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ABSTRACT. We present a replacement for traditional Riemann in-
tegrals in undergraduate calculus, which supplements naive pre-
calculus and at the same time opens a way to more sophisticated
theories such as Lebesgue integration.
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Lots of textbooks on calculus adopt traditional approaches to inte-
gration based on the so-called Riemann integral. Some authors (Bour-
baki, for example) are critical in this and trying to pay much attention
to linkage to the advanced theory of Lebesgue integrals, at least in the

case of single variable.
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For realistic applications, however, we need a naive understanding of
integration in the form of an approximation by (or a limit of) a large
number sum of small quantities, which should be theorefore retained
in any approach.

Defects are culminated in the description of repeated calculus of im-
proper integrals. Theoretically, integrability of multi-variable functions
is required there but no practical and useful criterion is supplied in el-
ementary courses. Thus, even if repeated integrals are possible in a
safe manner, they can not be logically related to the total integrals. Of
course, in Lebesgue integration, this can be dealt with by the Fubini-
Tonelli theorem but at much cost for sophistication. More elementary
but effective formulation is desirable even for practical integration.

We here systematically use monotone-limit extensions of elementary
quadrature, which are of intermediate character in Daniell’s approach
to Lebesgue integration but it works fairly well in concrete integrals
and provides preliminaries to advanced theories as well with good ex-
periences for further achievement.

The author is grateful to Amazon reviewer susumukuni for many
useful comments on a draft version as well as constant impetus during
the preparation of this monograph and to T. Kajiwara for illuminating
discussions on the subject.

1. SETS AND FUNCTIONS

Set notation: Given two sets X and Y, their product X x Y is the
set of all ordered pairs (z,y) (r € X,y € Y), Y is the set of all maps
of X into Y, and the power set 2% of X is the set of all subsets of X.
So R¥ denotes the set of real-valued functions on X, for example.

When X and Y are finite sets with their numbers of elements denoted
by | X| and |Y|, we have | X x Y| = |X||Y], |[YX| = |YV|* and 2| =
21Xl

Multiple products are defined in a similar fashion and identified in
an associative manner: (X xY)xZ = X xY xZ = X x(Y xZ). When
multiple product is performed on a single set Y repeatedly, Y x---xY
(n-times repetition) is denoted by Y. Thus R™ denotes the set of n-
tuples of real numbers. If n = | X| with X a finite set and elements of
X are listed by x1,...,2,, Y¥ is naturally identified with Y.

Remark 1. Throughout this monograph, the notation |-| is used in a multiple
way: For sets, it denotes the size of its extent. For numbers and numerical
vectors, it expresses the length.

Given a set X and a condition P on x € X, we denote by [P] the
subset of X consisting of x € X which satisfies P. As an example, if f
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g(z)}

and g are real functions on a set X, [f < ¢g] = {z € X f(x) <
, A C[P],

When P holds for any x € A (A being a subset of X), i.e.
we shall also write P (x € A).

The order relation in R is extended to real-valued functions as well:
For functions f,g : X — R, we write [ < g if f(z) < g(x) (x € X).
It is convenient to extend the ordered set R by adding formal elements
400 which are upper and lower bounds of R respectively. This is in
fact not so formal because R is order isomorphic to an open interval
(—1,1) by a monotone bicontinuous bijection i : R — (—1,1) such as
h(t) =t/(1+ |t]|) or h(t) = (2/7)arctant so that the extended real
line [—o0, 00| corresponds to the closed interval [—1,1].

A sequence (f,) of real-valued functions is said to be increasing
(decreasing) if f,, < fui1 (fn = fus1) for n > 1. When f is the limit
function of (f,,), i.e., f(x) = li_r)n fn(x) for each x € X, we write f, T f

(fn 4 1)

Complex or real are used as an adjective on functions to indicate
their ranges.

For a (scalar-valued) function f defined on a set X and a subset
A C X, we make an overall use of the notation

[flla = sup{|f(z)]; = € A},

which satisfies the so-called seminorm condition: |laf||la = |a|||f|la
and ||f + glla < || flla + |lg]la. When A is obvious, we write simply
£,

For a complex function f defined on a set X, it gives rise to a map
2X 5 9C hy 4 — {f(a);a € A}. Although logically ambiguous when
both A € X and A € X occur, it is customary to write f(A) =
{f(a);a € A} (called the image of A under f). Likewise a map 2C —
2% is defined by B — f~(B) = {z € X; f(z) € B}. Note that the
inverse image f~!(B) of B is also expressed by [f € B|.

A function f is said to be positive if f(X) C [0,00). Thus a posi-
tive function may take 0 as its value. If you need a function satisfying
f(z) > 0 (x € X), we say that f is strictly positive. Since we occa-
sionally work with complex functions, we shall avoid ‘non-negative’ to
indicate our ‘positive’.

Given a subset A C X, its indicator is a function 14 defined by
14(z) = 1 or 0 according to x € X or not. Thus 14 € {0,1}* c RX
and the correspondence 2% 5 A — 1,4 € {0,1} is bijective.

Based on this fact, we shall identify sets and their indicators in case
of no confusion.
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Example 1.1. Let (A;) be a family of sets. Then ). A; denotes a set
if and only if (J; A; is a disjoint union, i.e., |J; 4; = ||, 4:.

Let (f;) be a family of functions on a set X and | |, A; C X, then
> Aifi is a function described by

(Z Azﬂ) (z) = {fz(@ if x € A; for some 1,

0 otherwise.

We say that a function f is supported by a set A if Af = f.
Remark 2. To avoid possible confusion, we prefer Af to fA.

Exercise 1. ANB=AB =AANB, X\A=X—-Aand ANB+AUB =
A+ B.

Example 1.2. To get more insight on its usage and conveniency, we
take up the sieve formula (the inclusion-exclusion principle) in combi-
natorics.

Given finitely many subsets Aj,..., A, of X, de Morgan’s law is
expressed by X — (A, U---UA,) = (X —A4;)--- (X — A,), which is
combined with its algebraic expansion

X — (At A+ Y ANA 4 (=) Ay - A,
i<j
to obtain the identity
AU UA =Aj -+ A=Y AAj+ 4 (1) A A,
i<j
When Ay, ..., A, are all finite sets, we can evaluate these by counting
measure to get to the sieve formula.

A function f on a set X is said to be simple if it satisfies the following
equivalent conditions.

(i) f is a linear combination of finitely many subsets of X.
(ii) The range f(X) is a finite set of scalars.

Exercise 2. Check the equivalence of (i) and (ii).

Definition 1.3. A real vector space L consisting of real-valued func-
tions on a set X is called a linear lattice or a vector lattice if

LhgelL = fVvg fAgelL,
where

(f Vg)(x) = max{f(x),g(x)}, (fAg)(x)=min{f(z),g(x)}.
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From the identity 2(sot) = s+t F|s —t| (s,t € R), the condition is
equivalent to |f| € L (f € L), i.e., L is closed under taking absolute-
value functions.

Given a linear lattice L, we define the positive part of L by Lt =
{f € L; f > 0}, which generates L linearly in view of f = (0V f) +
OAf) =V f)=0V(=f) (f€Ll).

IAg

FiGurEe 1. Lattice Operation

Definition 1.4. A linear functional [ : L — R on a linear lattice L is
said to be positive if I(f) >0 (f € L™). A positive linear functional,
simply a positive functional, is continuous if f,, € L™ satisfies f,, | 0,
then I(f,) | 0. A continuous positive functional is called a preintegral
(or a Daniell integral).

An integral system on a set X is defined to be a couple (L, I) of a
linear lattice L on X and a preintegral [ on L.

Exercise 3. A linear functional I on a linear lattice L is positive if
and only if [I(f)] < I(|f]) (f € L).

By a division in a set X, we shall mean a finite family D of mu-
tually disjoint non-empty subsets of X and, given a division D, let
RD = Y ,.pRD be the set of linear combinations of sets in D, which
is an algebra and a linear lattice at the same time (called an algebra-
lattice). The algebra RD has a unit element given by [D] = | |,.p D
(called the support of D).

Since D is linearly independent as a family in RD, the vector space
RD is naturally isomorphic to RP as an algebra-lattice and any positive
function g on D is extended to a positive functional I on RD, which
is obviously continuous. Thus there is a one-to-one correspondence
(by restriction and extension) between positive functions on D and
preintegrals on RD.

Among divisions in X, we define an order relation D < £ by RD C RE,
which is equivalently described by the condition that each D € D is a
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disjoint union of F € £ included in D. We say that € is a subdivision
of Dif D < £ and [D] = [€£]. Let I and J be preintegrals on RD and RE
respectively. Then J is an extension of [ if and only if they are related
by I(D) = pcpJ(E) (DeD, Ecg).

We assume and follow standard terminology and notations on the
topology in R?. For example, given a subset D C RY, D denotes the
boundary of D. Non-standard is the notation and the meaning for
the support of a function f defined on a subset A of R?: The closure of
[f # 0] in RY is called the support of f and is denoted by [f]. In other
words, our support of f is the ordinary support of the zero extension
of f to R%

For a subset A of RY, C(A) denotes the set of continuous functions
on A. When A is open, a continuous function f € C(A) is said to
have a compact support if [f] is bounded and [f] C A. The set
of continuous functions on A having compact supports is denoted by

Ce(A).
2. DEFINITE AND INDEFINITE INTEGRALS

Here we discuss definite integrals of functions of a single variable.

A step function is by definition a linear combination of bounded
intervals in R. Let S(R) be the linear space of step functions. For a
bounded interval D with a < b endpoints, its width (or length) b — a
is denoted by |D].

Given a finite! partition A = {{; < t; <--- <t,} in R, open inter-
vals (to,t1), . - ., (tn—1, t,) together with one-point intervals [to, tol, . . ., [tn, tn)
(called interval parts) are linearly independent in S(R) and, if we de-
note by RA the set of their linear spans, RA is an algebra-lattice with
the width function on interval parts in A linearly extended to a positive
linear functional Ia. It is immediate to see that if A’ is a refinement
of A, then RA C RA’ and I/ extends Ia.

Given finitely many intervals Dy,..., D,,, we can find a finite par-
tition A so that each D, is a sum of interval parts in A. Note that
D;A; = A; or 0 according to A; C D; (denoted by i < j) or not.
Moreover we have an expression D; = . ; A; together with an obvi-
ous equality |D;| = >, |A].

i<j
Lemma 2.1. The step function space S(R) is an algebra-lattice. The

width function is extended to a positive linear functional I on S(R),
which is referred to as the width integral.

'We exclusively deal with finite partitions and the adjective ‘finite’ is henceforth
omitted.
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Proof. Since interval parts in A are idempotents in the function algebra
RR, their linear combinations constitute an algebra-lattice, which is
inherited from S(R).

To see that the width function is well-extended to a positive linear
functional, let Z]‘ a;D; =", BrE) with D; and Ej, bounded intervals.
Choose a partition A so that Dj, Ej, € RA. Then

ZO‘J|D | = ZO‘J’A | = Ia( ZO‘J
i<J
= Ia( ZﬁkEk D BIa(A) = Bel Exl.
k

O

The width function is now extended to a set A € S(R) by |A| =
I(A). Note that such an A is exactly a union of finitely many bounded
intervals. The following is a key toward integral extensions.

Lemma 2.2. Let | |-, D, be a decomposition of an open interval (a, b)
into countably many bounded intervals. Then b —a =3 >°  |D,|.

Proof. Intuitively this seems obvious because it just prevents infinites-
imal leakage from the summation and you may take it for granted?
to see further developments. The proof itself is, however, not difficult
once you know the Heine-Borel covering theorem?:

Since > 7| D; < (a,b) as functions on R, taking the width integral
gives >, [Djl <b—aand then > - [D,] <b—a.

To get the reverse inequality, given ¢ > 0, by replacing each D,
with a slightly large open interval U, satisfying |U,| < |D,|+ €/2", we
consider an open covering (U,,) of [a + ¢,b — €] and can find a finite
subcover (Uy,,)1<;j<k by the Heine-Borel (A.1) so that

k k
[d<+-€,b-— d < L_Jlﬁh-fg }E:ljﬁj
j=1 j=1

is evaluated by the width integral to get

b—a—26<Z|Uny<Z|U]<Z|D|+Z => |Dnl+e

n>1 n>1 n>1 n>1
Thus b —a < anl\Dn\—l—i’)e. O

2This resembles changing paths in contour integrals of complex analysis, which
is intuitively obvious but not logically at all.

3The covering theorem itself is in fact established as sophistication of the proof
of this lemma.
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Corollary 2.3. Monotone continuity holds for the width integral.

Proof. We first claim that, if | | -, A, is a decomposition of a set A €
S(R) into A, € S(R), then |A| = >°° |A,|. In fact, A is a finite
disjoint union of open intervals (a, b) and points. For points, the width
integral satisifes the equality by 0 = > 0 and, for open intervals, the
assertion in the lemma gives [(a,b)| = > |[(a,b) N A,|. (Note here
that (a,b) N A, is a disjoint union of finitely many bounded intervals.)
Summing these up, we obtain the claim.

Let (h,)n>1 be a decreasing sequence of step functions satisfying
h,, 1 0. We show that the width integral satisfies I(hy,) { 0.

Since both [y > 0] and [h, < €|h, are step functions and satisfy
[ < €]lhy, < [h1 > 0]e for any € > 0, evaluation by the width integral
gives

I(hy) = I([hn < €lhn) + ([P > €]hy) < €][h1 > O] + [ ||[2 > €]
and the continuity is reduced to showing )[hn > 6]‘ 1 0asn — oo.
To see this, we rewrite [h, > €] | 0 into the form

(> = | | ([hn >\ (g > e]) = | |1 >N [husr < €]

n>m n>m

for any m > 1. Since [h,, > €] and [h,, > €] N [h,41 < €] belong to S(R),
we can apply the above claim to have

‘[hm >q| = Z([hn > € N s < €

n>m

9

which approaches 0 as m — oo because Y - |[hn > €] N [hp1 < €]| =
|h1 > €]| < o0. O

Thus the width integral on step functions is a preintegral and gives
an integral system on R.

To know how the above reassembling lemma is non-trivial, consider
the following generalization due to Stieltjes: Let ¢ : R — R be a
(weakly) increasing function. Remark first that jumping points ¢ sat-
isfying ¢(c —0) < ¢(c+ 0) are countable because given a finite interval
[a,b] {c € [a,b];¢(c +0) — ¢(c —0) > 1/n} is a finite set for every
n=1,2,.... Now the Stieltjes mass is assigned to finite interval parts
by

[(a,b)]s = ¢(b—0) = d(a+0), [c}s = d(c+0) = p(c—0)
and linearly extended to a positive functional I, on S(R), which is
called the Stieltjes integral. Note here that values at jumping points
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are irrelevant in this construction and it is customary to impose left or
right continuity on ¢ so that ¢ is uniquely determined from the Stieltjes
integral.

We here claim that, given a partition R = LIR; of a bounded interval
R into a countable sequence (R;) of bounded intervals,

Rlo = |Rjs.
i

Again non-trivial is the inequality |R[y < >, |R;ls-

For a bounded non-open interval, we can move boundary points
slightly outer to make it open but the Stieltjes mass difference re-
main small. This is possible from the limiting definition of the Stieltjes
mass: Given € > 0, let R§ be an open interval including R; and satis-
fying |RS|y < |R|s + €/27 (we may take RS = R; if R; is open).

First consider R = [a,b]. By the Heine-Borel covering theorem (A.1),
for a sufficently large n > 1, R C Jj_, R < >_7_, R5 and hence

n

[Rlo = Io(R) <> Io(R5) =D |Rils < Y (IRjlste/27) <D |Rjlote.
j=1 j=1 J=1

J=1

Thus the cliam holds. Since € > 0 is arbitrary, this gives |R|, <
Zj |Rj|¢'

When R = (a,b), add {a}, {b} to (R;) and apply the reassembling
formula for [a, b] to have

[{a} s + b} + [(a,b)]s = l[a. blls = [{a}ls + {b}Hs + D |Rilo,

j=1

which shows that the claim is true for R = (a,b). Similarly for R =
(a,b] and R = [a,b).

Once the reassembling formula for mass is established, we can repeat
the argument in Corollary 2.3 to see that [, is continuous, i.e., the
Stieltjes integral is a preintegral on S(R).

Remark 3. In contrast to Stieltjes integrals, values on finitely many points
are irrelevant in the width integral. Based on this fact, it is often convenient
to work with open-closed intervals (or closed-open intervals) instead of full
intervals as witnessed in the Cauchy-Riemann-Darboux approach below.

Next we enlarge a linear lattice L by monotone sequential limits as
a preparation to integral extensions.
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Definition 2.4. Given a linear lattice L on X, we set

Ly ={f: X — (—o0,00];Ja sequencef, € L, f,, T f},
Ly ={f:X — [—00,00);Ja sequencef, € L, f, | f}

and LT = {f € Ly; f > 0}. Functions in Ly (L;) are referred to as
upper (lower) functions respectively.

Notice that any monotone sequence ( f,,) in L has a limit in Ly, where
the notation Ly is used to stand for Ly or L. For L = S(R), we write
St(R) instead of Ly.

The following are immediate from these definitions.

Proposition 2.5.
(1) Li = _LT and L C LT N Li'
(ii) Ly are semilinear lattices in the sense that, for o, 5 € Ry and
f,9 € Ly, we have of + 8g, f Vg, f A g € L. Consequently
LyN Ly is a linear lattice.
(iii) Moreover if L is an algebra (i.e., being closed under multipli-
cation), L$ Ly C Ly and Ly N Ly is also an algebra.

Exercise 4. Check the above properties on Ly.

We say that a function f : R — R is doubly bounded if it is bounded
and has a bounded support.
Lemma 2.6.

(i) For f € St(R), O A (£f) is doubly bounded. Consequently
functions in St(R) N S| (R) are doubly bounded as well.

(ii) A function f: R — [0,00) belongs to S;(R) if it is continuous
on an open interval (a, b) and satisifies (a,b)f = f. Here —oo <
a<b<oo.

Proof. Non-trivial is (ii). Choose a, | a and b, 1 b so that [a,,b,| C
(a,b). Dividing (a,b] into subintervals finer and finer, we can find an
increasing double sequence f,, in ST(R) so that f,x = (an, bn] frt1k,
fok < forsr and kh_{go fnk = (an,by]f thanks to the Darboux approx-
imation (see Cauchy-Riemann-Darboux approach at the end of this
section) based on uniform continuity of [a,, b,]f.

Now the diagonal sequence f,, = f,, in ST(R) satisfies f, T f and
we are done. 0

Corollary 2.7. If f is a doubly bounded function having finitely many
points of discontinuity, then f € Si(R) N S| (R).
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Proof. By assumption, we can choose a partition a =ty < t; < --- <
t; = b so that (a,b)f = f and the points of discontinuity of f are
contained in {to,...,¢,}. Then, in the expression

-1 l

(@ 0)(f+ 1) =Dt (F NI+ Dt (FI+ £5)

J=0 J=0

we apply (ii) to see that it belongs to S;(R), whence f € S;4(R) as a
sum of (a,b)(f + |[f]]) and —(a,b)|[ f]| € S(R) C Sp(R).
Likewise, —f € S}(R), i.e., f € S|(R). O

Lots of functions belong to Sy US| but of course not always.
Example 2.8.

(i) We see (0,7)(+1 +sin(1/z)) € S4(R) for 0 < r < 0o and then
(0,r)sin(1/z) € S4(R) NSy (R) for 0 < r < oo.

(ii) Let C be a dense subset of an open (non-empty) interval (a, b)
and assume that (a,b) \ C is also dense in (a,b). Then neither
S3(R) nor S| (R) contains C' as an indicator function.

In fact, let (f,) be a decreasing sequence in S(R) satisfying
C < fn (n >1). Since f, is continuous except for finitely many
points, the density of C' € (a,b) is used to see f, > (a,b) > C
but C' # (a,b), showing C' # lim f,, and hence C' € S| (R).

Likewise, (a,b)\ C & S|(R), i.e., C — (a,b) = —((a,b)\C) &
S3(R) and then C' = (a,b) + (C' — (a,b)) ¢ S+(R) in view of
(a,b) € S(R).

(iii) Both sinz and =/(1+|z|) do not belong to St(R)US| (R) simply
because their positive and negative parts are unbounded.

\
?
o
Z
=
8|~

=

FiGURE 2. Rapid Oscillation

Exercise 5. Any countable dense subset of (a, b) satisfies the condition
in (ii). Hint: (a,b) is not countable.



12 SHIGERU YAMAGAMI

Exercise 6. For a sequence (a,) satisfying a, > a,+1 (n > 1) and
a, | 0, show that a comb function Z[agn, aon—1] is in S4(R) N S| (R).

n>1

Exercise 7. A monotone (increasing or decreasing) function f : R —
[—00, 00] belongs to Si(R) if and only if & f > 0. Hint: Level approxi-
mation in Appendix C.

Remark 4. We notice that so many functions belong to “S4(R) — S| (R)” but
a big issue here is that fy — f; (f4 € S4(R)) is not always well-defined due
to the possibility co — co. Later we discuss a remedy for this.

We shall now extend a preintegral I from L to L.

Lemma 2.9. Let (f,), (gn) be increasing sequence in a linear lattice
L satisfying the inequality

lim f,, <lim g,

for (—o0, oo]-valued limit functions (neither lim, f,, nor lim, g, being
assumed to be in L). Then we have

lim (£,) < lim I(g,,).

Proof. From the assumption, f,,, < lim,,_,, g, and hence f,, = lim,,_, fin/
gn- By applying the continuity of I to (f,, — fm A gn) 4 0, we have

I(fm) = lim I(f, A gn) < lim I(g,)
n—oo n—oo
and the limit on m gives the assertion. O

Definition 2.10. The previous lemma allows us to define a functional
IT : LT — (—OO, OO] by

L) = I(f). St f. fuc L.
Likewise, I} : L; — [—00,00) is defined by
L) = m I(f), fulfs fuel

Here are immediate properties of these extensions:

Proposition 2.11.
(1) [J,(—f) = —Iq(f) for f € LT (recall that _LT = LJ,)
(ii) Functionals I+ and I; coincide on Ly N L, and extend I, i.e.,

Li(f) = I,(f) e Rfor f € LyN Ly and Ly(f) = I(f) = 1,(f)
for f € L.
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(iii) Functionals I; and I; are semilinear, i.e., for a, f € R, and
f,9 € Ly,
Iy(af + Bg) = aLy(f) + BI1(g)-
(iv) If f,g € Ly satisfy f < g, then It(f) < I+(g).
Thus I1 (14 or I}) is a positive functional on the linear lattice Ly N L.

Proof. We just indicate the coincidence in (ii): If g, T f and h, | f
with g¢,,h, € L, then h, — g, } 0 and hence I(h,) — I(g,) { O by
continuity of I. Thus I4(f) = lim I(g,) = im I(h,) = I,(f). O

Exercise 8. Check other properties.

The monotone extensions are now applied to the width integral,
which are conventionally denoted by

/f(t) dt € RU{£oo} (f € Sp(R)).

Here arises no ambiguity thanks to the coincidence I+ = I on S;(R) N

S| (R). Note that it gives a positive linear functional on St(R) N S| (R).
Now let f : R — R satisfy [a,b]f € S+(R) N S| (R). The integral of

la,b]f is called the definite integral of f on [a,b] and denoted by

l%@ﬁ

The definite integral is clearly linear and monotone in f, whence it
satisfies the integral inequality:

/f f) dt /|f ) dt < (b— )|l s

Consequently, if a sequence ( f,,) and f satisty [a, b]f,, € S+(R) N S| (R),
[a,b]f € S3(R) N S| (R) and [a bl frn. — [a,b]f uniformly on [a, b], then

lim fn t)dt = / f(t)
n—oo
In the definition of deﬁmte integral, we may use other types of inter-
vals, say (a, b], as well because functions supported by finite sets belong
to St(R) N S| (R) with their integrals equal to zero.
The definite integral is additive on supporting intervals: If a < ¢ <
, [a,b]f € St(R) N S| (R) if and only if [a,c]f and [c,b]f belong to
S3(R) N S| (R). Moreover, if this is the case, we have

l%@ﬁ:l?@ﬁ+[%@ﬁ
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In accordance with this additivity, it is then customary to write

/baf(t)dt:—/abf(t)dt.

(i) Any function f which is continuous on [a, b] admits the definite
integral fab f(t)dt by Corollary 2.7.

(ii) For r € R, the translated function g(t) = f(t — r) satisfies
[a+7,b+7]g € S+(R)NS|(R) if and only if [a, b] f € S+(R)NS|(R),
and in this case

/bf(t) a— [ f(t—r)dt.

a+r

Example 2.12.

Example 2.13. Let f(t) = sin(1/t) for t # 0 and assign any value at
t = 0. Then [a,b]f € S+(R) N S| (R) for every bounded [a,b] C R by
Corollary 2.7 and the definite integral f: f(t)dt is well-defined.

Exercise 9. For r > 0, [ra,rb]f € Si(R) NS (R) if and only if the
scaled function g(t) = f(rt) satisfies [a, blg € S3(R) N S| (R). Moreover,

if this is the case,
b 1 b
/ f(rt)dt = —/ f(t)dt.
a r ra

Now an indefinite integral of f is a function of = defined by

/a oy

with a a preassigned point and = € R satisfying [a, z]f € S+(R) N S| (R).
The difference of indefinite integrals is therefore a constant function
and indefinite integrals of f are determined up to additive constants.

Example 2.14. For a function f € S;(R)NS|(R), the indefinite integral
/ f(t)dt is everywhere defined for any a € R and is locally constant

outside the support [f] of f. In particular, the indefinite integral is
constant for a sufficiently large |z|.

The following, known as the fundamental theorem in calculus, is
literally of fundamental importance.

Theorem 2.15. An indefinite integral is a continuous function and, if
f(t) is continuous at ¢t = ¢, it is differentiable at x = ¢ in such a way
that

* / Cfe)dt = 1)
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Proof. Continuity of an indefinite integral of f follows from the integral
inequality

Y
f@d4ém—ﬂmﬂmm

in view of local boundedness of f.

For § > 0, if = satisfies |z — ¢| < 4,
Lo s

1 X C
t)dt — t)dt | — =
([ rwa- [ raa) - |- |
< Hf - f(C)H[C—(s,c-l-é]?
which converges to 0 as 6 — +0 by continuity of f(z) at z = c. O

Corollary 2.16. If f is continuous on an open interval (a, b), it admits
a primitive function F' in such a way that

/W@ﬁzmw—ﬂsz@ﬁ

for any [z,y] C (a,b).

Recall that a primitive function of a function f defined on an
open interval (a,b) is a differentiable function F on (a,b) satisfying
F" = f. Also recall that primitive functions of f are unique up to
additive constants.

Proof. As functions of y (z being fixed), both sides are primitive func-
tions of f and coincide at y = . O

Example 2.17. For o > 0, consider a function f,(¢) of ¢t € R defined

by
)t (t>0),
Folt) = {0 (t<0),

which is continuous for o > 0 but has discontinuity at t = 0 for o = 0.
In either case, indefinite integrals are defined everywhere and given by
continuous functions

e /(a+1) (x>0),
/ falt)dt = { (x <0),

which are differentiable and give primitive functions of f, for a > 0
but not for & = 0 (no primitive function of f; exists).

Let a function f : (a,b) — R satisfy [z,y]f € St(R) NSy (R) for
a<zxr<y<b An improper integral of f is defined to be

Yy
/ f dt (z, hn%a b) f - :L"Egio\/ f dt T yl—liaIlO/C' f(t) dt
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if limits exist. When f € S;(R) N S| (R) and (a,b) is bounded, it
is reduced to the definite integral f; f(t)dt. Improperly integrable
functions constitute a linear space with the improper integral giving a
positive functional but improperly integrable functions do not form a
lattice.

Related to this fact, we say that a function f : (a,b) — R is ab-
solutely convergent if [z,y]f € S+(R) N S| (R) and |f]| is improperly
integrable. In that case, f is improperly integrable and satisfies the

integral inequality
b
< [ 1@l ds

An improper integral is said to be conditionally convergent if it is
not absolutely convergent.

Later we shall see that absolutely convergent integrals are properly
extended to multiple integrals.

x) dx

Proposition 2.18 (Frullani integral). Let a function f : (0,00) — R
satisfy [z,y]f € St(R) N S| (R) for 0 < x < y < oo and assume that

£(0) =limy_, o f(t) and f(00) = limy .o f(t) exist. Then, for 0 < a <

f(bt)—f(at)
t

b, the function is improperly integrable on (0, 00) and

/Ooo M dt — (f(oo) - f(o)> log 2

Note here that f(at)/t (x <t < y) belongs to St(R) N S| (R).

Proof. Take > 0 small and y > x large. Then from the scaling
invariance of dt/t (Exercise 9), we have

/y Jo0) = fla) gy (710 gy [V IO,
x t b ar

v f (t) " f (t)

/fty g — /ft:c

Since lim f(ty) = f(co0) and hm f(tx) = £(0) uniformly in ¢t € [a, b],

Y—00

i /fbt atdt/f /f

= (f(0) ~ £(0)) o .
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Here is a practical formula to compute improper integrals (including
proper ones):

Theorem 2.19. Let f be coninuous on (a,b) with F' its primitive
function. Then f is improperly integrable if and only if F(a + 0) =
limy o0 F(t) and F(b — 0) = limy;_,,_¢ F'(t) exist. Moreover, if this is
the case, we have

/bf(t)dt: F(b—0)— Fla+0).

Example 2.20. For r > 0,

/wldt— 1/(r—=1) ifr>1,
A otherwise.

11ﬁ__1ﬂl—ﬂ if r <1,
o T oo otherwise.

!

/Ot"e”dtzr(zzrl) (r>0n=0,1,2---).

For the existence of absolutely convergent improper integrals, the
following gives a useful criterion.

Proposition 2.21. If continuous functions f and ¢ defined on an open
interval (a,b) satisfy |f| < ¢ with the integral f: ©(t) dt convergent (a
and b can be +00), then f; f(t) dt is absolutely convergent and satisfies

[ 1w il < [ () dt

Example 2.22. Primitive functions of sin(1/z) on 4(0,00) are con-
tinuous at x = =0.

Example 2.23. The improper integral (called gamma function)

F(s):/ t et dt
0

exists for s > 0. Use t*"te™® < (0, 1]t + (1, 00) M,e*/? with M, =
sup{t*~te¥2;t > 1} < 0.

Exercise 10. Relate the Gaussian integral

/‘ﬂeﬁﬁ (n=0,1,2,---)
0

to the gamma function.
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A~

FiGURE 3. Dominated Integral

Example 2.24. As a typical example of conditionally convergent inte-
*sinx
grals, we pick up /
0o T
analytic) at = 0 and the integral is improper only at x = co. The in-
tegral value turns out to be 7/2 as seen later with the help of repeated
integrals, complex analysis or Fourier analysis.
To see the convergence, we use integration by parts to have

/2a sina:dx:/“ sin(2x) dx:/a (Sinx>2dm+ {(Sinaj)Ta7
0o T o T 0 T Tz,

where the last expression approaches the absolutely convergent integral
J,” (sinx/2)? dz (Proposition 2.21) as a — oo.
It is, however, not absolutely convergent because

[l g, S " s,
0 T —1 Jm(n—-1) x

n

dx. Here the integrand is continuous (even

™

=1 =, 2
>3 & nzlde =S -2 = .
_;Wn/ﬂ(n_l)\smaﬂ T ;Wn 00

Exercise 11. Show that the Fresnel integrals

/ cos t? dt, / sin t? dt
0 0

have meanings as improper integrals. Hint: Change the integral vari-
able to t = \/z and then try the same trick as in the above example.
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\ sin x

=
&

FIGURE 4. Sinc Function

We shall later show that their values® are y/7/8 by computing a double
integral relative to polar coordinates.

PN sin t2

FIGURE 5. Fresnel Integral

Here are more amusing examples of improper integrals.

00 i3
sin” x 3
dr = - log 3.

T z = log
This improper integral is absolutely convergent and the expression
1 [ 3sinz — sin(3

/ sin x — sin(3z) s

0

72

Example 2.25.

4

allows us to apply the Frullani integral for f(¢) = (sint)/t with a = 1
and b = 3 to get the value.

w/2
Example 2.26 (Euler). [ :/ log(sinz) dx = —glog 2.

0
First observe that the integral is improper at the boundary x = 0
but is absolutely convergent.

4A quick way to compute the value is to change the variable to ¢t = se’™/* and

apply Cauchy’s integral theorem.
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From the translational invariance I = / log(sinz) dz and the re-
w/2

w/2
flection invariance I = / log(cos x) dz,
0

1 ™ w/2
I= —/ log(sinx) do = / log(sin(2x)) dz (scale is modified by 2)
0

w/2 w/2 w/2
/ log 2 dz +/ log(sin x) dz +/ log(cos ) dx
0 0

-7

24+ 27.
20g+

Exercise 12. With the help of sinz > 2z/7 (0 < x < 7/2) show the
absolute convergence of fow/ ?log(sinz) d.

Theorem 2.27 (Continuity in Laplace Transform). Let f : (0,00) — R
be an improperly integrable function which is continuous on (0,a] U
[b,00) for some 0 < a < b < oo. Then e " f(t) (r > 0) is an im-
prco)cl)oerly integrable function of ¢ > 0 and the Laplace transform

e " f(t)dt of f is a continuous function of r > 0 satisfying

li T dt = h d
im i e " f(t)dt /0 f(t)dt

r—+0

Proof. We first consider the case that f is continous on (0,00). Let

F(z) = —/ f(t)dt (x > 0) be a primitive function of f satisfying

lim F(z) = 0 and lim F(z ) - / f(t)dt at boundaries. Then

T—00 z——+0

(F(t)e ™) = f(t)e™™ — rF(t)e”", which is integrated to get

L—rtf /f Hdt —e" /f dt+r/ TUR(t) dt.

Since the last integrand is absolutely integrable on (0, c0) by Proposi-
tion 2.21, we can take the limit x — 40, y — oo to have

/OOO e " f(t)dt — /OOO ft)ydt =r /OOO e "F(t) dt.
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To see the parametric behavior of the right hand side as » — +0, we
split the integral domain at some R > 0 and estimate partial terms by

R
r/1e”ﬂF@ﬂdt§rRsmﬂF@ﬂ,
0

t>0

r/IJWNMﬁSKMwMHWSWMHm‘
" t>R t2R

We first take R large enough so that the second term is small and then
choose r > 0 small enough so that R is small. In total, the right hand
side turns out to converge to 0 as r — +0.
o0
For the parametric continuity, we show that e "F(t)dt is con-
0
tinuous in 7 > 0. To see this, let r, s > ¢ > 0 and estimate an absolutely

convergent integral / (e7™ — e F(t) dt by
0

‘/|e”—eﬂﬁﬁWﬁ§wﬂF@»/]e”—eﬂﬁ
0 >0 0

S
/ te " du
,

< sup |F(z)] / dtte™"r — s
0

>0

< sup IF(SC)I/ dt
0

>0

[r — s
— F
ﬂy(@\y

Now we relax f to be continuous on (0,a] U [b,00). By replacing
la,b]f with a continuous function on [a,b], we can write f = g + h
with ¢ an improperly integrable continuous function on (0,00) and
(a,b)h = h € S+(R) N S| (R) (cf. Corollary 2.7).

Since e "' h(t) belongs to Sy N S| as a product of (a,b)e™" € Sy NS,
and h (Proposition 2.5 (iii)), the problem is reduced to showing that
fab e "'h(t) dt is continuous in r > 0, which is checked by repeating the
parametric continuity in the wholly continuous case, this time by using
the boundedness of h. 4

Cauchy-Riemann-Darboux Approach Originally integral was in-
vented as a limit-sum of infinitesimals, which was necessary and useful
in mathematical modelling of differential objects. We shall here de-
scribe our definite integrals according to historical developments due
to Cauchy, Riemann and Darboux. Instead of somewhat mysterious
notion of infinitesimals, we work with partitioning of an interval and
make the size of interval parts smaller and smaller.
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Consider a continuous function f defined on a bounded closed inter-
val [a, b] and regard it as a function on R by zero-extension.

For a partition A = {a = 2y < 21 < -+ < @, = b} of [a,b] and a
choice £ = (&;) of sample points &; from subintervals (z;_1, z;], let

fA = Z(l'i—hﬂ?i] sup f((xz'—l, iﬁ'z]), fa= Z(xiflyxi] inff((xiflaxi])

i=1 i=1

fae =Y (wiv,@)f(&)
i=1
so that fa < (a,0]f < f® and fa < fae < f2.
Note that f +— fag is linear in f, whereas not for fa and f2, but
these behave simply under a finer partition A’ D A; fa < far < fA <

f2

fa

a A b
FIGURE 6. Darboux Approximation

Let |A| = max{x; — x¢,..., %y — Tpm_1} be the mesh size of A. By

uniform continuity of f on [a, b],
Cr(0) = sup{|f(s) = f(D)];[s —t] < 0}
descreases to 0 as 6 | 0 (Theorem A.3). On the other hand,
FA(x) = falw) = sup{|f(s) = f(t)]; s, € (wir, 2]}

for z € (w;_1,7;] shows that 0 < f2 — fa < (a,b]C¢(]A]), which is
combined with

2 = fael + [fae = fal = 2 = fa = 12 = (a, 0] + |(a, B f — fal
to see that
[fae=(a,0f] < |f2=Fael+f2=(a,blf| < 2(f2—fa) < (a,0](2C;(JA])).

Consequently, for an increasing sequence A; C Ay C --- of par-

titions satisfying |A,| — 0 (n — o0), we see that fa, T (a,b]f and
750 1 (@,)f, whenee f = [a,a)f(a) + (a,]f € S1(R) 1 5, (R).
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Owing to the linearity of fa¢ on f, we define a positive linear func-
tional of f € C([a,b]) C St(R) NS (R) by

]Ag( —IfA§ ngz — Ti-1 )7

which satisfies
b
Laef) = [ fla)ds

The discussion so far is now summarized as follows:

= |Blfae = @) < Bllfae — (@ bf)
< L{(a. 20, (A]) = 20— a)Cy(1A)).

Theorem 2.28. Let [a, b] be a bounded closed interval. Then C(]a, b]) C
Sy NSy and, for f € C([a,b]), limajso || fae = fll(ap = 0 and

b
[ 1@ o= tim 1240

ie., given € > 0, we can find § > 0 so that |A| < ¢ implies || fae —
fll(ap < € and

x)dr —Ine(f)| <€

for any choice £ of sample points in A.

3. MULTIPLE AND REPEATED INTEGRALS

We now develop multi-dimensional integrals as analogues of the single-
variable case: A rectangle is a product set in R? of bounded intervals
such as [a, b] = [a1,b1] X - - - X [ag, b4, (a,b] = (a1, b1] X -+ X (aq, bg) and
so on. Note that there are 4% choices of end points.

A step function on R? is defined to be a linear combination of
rectangles and the set S(RY) of step functions on R? is an algebra-
lattice.

As in the one-dimensional case, we write Ly = Sy(R?) for L = S(R?),
which are semilinear lattices and satisfy the following properties.

Proposition 3.1.

(i) For f € Sy(R?), 0 A (£f) is doubly bounded (i.e., bounded
and of bounded support). Consequently functions in S;(R%) N
S| (RY) are doubly bounded as well.

(i) A function f : R? — +[0,00) supported by an open rectangle
(a,b) of R? belongs to Sy(R?) if f is continuous on (a,b).
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Corollary 3.2. Rectangular cuts of C.(R?) are included in Sy N S|.
Here C.(RY) denotes the set of continuous functions on RY having
bounded supports. In particular the set C([a,b]) of continuous func-
tions, which is naturally identified with [a, b]C.(R?) by zero extension
to RY, is included in Sy N S|.

Proof. For f € C.(RY), choose an open rectangle R so that [f] C R.
Then 0 < R||f|| £ f € St because it is supoorted by R and continuous
on R. Thus f £ R|f|l« € St and hence f € S; N S| in view of
TR fll € 5.

Since S;N.S| is an algebra and contains rectangles, rectangular cuts
of f belong to Sy N .S;. O

Exercise 13. Prove the assertions in Proposition 3.1 (cf. the Cauchy-
Riemann-Darboux approach in R? discussed below).

Given a rectangle R, its volume |R| is the product of relevant
widths; [(a,b]| = (by —a1) -~ (bg — ag) for example. The volume func-
tion is then linearly extended to a positive functional I of S(R?) (called
the volume integral), which is also denoted by I(f) = [ f(x)dxz or
simply [ f to suppress integral variables.

The value I(f) is also referred to as the multiple integral of f
based on the fact that the following repeated integral formula holds.

/f(x)dx:/---/f(ml,...,xd)d:vl---dxd.

Here the order of repetitions of single-variable integrals is irrelevant,
i.e., the multiple integral is invariant under permutations of variables
because the volume function is invariant under permutations.

Algebraically S(R?Y) is identified with S(R) ® --- ® S(R) and the
volume integral I; on S(R?) is nothing but the tensor product ¢ =
I ® -+ ® I of the width integral I; on S(R). Thus, if we denote by
1D : S(RY) — S(R?1) the partial width integral 1®---®[®1®---®1
on the j-th variable, then I, is realized as repetitions of IU) by d-times.

Multiple integrals are then continuous relative to monotone conver-
gence because each partial integral 1) is continuous (or one can re-
peat the one-dimensional argument based on a reassembling lemma for
countably many rectangles).

The volume integral I on S(R?) is thus a preintegral and we can talk
about its extension Iy to Sy(R?), which are permutation-invariant and
also denoted by Ii(f) = [ f(z)dz € £(—o00, 0] for f € S;(R?) as in
the case d = 1.
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We can even apply the same argument in the monotone extension of 1
to see that each partial integral 7U) is monotone-continuously extended
to Sp(R?) — Sp(R4') and obtain the following.

Proposition 3.3. The repeated integral formula is valid even for f €
St(R?), where each single-variable integral is realized by I} on Sy(R).

Notice that, as in the width integral, values on rectangles of lower
dimensions are irrelevant in volume integrals and a systematic use of
open-closed rectangles enables us to simplify describing approximation
process in integrals as seen below.

For (bounded) continuous functions of bounded support, we can de-
scribe the integral also by the Cauchy-Riemann-Darboux approach.
Given a closed rectangle [a, b] and a multiple partition A = A x---xXAy
of [a, b], the rectangle (a, b] is then expressed by a disjoint union of open-
closed rectangles of the form R = R; x --- x R4 with R; an open-closed
interval part in A;.

Associated with a bounded function f : (a,b] — R, introduce step
functions on R? by

=Y R(sup f(R)), fa=) Rf(inf[(R))

and, given a family £ = (£g € R) of sample points in the decomposition

(a,b] = | | R, let
fae=> Rf(&r) € S(RY)
R

and define a positive linear functional of f € C([a,b]) by
Ine(f) = 1(fae) = ZRf (&r)

in such a way that fa < f < f2 and fa < fae < f2.

If A" = A} x -+ x A} is a refinement of A in the sense that A; C Al
(1<j<d),then fa < far < f& < f2.

The mesh size of A is by definition |A| = |A| V.-V [Ag].

Example 3.4. Let A® (I > 1) be the I-th dyadic partition of [a, b].
Then AW is increasing in [ and |AD| = 27" max{b; — a;;1 < j < d}.

Theorem 3.5. Let f € C([a,b]) C S+(R?) N S| (RY) with [a, b] a closed
rectangle in R?. Then lii|m0 | fae — fll@ps = 0 and
—

r)dr = lim [ ,
[a’b]f( ) Jn aelf)
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ie., given € > 0, we can find 6 > 0 so that |A| < ¢ implies ||fae —
Fllapn < eand [Iae(f) — f[a i f| < € for any choice £ of sample points.
Moreover, each partial integral 1) (1 < j < d) gives rise to a linear
map C([a,b]) — C([a,b];), where
[a,0]; = la1,b1] x .. [aj—1,bj1] X a1, bja] X -+ X [aq, bal,

so that each single-variable integral in the repeated integral formula
of f[a B f(z)dz in Proposition 3.3 is described as a width integral on

C([az,b;]) C Sy(R) N S| (R).

Exercise 14. Check the above theorem with the help of uniform con-
tinuity (Theorem A.3).

Exercise 15. Given a vector-valued function F' = (F,..., F}) : [a,b] —
R' with F; € C([a,b]), show that

F(x)dx = / F.(z)dz cr.
/W?] @) ( (] () )1<j<l
| / < [ F@ia,
[a,0] [a,b]

where [v] = \/(v1)2 + -+ + ()2 for v = (vy,...,v;) € R.

satisfies

Example 3.6. Let r > 0 and consider f(z,y) = (x + y)~" supported
by [z > a,y > b] (a > 0,b > 0), which belongs to S;(R?) and I+(f) is
calculated by the repeated integral formula in the following manner:

oo o o 1
/ dx/ dy(m%—y)”:/ (z +0b)'"dx
a b a T —1

[gteatessr 2

00 (r <2).

As a supplement to the above theorem, notice that, for functions in
Si(RY) N Sy (R?) (which contains C.(R?)), each single-variable integral
in the repeated integral formula is realized as the width integral on
S¢(R) N Si(R).

In the multi-dimensional case, however, it still entails a rectangular
character and does not allow all reasonable domains as elements in
SyNS;: If D is a bounded open set with its boundary 0D having a
lower-dimensional but non-rectangular shape, then D € S; but D & S|.
For example, an open disk D = {(z,y); 2% + y* < 1} in R? belongs to
S+(R?), whereas D ¢ S| (R?).
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This kind of defects come from the fact that Sy(R?) excludes lower-
dimensional subsets other than rectangular ones (as indicators).

Exercise 16. Show that any open disk D # () does not belong to
S| (R?) as an indicator.

We therefore relax exact-limit description of functions in Lj to allow
exceptional sets such as lower-dimensional boundaries. This is based
on the following sophisticated form of the method of exhaustion due to
P.J. Daniell. Let (L, I) be an integral system on a set X.

Definition 3.7. Given a function f : X — [—o0, 0], its upper and
lower integrals are defined by

I(f) = inf{I(9)ig € Ly, f < g}, L(f) = sup{I(9);9 € Ly, g < [},
which are elements in the extended real line R = [—00, oo]. Recall that
inf() = oo and sup(f)) = —oo.

Proposition 3.8. Let f,g: X — [—00, 00].

(i) L(f) = —I(=]).

(ii) I(rf) = rI(f) for 0 <r < oc. B

(iii) If f < g, L(g) < I(f) < I(f) < 1(g).

(iv) When f + g is well-defined, i.e., there is no = € X satisfying
f(x) = 00 and g(x) = Foo, we have T(f + g) < I(f) + 1(g).

(v) For f € Ly U Ly, we have I(f) = I(f). Moreover this value is
equal to I4+(f) or I (f) according to f € Ly or f € L.

Proof. The assertions (i)—(iv) are immediate from the definition.
To see (v), first notice that I(f) = I:(f) (f € Ly) and I(f) = I,(f)
(f € Ly). Especially, I(f) = I(f) = I(f) for f € L.
Now let f € L4 and choose f,, € L so that f,, T f. Then
L(f) = mI(,) = lim I(£,) < 1().

On the other hand, for f € L;, we have I(f) = L(f) as already
checked. Thus I(f) = I(f). O
Exercise 17. Supply the details for (i)—(iv).

Since any integral of f should be between I(f) and I(f), we arrive
at the following.

Definition 3.9. We say that a function f : X — R is /-integrable
or simply integrable® if I(f) = I(f) € R (the upper and the lower
integrals are finite and coincide). The totality of integrable functions is

5The notion is due to Daniell and originally called ‘summable’.
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denoted by LY(I) or simply L'. For f € L', the value I(f) = I(f) €R
is denoted by I'(f).

A subset A of X is said to be integrable if it is integrable as an
indicator function with its integral I'(A) called the I-measure of A
and denoted by |A|;.

In the case L = S(R?) with the volume integral I, L! is denoted by
L*(R?) and [-integrability is also referred to as being Lebesgue inte-
grable) by a historical reason. In accordance with this, the volume-
measure of a Lebesgue integrable set A is called the Lebesgue mea-
sure and denoted by |A].

Exercise 18. For f : X — [~o0,00] and g € L', we have I(f+g) =
I(f)+I'(g) and I(f +g) = I(f) + I'(g)

It is not clear at this point but all reasonable bounded sets turn out
to be integrable based on convergence theorems (see Corollary 4.13).

Lemma 3.10. A function f: X — R is integrable if and only if
Ve > 07 EIer € LT) E|f, € Li? f, < f < f+7 IT<f+) - [i(ff) < e

Moreover, if f_ increases (f; decreases) in such a way that f~ < f < f,
and I+(fy) — I, (f-) = Li(fy — f-) > 0 goes to 0, then

L)L), L) LI
Proof. Use the inequality I,(f_) < I(f) < I(f) < Li(f). O
Theorem 3.11.

(i) The set L' is a vector lattice on X and includes Ly N L.

(ii) I' : L' — R is a positive linear functional satisfying I'(f) =
L(f) = I,(f) for f € Ly+N L. In particular, I' is an extension
(called the Daniell extension) of the preintegral [ : L — R.

Proof. Let f,g € L*. Assume that f,,g, € Ly and f_,g_ € L satisfy
o< <[ 9-<9=<g4 Then f_+g < f+g<fi+gs and we
see that

L(fs +94) = L(f- +9-) = (I4(f+) = L(f=)) + (I (94) — 11(9-))
can be chosen arbitrarily small, i.e., f+g € L' and I(f +g) = I(f) +

I(g).
Next, let » > 0. Since rf_ <rf < rf,, we see that

Li(rfy) = L(rf-) = r(I+(f1) = 1,(f-))
can be arbitrarily small, i.e., rf € L' and I(rf) = rI(f).
If we notice —f, < —f < —f_ (—fy € L, —f- € L),

L(=f-) = L(=f1) = Li(fs) — L,(f-)
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can be chosen small as well, i.e., —f € L' and I(—f) = —I(f).

So far we have checked that L' is a vector space and I is a linear
functional on L'.

To show that L! is closed under the lattice operation, it suffices to
check f € L' = fV 0 € L', which can be seen as follows. From
f-Vv0< fVvO0< fi VO, we have the inequality

0<frVvVO—-f_VvOo<fi—f,

which is used to see that
0<L(f+VO) = L(f~V0)=L(f+ VO—-f-VO0) < Li(fr — f-)

can be chosen arbitrarily small. In particular, for f > 0, I(f) =
I(fv0) >0 as alimit of I4(f+ VvV 0) > 0.

Finally, if f € L4+ N L, , we can find fy € L such that f_ < f < fy,
which, together with Proposition3.8 (vi), shows that I(f) = I(f) €
[I(f-),I(f+)] is finite. O

Definition 3.12. The Daniell extension of the volume integral on
S(RY) is called Lebesgue integral.

Example 3.13. Target functions of definite integral are Lebesgue inte-
grable with definite integrals equal to Lebesgue integrals. For improper
integrals, conditionally convergent ones are not Lebesgue integrable be-
cause L'(R) is closed under taking absolute value functions.

We shall see in the next section that absolutely convergent ones are
Lebesgue integrable.

Exercise 19. Show that integrable sets are closed under taking finite
unions and differences.

For a later use, we record here the following.

Proposition 3.14.
(i) A function f in L; is integrable if and only if it is real-valued
and £14(f) < oo.
(ii) L' N Ly — LN Ly is a linear lattice and I'(fy + f)) = Li(fy) +
[i(fi) for fi € Li N L.
(iti) L'NLy = L'NLY 4+ Land L'NLy—L'NLy = L'N LT = L'N LY.

Proof. (1) If f € Ly is integrable, there is h € Ly such that f < h and
Ii(h) < oo, whence I4+(f) < oo.

Conversely, if f € L; is real-valued, there exists an increasing se-
quence (f,) in L satisfying f, 1 f and I(f,) < I(f) < I(f) < L(f)
for n > 1 shows that I(f) = I(f) = I+(f). Thus, if the condition
Ii(f) < oo is further satisfied, f is integrable and I'(f) = I+(f).
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(ii) Since Ly is semilinear and L' is a linear space, L'NLy—L'NL; is a
linear space. Let f = fi— fo with f; € L'NL4. Since both L' and L are
lattices, f1<>f2 € leLT and then |f‘ = fl\/fg—fl/\fg S leLT_leLT'
Thus L' N Ly — L' N Ly is closed under taking absolute values.

(iii) Let f € Ly be expressed as f, 1 f with f, € L. If f € L',
f—hel'nLiand f=(f—fi)+ fi € L'NLI+ L. By asimilar
expression for another g € L' N L4, we see that

f=g=(-H)-(g—g)+fi—-an
=(f=-f)—-(g—g)+0V(fi—g1) =0V (a1 — f1)
=(f=A+0V(i=g) = (9—+0V (0~ f))
with f — fi+0V(fi—¢1) and g—g1 +0V (g1 — f1) inLlﬂLi. O

Exercise 20. A function f on R? is said to be Riemann integrable, if we
can find functions g, h in S(R?) so that g < f < hand [(h(z)—g(x))dz
can be arbitrarily small. Show that Riemann integrable functions are
Lebesgue integrable and functions in S;(R?) N S| (R?) are Riemann in-
tegrable.

4. CONVERGENCE THEOREMS

We now establish a series of convergence theorems on integrable func-
tions, which exhibits some completeness (or maximality) of Daniell ex-
tensions. To this end, we need to look into I+ more closely.

Lemma 4.1.

(i> fot [ with f, € Ly implies fe Ly and [T<fn) T [T(f)
(ii) fnd f with f, € L, implies f € Ly and I;(f,) 4 I,(f).

Proof. By symmetry it suffices to prove (i). For each f, € Ly, choose
a sequence (fp.m)m>1 so that f,,, T f,. To get the monotonicity for
(fa.m)n>1, we introduce their push-ups by

Inm = fl,m V f2,m \ARRERY fn,m-

Here ¢1,, = fi1m by definition. Clearly g, ,, is increasing in n. Since
fn,m 1s increasing in m, so is ¢, m in m. Moreover

fn,mggn,mgflva\/\/fn:fn

shows that g, ,, T f, for each n.

With this preparation in hand, we pick up the diagonal (gnn)n>1,
which is an increasing sequence in L. Taking the limit m — oo in the
obvious inequality

fn,m S 9n.m S gm,m S fm7 m Z n,
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we obtain
fo < lim gy < f
m—ro0
and then, letting n — oo,
f= lim gnm € Lt
m—r0o0
Now I; is applied in the above inequalities to obtain

I(fn,m) < I(Qm,m> < ]T(fm) (m > TL)

and, after taking the limit m — oo,
Li(fa) < In(f) < lim Ly (fm)-
Thus, letting n — oo, we finally have
Tim Iy(fa) = Ih(f)-

Corollary 4.2. For a sequence f, € L, > f, € Ly and

Iy (Z fn> = Li{fa).

Proof. Though it is immediate from (i) in the lemma, this is a core
of convergence theorems discussed below, whence we shall provide a
direct proof as a record (the double sum identity being the essence of
convergence theorems).

We first remark that a function h : X — [0, 0] belongs to L if and
only if h = >  h,, for a sequence (h,) in L*. Moreover, if this is the
case, we have I+(h) =" I(hy,).

Returning to the proof, this remark enables us to choose sequences
(R )m>1 in LT so that f,, = > hypnand It(f,) = >, I(hym,). Then
Don S =2 n hnm € L;r and

AOSTAI IS of bortioe) B wiitel

O

Lemma 4.3 (subadditivity of upper integrals). If a function f : X —
0, 00| has an expression f =, f, with f,, > 0, then

I() <> I(fa).
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Proof. We may assume that I(f,) < co (n > 1). Given any € > 0, if
we choose g, € L so that

Then, in view of 37 g, € L{ and L3, 9.) = >, I1(gn) (Corol-
lary 4.2), we have

I(f) < It (Zgn> :ZIT(QTL) SZT(fn)+Z2%:ZT(fn)+€

0

Theorem 4.4 (Monotone Convergence Theorem). For a real-valued

function f satisfying f, 1+ f with f, € L', f is integrable if and only if

lim I'(f,) < oo. Moreover, if this is the case, I'(f) = lim I'(f,).

n—00 n—00

Proof. From I'(f,) = I(f,) < I(f), lim I(f,) = oo implies I(f) = oo
n—oo

and hence f ¢ L'. Let lim I'(f,) < co. We apply the above lemma

n—oo
to f— fi=>" (fut1 — [n) and obtain

I(f = f) SZ (for1 — Zf (furr — fn)

(Il fop1) =1 (fn)) = lim I'(for1) = I'(f1),

n—oo

||M8

whence
I(f) <I(h) +I(f = f) = T'(H) + I(f = fr) < Hm I (f).
On the other hand, if we take a limit in I'(f,) = L(f.) < L(f),
lim I'(f,) < I(f) < 7(f) < lim I'(£,),
showing that f is integrable and I*(f) = lim, I*(f,). O

Corollary 4.5. The positive linear functional I* is continuous, i.e., 1!
is a preintegral on L!.

Exercise 21. Show that integrable sets are closed under taking count-
able intersections.

As an illustration of usefulness of the monotone convergence theo-
rem, we shall derive the de Moivre-Stirling formula (known also as
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Stirling’s formula) of the gamma function:
r 1

i L&D

=00 \/ITrTTe "

To see this, in the expression

Mx+1) = / ste % ds,
0

observe that the logarithmic integrand h(s,z) = log(s”e*) (s > 0 with
x > 0 a parameter) is maximized at s = x with its Taylor expansion
around s = x given by

=1.

1(s—x)?
h —rl S S S
(s,z) =zloge —x 5 o +--

which suggests us to introduce the new variable ¢t = (s —z)/+/x to have
o0 t x
Mx+1) = emzxﬁ/ (1 + —) eTIVE dt
-z ﬁ
and the problem is reduced to showing
o0 t x
lim (1 + —) eV dt = /27

T—00 VT \/E

To see the asymptotic behavior of this integrand, we again consider
its logarithm g(¢,z) (t > 0,z > 0) and rewrite it as

t

g(t,z) = zlog (1 + ﬁ) —t/x

tVe  q t/Vx
:x/ du—x/ du
0 1+u 0

t/\/z t
:—:1:/ Y du:—/Ldv
0 1+U 0 1+U/\/§

From the last expression, a continuous function f of t € R and = > 0
defined by

g(t,) —
f(t7) = {g (t> =),
(t<—Va)
satisfies f(t,z) | e /2 (t > 0) and f(t,z) T e /2 (t < 0) for the limit
x 1 oo. Notice f(0,2) =1 (z > 0).
Since f(t,x) < f(t,1) = (1+t)e™" (z > 1,t > 0) and f(t,z) < e /2
(x > 0, t < 0) are integrable functions of ¢ € R, we can apply the
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monotone convergence theorem to see that

/_O; <1—|—%>2e—tﬁdt:/_:f(t,x)dt:/Ooof(t,m)dtJr/_(;f(t,x)dt

converges to
/ e 124t =\2n

as x — oo (see Example 6.5 for the last equality) and we are done.
Exercise 22. Check the continuity of f(¢,x) in the above proof.

Theorem 4.6 (Dominated Convergence Theorem). If a sequence (f,,)
in L' and a function g € L! satisfy |f,| < g (n > 1), then inf,> f,,
SUp,,>1 fn, liminf, . f, and limsup,, ., f. are all integrable and

I'(liminf £,) < liminf I'(f,) < limsup I'(f,) < I'(limsup f,,).
In particular, if the limit function f = lim f, exists, f € L' and

n—oo
I'(f) = lim I'(f).
n—oo

Proof. For a natural number m, we see

—gﬁ H>1f fngfm/\/\fngfm\/vfngsupfngg
n>m n>m

and
fm/\"'/\fniigffn7 fm\/"'vfnTsupfn-
n>m n>m

whence, by the monotone convergence theorem and the positivity of
I', we have inf,>, fp,sup,s,, fo € L' and

Il(igf f) =Hm I (fru Ao A o) KM I (f) Ao AT (fn) = igf I'(f,)
[1(Sup fn) = h};ﬂjl(fmv vfn) > llgn[l(fm) Vo vjl(fn) = sup Il(fn)

In other words, we have

~I'(g) < I'(inf f,) < inf I'(f,) < sup I'(f,) < I'(sup f,) < I'(g)

n>m n>m
and then, again by the monotone convergence theorem, we see that
liminf, f, and limsup,, f,, € L' are integrable and satisfy

— I'(g9) < I*(liminf £,) < liminf I'(f,)

<limsup I'(f,) < I'(limsup f,) < I'(g).

n n

O
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Since (L', I') is agian an integral system, we can apply the Daniel
extension but it does not give a strict extension. Let Ly = (L'); and
]il : Li — 4(—00, 00| be the monotone extensions of (L', I') with the

associated upper and lower integrals denoted by I' and I' respectively.

Theorem 4.7 (Maximality of Daniell Extension). We have I = T and
I' = I. The Daniell extension of (L', I') is therefore (L', I') itself.

Proof. By symmetry it suffices to show that ﬁ_: 1. Since I' is an
extension of I, I extends Iy, whence I'(f) < I(f) and the equality

holds trivially when I'(f) = co. So we assume that I1(f) < ooc.
Given € > 0, we can find a sequence (f,) in L' such that f, > 0
forn >2, f <3 o) foand 3o IN(fn) < TN(f) + e Since I(f,) =
I'(f,) < oo for any n > 1, we can choose a sequence (f,;);>1 in L
so that f,,; > 0 for (n,j) # (1,1), fn, < 2321 fn,; and 2]21 I(fn;) <
I(fn) +e€/2n.
Thus f < Zle fn,; and

S I(fag) €Y T(fa) +e < TU(S) +2¢

nj>1 n>1
imply I(f) < I*(f) + 2¢, proving the reverse inequality. O

Definition 4.8. Let Li = (L')y and I} = (I'); : Lj — (—o0,00]. A
subset A C X is said to be o-integrable if it is a union of countably
many [-integrable sets.

When [ is the volume integral on S(R?), o-integrable sets are said
to be Lebesgue measurable. Clearly rectangles are Lebesgue inte-
grable.

Proposition 4.9.

(i) A subset A C X is o-integrable if and only if it belongs to L%
as an indicator function.

(ii) o-integrable sets are closed under taking countable unions,
countable intersections and differences.

(iii) The intersection of a o-integrable set and an integrable set is
integrable.

(iv) Lebesgue measurable sets are closed under taking complements
furthermore.

Proof. Non-trivial is the if part in (i). To see this, we argue as in
Corollary C.2: Let A € L; and write f, T A with 0 < f, € L'. Then,
for f € L' satisfying 0 < f < A and r > 0, the monotone convergence
theorem is applied to (rf,) A f+r A f < f and we know r A f € L.
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Then 1An(f—rAf) = n(A(f—rAf)) as well as f—rAf is integrable.
Moreover, f(z) > r (f(x)—rAf(xz) > 0) implies LAn(f—rAf) < f/r.
Now the push-up formula 1 An(f —r A f) 1 [f > r] (Lemma C.1) is
combined with the monotone convergence theorem to sees that [f > 7]
is integrable. In particular, [f, > 7] is integrable for each n > 1 and
[fo>71] T A (n— o0) for 0 <r < 1shows that A is o-integrable. [

Exercise 23. Check other parts in Proposition 4.9.

The [-measure on [-integrable sets is extended to o-integrable sets
by ]le In terms of an expression A, T A with A, I-integrable,

Alr = I(A) = lm A, € [0,00].

Proposition 4.10. Let f € L'(I) and A be o-integrable with respect
to I. Then Af € L}(I).

Proof. We may assume that f > 0 and first consider an [-integrable A.
Since simple functions Ar (r > 0) are [-integrable, so are (Ar)V f €
L*(I) and the monotone convergence theorem is used to see that

1
Af = lim (A—) v f e LY(I).
n—oo n
Now let A be o-integrable and write A, T A with A,, I-integrable.
Then A, f 1t Af with A, f € L'(I) and A, f < f. Again the monotone

convergence theorem or the dominated convergence theorem works here

to see that Af € L*(I). O

For a Lebesgue measurable set A C R? and a Lebesgue integrable
function f on R?, the Lebesgue integral of Af is also denoted by

/A f(z) da.

Remark 5. See Appendix C for an overall account on measurable sets and
measurable functions.

We now specialize to the volume integral on the space S(R?) of step
functions and realize how big L'(R?) is.
Recall (Proposition 3.14) that, if we denote by Sil (R?) the totality

of real-valued functions in Sp(R?), say fy, fulfilling +I;(f;) < oo, then
SH(RY) = Sy(RY) N LY(RY) and I'(fy + f1) = L(fy) + L(fy) for f; €
S}(R?). Thus S}H(R?) + S} (R?) is a linear sublattice of L'(R).

Example 4.11. If an improperly integrable function f supported by

an open interval (a,b) C R is absolutely convergent, then it belongs to
S1(R) + S}(R) with the improper integral of f equal to I'(f).
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To see this, let [a,,b,] C (a,b) increase to (a,b). Since [an,b,|f €
SyN S, and 0V ([an, bu)(£f)) = [an, bu](0V (£f)) € SyN S| increases to
(a,b)(0V (£f)), the absolute convergence implies (a,b)(0¢ f) € S% (R)
and hence f = (a,b)f = (a,b)(0V f) + (a,b)(0 A f) € SHR) + S| (R).

Given an open subset U of R?, the set C(U) of continuous functions
on U is an algebra-lattice, which is identified with a function space on
R? by zero extension. The following strengthens Proposition 3.1.

Proposition 4.12.
(i) U is a disjoint union of countably many open-closed rectangles.
(ii) The positive part CT(U) of C(U) is included in S;(R?), whence
f+ =0V (£f) € S+(R?) for f € C(U).
(iii) A continuous function f € C(U) belongs to L*(R?) if and only
if fi € S;(RY) satisfies I+(f+) < oo. Moreover, if this is the

case, we have I'(f) = Li(fy) — L:(f-).

Proof. (i) For n > 1, let Z,, be d-products of intervals of the form
((k—=1)/2" k/2"] (k € z) and let U,, be the union of R € 7, satisfying
R C U. Then U, 1 U and each Un\U, 1 is expressed by a disjoint union
of countably many elements in 7, (see Figure 7°). Thus U = | |-, Rk
with Rj an open-closed rectangle satisfying Ry, C U.

(ii) For f € C(U), >p_, Ry, € StN S, (Corollary 3.2) and, if f > 0,
> i, fRi T f and hence f € Sy(RY).

(iii) is Proposition 3.14 adapted for L' = L*(R?). O

Corollary 4.13.
(i) Open sets as well as closed sets and thier differences in R? are
Lebesgue measurable.
(ii) Countable intersections of bounded open subsets of R? are
Lebesgue-integrable.
(iii) A function f € C(U) is integrable if and only if so is |f| €
cCH(U).

Let Cy(U) be the totality of bounded continuous functions on U and
regard it as defined on R? by zero extension.

Proposition 4.14. Cy,(U)L*(R?) C L*(RY).

Proof. Since Cy(U) is a linear lattice, it suffices to show hf € L'(R?)
for each h € G, (U) and f € L'(R?). By level approximation, express
h as h,, T h with h,, positive linear combinations of bounded open sets.

6A similar figure can be found in [2, Bild 1.3] for example.
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FiGure 7. Dyadic Tiling

We know h,, f € L'(R?) by Corollary4.13 (i) and Proposition 4.10. The
monotone convergence theorem is then applied to see hf € L'(R?). [

Proposition 4.15. For a compact” subset K of R?, Let C(K) be the
set of continuous functions on K. Then C(K) C S}(R?) and hence

C(K) C S}(R?) + S| (R?) by zero-extension to R\ K.

Proof. Choose an open rectangle R so that K C R. Then R\ K €
S1(R?) as a bounded open subset and K = R — (R\ K) € S(R?) —
S{(R?Y) = S(RY) + S](R?) = S} (RY).

Now each f € C*(K) is extended to h € C*(R?) thanks to Tieze
extension (Theorem A.4), which is assumed to have a comact support
by replacing it with h. Here 0 < 6 € C.(R?) satisfies Rf = R.

Then h € C.(R?) C Sp(R?) N S| (R?) is combined with K||f|le €
S| (RY) to see that f = h A (K||f]l) € S\ (R?), which is integrable in
view of I;(f) > 0. O

For a function f in C'(U), which is positive or integrable, we write

[ = [ s e (-0,

to indicate that f is supported by U. Recall that the left hand side is
Li(f) or I'(f) according to f € S+(R?) or f € LY(R?) respectively.

Example 4.16. Let ¢ : U — V be a bicontinuous change-of-variables,
i.e., U and V are open subsets of R, ¢ : U — V is a bijection with
¢ and ¢! continuous. Let [a,b] be a closed rectangle included in U.
Then, for any rectangle R such that R = [a, b], say an open-closed one
(a,b], ¢(R) is Lebesgue-integrable.

n Rd, this is equivalent to requiring that K is bounded and closed.
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In fact, if R = (a,b] for example, we can choose a sequence (b,,) of
points in U so that (a,b,) | (a,b] inside U. Since ¢([a, b,]) is bounded
as a continuous image of [a,b,], ¢((a,b]) = (N ¢((a,b,)) is a count-
able intersection of bounded open sets ¢((a,b,)), whence ¢((a,b]) is
Lebesgue-integrable by Corollary 4.13.

Remark 6. There is a bicontinuous change-of-variables which does not pre-
serve Lebesgue measurable sets.

The following are simple applications of the dominated convergence
theorem.

Proposition 4.17 (Parametric continuity). Let f(x,t) be a real-valued
function on R? x (a,b) and assume the following conditions.
(i) For each t € (a,b), f(x,t) is an integrable function of x € R%.
(ii) For each x € R%, f(x,t) is continuous in ¢ € (a, b).
(iii) There exists g € L'(R?) satisfying | f(x,t)| < g(z).

Then /d f(z,t) dx is a continuous function of ¢ € (a,b).
R

Proposition 4.18 (Parametric differentiability). Let f(z,t) be a func-
tion on R? x (a, b) satisfying the following conditions.

(i) For each t € (a,b), f(x,t) is integrable as a function of x € R?,
(ii) For each x € R%, f(x,t) is differentiable in t € (a,b).

(iii) There exists g € L'(R?) satisfying %(m,t}‘ < g(x).

0
Then —f(x, t) is integrable as a function of x and we have

ot
d B of
%/Rdf(x,t)dm—/Rd a(x,t)dm

for a <t < b.

Proof. Thanks to an integral inequality
t+h)— f(x,t L] [0
et fie) LI 0
. 0s

A = m < g(x)

for t,t + h € (a,b), we can apply the dominated convergence theorem
in the limit ;
t — t
ot h) — f)

h—0 JRd h
to get the assertion. 0

dx

Corollary 4.19. Let U C R? be an open subset and let a function f
on U x (a,b) satisfy the condition that
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(i) f(z,s) is an integrable function of z € U for some s € (a, b),
(ii) f(z,t)is partially differentiable with respect to ¢ for any = € U,

of

(iii) (’3—( t) is continuous in (z,t) € U X (a,b) and there exits

n integrable g € C(U) satisfying ‘%(m,t)‘ < yg(x) (zr € U,
a<t<b).

Then, for each t € (a,b), both f(z,t) and g—{(x,t) are integrable

functions of x € U and / f(z,t)dz is continuously differentiable in

U
t € (a,b) in such a way that

d 0
%/Uf(x,t)dx:/lja—{(x,t)dx

Proof. By (iii), fi(z,t) is an integrable function of x € U and satisfies

i,
/S a—i(x,u)du

for t € (a,b). Since [! f,(z,u)du € C(U) by Theorem 3.5, the integra-
bility of g shows that

flat) = flz,s) = | Z-(z,u)du

is integrable as a function of x € U and so is f(z,t) thanks to (i).
Thus all the hypotheses in parametric differentiability are satisfied

and we have y of
E/Uf(x,t)d:c:/Ua(x,t)dt

which is in turn continuous in ¢ € (a, b) by parametric continuity. O

<[t —slg(x)

Example 4.20. The gamma function

[(t) :/ e do
0

is infinitely differentiable in ¢ > 0.
For t =1, e™* is integrable in x > 0 and, for 0 < a < 1 < b,

(%) l‘t_16_$ — mt—le—x(log x)n

is continuous in (z,t) € (0,00) X (a,b) and estimated by a continuous
function

g(x) = (0,1)z* e~ |log z|" + (1, 00) 2" e~ (log z)"
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of x > 0. Since
1 00
/ 2" te | log 2" dr < oo, / 2" re " (log )™ dx < oo,
0 1

g is integrable and the hyptheses in Corollary are fulfilled.
Exercise 24. Show the integrability of g.

* d
Example 4.21. Differentiation of / T (t > 0) gives
0

t+a2 2Vt
o0 — 1\
/ ( dx _ 7 (2n — 1! (=12 )
0

t+ a2 ot (2n)ll

Exercise 25. Find a dominating function of each integrand.

For a later use in §8, we describe partitions of unity in the present
context. Let A C R? be a Lebesgue measurable set and p € C(RY) be
a probability density function on R% i.e., [ p(z)dz = 1. Then, for the
translation p,(y) = p(y — x) of p by z € R?, Ap, is integrable and

Al(z) = /A ply —x)dy = /( e p(y) dy € [0, 1]

(a moving average of A) is continuous as a function of x € R? by
parametric continuity, which is in the class C™ if so is p by parametric
differentiability.

From the last equality, one sees that A” vanishes outside an open set
A—p>0] =Useula—1[p>0])and A?(z) = 1if x4 [p > 0] C A.
Thus, if p satisfies [p > 0] C B,(0), then

{r erRYB.(x) C A} < A7 < ] By(a).
acA
Here B,(a) = {x € R |z —a| < r} denotes an open ball of radius r > 0
at a € R? This is especially useful when r > 0 is small. In that case, p
approximately representes the so-called delta function.

To rewite these inequalities in a more convenient form , we introduce
one more notation: For a non-empty subset A C R?, let dy : RY —
[0, 00) be the distance function from A defined by da(z) = inf{|z —
al;a € A}, which is continuous and satisfies da(r) =0 <= x € A.

Proposition 4.22 (partition of unity). Given a finite open covering
(Us)1<i<i of a compact set K in R?, we can find functions h; € CF(R?)
satisfying [h;] C U;, >, hi <land >, h; =1 on K.

Proof. For each a € K, choose i and then r > 0 so that B,(a) C U; and
then cover K by B,(a). (Here B,(a) = {x € R |z — a|] < r} denotes a
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FIGURE 8. Distance Function

closed ball of radius r > 0.) By compactness of K, we can find a finite
covering (B, (a;) in such a way that, for each j, there is an ¢ satisfying
B,,(a;) C U;. In the former covering inclusion and the latter localized
inclusion, one sees that [dx < 6] C U, B,,(a;) and B, 1s(a;) C U for
sufficiently small § > 0.

Now let B; be inductively defined by

Brl(al)U"'UBr].((lj):BlL]BQU"'qu (j:1,2,)

and an approximate delta function p € C>(R?) be supported by B;(0).
Then, BY satisfies [BY] C B, s5(a;) CU;,0 <>, B <land ) B} =
1on K.
Finally, partition {j} into | |, J; (possibly J; = @) so that [Bf] C U;
(J € Ji), partial sums h; = 3, Bj meet the conditions.
5. NuLL FuNcTIONS AND NULL SETS

Exceptional sets mentioned in §3 are now clearly and firmly described
as null sets. A function f : X — [—00,00] is said to be null or
negligible if I(|f]) = 0. In view of 0 < I(|f]) < I(|f]), a real-valued
function f is null if and only if f € L' and I'(|f|) = 0. A subset
A C X is null or negligible if so is the indicator function of A, i.e.,
I(A) =T1'(A)=0.

Here are simple properties of negligibleness.

Proposition 5.1.

(i) If |f] < g with g a null function, then f is a null function. In
particular, a subset of a null set is null.
(i) If (f,) is a sequence of positive null functions, > f,, is a null
function. Likewise, if (A,,) is a sequence of null sets, the union
U A, is a null set.
(iii) f is a null function if and only if [f # 0] is a null set.

Proof. (i) follows from the monotonicity of I
(ii) follows from the subadditivity of I and |J A, <>  A,.
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(iii) If f is a null function, co|f| = |f| + |f] + - - is null as well and
[f # 0] < ool f| shows that [f # 0] is a null set. Conversely, if [f # 0]
is a null set, oo|f| = [f # 0]+ [f # 0]+ - - is a null function and hence
so is |f| < ool f]. O

As a consequence of (iii), we observe that, for an integrable function
f, its integral I'(f) as well as integrability remains unchanged when f
is modified on a null set.

For functions f, g : X — [—00, 00, we write f < g if [f > g] is a null
set, which is a semi-order relation among R-valued functions with the
associated equivalence relation denoted by f = g. Note that f = g,
ie., f<gandg< f, means that [f # ¢] is a null set.

More generally a condition P on an element in the base set X of an
integral system (L, I) is almost® satisfied if X \ [P] is a null set.

It is then customary and very useful to talk integrability about func-
tions which are well-defined on X \ N with N a null set: A function
f is integrable in this (extended) sense and write fEL! if there exists
g € L' such that f = g, with its integral I'(f) well-defined by I'(g).

Example 5.2. log |z| is locally integrable as a function of z € R and its
indefinite integral (not a primitive function) is given by a continuous
function zlog|z| —z + C.

Exercise 26. Check this fact.
The monotone convergence theorem is now strengthened as follows.
Theorem 5.3. Let (f,) be an increasing sequence in L' with f =

lim f, and assume that lim I'(f,) < oco. Then [f = oc] is a null set
n—oo

and [f < oo|f is integrable so that I'([f < oo]f) = le I'(f).

Proof. Let g, = faoy1—fn € L' sothat f—fi =, -, gn. Then, thanks
to the subadditivity of upper integrals, -

I(f=h) <D Tgn) =) I'(ga) = lim I'(D_g) = lim I'(fu—fu),
n>1 n>1 j=1

which is combined with the monotonicity lim I'*(f,, — f1) = lim I(f,, —

f1) SI(f = f1) to get the equality I(f — f1) = lim I'(f, — f1).
Here [f — f1 = oo] < r(f — f1) (r > 0) is used to have

I([f=fi =oc]) <TI(f—f1) = Tnlljgo I fo—f1) = 7’(7}13;0 ' fu)—I'(f1).

8This tasteful usage of ‘almost’ originates from H. Lebesgue’s ‘presque partout’.
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Since I+(f) < oo and r > 0 is arbitrary, this implies that [f = oo] =
[f — f1 = oo is a null set and then [f < oo]f, € L' satisfies I'([f <
oo|fn) = I'(f,) as a modification by a null function.

Now the original monotone convergence theorem is applied to [f <
oo|fu T [f < oo]f with JLIgoll([f < o0|fn) = T}Ln;oll(fn) < oo to see

that [f < ool f is integrable and

I'([f < ool f) = lm I'([f < oclf) = lim I'(f,).
O

Corollary 5.4. Let f; € L4 satisty I4+(f;) < oo (j = 1,2). Then
[f; = oo] (7 = 1,2) are null sets, [f1 A fa < oo]f; is integrable and
IN[fy A fa < o0)fi = [fi A fo < 00l fa) = Li(f1) — Li(f2).

Exercise 27. Let f : X — (—o0, 00] satisfy f, T f with f,, € L'. Then
T(f) = lim,, 00 ]l(fn)-

At this point, we have various monotone extensions of L between
Ll N LT and L% = (Ll)TI

{f € Ly 1(f) < oo},
{f: X =R feL},
{f: X =R fE€Ly, [[(f) < o0}

and so on. Among these, the last one is interesting because every
integrable function is a difference of functions belonging to this class
(see Appendix B), whereas the first one is practically useful because
concrete integrable functions are differences of functions in this class
as seen by Corollary 5.4, which shall be utilized in repeated integrals
discussed in the next section.

6. REPEATED INTEGRALS REVISITED

Historically a reasonable formulation of the subject had not been
apparent for a while and it was crucial to allow exceptional points
which constitute a null set. We here present a practical form of the so-
called Fubini theorem without getting much involved in measurability.

Let d = d' +d” and express x € R? by x = (2/,2") with 2’ € R and
" € RY. For A C R let A’ € RY (A” C R?") be the projection of
A to the d’-component (d’-component) respectively and the slice of A
by 2/ € RY (2 € RY") is defined to be Ay = {a” € RY;(2/,a") € A}
(Apr = {d’ € RY; (d',2") € A}). Thus A’ = {2’ € RT; A, # 0}

Note that, for an open set U, slices U,., U,» as well as projections
U', U" are open sets.

Proposition 3.3 is here paraphrased as follows.
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FI1GURE 9. Projection and Slice

Lemma 6.1. Let f € S;(R?). Then, for each 2’ € R, f(2/,") €
Sy(RY") and [ f(a2',2")dz" belongs to S4(RY) as a function of 2’ in

such a way that
/f(m)dm:/dx'/f(x',x”)dx".

Proposition 6.2. A continuous function f defined on an open set
U C R? is integrable if and only if

/d:c’/ |f(a,2")] da" < oo.

Moreover if this is the case, we have

/Uf(x)dx:/,da:' " f(a' ") da".

Here f(2/,-) belongs to L' (R?") for almost all 2’ € U’ and f(' ") dx"
U,
is integrable as a function of 2/ € U’.

Proof. Write f = fvV0—(—f)Vv0 with (£f)Vv0 € CT(U) and apply the
above lemma to (£f) V0 in view of CT(U) C S4(R?) (Proposition 4.12
(ii)).

The assertion then follows as their difference, where an ‘almost’ ar-
gument, together with Theorem 5.3, is used to dispose of the co — oo
ambiguity. 0

Corollary 6.3. Let ¢ < 1) be continuous functions on an open interval
(a,b) and D = {(z,y);a < z < b,p(z) < y < ¥(x)} € Sp(R?) be an
open domain bordered by ¢ and ¢ (a graph region).

Then, for a continuous function f on D, D|f| € S;(R?) and its
integral I1+(D|f]) is calculated by

1= /d/ Flay) dy
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so that this is finite if and only if Df € L'(R?). Moreover, if this is the

cse,
b P(x)
Fuﬁwaéfz/ln/})ﬂaw@,
a p(x

In particular, for the choice f = 1, the Lebesgue measure |D| of D
is expressed by a one-variable integral

b
unz/kwm—ww»m,

which is exactly the area formula of D in the elementary calculus.

ob------

Ficure 10. Graph Region

Example 6.4. When (a,b) is bounded and ¢ : (a,b) — R is a con-
tinuous function, the choice ¢ = ¢ — 6 and ¢y = ¢ + 9 with § > 0
gives
b

| D] :/ 20dr =26(b—a) 0 (5)0).
Thus the graph {(z,#(x));a < x < b} C R? of ¢, which is included in
D for any 0 > 0, is a null set.
Example 6.5. Consider the repeated integral of e~ ey supported
by the first quadrant (0,00)?> C R?. In terms of the half Gaussian
integral C' = [ e~* dz, this is

2 o > 2 = 1
/ e_(H'I )y dxdy = / dy e—y/ e ¥ dr = C/ e V— dy = 2027
x>0,y>0 0 0 0 \/g

which is equal to
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Thus

/ e dr = \/—E
0 2

Example 6.6 (Dirichlet integral). From repeated integrals of the dou-

ble integral / e "sinx drdy (r > 0), we have
z>0,y>r

00 .
_..sinx 7
e v dr = — — arctanr,
0 T 2

which is the Laplace transform of sinc(z) = (sinz)/z (x > 0) and its
continuity at r = +0 (Theorem 2.27) takes the form

o
sin x T

der = —.

0 x 2

7. JACOBIAN FORMULA

To fully appreciate the power of repeated integrals, we here establish
the change-of-variables formula in multiple integrals.

Theorem 7.1 (Transfer Principle). Let (L, I), (M, J) be integral sys-
tems on sets X, Y respectively, p : X — [0, 00) be a function on X and
¢ : X — Y be a map satisfying p(M o ¢) C L and I(p(go ¢)) = J(g)
(9 € M).

Then we have p(M!'o¢) C L' and I'(p(go¢)) = J'(g) (9 € M?') for
their Daniell extensions.

Proof. We just check p(My o ¢) C Ly, It(p(g 0 ¢)) = Ji(g) (9 € M)
and so on, step by step. Details are left to the reader. O
Corollary 7.2.
(i) If ¢ : X — Y is bijective and L = M o ¢, we have L' = Mo ¢
and J(g) = I'(go¢) (g € MY).
(ii) If integral systems (L, 1), (M, J) on a set X satisfy L C M,
Jlp =1, ie., (M,J) is an extension of (L, ), then L' C M*
and J* on M! is an extension of I' on L.

Example 7.3. For f € L*(RY) and y € R?, f(z + y) is integrable as a
function of z € R? and

/Rdf(x+y)dx=/Rdf(x)dx.

This follows from translational invariance of the volume functional.
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Exercise 28. For a function f € L'(R?) and a positive real r > 0,
check the identity
[ foendo =t [ f

Example 7.4. For an open set U C R?, consider a continuous function
f supported by a compact subset of U and let C.(U) be the totality of
such functions, which is identified with {f € C.(R?);Uf = f} by the
obvious inclusion C,(U) C C.(R?) and set S(U) = {f € S(RY);Uf =
f}. These are linear sublattices of L'(R?) and the volume integral (or
the Lebesgue integral) is restricted to provide integral systems. Their
Daniell extensions are then realized as restrictions of I' to C.(U)! C
LY(R?) and S(U)' € L*(R?) respectively.

Moreover, in view of S(U) C C.(U)' and C.(U) c S(U)', the
maximality of Daniell extension reveals that S'(U) C C.(U)' and
C.(U) c S(U)Y, ie., C.(U)' = S(U)*, which is denoted by L'(U).

Based on this fact, we henceforth regard L'(U) as a Daniell extension
of C.(U) relative to the volume integral.

Exercise 29. Show that S(U) C C.(U)" and C.(U) C S(U)'. Hint:
S(U) and C,(U) are mutually approximated by doubly bounded seqe-
uncial limits.

Proposition 7.5. For an open subset U of R, LY(U) = UL*(R?). In
particular, UL'(R?) C L'(R?).

Proof. Not obvious is the inclusion ULY(R?) C L*(U), which follows
from Proposition 4.10 and Corollary 4.13 (i). O

Remark 7. By a o-induction (i.e., a monotone class argument) with measure-
theoretical completion accompanied, one can generalize the last cutting
property to arbitrary Lebesgue measurable sets.

Exercise 30. Let U be a bounded open set of R? and f be a bounded
continuous function on U. Then f € LY(U).

We now state our goal (Jacobian formula) in this section as follows.

Theorem 7.6. Let U, V be open subsets of R and ¢ : U — V
be a smooth change-of-variables, i.e., ¢ is bijective with ¢ and ¢!
differentiable and the derivative ¢’ : U — My(R) of ¢ continuous. Note
that ¢'(x) is an invertible matrix for each x € U.

Then, for g € C.(V)UCH(V),

[ sty = [ gtotap]den(s' @) a
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As an immediate consequence of the transfer principle, the Jacobian
formula remains valid even for g € L*(V).

Corollary 7.7. A function g on V' is Lebesgue integrable (Legesgue
negligible) if and only if so is (g o ¢)|det(¢’)| on U (g o ¢ on U).

Remark 8. Nowadays, there seems some confusion in what Jacobian means.
In view of historical flow, it was used (and is still used) to express det(¢'(z))
but a recent usage is widened to refer to its absolute value as well or even
the differential matrix ¢'(x).

Proposition 7.8. A smooth change-of-variables preserves Lebesgue
measurable sets as well as Lebesgue null sets.

Proof. Let ¢ : U — V be a smooth change-of-variables and B C V' be
Lebesgue measurable. Since |det ¢/|~! is a continuous function on U,
we can find a sequence h,, € C(U) so that h, 1 |det ¢'|~!. Then

(Bo¢)|det¢|h, € L*(U)C.(U) c LY(U)

(Proposition 4.14) and h, (B o ¢)|det ¢'| T B o ¢ shows that Bo ¢ €
(Ié)(U), i.e., Bo¢ = ¢ (B) is Lebesgue measurable (Proposition 4.9
i)).

For a null set B, [,(Bo¢)|det¢'| = [, B=|B| =0 and ¢~ (B)
[(Bo¢)|det¢’| > 0] is a null set by Proposition 5.1 (iii).

Ol

Proof of Jacobian Formula

We first establish the special case when ¢ : R? — R? is realized by a
matrix multiplication: Let T be an invertible matrix of size d. Then
for f € C.(R?) and hence for f € L'(R?) by the transfer principle,

/f(Tx) dr = |detT|_1/f(x) dz.

Remark here that under an invertible linear transformation of variables
C.(RY) C Sy(RY) N S| (RY) is invariant, whereas S;(R?) N S| (R?) is not
as noticed before.

Since any invertible matrix is a product of elementary ones and
the volume integral is permutation-invariant, the repeated integral for-
mula on S;(R?) N S| (RY) reduces the problem to checking it for two-

dimensional matrices
a 0 1 v
0 pg)’ 0 1)’

where «, § € R* and v € R.
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For these, the scale covariance and the translational invariance of
the width integral are combined with repeated integrals to conclude as
follows:

/j(am,ﬂy) drdy = /zf(r,y) ddy.
R R

b
18]
/RQf(fvﬂLvy,y)dfvdy:/Rdy/Rf(Ier,y)dl’

(by the translational invariance of / dx)

:/Rdy/Rf(x,y)dx:/sz(:r:,y)d:cdy.

Next we go on to the non-linear case after J. Schwartz[6]. For the
Jacobian formula on C.(V), it is enough to show the validity for g €
CH(V), which in turn implies the case C* (V') because each g € C*(V)
is expressed in the form g, 1 g with g, € CH (V).

To establish the formula on C.f(V'), we need some notations in norm
estimates. For a numerical vector z = (z1,...,74) € R and a real
matrix A = (a'i,j)lgi,jgdy set

d
lzlloe = max {lzl}, Al = max{) " laiyl},
j=1

1<i<d 1<i<d

where || Al is the operator norm relative to || - || and satisfies inequal-

ities [|Az]loo < [|Allllz]loo, |ABI < [A[IBI[-

Exercise 31. Check these inequalities.

Let [a,b] (by —a; = -+ = by — aqg = 2r) be a d-dimensional closed
cube contained in U. From the fundamental formula in calculus, we
have

Z/ dta—x]t v+ (1= 1)) — ;)
and then

16(z) = ¢(e)loo < llz = elloo max [|¢(tz + (1~ t)c)|

for x,c € [a, b].
In particular, choosing ¢ = (a+b)/2, we see that ¢([a, b]) is included
in the closed cube of center ¢ and width 2r(|¢'||[qs, whence

[0 ((a, )] < 116/l (2)" = 1[I0 e, B,
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where, for a subset C' C U, ||¢'||c = sup{||¢'(x)||;x € C}. Recall that
®((a,b]) is a Lebesgue integrable set (Example 4.16).

Invoking the chain rule (¢'(c)~'¢)’ = ¢'(c)~'¢/, the above estimate
applied to ¢'(c)™t¢ : U — ¢/(c)~1 (V) takes the form

[6((a, B])] = | det ¢'(c)l|¢'(c) " ((a, b])| < | det ¢'(c)]|¢ ()~ ¢l 1(a, b]].

Let f = go¢ € CF(U) and divide [a, b] into a multiple partition A
so that (a,b] is a disjoint union of open-closed subcubes (R;)1<;<m of
width 2r; and apply the above inequality for each R; with the center
& of R; as a sample point to have

I'(fagop™ mes |<Zf§|det¢<@)||¢<@) 1%, | Ral-

Note here that ¢(R;) = R; o ¢! as indicator functions and hence

|6(Ri)| = I'(Rio¢7h).
Now let m — 0o so that r; — 0 uniformly in ¢. Then fa ¢ converges
uniformly to (a,b]f and the dominated convergence theorem gives

lim I (fagod™) = I'((a,blf) 0 ¢71) = I(8((a, )(f 0 671))

- / (67 ) dy.
#((a,b])

In the right hand side, ¢'(&)'¢/(z) (z € R;) converges to the iden-
tity matrix uniformly, which is combined with the Cauchy-Riemann-
Darboux formula to have

limz f(&)]det ¢ (&)]|¢' (&)~

_ / £(x)|det ¢'(z)| e,
(a,b]

concluding that

/ 9(y) dyﬁ/ g(o(x))| det ¢/ (x)] du.
#((a,b]) (ab]

To put this together, express U as a countable disjoint union of
dyadic cubes (a, b] satisfying [a,b] C U so that f = > (a,b]f. Since g €
CF (V) is integrable, we can apply the dominated onvergence theorem
to the expression > ((a,b]f) o ¢! = fo¢~t = g to have

/ dy—Z/ dy<2/ )| det @' ()] da
_ / 9(6(x))] det ¢ ()] de.
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Since the last integrand h is in CF(U), ¢! : V — U is applied for h,
together with the chain rule ¢/(¢~(y))(¢™ 1) (y) = (po ¢ 1) (y) = id,
to obtain the reverse inequality

/U g(6(x))] det &/ (2)| d < / o(y) dy,

1%
proving the Jacobian formula for g € CF (V).

Exercise 32. Check the integrability of ¢((a,b])g when [a,b] C U.
Hint: Express (a, b,) | (a,b] and notice that ¢(a, b,)g is integrable.
Remark 9. If we use the technique of partition of unity concerning open

coverings, we can dispense with convergence theorems in Lebesgue integrals
and complete the whole proof within Cauchy-Riemann integrals.

Example 7.9. Let n =2 and ¢ : (0,00) x (—7,7) — R*\ (—o0, 0] x {0}
be the polar coordinate transformation ¢(r, ) = (rcos@,rsinf). Here
old variables are (r,6) and we regard (x,y) as new variables. Then

det(¢'(r,0)) =

and, if an open set U C (0,00) x (—m, ) is transformed into an open
set V C R?\ (—o00,0] x {0} by ¢, the equality

/g(:c,y) dxdyz/g(rcos&,rsin&) rdrdf
v U

holds for g € CT(V). Thus, if f € C(V) satisfies | f| < g with

cosf —rsinf
sinf rcos@

/ g(rcosf,rsinf)rdrdd < oo,
U
then f € LY(V) and
/ f(z,y) dedy = / f(rcos@,rsind) rdrdd.
v U

L L\
s

FIGURE 11. Polar Coordinates
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Example 7.10. Let C = [~ e dt and N = (—00,0] x {0} C R2.
Then N is a closed null set in R? and

2 :/ o~ (@) dxdy:/ o~ (@ Hy?) dedy
2 RN

:/ eTQTdrdez/ erzrdr/ de
(0,00) X (—r,m) 0 o

= 7r/ e”"zd(r2) =,
0

showing C' = /7 again.

As a popular application, we shall express the beta function in terms
of the gamma function.
Recall that the gamma function is defined by

F(t) = / xt_le_x dr = 2/ I%_1€I2 dx (t > O),
0 0

which is a continuous replacement of factorial in the sense that (t—1)! =
['(t). The beta function is defined by a possibly improper integral

1
B(s,t):/ N1 —2)"tde (s>0,t>0).
0

Exercise 33. These improper integrals are well-defined.

Theorem 7.11. The beta function is expressed by
/2
B(s,t) = 2/ cos* 1 Osin* 1 0 db.
0

and related to the gamma function by

L(s)I'(t)

B(s,t) = TeTh)

Proof. The expression of trigonometric integral is immediate from the
variable change z = cos? 0 (0 < 6 < 7/2).
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We repeat the argument of Gaussian integral in polar coordinates.
L(s)I'(t) = 4/ x25—1e_x2/ y%_le—y2 dy
0 0
4/ x25—1y2t—16—(a:2+y2) dady
0,00) % (0,00)

/ drr/ 2s+0) =27 (62571 P in2 1 9 dp

_9 / P11 4 B(s, £) = T(s + ) B(s, 1),
0

U

Exercise 34. Let D = {(z1,...,2,) € R% 21 > 0,...,2, > 0,21 +
-+ z, < 1} be an n-dimensional simplex. For stricly positive reals

ai,...,0a,, show that
r —-T(ay,
/J;‘fl Yooty - day, = (a1) (an)
D

Flag+--4+a,+1)

8. SURFACE INTEGRALS

As another application of the Jacobian formula, we shall describe the
curvilinear extent of a geometric object such as the length of a curve
or the area of a surface.

zs3

A

T2

U

T
FiGURE 12. Parametrized Object

Let our geometric object M C R? be parametrized by coordinates
u = (U1,...,Up) € U in the form x = ¢(u). Here U is an open
subset of R™ and ¢ : U — R? is a smooth injective map satisfying
rank(¢'(u)) =m (v € U) and ¢(U) = M.

For a small rectangle Au = Au; x -+ X Au,, inside U, its image
under ¢ is approximately a parallelotope in R? spanned by vectors
99

|Au1|al¢a7|Aum|am¢7 ang: S Rd

aui
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with its m-dimensional volume given by +/det(0;¢|0;¢)|Aul.

Exercise 35. Show that the m-dimensional volume of a parallelotope
spanned by vectors & € R? (1 < j < m < d) is y/det(&]¢;). (See [5,
Theorem 6.2.16] for example.)

& -

F1GURE 13. Linear Approximation

Thus it is reasonable to define the m-dimensional extent of M by

[ sl = [ \Jaer@oloo) du
M U

with /det(0;¢|0;¢) called the extent density of ¢. Although this
definition is fairly speculative but it bears several desirable properties:

(i) It correctly responds under scaling: For r > 0, rM is parametrized

by r¢ and /det(9;r¢|0;r¢) = r™y/det(0;¢]|0;¢) shows

/\/dtamam /\/dtaqs a¢
Ou; | Ou; ou; 8uj
) It is invariant under Euclidean transformations in R?. Let
T : R?” — R? be a Euclidean transformation, then T'M is
parametrized by T'¢ and det(0;(T'¢)|0;(T¢)) = det(0;¢|0;0)
gives the invariance.

(iii) It is independent of choices of parametrization. In fact, for

another parametrization V' > v — ¢(v) € M of M with V an
open subset of R™, the chain rule

(eloe) = o)

du.

gives

9
9 9610
a_z.) = \/d t(@i ai) du‘

\/det (gji

9dv — det 2% is the Jacobian with 9% = (gut) denoting the differential matrix.
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whence

d¢ | 0 0
/ det ¢ ¢ / \/ det (22
U ﬁuz 6uj 0vk
Definition 8.1. The last property of extent density allows us to define
the surface integral of a function f on M C R? in a coordinate-free

fashion:
A/@WMM:Lﬂmw¢®%ﬁl

where the notation indicates that it is based on a measure |- |5, in M.
Let I, be a preintegral on C.(U) defined by

f¢>(g)=/Ug(U)\/det(§i a_¢> du

an
with its Daniell extension denoted by I3 : L'(U, ) — R.

Since parametrization-independence in the surface integral is based
on the Jacobian formula, the integrability of a function on M (surface-
integrability) has a meaning and the set L'(M) of surface-integrable
functions turns out to be a linear lattice isomorphic to L'(U, ¢).

5¢
6vl

g—z) du,

Example 8.2.

(i) For a smooth curve C' C R? parametrized by x = ¢(t) (a < t <
b) with m = 1,

/ dale —

is the length of C.
(ii) For a smooth surface M C RY parametrized by = = ¢(s,t) with
(s,t) € U C R,

dt

99|09\ (09|99 99| 0¢
/WW/V%% toe) - (Gule) aste
When d = 3 and ¢ is denoted by ¢(s,t) = (z(s,t),y(s, 1), 2(s, 1)),

the extent density takes the form
ad) 0¢‘

Oydz 0z 0 0z0x 0z 0 drdy  Oyo
N )
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(iii) Let ¢ be a continuously differentiable function of u € U with
U an open subset of RY and consider a d-dimesional surface
M = {(p(u),u);u € U} in R with ¢(u) = (¢(u),u). Then
det(9;p|0kp) = det(¢)'(¢') = 1+ |¢'|?
by the Cauchy-Binet formula in Appendix D (or by a simple

computation with rank-one operators) and the surface integral
on M is described by

/Mf(fv)ldﬁflM=/Uf(SO(U)aU))\/lJrIw’(U)IQdU-

Example 8.3. Consider a circle (z —a)?* + 22 =b? (0 < b < a) in the

xz-plane and rotate it around the z-axis to get a torus (y/z2 + y? —
a)® + 2% = b*. To compute the surface area, we parametrize its upper

half by
r = (a+bsinf)cosp, y=(a+bsinf)sinp, z=>bcosh
with

T ™
0<p<?2 —— <0< —.
=P=50 Ty =V=5
Then ( )
—(a+bsinf)siny bcoshcosp
%: (a+bsinf)cosep beosfsingp
(.0) 0 —bsin @
and

(o) Coart) = (05 )

shows that the density is b(a 4 bsinf). Thus the toral surface area is

/2 2

Qb/ (a+ bsin ) d@/ dy = 2ma2nh.
—7/2 0

Exercise 36. Compute the length of the coil C' C R?: ¢(t) = (acost,bsint, bt)

0<t<7).

Exercise 37. The (d—1)-dimensional extent of the simplex M = {z €
RG> 0,...,04> 0,2y +---+xq =1} in R is Vd/(d — 1)\.

Exercise 38. Assume that ¢ : U — M C R? is a product of an
m/-dimensional parametrization ¢ : U’ — M’ C RY and an m/-
dimensional parametrization ¢ : U” — M" C RY  ie., U =U'x U",
M =M x M" and ¢(u) = (p(u),(u")) for u = (v, u") € R™ x R™".
Then fM |d$(7|M = fM/ ’dI,|M/ fM” |dI”|M// with (x’,x”) S Rd, X Rd”.

Remark 10. Intuitively, a single coordinate parametrization is enough to
almost cover M by removing lower dimensional negligible parts.
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We shall now extend the construction so far for a single coordinate
parametrization to the case of multiple parametrization where M is
described by a family of coordinate parametrizations.

Assume that we are given a family of continuously differentiable one-
to-one maps ¢, : U, — R? (U, being an open subset of R™) so that
(i) rank(¢l,(u) : R™ — RY) = m for u € U,, (ii)) M =, ¢a(Us,) and
(iii), if ¢po(Ua) N dp(Us) # 0, the bijection™ ¢ dq = o3 (¢s(Up)) —
05 (0a(Us)) defined by ¢a(u) = ds((d5'da)(w)) (u € ¢ (¢5(Up))) is
continuously differentiable. (The geomtric object M C R? is a so-called
immersed submanifold.)

A one-to-one map ¢ of an open subset U of R™ into M is then called
a coordinate chart of M if both ¢ (¢, (U,)) = {u € U;p(u) €
¢a(Ua)} and ¢ (p(U)) = {u € Us;¢a(u) € p(U)} are open in R™
with the associated bijection ¢ 'y : o™ (9o (Us)) — 051 (0(U)) as well
as its inverse map continuously differentiable for each ¢, : U, — R%
Here ¢t is defined by ¢a((d5"¢)(w)) = ¢(u) (u € ¢~ (da(Ua))).

Thus each map U, 3 u — ¢o(u) € M is a coordinate chart and, if 1 :
V' — M is another coordinate chart, the coordinate transformation
vl o (W(V) 3 u v € Y (p(U)) defined by o(u) = ¢(v) is
a continuously differentiable bijection from an open set ¢~ *(¢)(V)) in
R™ onto another open set ¥~ (p(U)) in R™.

(V) Y le(V)
FIGURE 14. Coordinate Transformation

Since open sets are Lebesgue measurable, so are their cuts and
unions. Moreover Lebesgue measurable sets are preserved under co-
ordinate transformations (Proposition 7.8), which enables us to cut
and union L*(U, ¢) for various coordinate charts ¢ : U — M to obtain
a single space L'(M): The detailed construction is as follows.

loqbglqba is not a composite map but a single symbolic notation.
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Consider a function f on M which admits a finitely many coordinate
charts (¢ : Uy — M C RY) satisfying ¢, (Us)f € L*(¢a(Uy)) for each
a and (U, ¢a(Ua))f = [.

Lemma 8.4.

(i) We can find measurable sets A, C U, so that J, ¢o(Us) =
| | pa(As) (a disjoint union).

(ii) Let ¢ : U — U, ¢a(Us) C R be a coordinate chart of M.
Then 6(U)f € Li(o(U))).

Proof. (i) Write « = 1,2,...,1 and let A, be defined by

Aa = (b;l((ébl(Ul) U---u ¢a(Ua>) \ (<¢1(U1) U (ba 1( o— 1>)>

:¢;1<¢a(Ua)\((¢1(Ul> U @a—1(Ua- 1)))
:Ua\¢;1(<¢1(U1) U @a-1(Ua- 1))

which is Lebesgue measurable as a difference of open subsets.

(i) Since U, N ¢;'¢(U) is Lebesgue measurable as an open subset,
0 is Ay N ¢, p(U), whence A, NG d(U)(f 0 pa)r/det(Dida|0;0) be-
longs to L'(U,) as a cut of (f o ¢q)y/det(9;¢a]|0;¢a) by a Lebesgue
measurable set and then, by the Jacobian formula applied to ¢~1¢, :

Ua N o(U) = UN o 1 (Us), (UN G a(An))(f 0 @) is Lebesgue

integrable for each o. Consequently

U(f o ¢)\/det(:0]0,0) = ZUrms Pa(Aa))(f © §)1/det(8:0]0;0)

belongs to L1(U), i.e., ¢(U)f € LY(o(U)). O

Let L(M) be the totality of functions considered so far. Clearly
L(M) is closed under lattice operations and in fact a linear lattice in
view of the above lemma.

Exercise 39. Show that L(M) is a linear space.

For f € L(M), choose ¢, : U, — M as before and measurable sets
Ao C U, so that |, a(Ua) = L], pa(As) (Lemma 8.4 (i)). A linear
functional I(f) of f € L(M) is then well-defined by

Zla o(f 0 ¢a)).
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In fact, for another choice 13 : V3 — M with Bz C Vj covering f,

Zf Fova)) =3 Lo ((Aa N o2 (Ws(Bs)(f © )
B

=3 Ly (85 (palAa)) N By)(f 0 vs))
B

= Iy,(Ba(f o tp)).
B

The linear functional I(f) is a preintegral because f, | 0 for f, €
L(M) implies

hm I(fn) = hm ZI W(Aa(frowa)) Z hm I, (Aa(fropa)) = 0.

Let I' : L'(M) — R be the Daniell extension of I on L(M), which
contains L'(p(U)) as a linear sublattice for each coordinate chart ¢ :
U — M in such a way that I'(f) = I.(f o @) (f € L'(p(U))) with
I'(f) reasonably denoted by

/M F(@)|dalur.

Exercise 40. Let M C R? be the product of M’ € R* and M” c R*".
Then, for f € C.(M), functions

NI f(xl,l‘//) |d:L‘”|Mn, 2 s f(ac/,m”) |d$(,’/|M/

M// M/
belong to C.(M’) and C.(M") respectively for which the repeated in-
tegral formula holds:

/ F() |dzlar = / delare [ F (2 | g
M M/ M//

Density formula: The following is known as a smooth version of the
coarea formula in geometric measure theory.

Let ¢ : D >+ v € R" (D C R? being an open set) be a submer-
sion'! and M be a level set [¢p = v] of ¥ at v € R". Let f € C.(D) be
localized in a neighborhood of a point @ € M C RY. Thanks to the in-
verse mapping theorem, after a suitable permutation of coordinates of
x, we may assume that x — (u,v) with u = (z1,...,z,,) and v = ¥(z)
is a local diffeomorphism in a neighborhood of a (m +n = d). Here
diffeomorphism is synonymous with smooth change-of-variables.

Hje., 9 is continuously differentiable with rank(v’(z)) = n everywhere.
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Then the inverse diffeomorphism is of the form (u,v) — = = (u, p(u,v))
and their differentials are given by

1 0 0 0

Jr (1, O o(u,v) : - :

u,v)  \%2 %) or a0 a1 8O [9
8_£E1 T Oxm OTm+1 e OTm+n

Since these are inverses of each other, we have

0 0 0 ;
a_:j <Bz?:+1 ami+n) = ln, a_go + 8_f (8:(:1 a?cm) = 0.
Here 1,, and 1,, denote identity matrices of size m and n respectively.
As a local parametrization of level sets [) = v] C R? (v moving in
a small open subset V' C R"), we can take one of the form U 3 u +—
7 = (u,¢(u,v)) € R? (with U a neighborhood of a € R™ and ¢(u,v) a
continuously differentiable function of (u,v)) so that the extent density
is given by

0
\/det(5i,j +(0ip1059)),  Oip = a—j(u, v)

and the surface integral of f on [¢) =v] C D by

@) oligms = [ F0 ot 0)) et By + el d

[Y=1]

Lemma 8.5. Let A be an m x m invertible matrix, C' be an n X n
invertible matrix and B be an n x m matrix. We set G = —C~1BA~!

so that
(A o)‘l _ (A—l 0 ) |
B C G C!
Then

det(A)?det('AA +'BB) = det(C)*det(G'G + C'C™1).
Proof. Just compute as follows:

det(A)?det(*AA +'BB) = det(1,, + (BA™')(BA™"))
= det(1, + (BA™")(BA™))

(1, +

= det(1, + (—CQ) ' (-CQ))
= det(C)*det(G'G + C~HC™).

Here Sylvester’s formula (Appendix D) is used in the second line. [
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We apply the above lemma for A = 1,,, B = a—‘i and C' = 8—“;’ with
(GC™1) = g—f to get

dp 0 ) o, O,
det<5¢7j+(ai a—i)) = det<a—f> det(y/]0), (W) Z 8;1 ajfk

which is used to see

/ £ () /det(1]7) de
Pp=1(V)

= fu, ou, v))y /det(17]4))

UxV

)‘dudv

or
<8(u,v)
_ oy Iy
= | fl ol )y fdes(urfyy)|det (57 ) | dudo

/dv/fuwuv \/det<(5”—|—(§¢ gj»d
J
/dv/ |d:L‘|[w v]
(=]

Finally this localized identity is patched up globally, this time by a
partition of unity'? (Proposition 4.22), to have the following.

Theorem 8.6. Given a submersion 1) : R D D > z + (x) € R” and
a function f € C.(D), we have

/D £ () y/det (1) di = /w oo /W:v]f(:rﬂdxl[zp:

Proof. By the local formula, each point a € [f] has an open neighbor-

hood W such that the global forumla holds if f belongs to C.(W) C

C.(D). From the finite covering property, we can find a finitely many

such open sets W, so that [f] C |JW,. We apply the partition of unity

to this covering to get h, € C.(W,) satisfying >~ h, =1 on [f].
Then f, = hof € Co(W,) is summed to be f and we have

/f )\/det(¥]e)) dx—Z/fa det(y]|!) da
= d () ||y
Za:/w(D) ! /[wv}f ] J:W |
—[ v [ fa) sl
w(o)  Jp=y

127 geometric form of Fubini theorem can be also used.
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Corollary 8.7. Let M = [¢) = v] be a level set of ¢). Then

lim—/ det(¢;]4") dx—/f ) |dz
Vo ’V’ 1(V) ( | | |M

Remark 11. By rewriting surface integrals in terms of Hausdorff measure, a
further generalization is known as the coarea formula in geometric measure
theory (see [1]).

Example 8.8. Let ¢ : D = RY — R" be a linear map, which is
identified with an n x d matrix, and assume that the cut of ¢) by the
last n columns is invertible as an n x n matrix. Then local coordinates
(u,v) € R™™ satisfying

(Z) _ ( Imw 0 ) r o= 1= (fg g) (3) with ¢(u, v) = Bu+Cv

provides global one and the equality of

[ ez = [ 5 /Ay ds

/ / ) |dx| =y —/ dv/ f(u, o(u,v))| det(C)|/det (i) du
(D [p=v]

is reduced to the identity

/df(x) dx = | det(C)] ndv/mf(u,go(u,v)) du,
R R R

which is nothing but a combination of the (linear) Jacobian formula
and repeated integrals.

Example 8.9. Let ¢(x) = |z| for 0 # z € R (D = R?\ {0}, n = 1).
Then ¢/(z) = 7 and

/f(x :/ dr x) |dz|,ga-1
D rSd—1

/ drr®! flrw) |dw|ga-1.
0 gi-1

Now, for the choice f(x) = e~le,

oo
/ e 1P dy = / e P dy = ’Sdlf/ rd=t
R? D 0
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The left hand side is equal to 7%? as a multiple Gaussian integral
and the integral in the right hand side is expressed in terms of the
gamma function by I'(d/2)/2, resulting in the spherical integral

27Td/2

L(d/2)

With this formula in hand, f(z) = e #”/|z|* for & € R and 5 > 0
is then calculated as follows:

|m\5 —7“5 1 00
/ Sd 1| / Z dr = |Sd—1|_/ S—H—(d—a)/,é’e—s dt
R* |$|a re B Jo

/2 o
_aaml (%) (a<a),
00 (> d).

|51 =

Exercise 41. Check that |S°| =2, |S!| = 27 and |S?| = 4.

Exercise 42. Compute the volume V of the unit ball {z € R?; |z| < 1}
in R? and show that V; ~ (2we/d)¥?/v/7d as d — cc.

Remark 12. Square-rooted determinant densities are closely related to the
Jacobian. To see this, consider a smooth map ¢ : U — R" defined on an
open set U C R™ with ¢/(z) a matrix-valued function of size n x m. Then
det(0ip|d;¢) = det(*¢'(x)¢'(x)) and det(gj(z)|@)(x)) = det(¢'(z)'¢'(x)),
whence these coinside by Sylvester’s formula (Appendix D).

When m = n, they are reduced to det(y'(z))2. In accordance with this
fact, their square roots are also called the Jacobian of .

We here restrict ourselves to the case n = 1; 1 is a scalar function
and the level set [¢) = v] is a hypersurface in R?. In the local coordinate
expression

o) sl = [ St ‘ ‘w Ndu (&= (u, ou,0))),

[=0]
notice that the density function is equal to the norm of a vector

3@ Oy

/_1 /

Oxg

which is normal to the hypersurface [¢) = v] at the point © = (u, p(u,v)) €
[¢) = v]. In terms of the normal unit vector

1
") = @)

W' (x)
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pointing to the direction of increasing 1, we introduce a vector-valued
measure (so-called surface element) by

] = 1) d[ =)

and, for a continuous vector field F(z) € R? (z € D) of compact
support, define the surface integral'® of F' on the hypersurface [1) = ]

by
/W (@) drfgm = / F(2) - n(x) |zl

[=v]

In local coordinates,

€ dp ) dp ,|Op
- % hoe= 22192 ¢ 41
n(@) V1+ |8go/(9u]2< ou’ > with € 80/‘5’11 € {=l

and
= xZ) - /x 8_90 U = (u U. v
/[w:v} F(x) - depy—y —/UF( ) - )‘80 du (z = (u,o(u,v))).

When F(z) = f(x)n(z), this is reduced to the surface integral of the
scalar function f.

FI1GURE 15. Flux

Now assume that F'is continuously differentiable on D. If the com-
pact support of F is contained in an open set W C R? for which
W ~ U x V by a local coordinate description of 1 with U C R4"! an
open rectangle and V' C R an open interval, we claim

d f(z)
L @) e, _/ ] .
dv J =y W= ey |V (7)] vl

Here f is the divergence of F":

d
: OF;
flz) =divF = ;:1 oz,

13Also called the flux of a vector field F' through the hypersurface [v =]
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In fact, in local coordinates, the formula takes the form

o [P G [ a@Fdn = e

From the chain rule relation

0 Oy o & Loy
%(F'“%l))—%(‘zﬂa—m”’d

d-1 52

B Z OF; 0p O¢ K 8Fd Oy
n — 0xy o 8uz — c%(?u 8xd o
_ OF; 0p Op 0o OF; 0 %)
- Z <8gcd ov Ou; + Fl(%aui + Ox; Ov * ov

_ so dy
- Z 8uz o’

the difference of the local formula therefore amounts to

d—1

0 Op
Z /U a—ui(Fz%) du
=1

which vanishes by repeated integral expressions in view of the fact that
Fl@“‘—’ vanishes at the boundary of U:

/ 3u2 —)du —/ (du); / 3uz duz

_ 9y Iy _
B /z (F ov wi=b; Eav ui:ai> (du)l -0

Here U = (ay,b1) X -+ X (ag—1,b4-1),
U, = (@1751) Xoeee X (ai—lubi—1> X (ai+17bi+1> X oo X (ad—1,bd—1)

and (du); = duy -+ - du;_qdu;y -+ - dug_q.
The local formula is now glued together by a partition of unity (cf. the
proof of Theorem 8.6) to obtain the global formula.

Theorem 8.10. Let ¢/ : D — R be a submersion and F € C}(D,R?)
be a continuously differentiable vector field of compact support on D.

Then @)
d div F(x
— F(z) - depy—y :/ v ldz| =y
dv Jiyey VR fm @)

for v € Y(D).
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Combined with the coarea formula (Theorem 8.6), we have the fol-
lowing.

Corollary 8.11 (Divergence Theorem'*). Let [a,b] C (D). Then

/ div F(z) déE:/ F(x) - dry—y —/ F(x) - dpy—a)-
la<v<b] =) [p=al

FiGUuRrE 16. Flux Flow

As a limit case, consider the situation where (D) = (0,¢) and
[t = v] approaches to a closed set [¢) = 0] as v — +0 in such a way
that [t = 0] C D, [0 < < b] = [¢p = 0] U [¢p < b] is an open set of
R? for any 0 < b < ¢ and

lim [ f(2)lde|y=y =0 (f € CI([Y 2 0]).
TR =]

The above flow version is then filled with the inner boundary [¢) = 0]
to get the boundary version

/ divF(x)dx:/ F(z)-dr,s; (F € Cl[y>0],RY).
[0<e<d] [v=1b]
Example 8.12 (Cylinder). Let x = (2/,2") € RY xR?" with d'+d" = d,
D = {z e R% |2/| > 0} and ¢ (x) = |2/|.

Then (D) = (0,00) and the inner boundary [1) = 0] = {0} x R?
fills up D to get the whole space R?.

Example 8.13 (Sphere). Let ¢(z) = |z| and D = {x € R%; 0 < |z|}.
Then n(x) = z/|z| (x € D), [¢ > 0] = R? and, for F € C}(R?, RY),

F(x) -
/ div F(x) dz = / (z) @ |d|(jz)=r) = rdl/ F(rw)-w dw.
[lz|<r] Sd—1

(lz|=r] r

A flow version of divergence theorem can be found in [4, §].



68 SHIGERU YAMAGAMI

FiGure 17. Cylinder

Exercise 43 (hydrostatic balance equation). Let D be a bounded open
subset of R? with a smooth boundary dD. Then

/ d:EaD =0
oD

Exercise 44. Show that, if [0 < ¢ < b] is open for some 0 < b < ¢,
then [0 < 1) < v] is open for any v > b.

as a vector in RY.

9. CoMPLEX FUNCTIONS

So far, we have dealt with real functions. For further applications
in subjects such as Fourier analysis or quantum analysis, we should
not avoid complex functions in values as well as in variables. Here the
results established for real-valued functions are naturally extended to
complex-valued functions.

Given a linear lattice L, we shall work with the complexified function
space Lo = L + iL, which is referred to as a complex lattice if the
lattice condition is strengthened to |f| € L¢ (f € L), i.e. \/f2+ g% €
L (f,g € L). A linear functional [ : L — R is obviously extended to a
complex-linear functional on L¢, which is also denoted by 1.

Here are some of simple facts on complex lattices.

Proposition 9.1. Let L¢ be a complex lattice.

(i) Given a positive functional I on L, the integral inequality
1(f) < I(|f]) (f € L) holds.

(ii) The complexification Ly N L) +iLy N L) of Ly N Ly is also a
complex lattice.

Proof. (i) Since [ is real-valued on L, I(f) = I(f) for f € L¢. If
I(f) = 0, the integral inequality holds trivially. Otherwise the polar
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expression I(f) = |I(f)|e? (§ € R) is combined with e f +¢? f < 2|f]
to get
21(f) = e I(f) + e“I(f) = I(e™ " f + ) < 21(| f)).

(ii) In the expression |f +ig| = ||f| +ilgl| (f.g € Ly N L), we
approximate |f|, |g| € Ly N Ly by sequences ¢!, ¢, ¢! and ¢! in Lt
so that @, 1 [f], @, L [f], ¥, 1 1g| and 45 | |g].

Then |¢!, + 1)) |, |¢l +il| € L satisty
el + b |1+l L+ avnl L{1f] +dlgl],
which implies |f +ig| € L+ N L. O
Example 9.2. The complexification S¢(R?) = S(R?) + iS(RY) is a

complex lattice and the volume integral on S*(R?) is therefore complex-
linearly extended to a functional I : S¢(R?) — C and then further to

I 2 Sy (RN N S (RY) + S (RY) N S (RY) — €
so that |I4(f)| < Li(|f]) for f € Sy(RY) N Sy (RY) + iS4(RT) N S| (RY).
When d = 1, definite and indefinite integrals as well as improper
integrals are extended to complex-valued functions by replacing S;(R)N

S| (R) with its complexifications in such a way that the fundamental
theorem of calculus remains valid.

Example 9.3. For a complex parameter ¢ # 0,

1
/e“ dr = —e“.
c

For ¢ = —a — ib with @ > 0 and b € R, e~ (@)t = ¢=9%(cog bt — i sin bt)
is integrable on (0, 00) and

00 ) 1 a b
—(a+ib)t dt = — —q .
/0 ‘ atib  @+0  a?+ b

Example 9.4. Let 0 # a € C have a non-negative real part. Then

o0
] m
/ e dr =4/ —,
e a

where the complex root /a is chosen so that y/a > 0 for a > 0.
For the proof, see the compuation below?!’.

As to the Daniell extension of a preintegral I on a linear lattice L, the
dominated convergence theorem as well as parametric differentiation
holds for complex-valued functions. When L¢ is a complex lattice, so

I5This is usually established by means of complex variables.



70 SHIGERU YAMAGAMI

is Lo = L' 4 4L' (Proposition B.7) but this is not obvious at all (see
Appendix B for details).

For the volume integral in R?, however, it is practically enough to
consider an open set U C R? and the associated linear lattice C(U) N
LY(U), for which C'(U) N LY(U) +iC(U) N L*(U) is a complex lattice.

Example 9.5. The identity in Example 9.3 is differentiated repeatedly
with respect to a complex parameter ¢ € C* to get

n _cx o 871 1 cr
/:U e dr = @) (Ce >

Example 9.6. Example 9.4 is extended to

o 2 2 ™
/ e~ ax +bx dr = 6b /4a\/j
oo a

for b € C. This is most simply related to Example 9.4 by Cauchy’s
integral theorem but we here calculate as follows:

1 n >~ n_—az? . ]' 2m > 2m _—ax?
Zﬁb /_Ooxe dx—zmb / e dx

n>0 m>0 ( o

_ 1 2m a " > —ax?
_;(2m)!b (aa) /me d

15, (2m)! —m—1/2_1/2

For f € St(RY) = S'(RY) +iS'(R?) and & € RY, e ™ f(z) (2 =
1€ + - -+ + x4€y) is integrable and the Fourier transform J/C\of fis
defined by

~

foy = [ raye e,
R

which is a continuous function of & € R? by Proposition 4.17.
The Fourier transform is known to be isometric (called the Plancherel
formula) in the sense that

TreV2 — (27)@ )12 dx
L fora=ent [ 1@k

for any integrable f satisfying [ |f(z)|* dz < oo.
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Example 9.7. The Fourier transform of an interval f = [—1,1] is
~ sin &
f(&) = 2T

with the Plancherel formula of the form ffooo(sin £)?/€2d¢ = 7, which
turns out to be the Dirichlet integral by Example 2.24.

Example 9.8. The Fourier transform of (0,00)e™"" (r > 0) is

& . 1
/ e eI dy = —.
0 r+ i€

Example 9.9. For 0 #a € R, 0# b e R and r > 0,

oo iat bt — b
/ et T g = log i
0

t r—ia

Let s € R and consider

Then
/ _ —rt (502t — ib ibst dt = La _ v
fs) /0 ¢ " (iae ibe™) r—ias 1 —1bs

is integrated to get

f(s) = log(s —r/(ib)) —log(s — r/(ia)) = log

Here the constant of integration is specified by the condition f(0) = 0.

r —ibs

r—ias

Example 9.10. For a > 0, b > 0 and r > 0, the following holds.
/°° _rcos(at) — cos(bt) ; 1. 7+
e _
0

t 2 Tr2+a?
> _ . bsin(at) — asin(bt b [t bR
/ oot sin(at) 2asm( )dt: ab log 7“2+ 2u2 du
0 t 2 Jo r -+ a‘u

with . oy )
: r u
rli}}rlo/o logmdu = 2log 7
The first equality for » > 0 is just the real part of the formula in
the previous example and the limit case » = 0 is a consequence of
Theorem 2.27 because (cos(at) — cos(bt))/t is improperly integrable on
(0,00) in view of

(sin(at) B sin(bt))/ _ cos(at) — cos(bt)  bsin(at) — asin(bt)‘

at bt t abt?
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To see the second equality, the function
o(s) = /°° efrtbsin(ast) — asin(bst) @t
0

t2
of s € R is differentiated to have

b % _.cos(ast) —cos(bst) . ab 1?4 b*s?
9<5>—ab/0 ¢ " =g loe s g

whence

ab [° 1?4+ b*u?
06 =5 [ 108

Finally, in view of 1 < (r?+b*u?)/(r*+a*u?) < b*/a?, the dominated
convergence theorem is applied to get lim,_, o g(s) = sablog(b/a).
Exercise 45.

(i) With the help of (ulog(r? + a®u?))’, express the indefinite in-
tegral of log(r? + a*u?) by arctangent.
d
(ii) By integrating 7 log(r? +u?t) from t = a® to t = b? and using
repeated integrals, show that

1 2 2,,2
) r° + b*u b
r1~1>1’~1}10 ; log m du = 210g a

We shall evaluate Fresnel integrals by imitating Gaussian integrals
in polar coordinates. We first recall that

& 2
/ e’ dx
0

has a measning as a complex-valued improper integral (Exercise 11).
To improve the convergence, we insert e with t > 0 a positive
parameter and consider the continuous function

G(t) :/ e e
0
of t > 0. Then

G(t) = / e HEHY?) pi(e* +47) dxdy
z>0,y>0

2/, 1/, 4t —1

and we get

Gty = YT

2Vt —1

i
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with the branch of square root specified by

1 o] e—tu
ReG(t) = = cosudu > 0.
m-3] =
Here the positivity follows from the fact that e ™/y/u is monotone-
decreasing in v > 0 and cosu oscillates periodically.
Consequently,

t—+0 t—1>r£0 Nt —1 - 2
Since e*” is improperly integrable (Excercise 11), we can apply Theo-
rem 2.27 to G(t) and obtain
/ e dy = ﬁe”/‘l.
0 2

Finally, as an interlude to the section on Coulomb potentials, we
comment on R"-valued functions.

By the obvious identification (R")X = (R¥)", an R"-valued function
f is an n-tuple (f;)i1<j<n of real functions f;. When X is furnished
with an integral system (L, ), we say that f is I-integrable if each f;
is I-integrable. The set of R"-valued integrable functions is then a real
vector space by pointwise operations.

From the complex lattice condition on L, [f| = /> "7, f7 is inte-

grable and satisfies

VI + -+ I(fa)? < I(If)])-

In fact, the integrability is an easy induction on n starting with
n = 2. For the inequality part, | >_;t; f;| < [t[|f| (t € R") is integrated

to
> 4I0)

which gives the assertion by choosing ¢; = I(f;).

G(0) = lim G(t) = 1 VT ﬁe”“.

< [¢[I([f1),

10. REGULARITY ON COULOMB POTENTIALS

Let v > 0 and p be a locally integrable function on R?. Consider a
function of x € R? described by

o p(y) _ > d—vy—1
by (2) = /Rd r— dy = /o drr o p(z + rw) dw,
which is well-defined if

/ dr rd”’l/ lp(z + rw)| dw < 0.
0 Sd—1
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Note that local integrability of p is equivalent to the integrability of
(0, R) x S41 > (r,w) = r¢1p(rw) for every R > 0 and in that case
the above absolute-value integral has a meaning.

In what follows, we assume v < d to get the integrability near » = 0
and |p(y)| < M1+ |y))~? (y € RY) for some 8+ > d and M > 0 to
get the integrability for a large |y| and local boundedness of p.

With this assumption, we can even show the continuity of ¢.(z) at
r = a € R% To see this, use a singularity cut of the integral region near
a to control moving singularities: Set ||p|lo.s = sup{|p(y)|; |y — a| < ¢}

for 4 > 0. Then we have
Py 1
/ Mdygﬂp a,a/ = dy
| ly—a|<o |'T - y|

y—al|<o |ZL' - y|~/

1
< s | 1y
ly—z|<d+|z—al ‘x - y"y
1 (6 + |z —al)?
— " Sd 1 ( ’
ool =

which can be arbitrarily small if |z — a| < ¢ with J sufficiently small.
The continuity is therefore reduced to that of

/ Ply)
ly—al>6 ’QZ’ - y’fy

at © = a. To see this, let |z —a| < 6/2. Then |p(y)|/|x — y|” <
M/|ly — a|®* (Jy — a|] > 6) for some M > 0, whence the integrand is
dominated by M/|y — a|?*" with

/ ot dy = |87 /00 rd=P= "ty = |Sd_1|—(5d_ﬁ_7 < o0
ly—a|>d |y - a|5+’Y 0 ﬁ +7 = d

in view of 4+ v > d. The dominated convergence theorem is then
applied to have

o [ g [ 0
T2 S y—al>5 |z —yp ly—a|>6 la—y|

Exercise 46. Write down the above proof of continuity in an e-9 form.

Example 10.1. Let p(y) = 1/|y|® (Jy| > 1) and p(y) =0 (Jy| < 1). If
the assumption on 7 is strengthened to 7 < d — 1, then the continuous
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function ¢, vanishes at oo:

> 1
= [ drrtFt —d
o) = e /Sd A

: d—29
=2 d B / df
= 1577 / e (|2 + 7“2 — 2|$|r cos 6)7/2

Sd 9 p d—p-1 ™ n?-2¢ »
= |/ " |x|2+r2)7/2/ (1—30089)7/2 ’

where s = 2|z|r/(|z]* + r?) € [0, 1].
Since the inner latitude 1ntegral is estimated by

/2 s d—2 w/2 s d—2
/ sin® “ 0 b+ / sin®"“ 0 6
o (1 —scos)/ o (1+scos@)/

/2 . d—2 /2
< / S 70y / sin®~2 6 df
o (1 —scos)r/? 0

/2 s d—2 o
:/ sin“ =6 Q0+ I'((d—-1)
o (1 —scos)r/? 21 (

/2 s d—2 _
</ sin®"“ 0 o I'((d—-1)
~Jo (1 —cosf)r/? 21 (

with

w/2 Sind_29
——di < & d—-v—-1>0
/0 (1 — cos 9)7/2 > 7 ’

one sees that

o0 T,d—,B—l
0% 6rla) < I5Ca, [
1

22+ r2y2

where

(™ sin??g I((d—1)/2)T'(1/2)
Caq = /0 (1 — cos6)r/? a6+ 21°(d/2)

00 rdfﬁfl o ,r‘dfﬁfl 1
————dr < dr = ——— <
/1 (|z[* +r2)7/2 T_/l v T By —d

Now the dominated convergence theorem shows | 1|im ¢ (z) = 0.
T|—0o0

and

Next we move on to the differentiability of ¢.,. Consider the formal
derivative (an R%valued function)

0 1 ) y—
pydy:’y/ T PW) dy,
/Rd <8J}z |$ - y|7 1<i<d ( ) R? |CE - y|7+2 ( )
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whose integrability

/R M|p(y)\dy=/]R{d|;Ip(y)!dy<oo

d |$_y|’Y+2 x_y|'y+1

is exactly the well-definedness of ¢, and satisfied if d —v -1 > 0
(note that 5 > d — v — 1 follows from 8 > d — ~ then).
We shall show that this condition in turn implies

¢ (x) =~ /R T p(y) dy

d |x — y|’Y+2

and ¢/ (x) is continuous in x € R%.
Recall that the above equality at = a € R? means that, given
e > 0, there exists 6 > 0 such that |z — a| < § implies

) = o) o [T D dy’ < e —adl.

RY o —y[*?

To see this, we argue as in the proof of continuity of ¢,: For the
differential term,

[a — vl 1
| el <ol [ i

y—al<o |CL - ly—al<8 |Cl -
5d7771

— u Sd—l
ol ™! 7=

which approaches 0 as 6 — 0.
To control the difference term, letting z(t) = tx + (1 — t)a, we intro-
duce

y — x(t)

D(t,y) :’YW

so that

1 o= [ Gl —sde= @) [ Diega

lz =yl Ja—yl
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In view of |y —a| <6 = |y — z(?)| < + t[x — a|, the singularity cut
of the difference term is estimated by

1
z—d / dat / Dt )llp(y)] dy
0 ly—al<é
1
< |z — alllpllas / dat / Dt )| dy
0 ly—al<é
1

1
<l = allpls | at | S —
0 ly—a(t)|<o+tjz—a| |T(t) —y[rH!

|S947] ' d—y—1
= |z — w1 [ (04 t|x—a)) e
sl = allpllusg o [ 6+ tle—a)

S5
<11z = allollas-

ﬁ(é + |z —al) 7,

which approaches 0 uniformly in |z —a|] < § as § — 0.
The remaining part is given by

[t [ @) 0t) - DOy
0 ly—a|>d

and the validity of the differential formula is reduced to

T—ra

1
lim / it / Dt ) — DO, y)llp(y)| dy = 0.
0 ly—al|>d

Note here that D(t,y) depends on x and lim,_,, D(t,y) = D(0,y) for
0 <t<1land|y—a|>d. The above convergence is then a conseugence
of the dominated convergence theorem once |D(t,y)||p(y)| is majorized
uniformly in |z — a| < §/2 by an integrable function on |y — a| > 9.
In fact, in view of p(y) = O(|Jy|™?) and

b _ o
la =yl +le—al 2 [2(t) —yl 2 la—y|-|o—a 2 ]a—y| -5 2 3,
we can find M > 0 satisfying
lo(y)] ly —al™” 1
D(t = — =
for |y — a| > 0 in such a way that
1 §d=p=-1
—  dy =" < .
A,_wa ly — a1 Y | ’5+7+1—d



78 SHIGERU YAMAGAMI

We shall now check the continuity of ¢/, which can be done analo-
gously with that of ¢,: The singularity part is estimated by

ly — | 1
———=pW)| dy < ||plas —dy
/y_m P atcs 7 —gP

1
<ol [ S
ly—z|<6+]z—a| 1T — Y|
a1y 0771
= [1pllas] ST~ < oo,
lolloslS* 77— < o0

which can be arbitrarily small if |z — a| < 0 with J sufficiently small.
The continuity of ¢ (r) at = a is therefore reduced to that of

y—l’
7" Hy)d
/|y_a>5 |x_y|7+2p(y) Y,

which follows from the dominated convergence theorem: We can find
M > 0 satistying [p(y)|/|x — y["*' < M/|ly = a|**7*! (Jz —a] < 6/2,
ly—al > d) sothat [ _sly— a| P77 tdy < co due tod— B —v < 0.

We can repeat this process up to the n-th differential (bgn) as far as
d—~—n>0.

Theorem 10.2. Assume that p is a locally bounded function satisfying
p(y) = O(1/|y|?) with 8 > d —~. Let n > 0 be the maximal integer
satisfying d — v —n > 0. Then ¢, is a C™ function.

Remark 13. The condition 8 > d — v is weaker than the integrability of
p, i.e., B > d. Thus the source function p of an infinite total charge may
produce a finite and continuously differentiable potential.

The overall differentiability discussed so far is connected with the
degree v of singularity of 1/|z—y|” and ¢/, is well-defined if d—y—1 > 0
but not for ¢7 if d —v —2 < 0. Even in that case, we can convert local
differentiability of p into the local differentiability of ¢..

Keep the condition including d —y —1 > 0 which enables us to have
an overall integral expression of ¢/, and assume that p is continuously
differentiable on a bounded open set V' in such a way that the boundary
0V is piece-wise smooth and p’ on V is continuously extended to the
closure V.



ELEMENTARY INTEGRATION 79

Theorem 10.3. For z € V, we have

9y (1 _ Y

N

iy~ | W) (dy)o.

vz — yl”’ 3% vz =yl

which is continuously differentiable on V' and ¢”(x) is given by

&, o 1
Ox; 3%( ™) = /Rd\v Ox;0x; (|93 - y|'y) Plu)dy

N (L [ 2w
+ —(y) dy — o (d ‘
/V ox; <|:c — y|“/) dy; (y) dy oy O |7 — yhey (dy)av

Proof. In the expression

' (z) = y)d d
¢, () V/Rd\v P |V+2p y+7/ 7= |7+20 (y) dy,

the first integral is infinitely differentiable in € V with its differentials
given by differentiating the integrand. To make the singularity mild in
the second integral, we rewrite

Yj — T, 0 1
v—p(y) —pY) T
|z —y|*2 dyj v —yp

o s 1 o
Oyl —y|r |z —y|” Oy,

and apply the divergence theorem (Corollary 8.11) to have an expres-
sion

¢ (x) =~ /R Lﬁﬂp(y) dy

vy |z —y
r'(y) / p(y)
dy — e; - (dy)ay.
Sri A M v LA

which is valid for x € V' and continuously differentiable in x € V' with
the second derivative ¢/ (z) given by differentiating each integrand. [J

Corollary 10.4. If p(y) =0 (y € V), ¢,(x) is infinitely differentiable
in z € V with

olel ol 1
%%@) = /]Rd\v Gy (\:c — ?/‘7) p(y) dy.




80 SHIGERU YAMAGAMI

We now restrict ourselves to the case vy = d—2 (d > 3) of Coulomb
potential'®, for which ¢ = ¢4_ is continuouly differentiable but d —
v—2=0.

Theorem 10.5. Let d > 3 and D be the domain of continuous dif-
ferentiability of p, i.e., a € R? belongs to D if p(y) is continuously
differentiable in a neighborhood of a.

Then ¢ is C? on D and satisifies the Poisson equation

—Ad(z) =[S p(z) (2 € D),

d
82
where A = E pye is the Laplacian in R%.
o
7j=1 J

Proof. Let a € D and V be a small ball |y — a| < § in Theorem 10.3.
Then, for |z — a| < 4,

1
A = A——m—— d
o) = | A ey

d
yi —x; Op

+/ ——(y)dy
ly—al<é ; |z — y|? Oy

d
Yi — I
o . (d s

/@/—al=5;!$—y!dp(y)€] (49)1y-ai=s

Due to the identity A(1/|z —y|?2) = 0, the first term vanishes. In the
second integrand, an inner product inequality is used to have

d
Z |yi—sz‘|
|z —y|¢

=1

2 () < W
= o =yl

Iy Y

and the second integral is estimated by

O+|z—al 1
||P/||a,5/ drr® = 1S = [P lasl ST + [ — al),
0

which vanishes as & — 0 for the choice z = a.

16Coulomb potential is also referred to as Newton potential.
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We evaluate the surface integral in the third term by putting x = a:

d
y—a; e (y—a)
/ > B o) L o
ly—al=s = la =yl ly — al

p(y)
N /y_m [ |dyly—ai=s

6—0

= / pla + 6w) dw == 15 p(a).
Sd—1

4

A formal expression for d = 2 loses its meaning. Even in that case, we
can work with the differential of 1/|z—y|” at v = 0: Let p(y) be alocally
integrable function of y € R? and assume that p(y) = O(1/(1 + |y|)?)
for § > 2. Then

o) = = [, ol tog o =yl

is continuously differentiable with
y—
o= [ o) dy.
R? |z — y[?
Moreover in the situation of the previous theorem, we can show that ¢
is C? on D and satisfies

—A¢(x) =27p(x) (z € D).

Exercise 47. Check these assertions.

Remark 14. The substantial part 1/|z|¢=2 (or log|z|), which is a Coulomb
potential produced by a point charge at x = 0, is known (up to a multi-
plicative constant) as a fundamental solution or a Green’s function of the
Laplacian in R
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APPENDIX A. COMPACT SETS AND CONTINUOUS FUNCTIONS

Recall that we use the notation |z| = \/(21)2 + -+ + (24)2 for z =
(z1,...,74) € R

The following is a sophisticated paraphrase of continuity (complete-
ness) of real numbers.

Theorem A.1 (Heine-Borel). For a subset of R?, the following condi-
tions are equivalent.

(i) K is bounded and closed.

(ii) (finite covering property) Given a family (U;) of open subsets
of R? satisfying K C |J, Ui, we can find a finite set J of indices
so that K C ;¢ Uj-

(iii) (finite intersection property) Given a family (F;) of closed sub-
sets of RY, if (), ,(K N F;) # 0 for any finite set J of indices,
then (,(K N EF;) # 0.

Proof. (ii) and (iii) are equivalent because they are just in the relation
of complements on open sets and closed sets.

(i) = (ii): Assume that K ¢ |, ; U; for any finite set J of indices
and we shall show that K ¢ J,U;. Choose a closed (and bounded)
rectangle R including K and divide R at middle coordinates into 2¢
pieces of closed subrectangles.

By the assumption, there exists at least one piece R’ for which K NR’
does not fulfill the finite-covering property. Next, dividing R’ likewise,
we can find a subpiece R” of R’ so that K N R” does not fulfill the
finite-covering property.

The process is then repeated to get a decreasing sequence R™ of
closed renctangles so that each R™ has the half-size width of R("~1
and K N R™ does not satisfy the finite covering property.

By the nested interval property of real numbers, (| R™ is a one-point
set {z}. Since K N R™ # (), x belongs to K = K.

If there is any index i satisfying « € U;, then R™ C U; for a suffi-
ciently large n and K N R™ is covered by a single open set U;, which
contradicts with our choice of R™. Thus z & |J, U;, proving K ¢ |J, U;.

(il) = (i): If K is not bounded, we can find a sequence (z,) in
K so that |x,| T co. Clearly open balls B|;,|(0) covers K but not for
any finitely many balls. If K is not closed, there is a ¢ K satisfying
B,(a)NK # 0 (r > 0) and an increasing sequence R?\ By, (a) of open
sets covers K but not for any finite subfamily. O

Equivalent topological properties (ii) and (iii) are also referred to as
being compact in other topological situations.
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F1GURE 18. Nested Rectangles

Exercise 48 (Bolzano-Weierstrass). Show that any bounded sequence
in R? has a convergent subsequence.

The following is immediate from finite covering property.
Proposition A.2.
(i) Continuous images of a compact set are compact.
(ii) A continuous real function on a compact set K attains maxi-
mum and minimum.

For a function f defined on a subset X of R? and § > 0, set

Cr(0) = sup{[f(z) = f(y)l;z,y € X, |x —y| < 3} € [0,00].
Clearly C(6) is an increasing function of § and f is said to be uni-
formly continuous if lims_,o C¢(6) = 0. Notice that uniformly con-
tinuous functions are continuous.

Theorem A.3 (Heine). A continuous function f defined on a compact
subset K of R? is uniformly continuous.

Proof. Given € > 0, we show that C¢(J) < 2¢ for some 6 > 0. Since f
is continuous, for any a € K, we can choose d(a) > 0 so that |z —a| <
26(a) implies |f(x) — f(a)| < e. Then K C |J,cx Bs)(a) and by the
finite covering property we can find a finitely many points aq, ..., a, of
K so that K C U, <<, Bs(ay)(a;)-

Let 6 = d0(a;) A -+ Ad(a,) and z,y € K satisty |x — y| < 4. Since
T € Bj(a;)(a;) for some j, |[y—a;| < |v—y|+|r—a;| < 6+0(a;) < 26(ay)
implies [£(2) — £()] < [f(x) — flag)| + 1Fy) — flap) 2. O
Theorem A.4 (Tietze extension a la Riesz!"). Given a continuous
positive function h defined on a compact subset K of R?,

g(x) = d(x,K)max{%;y € K} (r € R\ K)

and g(z) = h(z) (x € K) give a continuous function g on R%.

17See [3] for more information.
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Proof. Clearly g = h is continuous on an open set K \ 0K and we show
that g is continous on R?\ K as well. Since d(z, K) is a strictly positive
continuous function of x ¢ K, this is equivalent to the continuity of
g(z)/d(z,K) at z =a € R\ K.

Let a, — a in R\ K. Since h(y)/|ly — a,| and h(y)/|ly — a| are
continuous in y € K with K compact, we can find a sequence ¢, € K
and c € K satisfying

glan)  hicn) gla) _ h(c)
dla,, K) e, —a,| da,K) |c—a|

In the obvious inequality

M) hle)

lc—ay| = |en — anl’

we move over to any accumulation point ¢, € K of (¢,) to get

Mo _ hlew) - h(e)

lc—al = |coo —al = |e—al’

which implies

o) _ e _ b _ g0
n—oo d(a,, K) n—ooo e, —a,| |c—al d(a,K)’

proving the continuity of g on R? \ K.

Thus the whole problem is reduced to the continuity of g(z) at « =
a € OK C K. Choose again a sequence a, — a, this time a, €
K or not. For a subsequence a,, € K, the continuity of h shows
limy, 00 g(an) = limy, o0 (@) = h(a) = g(a). So we focus on the case
a, ¢ K and choose this time b, € K and ¢, € K so that

a0 = bul = d(an, K), M=max{ hy) ;yeK}.
|Cn_an| |y_an|

From |b, — a,| = d(a,, K) < |a, — a|, one sees that lim,,_,, b, = a.
The obvious inequality

h(bn) < h<cn)

an — bn| = |an — cnl

> |an, — cu|h(bn) < lan — bulh(cy),

then shows that any accumulation point ¢, of (¢,) satisfies [a—coo|h(a) <
0. Thus, if A(a) > 0, ¢, — a and inequalities
_d(ay, K)

[

h(cn) < h(cn)
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become equalities in the limit and we have

n - bn
lim g(a,) = lim Mh(cn) = h(a) = g(a).
n—o00 n—o00 ‘an — Cn'
Finally, if h(a) = 0 and there is any subsequence (¢,/) of (¢,) which
converges to ¢y, # @,

Mh(cn/) = 0= h(a) = g(a).

lim g(a,) = lim
n—o0 n—o0 |an/ — Cn”

APPENDIX B. MORE ON INTEGRABILITY

We here introduce other definitions of integrability on real-valued
functions, which turn out to be equivalent as seen below. The following
can be read after the section on null sets.

A function f : X — R is said to be R-integrable!® if we can find
f4 € Ly so that I1(fy) # +oo and f = f; + f,. From Corollary 5.4, this
implies that f € L' and I'(f) = L:(fy) + 1,(f).

Related to this, f is said to be M-integrable!? if we can find sequences

(fn) and (p,) in L satistying |fo| < ¢n, > 1(ps) < 0o and f(z) =
Yo fulz) for o € Do n < 00] <= > wn(x) < oo (the condition is

expressed by f o) > fn). Then, letting ¢ = > ¢, € L;r, we have

[p < oolf = < o0lfn=[p <00 > (faVO)+[p < 0] > (faO).

Since > (fnVO0) € Ly, D (fuA0) € Ly and Y | fn| < ¢ with I+(p) < oo,
this implies that f is R-integrable in view of negligibleness of [¢ = ool f,

whence it belongs to L' and

N =LO VO + 10> f2N0)
=D I(fuVO)+ > I(fu NO) =D I(f).

Note here that outer summations are absolutely convergent thanks to
S I(1fal) < S I(0) < o0

Henceforth we focus on the fact that integrability in turn implies
M-integrability. This is, however, not so obvious and we need to know
more about M-integrability.

18Named after F. Riesz, not Riemann.
9Named after J. Mikusinski but a closely related (and equivalent) integrability
was also discussed by M. Stone in [7].
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From the definition, it is immediate to see that M-integrable func-
tions constitute a linear subspace of L!. Moreover it is a sublattice of
L'

Lemma B.1. For an M-integrable function f with f Z fos | f] 18
M-integrable and I'(|f]) = im I(|fi + -+ ful)-

Proof. Let g, = fi+---+ f, and (h,) be the difference of (|g,|) in L*:
hy = |g1| and h,, = |gn| — |gn_1| for n > 2. Then |h,| < |gn — gn_1| =

Ful < o and |f(@)] = lim |g,(2)] = 3 ha2) i 3 u(z) < o0
Thus |f] 2 S, b and I(|f]) = X I(h) = lim I(]ga). 0

Lemma B.2. Null functions are M-integrable.

Proof. Let f: X — R be a null function. Then we can find a sequence
hm € L so that |f| < hy, and Li(hy,) < 1/2™. Write by = 32, @mon
with o, € LT so that 3 I(pma) < 1. Now 35 @mn(z) < 00
implies A, (x) < oo (m > 1) and hence ) |f(z)] <>, hm(z) < 00

(‘Pm n)

ie., f(x) =0. Thus f > mn 0 and f is M-integrable. O

Lemma B.3. Given € > 0 and an M-integrable positive function h,

we can find sequences (h,) and (¢,) in SO that Y n an
find h,) and L so that i 2 S h, and

S I(pn) < Il(h) + 3e.

Proof. Let h Zgn in L and choose m’ so that Zn>m I(¢y,) <
From Lemma B.1 we can find m” so that I(lgi4- - +gn]) < Il(h)
(n>m").

Let m =m/vm” and set hy = g1+ -+ + gm, ¢1 = V1 + -+ + U,
h, = gm+n 1 and ¢, = Yan_1 for n > 2. With this arrangement, we

have h % Zh and
S () = I(lg1+ -+ gml) + > 1(lgn])

n>m

<T'(h)+e+ > I(Wn) < I'(h) + 2e.

n>m

Finally set ¢, = |hy| + € ¢, with e > 0. Then, in view of > p,(z) <
00 <= Y ¢n(r) < oo, we have h Z hn, whereas

D Ipn) =Y I(hal) + €D L) < I'(R) + 26+ € I(¢n).

Thus, choosing € > 0so that € Y I(¢,) <€, > I(p,) < I'(h)+3e. O
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Corollary B.4 (Monotone Continuity). Let (f,) be a decreasing se-
quence of M-integrable functions satisfying f,, | f with f: X — R and
inf{I*(f,)} > —oc. Then f is M-integrable and I'(f,) | I*(f).

Proof. Define M-integrable positive functions by 6,, = f,, — f.+1, which
satisfy > 6, = fi — f. Thus the problem is reduced to showing that
>, 0, s M—integrable and I'(>° 6,) = > I'(6,).

Now express 6, (2 Yy bnp with 6, € L and ¢, € LT so that

S I(eng) < I1(6,) + 1/2n (Lemma B.3). Then

> I(pnr) <D 10w Z = 14 IY(f1) — inf{I*(f,)} < oco.

Moreover, for z satisfying >, oni(z) < 00, D7) wni(z) < 00 im-
plies 0, (x) = Zk O (z) (n > 1) and hence ) 0,(x) = an On.ic ().

(‘pn k

Thus >, 6, > ok Onk 13 M-integrable and
I Zen = I(0ny) =) _T'(0
n,k n

O

Lemma B.5. If f, g € L; satisfy f < g and I+(g) < oo, then [g < oo]f
is M-integrable and I'([g < oo]f) = L+(f).

Proof. Letting f,, T f and g, 1 g with f,,, 9, € L, o = fr — fo—1 + 9 —
gr—1 (k> 2) in LT majorizing f — fr—1 are summed up to D, -, pr =
f — fi + g — g1, which satisfies

9—0n <) ¢p<29—fi— g
k>2

Consequently [> -, ¢ = 00] = [g = oo] and
> 1) = LY en) < 29— fi—g1) = 2Li(g) — I1(f1) — I(g1) < o0.
k>2 k>2

Thus, by adding ¢ = |fi] as an initial term, if ) ¢,(z) < 00 =
g(x) < 00, then

fla) = file)+ ) (fulx) = froa(2))

k=2
and one sees that

g<odlf C At (- f)+
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Being prepared, we show that integrable functions are M-integrable.
Start with the fact that I(f) = I(f) € R for f € L'. Since Ly are
lattices, we can choose a decreasing sequence (h,) in Ly and an in-
creasing sequence (g,) in L; so that g, < f < h,, I+(h,) | I(f) and
I,(gn) T L(f) by Lemma 3.10 and Theorem 3.11.

Then limit functions g = limg,, and h = lim h,, satisfy ¢ < f < h
and we see that h: X — (—o00, 0], g: X = [-o0,00) and h—g : X —
0, 00] so that (h, — gn) | (h — g).

Thus I(h—g) < I(h, — gn) = It(h, — g,) implies that h — g is a null
function due to I+(h, — g,) 0, whence f is different from h (or g) at
most on a null set.

We now apply Lemma B.5 for h, < hy to see that [h; < oolh, is
M-integrable and I'([hy < oo]h,) = Lt(hy,).

Finally apply Corollary B.4 to [k < 00l]h,, | [h1 < oo]lh with I'([h; <
oolh,) = I+(h,) bounded below to conclude that [hy < oo]h is M-
integrable and

I'([hy < oo]h) = lim I'([hy < oc)hy,) = lim I1(h,,).

Since both h — f and h — [h; < oo]h are null functions (consequently
M-integrable by Lemma B.2), so is f —[h; < oo]h and f is M-integrable
as s sum of M-integrable finctions [h; < oolh and f — [hy < o0]h.

As an application of equivalent descriptions of integrability, we show
that the complexified Daniell extension (Lg, I') of an integral system
(L, I) satisfies |f| € Lg (f € Lg) if L is a complex lattice. This part
can be read after the section on complex functions.

Lemma B.6. For f € L', we can find a function ¢ € L', a sequence
(fn) in L and a null set N so that |f,(z)| < ¢(x) and lim,, f,(x) = f(x)
for x ¢ N.

Proof. Since f is R-integrable, f=f; + f, with f; € L; satisfying
I1(f;) € R. Let hy, 1 f; and g, | f, with g,,h, € L. From finite-
ness of I1(f;), [fy = £oo] are null sets (Theorem 5.3) and so is

N =fy =] Ulf, = o] U (If # fr + AN [fy < ] N[f > —ox]).

In view of [gn| < g1 —gn+|g1] < 91— fi+]g1| and |y < by —hy+[hy| <
f+ — h1 + |hy], define ¢ € L' by

o =1[f, > —o0l(g1 — f1 + |g1]) + [fr < 00](fy — By + [Iu]).
Then f, = g, + h, satisfies all the requirements. ]
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Proposition B.7. Let (L, I) be an integral system with L¢ a complex
lattice. Then L = L' +iL' is a complex lattice and the complexified
Daniell extension I' : Ly — C satisfies

(OIS (f € L)

Proof. Consider f+ig € L¢ with f, g € L'. By the previous lemma, we
can find a null set N, p,v € L', and sequences (f,), (g,) in L so that
Fa@)] < 9(@), lga(@)] < U(2) and limg fulz) = (), lim, ga(x)
g(x) for z & N.

Then | f(z)+ig(x)| = limy, | fo(2)+ign(z)| < @(2)+1(z) (z € N) and
the dominated convergence theorem is applied to a sequence | f,, + igy|
in L to conclude that |f + ig| is integrable. Thus L%: is a complex
lattice and hence the positivity of I' on L! gives rise to the integral
inequality on Lé:. U

APPENDIX C. MEASURABLE SETS AND FUNCTIONS

Given an integral system (L, I) on a set X with (L', I'') its Daniell
extension, recall that a subset A of X is said to be [-integrable or
simply integrable if it belongs to L' as an indicator function (Defini-
tion 3.9) and o-integrable if it is a countable union of integrable sets
(Definition 4.8).

We say that the integral system (L,I) or the integral I itself is
o-finite (finite) if X is o-integrable (integrable). Notice that the
Lebesgue integral is o-finite (Proposition 4.9 (iv)).

If I is o-finite so that X, 1 X with X, integrable, then 1 € L; in
view of X, 1 1.

[f > 1]

F1GURE 19. Push-up
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Lemma C.1 (Push-up). Fort e Rand f: X — (—o0, 00|, 1 A (n(f —
fAt)T[f >t asn — oo. Recall here that [f > t] C X is identified
with its indicator function.

Corollary C.2. Assume that 1 € L; and let f € L satisty I3 (f) < oo.
Then, for r > 0, r A f, [f > r] and [f > r] are integrable.

Proof. Express hy, 71 and f, 1 f with 0 < h,, € L' and f,, € L'. Then
(rhn) A fu 11 A f so that

Il((rhn) A fa) < Il(fn) < Jirlgoll(fn) = ]Tl(f) <00

and Theorem 5.3 is applied to see r A f € L.

Thus f —r A f € Lt with I}(f —r A f) = I}(f) = I'(r A f) < o0
and [f > r] is an increasing limit of 1 A (n(f —r A f)) € L' by the
lemma in such a way that [f > r] < f/r. Theorem 5.3 is again applied
to observe that [f > 7] is integrable. O

Proposition C.3. [ is o-finite if and only if 1 € L%.

Proof. To see the if part, the corollary is applied for h, € L! to see
lh, > 1/m] € L' (m,n > 1), which together with h, 1 1 implies that
X =Ups1lhn > 0] = U, ps1[hn > 1/m] is o-integrable. O

Given a positive function h : X — [0, 00], we introduce a level ap-
proximation of h relative to o a finite set o = {r; < --+ < r,} in (0, 00)
by

n—1
hy, = Z[Tj <h<rjqlr;: X —1[0,00).
j=1

The correspondence h +— h, is clearly semilinear and monotone in A
and increasing in p. Moreover, if p,, is increasing in n > 1 in such a
way that |o,| — 0, then h,, T h. Here the mesh |g| of p is defined by

lo| = max{ry,ro —r1,...,rn —Tp_1, 1/r }

Example C.4 (binary partition).

_{1 2 n2" — 1 n2”} o] = 2
Qn_ 2n’2n7”" 2n I 2n I Qn - .

n

From here on, I is assumed to be o-finite and o-integrable sets are
then referred to as I-measurable (simply measurable) sets. Let £ =
L£(I) be the collection of I-measurable sets. Notice that £ is closed
under taking countable unions, countable intersections and differences
(Proposition 4.9). Thus the o-finiteness assumption means that £ is
also closed under taking complements in X.
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Lemma C.5. For f € Lt and t €R, [f > t] € L and [f > ] € L.

Proof. Since [f > t] =(),,>;[f > t—1/m], it suffices to check [f > t] €
L. Letting f, T f with f, € L', [f > t] = U, [fn > t] shows that the
problem is further reduced to the case f € L.
If t > 0, [f > t] is integrable (Corollary C.2) and then [f > 0] =
U,,[f > 1/n] is o-integrable.
Ift=—-r<0,[f>t=]-f<r]=X\[-f >r]is also o-integrable
as a complement of an integrable set. U

Proposition C.6. The following conditions on a function f : X —
[—00, 00] are equivalent.
(i) Both 0V f and 0V (—f) belong to L.
(ii) For each t € R, [f > t] € L.
(ili) For each t € R, [f > t] € L.
(iv) For each t € R, [f < t] € L.
(v) Foreach t € R, [f <] € L.

Proof. The equivalence from (ii) to (v) is immediate.
()= (ii): Let f£ =0V (&f) so that f = f+ — f=. Then [f* > {]
is measurable by Lemma C.5, whence [f > ] = [fT >t] € £ for t > 0

and so is
[F >0 =[f* >0 = Jif* > 1/n].

n

Fort = —r <0,
f>t)=[f <r=l <r—1/m=JX\[f >r—1/n)

is measurable as well.

(i))= (i): From o-finiteness, X,, T X with X,, integrable. Let fI
be the level approximation of X,,(0V (£f)) relative to the binary par-
tition o, in Example C.4, which is integrable as a linear combination
of integrable sets

Xmﬂ [Tj <0V (:i:f) < T’j+1] :Xmﬂ [T’j < :|:f < 7"]'+1]

= XV ([ > B\ > 1))

(cf. Proposition 4.10) and satisfies f,, T X, (0V (£f)) for each m > 1,
whence 0V (£f) is in L} as an increasing limit of f, € L. O

Definition C.7. Under the assumption of o-finiteness on I, a function
f: X — [—00, 0] is said to be I-measurable (or simply measurable)
if it satisfies the equivalent conditions in the above proposition. When
I is the volume integral in R?, it is called Lebesgue measurable.
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Here are basic properties of measurable functions.
Proposition C.8.

(i) Measurable functions constitute a lattice so that they are closed
under taking sequential limits in [—oo, 0o X.

(ii) For real-valued measurable functions fi,..., f, and a contin-
uous function ¢ : R™ — R, ¢(f1,..., fm) is measurable.

Proof. (i) Let (f,,) be a sequence of measurable functions. Then [\/ f,, >
tl=U,lfn >t € cand [A f, <t] =(,[fn <t] show that sup f, and
inf f,, are measurable. Consequently, limsup f,, = inf,, sup,,~,, f» and
liminf f,, = sup,, inf,,>,, f,, are measurable as well. -

(ii) Since ¢ is continuous, [¢ > t] is an open subset of R” and we
can find rectangles (a,,b,| in R™ so that [¢ > t] = |, (an, b,] (Propo-
sition 4.12 (i)). Then

01 f) > 1) = (10 < fr < 6P) 0N [l < f < 057)])
belongs to £ in view of [a¥) < fi < b)) = f; > a]\ If; > b €
L. [
Corollary C.9.
(i) If f,g: X — R are measurable, so are f 4+ g and fg.
(ii) If f: X — C is measurable in the sense that Rf and Im f are
measurable, so is |f|" for any r > 0.

Proposition C.10. A measurable function f is integrable if and only
if |f| < g with g an integrable function.

Proof. If | f| < g, 0V (% f) € L} satisfies 0V (f) < g and then 0V (£ f)
is integrable. Hence f = (0V f) — (0 V (—f)) is integrable as well. [

Corollary C.11. If f1,..., f,, : X — R are integrable functions, so is
o, |£:|P)"/? for 1 < p < co. This for m = 2 and p = 2 means that
LY(I) +iL*(I) is a complex lattice if I is o-finite.

Proof. This follows from (327, |f3[)"/" < S2™, | f;], which is a conse-
quence of Y77 # < 37 t; (0 < t; < 1) for the choice t; = |f;|/(|f1] +
e ). O

APPENDIX D. DETERMINANT FORMULAS

Let A be an m X n matrix and B an n X m matrix. Sylvester’s
formula is the identity

t" det(t1,, + AB) = t™ det(tI, + BA)
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as polynomials of indeterminate ¢t. Here I,,, and I,, denote unit matrices
of size m and n respectively.
In the following identities®® on square matrices

tl,, A I, -A\ (tl,+AB 0
0 I, B tl,) B tl, ]’
I, O L, —-A\ (I, —A
-B I, B tI,) \0 tI,+BA)’
we take determinants to have

t™ det (B t[n) = t"det(tl, + AB),

I, —A
det <B t[n) = det(t1, + BA)

and the formula is obtained by eliminating the intermediate determi-
nant.

Now assume that m < n. The Cauchy-Binet formula then states
that

det(AB) = Z det(BA)k,leJ-

|J|=m
Here the summation is taken over finite subsets J of {1,2,...,n} sat-
isfying |J| = m and the determinants in the right hand side are for

square matrices (BA) g of size n —m.

Proof. For notational simplicity, we just check the case m =n — 1. In
Sylvester’s formula, compare coefficients of t". From the left hand side,
we have det(AB). The right hand side

n

" det(tl, + BA) = 1" Y " €(0) [ [(t0kom) + (BA)kow)

oESh k=1

(e(0) being the signature of a permutation o) is expanded in ¢ to

-t Z (o) (BA) ko + 1" Z €(o) Z 0j.0() H(BA)k,U(k) + -

o€Sn o€Sn j=1 k#j

20T hese are based on Gaussian eliminations.
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and the coefficient of t" is given by

S S 0500 TI BN ot = 3 3 @)y TT(BA et

0€Sn j=1 k) j=1 0€Sn kg
-y Z o) [ [BAkaw
i=1 a(j)=j k#j
= Z det (BA)kjiz;-
j=1
O
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multiple integral, 24

negligible, 42

Newton potential, 80
normal vector, 64
null function (set), 42

open ball, 41

parametric continuity, 39
parametric differentiability, 39
partition, 6, 22

partition of unity, 41

permutation-invariance, 24
Poisson equation, 80

polar coordinate transformation, 52
positive function, 3
positive functional, 5
positive part, 5
preintegral, 5

presque partout, 43
primitive function, 15
projection, 44

push-up, 90

R-integrable, 85
rectangle, 23

repeated integral, 24, 45
Riemann integrable, 30

simple function, 4
simplex, 57

sinc function, 18

slice, 44

spherical integral, 64
step function, 6, 23
Stieltjes integral, 8
Stirling’s formula, 33
subadditivity, 31
subdivision, 6
submersion, 60
support, 5, 6
supported, 4

surface element, 65
surface integral, 56, 65
Sylvester’s formula, 92

Tietze extension, 83
torus, 57
transfer principle, 47

uniformly continuous, 83
upper function, 10
upper integral, 27

vector lattice, 4
volume, 24
volume integral, 24

width integral, 6



