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Summary and Problems of Lecture 1 *1

Shintaro YANAGIDA (office: A441)

yanagida [at] math.nagoya-u.ac.jp

https://www.math.nagoya-u.ac.jp/~yanagida

The assignments of Lecture 1 are Exercises 1.1–1.8 below. The deadline of the report is October

29th (Monday).

1 Symmetric polynomials

N := Z≥0 = {0, 1, 2, . . .}, K: a field of characteristic 0.

1.1 Symmetric groups and symmetric polynomials

Definition. • Sn: the n-th symmetric group.

• K[x]Sn = K[x1, . . . , xn]
Sn := {symmetric polynomials} = {f ∈ K[x] | σ.f = f ∀σ ∈ Sn}:

the ring of symmetric polynomials.

• The r-th elementary symmetric polynomial

er(x) :=
∑

1≤j1<···<jr≤n

xj1 · · ·xjn ∈ Z[x]Sn

Theorem 1.3. K[x]Sn = K[e1(x), . . . , en(x)].

1.2 Partitions

Definition. • Pd := {partitions of d}: the set of partitions of d (dの分割の集合),

• P :=
⊔

d∈N Pd: the set of partitions (分割の集合).

• p(d) := |Pd|: the partition number of d (dの分割数).

• For λ = (λ1, λ2, . . .) ∈ Pn, |λ| :=
∑

i λi, ℓ(λ) := length of λ, tλ: the transpose of λ.

• Young diagram for a partition λ:

(1) (2) (12) (3) (2, 1) (13) (4) (3, 1) (22) (2, 12) (14)

Figure 1 Young diagrams corresponding to partitions λ with |λ| ≤ 4

Exercise 1.1 (∗). Explain that the generating function G(z) :=
∑

d≥0 p(d)z
d of the partition numbers
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is equal to the following infinite product.

G(z) =
∏
m∈N

1

1− zm
=

1

1− z

1

1− z2
1

1− z3
· · · .

1.3 Classical symmetric polynomials

Definition. • The action of Sn on Nn: w.α = w.(α1, . . . , αn) := (αw(1), . . . , αw(n)).

• xα := xα1
1 xα2

2 · · ·xαn
n for α = (α1, . . . , αn) ∈ Nn.

• w.xα = xw−1.α for w ∈ Sn.

• Pn := {λ = (λ1, λ2, . . . , λn) ∈ Nn | λ1 ≥ λ2 ≥ · · · ≥ λn}.
• Pd

n := {λ ∈ Pn | |λ| = d} = {λ ∈ Pd | ℓ(λ) ≤ n}.

Proposition 1.5. The orbit decomposition of the action of Sn on Nn is given by

Nn = ⊔λ∈Pn
Sn.λ.

For the subset {α ∈ Nn | |α| = d}, we have the orbit decomposition {α ∈ Nn | |α| = d} = ⊔λ∈Pd
n
Sn.λ.

Exercise 1.2 (∗). Show Proposition 1.5.

Definition. • Λn = Λn(x) := Z[x]Sn , Λd
n = Λd

n(x) := {f(x) ∈ Λn | deg f(x) = d}.
• The monomial symmetric polynomial for λ = (λ1, . . . , λn) ∈ Pn:

mλ(x) :=
∑

α∈Sn.λ

xα =
∑

α=(α1,...,αn):
different permutations of λ

xα1
1 xα2

2 · · ·xαn
n .

Proposition 1.7. Λn is a free Z-module, and {mλ | λ ∈ Pn} is a basis of Λn.

Definition. • For λ = (λ1, . . . , λn) ∈ Pd
n, eλ := eλ1eλ2 · · · eλn ∈ Λd

n.

• The dominance ordering µ ≤ λ of partitions:

µ ≤ λ ⇐⇒ |µ| = |λ| and µ1 + · · ·+ µk ≤ λ1 + · · ·+ λk ∀ k = 1, . . . , n. (1.1)

Example. The dominance ordering is a total order on Pn
n with n ≤ 5:

(2) > (1, 1),

(3) > (2, 1) > (1, 1, 1),

(4) > (3, 1) > (2, 2) > (2, 1, 1) > (1, 1, 1, 1),

(5) > (4, 1) > (3, 2) > (3, 12) > (22, 1) > (2, 13) > (15).

However, on Pn
n with n ≥ 6 the dominance ordering is a partial order (半順序).

(6) > (5, 1) > (4, 2)
> (4, 12) >
> (32) >

(3, 2, 1)
> (3, 13) >
> (23) >

(22, 12) > (2, 14) > (16).

Theorem 1.9. For any λ ∈ Pd
n, one can expand etλ in terms of {mµ | µ ∈ Pd

n} as

etλ = mλ +
∑
µ<λ

aλ,µmµ, aλ,µ ∈ Z.
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Exercise 1.3 (∗∗). Give a proof of Theorem 1.9 (see [O06, 定理 9.2] for example).

Exercise 1.4 (∗∗). The r-th completely homogeneous symmetric polynomial hr ∈ Λr
n is defined

to be
hr(x) :=

∑
1≤i1≤i2≤···≤ir≤n

xi1xi2 · · ·xir .

For λ = (λ1, . . . , λn) ∈ Pd
n, we set hλ := hλ1

· · ·hλn
∈ Λd

n.

(1) Check the equality hd(x) =
∑

λ∈Pd mλ(x).

(2) Show that {hλ | λ ∈ Pd
n} is a basis of Λd

n.

1.4 Schur polynomials

Definition 1.11. (1) For µ = (µ1, . . . , µn) ∈ Zn, we define an alternate function aµ(x) by

aµ(x) :=

∣∣∣∣∣∣∣∣∣
xµ1

1 xµ2

1 · · · xµn

1

xµ1

2 xµ2

2 · · · xµn

2
...

. . .
...

xµ1
n xµ2

n · · · xµn
n

∣∣∣∣∣∣∣∣∣ .
(2) For λ = (λ1, λ2, . . . , λn) ∈ Pn, we define the Schur symmetric polynomial to be

sλ(x) :=
aδ+λ(x)

aδ(x)
, δ + λ := (λ1 + n− 1, λ2 + n− 2, . . . , λn), δ := (n− 1, n− 2, . . . , 0).

Example 1.12. For n = |λ| ≤ 3, Schur symmetric polynomials look as follows.

s(1) = x1,

s(2) =

∣∣∣∣x3
1 1

x3
2 1

∣∣∣∣ / ∣∣∣∣x1 1
x2 1

∣∣∣∣ = x2
1 + x1x2 + x2

2 = h2, s(12) =

∣∣∣∣x2
1 x1

1

x2
2 x1

1

∣∣∣∣ / ∣∣∣∣x1 1
x2 1

∣∣∣∣ = x1x2 = e2,

s(3) =

∣∣∣∣∣∣
x5
1 x1 1

x5
2 x2 1

x5
3 x3 1

∣∣∣∣∣∣
/ ∣∣∣∣∣∣

x2
1 x1 1

x2
2 x2 1

x2
3 x3 1

∣∣∣∣∣∣ = x3
1 + x3

2 + x3
3 + x2

1x2 + x2
1x3 + x2

2x3 + x1x
2
2 + x1x

2
3 + x2x

2
3 = h3,

s(2,1) =

∣∣∣∣∣∣
x4
1 x2

1 1
x4
2 x2

2 1
x4
3 x2

3 1

∣∣∣∣∣∣
/ ∣∣∣∣∣∣

x2
1 x1 1

x2
2 x2 1

x2
3 x3 1

∣∣∣∣∣∣ = (x1 + x2)(x2 + x3)(x3 + x1),

s(13) =

∣∣∣∣∣∣
x3
1 x2

1 x1

x3
2 x2

2 x1

x3
3 x2

3 x3

∣∣∣∣∣∣
/ ∣∣∣∣∣∣

x2
1 x1 1

x2
2 x2 1

x2
3 x3 1

∣∣∣∣∣∣ = x1x2x3 = e3.

Exercise 1.5 (∗). Check that s(1n) = en and s(n) = hn in K[x]Sn .

Proposition 1.13. The Schur symmetric polynomial sλ given in Definition 1.11 is a symmetric poly-

nomial for each λ ∈ Pn.

Exercise 1.6 (∗∗). Give a proof of Proposition 1.13. More precisely, show that for any λ ∈ Pn

(1) sλ(x) ∈ Z[x], (2) sλ(x) ∈ Λn = Z[x]Sn .
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Theorem 1.14. For any λ ∈ Pn we have

sλ = mλ +
∑
µ<λ

Kλ,µmµ, Kλ,µ ∈ N.

Here µ < λ means the dominance ordering (1.1). The number Kλ,µ is called the Kostka number.

Example. For |λ| ≤ 4 we have

s(1) = m(1),

s(2) = m(2) +m(12), s(12) = m(12),

s(3) = m(3) +m(2,1) +m(13), s(2,1) = m(2,1) + 2m(13), s(13) = m(13),

s(4) = m(4) +m(3,1) +m(2,2) +m(2,12) +m(14), s(3,1) = m(3,1) +m(22) + 2m(2,12) + 3m(14),

s(22) = m(22) +m(2,12) + 2m(14), s(2,12) = m(2,12) + 3m(14), s(14) = m(14).

Corollary 1.15. {sλ | λ ∈ Pn} is a basis of the Z-module Λn.

Exercise 1.7 (∗). Give a proof of Corollary 1.15 using Theorem 1.14.

Theorem 1.17 (Cauchy formula). For x = (x1, . . . , xn) and y = (y1, . . . , yn) we have

∑
λ∈Pn

sλ(x)sλ(y) =

n∏
i,j=1

1

1− xiyj
.

The right hand side term
∏n

i,j=1
1

1−xiyj
is called the Cauchy kernel function.

Exercise 1.8 (∗∗). Give a proof of Theorem 1.17.
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