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00 1.1. 00000 (D000 10 Miscellaneous Examples 1,2) 000 O
(1) Show that the representative points of the complex numbers 1+ 44, 2+ 7¢, 34 10¢ on the complex plane
are collinear.

(2) Show that a parabola can be drawn to pass through the representative points of the complex numbers
2414, 4+ 4i, 6494, 8+ 16¢, 10 + 251.
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00 1.2. 00000 (D000 IO §3.34)000000000000O0O0O0O0OOODOOCODO
3.34. A condition, due to Weierstrass, for uniform convergence.
A sufficient, though not necessary, condition for the uniform convergence of a series may be enunciated as

follows: If, for all values of z within a domain, the moduli of the terms of a series
S =uq(2) + ua(z) +us(z) + -
are respectively less than the corresponding terms in a convergent series of positive terms
T'=M+M+Ms+---,

where M, is INDEPENDENT of z, then the series S is uniformly convergent in this region. This follows
from the fact that, the series T being convergent, it is always possible to choose n so that the remainder
after the first n terms of 7', and therefore the modulus of the remainder after the first n terms of S, is less
than an assigned positive number €; and since the value of n thus found is independent of z, it follows that
the series S is uniformly convergent.

Ezample. The series

1 2 1 3
cosz—l—?cos z+3—2cos z4+---

is uniformly convergent for all real values of z, because the moduli of its terms are not greater than the

corresponding terms of the convergent series

1 1

whose terms are positive constants.
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00 1.3. 00000 (D0D0O VO $4)000000000000O00OO0ODOOODOOO
5.4. Taylor’s Theorem.
Consider a function f(z), which is analytic in the neighborhood of a point z = a. Let C be a circle with

a as center in the z-plane, which does not have any singular point of the function f(z) on or inside it; so
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that f(z) is analytic at all points on and inside C. Let z = a 4+ h be any point inside the circle C. Then by

Cauchy’s theorem on the integral of a function round a contour, we have

1 f(z)dz
2mi Jo z—a—h
1 1 h h" prt >

27 Jo (Z)dz(za+(za)2+“.+(za)”+(za)"+1(zah)

R, Wy B f(z)dz
f(a)-l—hf(a)"’ﬁf (a)+"'+ﬁf( )(a)-i- ‘/C(zfa)

fla+h)=

2mi ntl(z —a—h)’
But when 2 is on C, the modulus of - f Elzlh is continuous, and will not exceed some finite real number M.
Therefore we have
‘h”“ / f(z)dz ’ < |h|"tL M 27 R
2mi Jo (z —a)"t(z —a —h) 2r  Rntl

where R is the radius of the circle C, so that 27 R is the length of the path of integration in the last integral,
and R = |z — al for points z on the circumference of C.

The right-hand side of the last inequality tends to zero as n — oco. We have therefore

n

2
Flat h) = F(@) + hf'(a) + o f" (@) 44 0 (a) 4
which we can write

(2 —a)?

1) = fl@) + (= a)f (@) + =

This result is known as Taylor’s Theorem; and the proof given is due to Cauchy. It follows that the radius

Fra) o+ E L gy g

of convergence of a power series is always at least so large as only just to exclude from the interior of the

circle of convergence the nearest singularity of the function represented by the series.
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000000 1.1 (b0,0000 I0 Miscellaneous Examples 3). Prove that if 61,02, . .. are the arguments
of the n-th primitive roots of 1, then ). cospf; = 0 when p is a positive integer less than n/(ab---c),
where a,b,...,c are the different constituent primes of n; and that, when p = n/(ab---c), >, cospt; =

(=1)#n/(ab---c), where p is the number of the constituent primes.

000000 1.2 (50,0000 IIO Miscellaneous Examples 16). By converting the series

8¢q 164> 24¢>
1
+1—q+1+q2+1—q3+ ’

(in which |g| < 1), into a double series, show that it is equal to

8¢ 8q? 8¢°

-—0f O+ (-2 (Jacobi)

1+
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Whittaker, Watson, A course of modern analysis, 4th edition, (Cambridge University Press, 1962)
O Chap. I, I, I, V.
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