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x0 Abstrat and Contents
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Madonald symmetri funtions are joint eigen-funtions of a ommutativefamily of di�erene operators.Using bosonization of these operators, we obtain a ommutative algebra,whih is an analogue of the algebra introdued by B. Feigin and V. Odesskii.We also disuss the relation between Madonald funtions, Ding-Ioharaquantum algebra and deformed W-algebras of type A.[FHHSY℄ Feigin, Hashizume, Hoshino, Shiraishi, Y.,"A ommutative algebra on degenerate C P1 and Madonald polynomials",J. Math. Phys., 50, 095215 (2009); arXiv:0904.2291.[FHSSY℄ B. Feigin, Hoshino, Shibahara, Shiraishi, Y.,"Kernel funtion and quantum algebras",RIMS Kokyuroku No. 1689 153-163 (2010); arXiv:1002.2485.
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x1. Madonald symmetri funtionx2. Bosonization of Madonald di�erene operatorsx3. Feigin-Odesskii algebra on degenerate C P1x4. Intersetion spae and Bosonizationx5. Ding-Iohara algebrax6. Ellipti analogue



x1. Madonald symmetri funtion
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Referene: I.G.Madonald, "Symmetri funtion and Hall polynomials".x1.1. Notation on symmetri polynomials� n : positive integer, q, t : indeterminants� F := Q (q, t)� x = (x1, x2, ... , xn) : set of variables� �n := Z[x1, ... , xn℄Sn : spae of n-variable symmetri polynomial�n,F := �n 
 F� � = (�1,�2, ... ,�`) = (�1, ... ,�`, 0, 0, ...) : partition(inreasing sequene of positive integers, j�j :=Pi �i)� � : dominane semi-ordering of partitions� � � def() j�j = j�j, Pik=1 �k � Pik=1 �k (i = 1, 2, ...).



x1.2. Madonald di�erene operators
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� Tq,xi : q-shift operatorTq,xif(x1, x2, ... , xn) = f(x1, x2, ... , qxi, ... , xn).� D(n)r : Madonald di�erene operator on �n,F (1 � r � n)D(n)r := XJ�f1,2,...,ng#J=r
htr(r�1)=2Yj2Jk=2J
txj � xkxj � xk Yj2J Tq,xji.

� m(n)� (x) := X�:permutation of � x� : n-var. monomial symm. polynomial.

e(n)r (x) := X1�i1<i2<���<ir�n xi1xi2 � � � xir ,e(n)� (x) := e�1(x)e�2(x) � � � e�`(x): n-var. elementary symmetri polynomial.



x1.3. Madonald symmetri polynomial
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� � = (�1, ... ,�`) : partition s.t. ` � n.n-variable Madonald symmetri polynomial P(n)� (x; q, t) 2 �n,Fis determined by the following 2 onditions:P(n)� = m(n)� + X�>� (n)�,�m(n)� ((n)�,� 2 F),

D(n)1 P(n)� (x; q, t) = P(n)� (x; q, t) � e(n)1 (tns�),wheres� := (q�1t�1, q�2t�2, ... , q�`t�`, t�`�1, t�`�2, ...): spetral parametere(n)1 (tns�) = e(n)1 (q�1tn�1, ... , q�`tn�`, tn�`�1, ... , 1)=Pni=1 q�itn�i.



x1.4. Commuting di�erene operators and joint eigen-funtions
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� P(n)� (x; q, t) is a joint eigen-funtion of the family of Madonald di�ereneoperators fD(n)r j 1 � r � ng :D(n)r P(n)� (x; q, t) = P(n)� (x; q, t) � e(n)r (tns�).� D(n)r 's are ommutative.[D(n)r , D(n)s ℄ = 0 (1 � r, s � n).



x1.5. Ring of symmetri funtions
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� Restrition map �m,n : �m ! �n (m � n)�m,nf(x1, ... , xm) = f(x1, ... , xn, 0, ... , 0).f(�m)m, (�m,n)m,ng : projetive system� � = Z[x1, x2, ...℄S1 := lim �n �n : ring of symmetri funtions,�F := �
 F .� m�(x) := X�:permutation of � x� : monomial symmetri funtion,

er(x) := Xi1<i2<���<ir xi1xi2 � � � xir , e�(x) := e�1 � � � e�` :: elementary symmetri funtion,pr(x) :=Xi xri , p�(x) := p�1 � � � p�` : power sum funtion.

� fm�g and fe�g are Z-bases of �, fp�g is a Q -basis of �
 Q .



x1.6. Madonald symmetri funtion
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� For eah partition �, P�(x; q, t) 2 �F is determined byP� = m� + X�<� �,�m� (�,� 2 F),

hP�, P�iq,t = 0 for � 6= �,where h�, �iq,t is an inner produt on �F given byhp�, p�iq,t := Æ�,�Yj�1 jzjzj!Yk�1 1� q�k1� t�k ,zj := #fk j �k = jg.� fP�(x; q, t)g is a F -basis of �F .



x1.7. Di�erene operators on the ring of symmetri funtions
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Ref. : [FHHSY, x3℄� D(n)r is not ompatible with the restrition map �m,n.Introdue the di�erene operator E(n)r on �n,F = F [x1, � � � , xn℄Sn by

E(n)r := rXj=0 t�nr�(r�j+12 )(t�1; t�1)r�jD(n)j .

Then �n,n�1 Æ E(n)r = E(n�1)r Æ �n,n�1.Therefore Er := lim �n E(n)r : �F ! �F is well de�ned.� ErP�(x; q, t) = P�(x; q, t) � er(s�).Remark. Madonald de�ned E1 only.



x2. Bosonization of Madonald di�erene oparator
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Ref : Shiraishi, 「量子可積分系入門」x2.1. Free �eld relization (bosonization)� Heisenberg algebra hq,t :generators : an (n 2 Z),relations : [an, am℄ = n1� qjnj1� tjnj Æn+m,0 a0.

� Triangular deomposition : hq,t = h+q,t � h0q,t � h�q,t(h�q,t = ��n>0Fan, h0q,t = Fa0).� Fok representation Fq,t := Indhq,th+q,t�h0q,t(F � 1),where F � 1 is the one-dimensional h+q,t � h0q,t representation withan � 1 = 0 (n > 0), a0 � 1 = 1.
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� Identify �F with Fq,t by the following isomorphism :Fq,t ���! �F a��1a��2 � � � a��` � 1 7! p�(x).� For E 2 End(�F ), a realization bE in eU(hq,t) � End(Fq,t) is alled abosonization (or free �eld realization, FFR) of E.Example 1. Bosonization of E1 2 End �F .Introdue the vertex operator �(z) by�(z) := exp(Xn>0 1� t�nn a�nzn) exp(�Xn>0 1� tnn anz�n).

Then the zero-mode �0 of the expansion �(z) =Pn2Z �nz�n gives thebosonization of E1 : bE1 = �0 � 1t� 1 .



x2.2. Bosonization of Er
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Ref. Shiraishi, CMP 263 (2006) 439{460.� Madonald di�erene operator Er has the next FFR :bEr = [r℄t�1!r! h Y1�i<j�r$(zj=zi)ÆÆ�(z1)�(z2) � � � �(zr)ÆÆi1,where [r℄x := 1� xr1� x , [r℄x! := [r℄x � [r � 1℄x � � � [1℄x,

$(y) := (1� y)(1� y�1)(1� t�1y)(1� t�1y�1),ÆÆ ÆÆ : normal ordering in hq,t,[f(z1, ... , zn)℄1 : onstant term of the Laurent series f.



x2.3. Problem
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(A) Find the FFR of the omposition of operators (e.g. Er Æ Es) .(B) As a generalization of the di�erene equationErP�(x; q, t) = P�(x; q, t) � er(s�),�nd the FFR of the operator O� satisfyingO�P�(x; q, t) = P�(x; q, t) � P�(s�; q, t) (8� : partition).for any partition �..f.1. er(y) = P(1r)(y; q, t)..f.2. An operator ating on the �nite-variable Madonald polynomialRef. : Noumi, 2010年度数学会 無限可積分系セッション特別講演
「可換差分作用素と核函数」p. 18(to be ontinued)
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.f.2. (ontinued)H(n)r := X�2N nj�j=r
� Y1�i<j�n q�ixi � q�jxjxi � xj �� nYi,j=1 (txi=xj; q)�i(qxi=xj; q)�i �T�q,x

is a member of F [D(n)1 , ... , D(n)n ℄.And for any partition � of length � nH(n)r P(n)� (x; q, t) = P(n)� (x; q, t) � g(n)r (s�; q, t).Here g(n)r (y; q, t) (1 � r � n) is a symmetri polynomial given byXr�0 g(n)r (y; q, t)ur = exp � Xm�1 1m 1� tm1� qm nXi=1 ymi um�It is known that lim �n g(n)r (y; q, t) = P(r)(y; q, t).



x3. Feigin-Odesskii algebra A on C P1
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Ref. : [FHHSY, x2℄x3.1. De�nition of A� q1, q2 : indeterminants, F := Q (q1, q2), q3 := q�11 q�12 .� De�ne the F-vetor spae An = An(q1, q2, q3) by the next onditions :(i) A0 := F. For n � 1, eah element f = f(z1, ... , zn) of An is a n-variablerational symmetri funtions over F.(ii) The poles of f are at most of degree two and on the big diagonal.(By (i) and (ii), eah f 2 An is of the form :f = symmetri polynomial of z1, ... , znQi<j(zi � zj)2 )(to be ontinued)



17 / 48

(iii) For any 0 � k � n, �(0,k)f = �(1,k)f,where �(�,k)f := lim�!� f(z1, ... , zn�k, �zn�k+1, ... , �zn).(degenerate C P1 ondition.)(By (i) - (iii), eah An is of �nite dimension.)(iv) For n � 3, eah f 2 An satis�es the next wheel ondition:f(z1, q1z1, q1q2z1, z4, � � � ) = f(z1, q2z1, q1q2z1, z4, � � � ) = 0.
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Example 2.Æ A0 = F.Æ A1 = F (By (iii), only the onstant funtions are allowed.)Æ A2 = F z21 + z22(z1 � z2)2 � F z1z2(z1 � z2)2 .Æ A3 = 
�(3)(z), �(2,1)(z), �(1,1,1)(z)�.Æ dimFA4 = 5, dimFA5 = 7, dimFA6 = 11, � � � .These numbers are the partition numbers... dimFAn ?= p(n).



x3.2. Shu�e produt
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� For f 2 An and g 2 Am, de�ne the shu�e produt � by(f � g)(z1, � � � , zn+m) :=Sym�f(z1, � � � , zn) g(zn+1, � � � , zn+m) Y1���nn+1���n+m!(z�, z�)
�.

Here Sym is the symmetrization operator, and ! is given by!(z�, z�; q1, q2, q3) := (z� � q1z�)(z� � q2z�)(z� � q3z�)(z� � z�)3 .



x3.3. Struture theorem
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� De�ne the graded vetor spae A :=Ln�0An.Theorem 1.(1) The operation � is losed in A.(2) (A, �) is a unital assoiative algebra over F.(3) (A, �) is ommutative.(4) dimFAn is equal to the partition number of n.(5) There are three bases f��(z; qi) j � : partitiong (i = 1, 2, 3), where�n(z; qi) := Y1�j<k�n (zk � qizj)(zk � q�1i zj)(zk � zj)2 ,

��(z; qi) := ��1(z; qi) � ��2(z; qi) � � � � � ��`(z; qi).To show the theorem, we need the next Gordon �ltration.



x3.4. Gordon �ltration
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� For a partition � = (�1, ... ,�`) of n, de�ne a linear map(alled speialization map) '(qi)� : An ! F(y1, � � � , y`) byf(x1, � � � , xn) 7! f(y1, qiy1, � � � , q�1�1i y1,y2, qiy2, � � � , q�2�1i y2,� � �y`, qiy`, � � � , q�`�1i y`)Next we introdue a subspae of An byA(qi)n,� := \�:partition of n�6�� ker'(qi)� .

Here < is the dominane semi-ordering.
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Example 3. q := q1Æ A2 = A(q)2,(2) = 
�(2)(z; q), �(1,1)(z; q)� ) A(q)2,(1,1) = ker'(q)(2) = 
�(2)�.Æ A3 = A(q)3,(3) = 
�(3)(z; q), �(2,1)(z; q), �(1,1,1)(z; q)�) A(q)3,(2,1) = ker'(q)(3) = 
�(3)(z; q), �(2,1)(z; q)�) A(q)3,(1,1,1) = ker'(q)(2,1) = 
�(3)(z; q)�.Æ A4 = A(q)4,(4) = 
�(4), �(3,1), �(2,2), �(2,1,1), �(1,1,1,1)�) A(q)4,(3,1) = ker'(q)(4) = 
�(4), �(3,1), �(2,2), �(2,1,1)�) A(q)4,(2,2) = ker'(q)(3,1) = 
�(4), �(3,1), �(2,2)�) A(q)4,(2,1,1) = ker'(q)(2,2) = 
�(4), �(3,1)�) A(q)4,(1,1,1,1) = ker'(q)(2,1,1) = 
�(4)�.
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Example 3. (ontinued)Æ A5 = A(q)5,(5) ) A(q)5,(4,1) ) A(q)5,(3,2) ) A(q)5,(3,12) ) A(q)5,(22,1)) A(q)5,(2,13) ) A(q)5,(15).

Æ A6 = A(q)6,(6) ) A(q)6,(5,1) ) A(q)6,(4,2))A(q)6,(4,12)))A(q)6,(32)) A(q)6,(3,2,1))A(q)6,(3,13)))A(q)6,(23)) A(q)6,(22,12)) A(q)6,(2,14) ) A(q)6,(16).� The proof of Theorem 1 is a purely algebrai one, and based on thisGordon �ltration and some ombinatoris.



x4. Intersetion spae and bosonization
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Ref. : [FHHSY, x3℄x4.1. Intersetion spaeTheorem 2. For any partition � of n, we havedimC �A(q�1)n,� \ A(t)n,�0� = 1.Here �0 is the transposed partition of �. We also hanged notation :q1 = q�1 2 C , q2 = t 2 C , F = Q (q1, q2) 7! C .jqj < 1, jtj > 1, qitj 6= 1 8 (i, j) 2 Z2 n f(0, 0)g.� The statement of Theorem only ontains algebrai properties of A.But our proof requires some arguments on Madonald symmetri funtions,with the aid of analyti FFR onstrution. Therefore we hanged theoeÆient �eld F with C .



x4.2. FFR and the algebra A
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� Reall the vertex operator�(z) = ÆÆ exp ��Xn6=0 1� tnn anz�n�ÆÆ .For f 2 An(q�1, t) we de�ne O(f) 2 eU(hq,t) as follows :O(f) := ICn � nYj=1 dzj2�i zj � f(z1, � � � , zn)Qk<` !(zk, z`; q�1, t, qt�1)�(z1) � � � �(zn),where Cn := f(z1, ... , zn) 2 C n j jzij = 1g.Proposition 1. (1) O(f � g) = O(f)O(g). (Answer to Problem (A))(2) O is injetive.(3) O(�n(z; q�1)) = bEn.(4) ImO(�= A) is isomorphi to C [bE1, bE2, � � � ℄.(5) For eah f 2 A, O(f) has P�(x; q, t) as eigen-funtions.



x4.3. Operator bGn
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� bGn := (�1)nq(n2)(q; q)n [n℄q!n! O(�n(z; t)).� bEr and bGs satisfy the next Wronski relation :Pnk=0(�1)k(1� qktn�k)bEn�kbGk = 0.Proposition 2. bGr is the FFR of the next di�erene operator Gr :GrP�(x; q, t) = P�(x; q, t) � gr(s�; q, t), (8� : partition)where gr(y; q, t) := lim �n g(n)r (y; q, t) (p.15).

Remark. The operator Gr is also realized as Gr = lim �n G(n)r with

G(n)r := t�rnq(r2)(�1)r(q; q)r rXk=0(�1)kq�(k2)q�k(r�k)(qr�k+1; q)kH(n)k .

Here H(n)k is the di�erene operator given in p.15.



x4.4 Re�nement of Theorem 2
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� Theorem 2 is proved in the next re�ned form.Theorem 2'. There exists a unique element f� 2 An(q�1, t) satisfyingO(f�)P�(x; q, t) = P�(x; q, t) � P�(s�; q, t) (8� : partition).And It spans the intersetion spae A(q�1)n,� \ A(t)n,�0.(Answer to Problem (B))� In the proof we used Proposition 1, Proposition 2 and a triangularity ofP� obtained by Haiman.



x5. Relation to Ding-Iohara algebra and deformed W algebra
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Ref. : [FHHSY, x3-F, Appendix℄, [FHSSY℄� �(z) appears in the level 1 representation of Ding-Iohara algebra.x5.1. Ding-Iohara algebra� Introdue an assoiative algebra U = U(q, t) as follows :generators : x�(z) =Xn2Z x�n z�n,  �(z) = Xn2Z�0 �n z�n, �1=2 (entral)

relation :  �(z) �(w) =  �(w) �(z),  +(z) �(w) = g(+1w=z)g(�1w=z) �(w) +(z), +(z)x�(w) = g(�1=2w=z)�1x�(w) +(z),  �(z)x�(w) = g(�1=2z=w)�1x�(w) �(z),[x+(z), x�(w)℄ = (1� q)(1� 1=t)1� q=t �Æ(�1z=w) +(1=2w)� Æ(z=w) �(�1=2w)�,G�(z=w)x�(z)x�(w) = G�(z=w)x�(w)x�(z).where g(z) := G+(z)G�(z) , G�(z) := (1� q�1z)(1� t�1z)(1� q�1t�1z).



29 / 48

Fat. (Ding-Iohara) U has a (formal) Hopf algebra struture.The oprodut is given as follows.�(�1=2) = �1=2 
 �1=2,�(x+(z)) = x+(z)
 1 +  �(1=2(1) z)
 x+((1)z),�(x�(z)) = x�((2)z)
  +(1=2(2) z) + 1
 x�(z),�( �(z)) =  �(�1=2(2) z)
  �(�1=2(1) z),where �1=2(1) = �1=2 
 1, �1=2(2) = 1
 �1=2.Remark. Ding and Iohara introdued their Hopf algebra Uq(g, sln) as ageneralization of the Drinfeld (new) realization of Uq(bsln).Here g = fgi,j j 1 � i, j � n� 1g is a family of analyti funtions satisfyinggi,j(z) = gi,j(z�1)�1.Our algebra U is the ase n = 2 with the \struture funtion" g given inthe previous page.



x5.2. Level 1 representation
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� A representation of U is alled level k if �1=2 is realized as (t=q)�k=4.� Introdue the following vertex operators.�(z) := ÆÆ exp ��Xn6=0 1� tnn anz�n�ÆÆ ,

�(z) := exp �Xn>0 t�n � 1n (t=q)n=2a�nzn� exp �Xn>0 1� tnn (t=q)n=2anz�n�,

'+(z) := exp ��Xn>0 1� tnn (1� (t=q)n)(t=q)�n=4anz�n�,

'�(z) := exp �Xn>0 1� t�nn (1� (t=q)n)(t=q)�n=4a�nzn�.
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Proposition On the Fok rep. Fq,t of the Heisinberg alg. hq,t (p. 11),one has a level 1 representation � of U by setting�(�1=2) = (t=q)�1=4, �( �(z)) = '�(z),�(x+(z)) =  �(z), �(x�(z)) = �1�(z),with  2 Q (q1=2, t1=2) n f0g. (Later we denote this rep. spae as F)Remark. The Ding-Iohara algebra with 2(or 3) parameter U appears inseveral other works at the same period.B. Feigin, A. Tsymbaliuk, "Heisenberg ation in the equivariant K-theory of Hilbertshemes via Shu�e Algebra", arXiv:0904.1679.O. Shi�mann, E. Vasserot, "The ellipti Hall algebra and the equivariant K-theory of theHilbert sheme of A 2", arXiv:0905.2555.B. Feigin, E. Feigin, M. Jimbo, T. Miwa, E. Mukhin, "Quantum ontinuous gl1",arXiv:1002.3100, 1002.3113.



x5.3. Intertwining operator and Madonald di�erene operator
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� We have a level 0 rep. �x of U on Vx := Q (q1=2, t1=2)[x�1℄ by setting�x(�1=2) = 1, �x(x�(z)) = �1(1� t�1)Æ(q�1=2x=z)Tq�1,x,�x( �(z)) = (1� q1=2t�1(x=z)�1)(1� q�1=2t(x=z)�1)(1� q1=2(x=z)�1)(1� q�1=2(x=z)�1)with  2 Q (q1=2, t1=2)�.� Now we study the intertwining operator �FVx,�
F� : Vx,� 
F� ! Fwith the ondition �FVx,�
F��(a) = a�FVx,�
F� for any a 2 U .Introdue the omponents ��,�,n of �FVx,�
F� by�FVx,�
F�(xn 
 v) = ��,�,nv (v 2 F�).Set the generating funtion as ��,�(y) =Pn2Z ��,�,ny�n.
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Proposition �FVx,
Ft�1 exists uniquly up to normalization, and itsgenerating funtion �(y) := �,t�1(y) is given by �(y) = e�(q1=2y) with

e�(y) := exp Xn>0 1n 1� tn1� qn t�na�nyn! exp �Xn>0 1n 1� tn1� qnqnany�n!.

� One an also alulate some relations between �(z), �(y) and e�(y)'s,where we set�(y) := exp�Xn�1 1� tn1� qn a�nn yn� =Yi�1 (txiy; q)1(xiy; q)1 = Xn�0 gn(x; q, t)yn.For example, one has: e�(y1) � � � e�(yn) : � 1 = �(t�1y1) � � ��(t�1yn) � 1.
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� From those relations we reover the simplest onstrution of thebosonized di�erene operator :�0�(y1) � � ��(yn) � 1 =t�n�(y1) � � ��(yn) � 1 + (1� t�1)t�n+1D1n,y�(y1) � � ��(yn) � 1.



x5.4. Deformed W algebra Wq,t(sln)
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� �y1 
 � � � 
 �yn : n-times tensor of Fok reps.�(2) := �, �(n) := (id
 � � � 
 id
�) Æ�(n�1).�(n)y : level n representation de�ned by�(n)y := �y1 
 � � � 
 �yn Æ�(n).� De�ne a new urrent t(z) := �(z)x+(z)�(z),where �(z) := exp �� 1Xn=1 b�nznn � �n�, �(z) := exp � 1Xn=1 bnz�nn � �n�.Here bn is the boson appearing in the expansion of  � as follows: +(z) =  +0 exp +Xn>0 bnn=2z�n!,  �(z) =  �0 exp �Xn>0 b�nn=2zn!.These satis�es the next relations.[bm, bn℄ = 1m(1� q�m)(1� tm)(1� qm=tm)(m � �m)�jmjÆm+n,0.
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� Finally introdue the next funtion :fk(z) := exp � 1Xn=1 (1� qn)(1� t�n)(1� p(k�1)n)1� pkn zn�.

Proposition 4. De�ne f�i(z) j i = 1 ... ng by �(n)y (t(z)) = Pni=1 yi�i(z).Then these satisfy
fn(w=z)�i(z)�j(w) = ÆÆ�i(z)�j(w)ÆÆ �8><>:1 i = j,+(z, w; q, t) i < j,�(z, w; q, t) i > j.with �(z, w; q, t) := (z� q�1w)(z� qt�1w)(z� w)(z� t�1w) .These are the relations satis�ed by the generators of Wq,t(sln).Remark. Wq,t(sln) is de�ned by the vertex operators, and the wholerelations are not disovered yet.



x6. Ellipti analogue
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Ref. : [FHHSY x4, Appendix℄x6.1. Ellipti Feigin-Odesskii algebra A(p)� q1 = q�1, q2 = t, q3 = q�11 q�12 , p 2 C ,jqj < 1, jt�1j < 1, jpj < 1, jpq�1tj < 1, qitjpk 6= 1 8(i, j, k) 2 Z3 n f(0, 0, 0)g.� De�ne a C -vetor spae An(p) = An(q1, q2, q3, p) as follows :(i) A0(p) := C . For n � 1, f(x1, ... , xn) 2 An(p) is symmetri andhas two periods :f(x1, ... , e2�p�1xi, ... , xn) = f(x1, ... , pxi, ... , xn) = f(x1, ... , xn)(ii) The poles of f(x1, ... , xn) are at most of degree two,and on the big diagonal or its p-shift.(iii) For n � 3, eah f 2 An(p) satis�es the wheel ondition.f(x1, q1x1, q1q2x1, x4, ...) = 0, f(x1, q2x1, q1q2x1, x4, ...) = 0.
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� The shu�e produt on A(p) is de�ned similarly as that on A, with !hanged to!(x, y; q1, q2, q3, p) := �p(q1y=x)�p(q2y=x)�p(q3y=x)�p(y=x)3 ,�p(x) := (p; p)1(x; p)1(p=x; p)1Proposition 5. (A(p), �) is a ommutative algebra,and has bases f��(x; qi, p)g, where�� := ��1 � � � � � ��` (� = (�1, ... ,�`)),�n(x1, ... , xn; qi, p) := Y1�j<k�n �p(qixj=xk)�p(xj=qixk)�p(xj=xk)2 .



x6.2. Ruijsenaars operator and ellipti deformation

39 / 48

� Introdue an ellipti analogue �(z; p) of the vertex operator �(z) by�(z; p) = exp �Xn>0 1� t�nn 1� pnq�ntn1� pn a�nzn� exp ��Xn>0 1� tnn anz�n�.

� Reall that [�(z)℄1 is a FFR of E1.[�(z; pq�1t)℄1 relates to the rank one Ruijsenaars operatorD1n(p) := nXi=1 Yj 6=i �p(txi=xj)�p(xi=xj) Tq,xi.� In order to state that relation, we need to introdue the quasi-hopf twisttehnique...



x6.2.1 Quasi-Hopf twist
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Ref. : [FFHSY, Appendix℄, Jimbo-Konno-Odake-Shiraishi CMP (1999)� Reall the boson bn introdued at p.35. Set u�(z; p) 2 U = U(q, t) byu+(z; p) := exp �Xn>0 �pn�n1� pn�2n b�nzn�, u�(z; p) := exp �Xn>0 pn1� pn bnz�n�,

and set furtherx+(z; p) := u+(z; p)x+(z), x�(z; p) := x�(z)u�(z; p), �(z; p) := u+(�1=2z; p) �(z)u�(�1=2z; p).� These dressed Drinfeld urrents x�(z; p), �(z; p) 2 U(q, t) enjoyellipti permutation relations. For example,�p�2(q�1z=w)�p�2(tz=w)�p�2(qt�1z=w)x+(z)x+(w)= �(z=w)3�p�2(q�1w=z)�p�2(tw=z)�p�2(qt�1w=z)x+(w)x+(z).
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� De�ne the twistor F(p) by

F(p) := exp Xn>0 npn�n(2)(1� q�n)(1� tn)(1� qnt�n)(1� pn�2n(2) )bn 
 b�n!.

Proposition (1) F(p) is invertible, and satis�es("
 id)F(p) = (id
 ")F(p) = 1.Hene (U(q, t), �p, ", �) is a quasi-bialgebra, where we set�p(a) := F(p) ��(a) � F(p)�1,� := (F(23)(p)(id
�)F(p)) � (F(12)(p)(�
 id)F(p))�1.We denote the resulting quasi-bialgebra by U(q, t, p).(2) F(p) satis�es the shifted oyle onditionF(23)(p)(id
�)F(p) = F(12)(p�2(3) )(�
 id)F(p).
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� The element � here is alled the Drinfeld assoiator.(Do not onfuse with the intertwining operator �FVx
F or whose generatingfuntion �(y). )� Dressed oprodut �p an be alulted as�p(�1=2) = �1=2 
 �1=2,�p(x+(z; p)) = x+(z; p�2(2) )
 1 +  �(1=2(1) z; p�2(2) )
 x+((1)z; p),�p(x�(z; p)) = x�((2)z; p�2(2) )
  +(1=2(2) z; p) + 1
 x�(z; p),�p( �(z; p)) =  �(�1=2(2) z; p�2(2) )
  �(�1=2(1) z; p).



x6.2.2. Representations of dressed urrents
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Lemma The level zero rep. �x, of U on Vx, = Q (q1=2, t1=2)[x�1℄written in terms of the dressed Drinfeld urrents reads�x,( �(z; p)) = �p(q1=2t�1(x=z)�1)�p(q�1=2t(x=z)�1)�p(q1=2(x=z)�1)�p(q�1=2(x=z)�1) ,

�x,(x�(z; p)) = �1(1� t�1)(pt�1; p)1(pq�1t�1; p)1(p; p)1(pq�1; p)1 Æ(q�1=2x=z)Tq�1,x.

� Set ellipti deformed vertex operators as follows :

�(z; p) := exp Xn>0 1� t�nn 1� pn1� pnqnt�n a�nzn! exp �Xn>0 1� tnn anz�n!,

�(z; p) := exp �Xn>0 1� t�nn (t=q)n=2a�nzn!

� exp Xn>0 1� tnn 1� pnqnt�n1� pn (t=q)n=2anz�n!,(to be ontinued)
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(ontinued)
'+(z; p) := exp Xn>0 1� t�nn (1� tnq�n) pn1� pnqnt�n (t=q)�3n=4a�nzn!

� exp �Xn>0 1� tnn (1� tnq�n) 11� pn (t=q)�n=4anz�n!,

'�(z; p) := exp Xn>0 1� t�nn (1� tnq�n) 11� pnqnt�n (t=q)�n=4a�nzn!

� exp �Xn>0 1� tnn (1� tnq�n) pn1� pn (t=q)�3n=4anz�n!.

Lemma The representation � on the Fok spae Fq,t gives the images ofdressed Drinfeld urrents as�(x+(z; p)) = �(z; p), �(x�(z; p)) = �1�(z; p),�( �(z; p)) = '�(z; p).



x6.2.3. Ellipti intertwining operator
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� Consider the intertwining operator �FVx,�
F�(p) : Vx,� 
 F� ! Fwith respet to U(q, t, p). Namely, it satis�es the ondition�FVx,�
F�(p)�p(a) = a�FVx,�
F�(p) for any a 2 U(q, t).Introdue the omponents ��,�,n(p) of �FVx,�
F�(p) by�FVx,�
F�(p)(xn 
 v) = ��,�,n(p)v (v 2 F�),and set the generating funtion as ��,�(y; p) :=Pn2Z ��,�,n(p)y�n.Proposition �FVx,
Ft�1 (p) uniquely exists up to normalization, and thegenerating funtion �(y; p) := �,t�1 (y; p) is realized as

�(y; p) = exp�Xn>0 1n 1� tn1� qn 1� pn1� pnqnt�n qn=2t�na�nyn�

� exp��Xn>0 1n 1� tn1� qn qn=2any�n�.



x6.2.4. Ellipti interwtining operator and Ruijsenaars operator
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Proposition Set e�(y; p) := �(q�1=2y; p), and

�(y1, ... , yn; p) := Y1�k6=l�n (ptyl=yk, q, p)1(pyl=yk, q, p)1 : e�(y1; pq�1t) � � � e�(yn; pq�1t) : .

Then we have��(z; pq�1t)�1�(y1, ... , yn; p)= �(y1, ... , yn; p)�t�n nYi=1 �p(qt�1z=yi)�p(qz=yi) �p(tz=yi)�p(z=yi) �(z; pq�1t)�1+ (1� t�1)t�n+1 (p=t; p)1(pt=q; p)1(p; p)1(p=q; p)1 D1n,y(p)�(y1, ... , yn; p),where [�℄1 means the onstant term in z.� But we do not know how to treat higher rank Ruijsenaars operator in theframework of ellipti Feigin-Odesskii algebra...



x6.3. Okounkov-Pandharipande operator
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� Consider the limit ~! 0 with q = e~, t = e�~. (In this limit Madonaldpolynomials redue to Jak polynomial).We use the next boson �n instead of an :[�m,�n℄ = � 1m (1� qm)(1� t�m)(1� pmq�mtm)1� pm Æm+n,0.�(z; p) is simply written in terms of this �n :�(z; p) = ÆÆ exp �Pn6=0 �nz�n�ÆÆ .� an : boson in the Feigin-Fuhs FFR of Virasoro algebra.[am, an℄ = mÆm+n,0.an and �n are related by

�n = 1jnjs�(1� qjnj)(1� t�jnj)(1� pjnjq�jnjtjnj)1� pjnj � an.
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� Expanding the previous equation by ~, we have�n = ��1=2~+ n4 1 + pn1� pn (1� �)�1=2~2

+n296  4(2� 3� + 2�2)�1=2 � 3(1 + pn)2(1� pn)2 (1� �)2�1=2! ~3 + O(~4)� � an.

� Then the onstant term ��(z; p)�1 has the next ~-expansion :��(z; p)�1 = 1 + �Xn�1 a�nan~2 + ��(1� �)Xn�1 n2 1 + pn1� pna�nan

+�3=22 Xn,m�1�a�nanan+m + a�n�manam��~3 + O(~4).

Remark. The oeÆient of ~3 in this expansion oinide with the operatorM(q, t1, t2) used by Okounkov and Pandharipande in their omputation ofthe quantum ohomology of Hilb(A 2).
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