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Summary and Problems of Lecture 1 *!

Shintaro YANAGIDA (office: A441)
yanagida [at] math.nagoya-u.ac.jp

https://www.math.nagoya-u.ac.jp/~yanagida

The assignments of Lecture 1 are Exercises 1.1-1.8 below. The deadline of the report is October
29th (Monday).

1 Symmetric polynomials

N:=Z>0={0,1,2,...}, K: a field of characteristic 0.

1.1 Symmetric groups and symmetric polynomials

Definition. e S,: the n-th symmetric group.
o K[z]% = K[zy,...,7,]%" := {symmetric polynomials} = {f € K[z] | o.f = f Vo €S, }:
the ring of symmetric polynomials.

e The r-th elementary symmetric polynomial

er(z) == > @y, € 2]

1<j1 <+ <gr<n

Theorem 1.3. K[z]%» = Kle;(x),...,e,(2)].

1.2 Partitions

Definition. e P := [partitions of d}: the set of partitions of d (d D EIDHEL),
o P = | |en P% the set of partitions (£ FIDEA).
e p(d) := |PI|: the partition number of d (d D% EI%).
e For A = (A1, Xa,...) € Py, [N := 30, Ai, £(A) == length of X, “A: the transpose of .

e Young diagram for a partition A:

O @ @ 6 @nyaC) @ G @) 21 0Y

Figure 1 Young diagrams corresponding to partitions A with |[A| < 4

Exercise 1.1 (x). Explain that the generating function G(z) := Zdzop(d)zd of the partition numbers

*12018/09/25, ver. 0.2.
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is equal to the following infinite product.

G(Z)ZH 1 _ 1 1 1

meN

1—zm 1—21—221-—23

1.3 Classical symmetric polynomials

Definition. e The action of S, on N": w.a = w.(a1,...,0n) 1= (Qu)s - - - Qu(n))-
o % :=xxg? a0 for o = (a1,...,a,) € N

e wa® =2 " forweS,.
o P, ::{)\:()\1»)\27~~~7)\n) GNn|)\1 2)\222)\71}
o PL={NeP, | |N=d}={AeP!| L) <n}.

Proposition 1.5. The orbit decomposition of the action of S,, on N" is given by

N" = |_|)\€(pnsn.>\.

For the subset {a € N" | |a| = d}, we have the orbit decomposition {a € N" | |a] = d} = Uycpa Sy A.

Exercise 1.2 (x). Show Proposition 1.5.

Definition. o Ay =Ay(2) :=2Z[x)%, Al =A(x):={f(z) € A, |deg f(z) = d}.

e The monomial symmetric polynomial for A = (A\,...,\,) € Pp,:

ma(z) = Z ¢ = Z x{teg?

a€S,. A a=(aq,...,0pn):
different permutations of A

Proposition 1.7. A, is a free Z-module, and {m) | A € P,,} is a basis of A,,.

Definition. o For A\=(\(,...,\,) € P¢

n’

— d
€\ =€) Ex, ey, € An

e The dominance ordering p < ) of partitions:

p<A <= |ul =N and p+ -+ <A+--+X VE=1,...,n.

Example. The dominance ordering is a total order on P} with n < 5:

(2,1,1) > (1,1,1,1),

However, on P with n > 6 the dominance ordering is a partial order (*EIET).

> (3,1%) >
> (2%) >

> (4,1%) >

(6) > (5a 1) > (4’2) > (32) >

(3,2,1)

Theorem 1.9. For any A\ € P4, one can expand ey in terms of {m, | u € P} as

ety = my + E ax My, axyu € 2.
pn<A

(3,1%) > (2%,1) > (2,13) > (19).

(22,1%) > (2,1%) > (19).

(1.1)
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Exercise 1.3 (xx). Give a proof of Theorem 1.9 (see [006, EEE 9.2] for example).

Exercise 1.4 (x*). The r-th completely homogeneous symmetric polynomial h, € A” is defined
to be

hy(x) == Z Xiy Ty * " T

1<i1<ip<-<ip<n

For A = (A1,...,\) € P4 we set hy := hy, ---hy, € AL.
(1) Check the equality hq(x) = Dy cpa ma().
(2) Show that {hy | A € P2} is a basis of AZ.

1.4 Schur polynomials

Definition 1.11. (1) For p = (u1,. .., un) € Z", we define an alternate function a,(x) by

231 H2 Hn
I}L Ifb{ “ . I}L
1 2 n
Lo™ Ty )
a,(x) =
M1 H2 e H
xn ITL xnn

(2) For A = (A1, e, ..., \,) € Py, we define the Schur symmetric polynomial to be

sa(x) = a(;_z\i;c), d+A=M+n—Lix+n—2,...,0,),0 := (n—1,n—2,...,0).

Example 1.12. For n = |A| < 3, Schur symmetric polynomials look as follows.

5(1) = I,
3 2 1
7 1 / 1 1 2 2 Ty T T
Sy = =zl t+xi20+ 75 = h S(12)y = = T129 = €
(2) 23 1 2y 1 1 122 2 2, (12) 22 x! 2o 1 122 2,
3 m 1 2 x 1
3 3 3 2 2 2 2 2 2
53) = x% To 1 / :v% zo 1| = o) + a5 + 25 + x7v2 + x723 + 523 + 125 + 2123 + 225 = hs,
¥ w3 1 3 w3 1
ri 2?1 2 r 1
5(2,1) = vy w3 1 / 3 w9 1| = (21 + x20) (20 + 23) (23 + 21),
ri 23 1 ¥3 w3 1
r3 22 m 2?2 r 1
_ 1.3 .2 2 _ _
5(13) = |Ty X3 I1 / Ty T2 1| = Tr1ToT3 = e3.
3 x3 a3 ¥3 w3 1

Exercise 1.5 (x). Check that s(;n) = €, and s(,) = hy, in K[z]%".

Proposition 1.13. The Schur symmetric polynomial sy given in Definition 1.11 is a symmetric poly-

nomial for each A € P,,.

Exercise 1.6 (xx). Give a proof of Proposition 1.13. More precisely, show that for any A € P,,
(1) sx(z) € Z[z], (2) sa(z) € Ay, = Z[w]5.
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Theorem 1.14. For any A € P,, we have
S\ = m>\+ZK>\,NmM, K,\)MEN.
pn<A

Here ;1 < A means the dominance ordering (1.1). The number K} , is called the Kostka number.
Example. For |\| <4 we have

S(1) = M(1)s

S(2) = M(2) T M2), Sa2) = M12),

$(3) = M3) + M1y +masy,  S@u = M) +2mas),  Sas) = mas),

S(1) = M4y +M31) + M) T M212) T M), S@1) = M) T M)+ 2mgaz) +3masy,

S(22) = My22) + M(212) + 2m(14), S(2,12) = M(2,12) + 3m(14), S(14) = My14).
Corollary 1.15. {s) | A € P,,} is a basis of the Z-module A,,.
Exercise 1.7 (). Give a proof of Corollary 1.15 using Theorem 1.14.

Theorem 1.17 (Cauchy formula). For x = (z1,...,2,) and y = (y1,...,Yn) we have

n

S sa@sa@) = [ —

eTn ig= LT i
The right hand side term [ =1 ﬁ is called the Cauchy kernel function.
) iYj

Exercise 1.8 (#x). Give a proof of Theorem 1.17.
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