xj ),�(N)� (�) :=Xi (�2i + �(N + 1� 2i)�i).

Here the ordering in (i) is the dominane semi-ordering.� � � def() j�j = j�j, Pik=1 �k �Pik=1 �k (i = 1, 2, ...).In (ii), the operator H(N)� is equiv. to the Calogero-Sutherland hamiltonian.� If N � n, then fP(N)� (x;�)g�`n is a basis of �(N)n,C .



x4.5 Fok module and symmetri polynomial

25 / 38

� If n � N and �0 6= 0, then the next map determines a linearisomorphism:g(N)�0,n : Lnk=1F�,k ! Lnk=1 �(N)k,Cu j�iF 7! F h�j exp(�0Xn>0 1nanp(N)n )u j�iF

� Moreover the next C -alg. hom.j�,n : Lnk=1 bU(H)k ! End(�C )a�n 7! �0p(N)nan 7! n�0 ��p(N)n (n > 0)

(Here bU(H)k is the k-deg. homog. part of bU(H) with deg an := �n.)is ompatible with g(N)�0,n.



x4.6. Split form of Calogero-Sutherland hamiltonian
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Awata-Matsuo-Odake-Shiraishi, Nul. Phys. B 449 (1995)� Introdue j�;�,�0iF 2 F� by g(N)�0,n(j�;�,�0iF) = P(N)� (x;�).� De�ne an element bE�,�0 of bU(H) bybE�,�0 := Xn,m>0��0a�m�naman + ��0 a�ma�nam+n�+Xn>0 n(1� �)a�nan.

Then one hasbE�,�0 ���;�,�0�F = ��(�) ���;�,�0�F , ��(�) :=Xi (�2i + �(1� 2i)�i).

Set bE� := bE�,p�=2, and �0 = (� � 1)=p2�, thenbE� = p2�Xn>0 a�nLn +Xn>0 a�nan �� � 1�p2�a0�



x4.7. bosonization of the Gaiotto state
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� Deompose the Gaiotto state as jGi = Pn2Z�0 �2njG, ni (jG, ni 2 Mh,n).� jG, niF = f�0,�(jG, ni) 2 F�,n, j�;�iF := j�;�,p�=2 iF とする.Proposition [Y. arXiv:1003.1049℄The Gaiotto state exists uniquely.Expand this state as jG, niF =P�`n �(�,�) j�;�iF , then�(�,�) =Y�2� 1a�(�) + 1 + �`�(�)� Y(i,j)2�nf(1,1)g �(j + 1) +p2��� (i + 1)�

� The proof use the split form bE� and the Pieri formula for Jak symmm.poly. (only need the version of adding one box) to derive a reursionformula for �, and hek that the funtion above satis�es the formula.



x5. Zamolodhikov-type reursion formula
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x5.1. Strategy for the proof of Gaiotto onjeture� In today's talk, I will only mention a strategy using some representationtheoreti observation.To show the oinidene of Zn and (Kn)�1(1n,1n), it is enough to prove thatboth equations satisfy the same reursive formula.Ref. :Poghossian, JHEP 0912 (2009), arXiv:0909.3412Fateev-Litvinov, JHEP 1002 (2010), arXiv:0912.0504Hasadz-Jask�olski-Suhanek, arXiv:1004.1841



x5.2 Zamolodhikov-type reursion formula
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Fat. [Fateev-Litvinov, Hasadz-Jask�olski-Suhanek℄Set a := a1 � a2. Then Zn(�1, �2, a) satis�es the next reursion formula:

Zn(�1, �2, a) = Æn,0 + Xr,s2Z�11�rs�n
Rr,s(�1, �2)Zn�rs(�1, �2, (r�1 � s�2)=2)4a2 � (r�1 + s�2)2 ,

where Rr,s(�1, �2) := 2 Y1�r�j�r1�s�k�s(r,s)6=(0,0)
(j�1 + k�2)�1.

Remark(1) The proof uses an integral expression of Zn.(2) Fateev-Litvinov showed the version with adjoint matter, andHasadz-Jask�olski-Suhanek showed the versions with Nf � 2.
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� Thus Gaiotto onjeture is redued to the proof of the reursive formula

fn(h, ) = Æn,0 + Xr,s2Z�11�rs�n
eRr,s()fn�rs(hr,�s, )h� hr,s

for (Kn)�1(1n,1n).RemarkThis formula is related to the \Zamolodhikov reursive formula" for the4-point onformal blok :F(x; , h; h1, h2, h3, h4) = A(x, hi)H(x; , h; hi),H(x; , h; hi) = 1 +Xr,s Rr,s(x; r, s, ; hi)h� hr,s H(x; , hr,�s; hi)

.f. Al. Zamolodhikov, CMP 96 (1984); Theor. Math. Phys. 73 (1987)



x6. K theoreti version
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Both Nekrasov partition funtion and Virasoro algebra have q-analogue.Thus it is natural to propose a q-analogue of AGT onjeture...Awata-Yamada, JHEP 1001 (2010), arXiv:0910.4431x6.1 K theorei Nekrasov partition funtionNakajima-Yoshioka, Transform. Groups 10 (2005)

ZK(x; �1, �2,�!a ) := 1Xn=0(xe�r(�1+�2)=2)nXi (�1)ih[Hi(M(r, n),O)℄

=X�!Y xj�!Y jQ1��,��r N�!Y�,� ,where N�!Y�,� := Y�2Y�(1� exp[`Y�(�)�1 � (aY�(�) + 1)�2 � a� + a�)℄Y�2Y�(1� exp[�(`Y�(�+ 1)�1 + aY�(�)�2 � a� + a�℄)



xx6.2 Deformed Virasoro algebra Virq,t
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� q, t 2 C , p := qt�1generator : Tn(n 2 Z),relation : [Tn, Tm℄ = � 1X`=1 f`(Tn�`Tm+` � Tm�`Tn+`)

� (1� q)(1� t�1)1� p (pn � p�n)Æn+m,0,

where 1Xk=0 fkzk = exp[ 1Xn=1 (1� qn)(1� t�n)1 + pn znn ℄.� In the limit ~! 0 with t = q� and q = e~, the ~-expansion ofT(z) := Pn2Z Tnz�n as

T(z) = 2 + �~2(z2L(z) + (1� �)24� ) + O(~4) (L(z) =X Lnz�n�2)

gives the relations of Vir among fLng with  = 1� 6(1� �)2=�.



x6.3 deformed Gaiotto state
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� h 2 C , Mh : Verma module of Virq,t: generated by jhi s.t. Tn jhi = 0 (n > 0), T0 jhi = h jhi.Mh is graded as Mh = �n2Z�0Mh,n by deg Tn := �n.� Dual Verma modules M�h and its generator hhj is similarly de�ned.� Deformed Gaiotto state jGq,ti 2 Mh is an element satisfyingT1 jGq,ti = �2 jGq,ti, Tn jGq,ti = 0 (n � 2), jGq,ti = jhi + � � �� Dual state hGq,tj is similarly de�ned.



x6.4. K theoreti AGT onjeture
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Conjeture (Awata-Yamada)hGq,t j Gq,ti ?= ZKr=2(x; �1, �2,�!a ),where the parameters are related asVirq,t K theoreti Nekrasovq e��1t e�2h e(a1�a2)=2 + e(a2�a1)=2� x1=4Remark In the higher rank ase (r � 3), the deformed W algebra Wq,t(slr)should ome into the game, but no expliit onjeture has been obtainedyet...



x6.5 Reursion formula
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Proposition [Y. arXiv:1005.0216℄Expanding the K-theorei Nekrasov parition funtion asZK(�; q, t, Q) =Pn(�q=t)nZKn (q, t, Q), (Q := ea1�a2)then one has the next reursive formula.

ZKn (q, t, Q) = Æn,0 + Xr,s2Z1�rs�n R
Kr,s(q, t)ZKn�rs(q, t, qrts)Q� qrt�s .

Here RKr,s(q, t) := �(sgn(r)) qrt�s Y1�jrj�j�jrj1�jsj�k�jsj(j,k) 6=(0,0)
(1� qjt�k)�1.
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� The proof uses the next integral expression.Setting q1 := q, q2 := t�1, q3 := p�1 = q�1t, one has

ZKn (q, t, Q) = 1n!  1� q�13(1� q1)(1� q2)!n

� I � � � I nYi=1 dxi2�p�1 nYk=1P(xk; Q1=2, q3)Yi<j !(xj=xi; q1, q2, q3)with P(x; a, q) := x(x� a)(x� a�1)(x� qa)(x� qa�1),!(y; q1, q2, q3) := (y � 1)2(y � q3)(y� q�13 )(y � q1)(y � q�11 )(y � q2)(y � q�12 ).



x6.6 Deformed Gaiotto state and Madonald symmetri funtion
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� Awata-Yamada onjeturally expressed jGq,ti via Madonald funtion.� First we need the bosonization of the defomed Virasoro algebra.T(z) = �1(z) + �2(z),�1(z) = p1=2 exp[� 1Xn=1 1� tn1 + pn b�nn t�np�n=2zn℄

� exp[� 1Xn=1(1� tn)bnn pn=2z�n℄q�b0 ,

�2(z) = p�1=2 exp[ 1Xn=1 1� tn1 + pn b�nn t�npn=2zn℄

� exp[ 1Xn=1(1� tn)bnn p�n=2z�n℄q��b0.

Here bn is the boson satisfying [bn, bm℄ = n1� qjnj1� tjnj Æn+m,0b0 .
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� F0 : Fok module generated by j0i with bn j0i = 0 (n > 0).Then Tn ats as T0 j0i = h j0i, Tn j0i = 0 (n > 0).� b�� j0i 7! p� gives an isomorphism of F0 and �C . Under thisidenti�ationConjeture (Awata-Yamada)

jGq,ti ?=X� �2j�jP�(x; q, t) Y(i,j)2� Q1=21� Qqjt�i q�i�j1� q�i�j+1t�_j �i ,

where P�(x; q, t) is Madonald symmetri funtion.RemarkThe strategy used in the Virasoro ase doesn't work. There exists a splitform of the Madonald di�erene operator E1, but the diÆulty lies in thetreatment of \the ation of T0".
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