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Abstract

In this poster we present an extension of a construction by H. Cassens and P. Slodowy of the semi-universal de-
formation of Kleinian singularities using quiver theory. Using a symmetry, we show the procedure to construct the
semi-universal deformation of the inhomogeneous Kleinian singularities. This application is equivariant regarding
the symmetry group and thus each fiber over the fixed points is preserved by the action. We then compute the quo-
tient space above the fixed points to find out it is also a deformation of a Kleinian singularity, but not semi-universal
anymore.

Objects of study
Let Γ be a finite subgroup of SU2(C). It is possible to show that Γ is, up to conjugacy, of one of the
following types: the cyclic group Cn, the binary dihedral group Dn, the binary tetrahedral group T ,
the binary octahedral group O or the binary icosahedral group I. Thanks to the natural action of Γ
on C2, F. Klein proved in his book Vorlesungen über das Ikosaeder und die Auflösung der Gleichun-
gen vom fünften Grade that C2/Γ injects itself in C3 as a surface defined by a polynomial equation
R(X, Y, Z) = 0. Each surface has a unique and isolated singularity that we will place at the origin by
translation. These surfaces are called Kleinian singularities.
Let S be the surface associated to Γ by R(X, Y, Z) = 0. Then the minimal resolution π : S̃ → S
of S exists and P. DuVal proved that the exceptional divisor π−1(0) is a union of lines P1(C) whose
intersection matrix is the opposite of the Cartan matrix of a root system of type Al, Dl or El that we
will note ∆(Γ). The following table is a summary of this paragraph:

Γ R ∆(Γ)

Cn Xn + Y Z An−1

Dn X(Y 2 −Xn) + Z2 Dn+2

T X4 + Y 3 + Z2 E6

O X3 + XY 3 + Z2 E7

I X5 + Y 3 + Z2 E8

The Dynkin diagrams Al, Dl, El are said to be homogeneous. There are others said to be inhomo-
geneous and they are called Bl, Cl, F4 et G2. We can define an inhomogeneous singularity in the
following way:
A simple singularity of type Bl, Cl, F4 ou G2 is a couple (X0,Ω) where X0 is a homogeneous singu-
larity of type Al, Dl, El and Ω is a group of automorphisms of the Dynkin diagram associated to X0
as indicated in the following table:

type (X0,Ω) type X0 Ω Γ Γ′

Br A2r−1 Z/2Z C2r Dr
Cr Dr+1 Z/2Z Dr−1 D2(r−1)

F4 E6 Z/2Z T O
G2 D4 S3 D2 O

The notions of resolutions and deformations extend to inhomogeneous singularities by requiring an
Ω-equivariancy.

Known results
1. McKay’s correspondence (1977): let Γ be a finite subgroup of SU2(C) such that S = C2/Γ is of

type ∆(Γ). Then there is a connection between the irreducible representations of Γ and the Cartan
matrix of the extended Dynkin diagram ∆̃(Γ).

2. Using McKay’s correspondence, P. Slodowy and H. Cassens constructed the space of represen-
tations M(Γ) of a quiver of type ∆̃(Γ) and whose dimension vector is defined by the irreducible
representations of Γ. It turns out that M(Γ) has a symplectic structure associated to the orientation
of the quiver, structure the aforementioned authors used in order to build the semi-universal defor-
mation and simultaneous resolution of S in an algebraic-geometric context.

3. Generalized McKay’s correspondence: let ΓCΓ′ be finite subgroups of SU2(C), Γ being the group
associated to X0, Γ′/Γ ∼= Ω and Ω acts on X0 = C2/Γ. The action of Ω lifts to the minimal resolu-
tion of X0 which induces an action of a group of automorphisms on the Dynkin diagram of X0.
Let (Γ,Γ′) be a couple of the previous table and ∆(Γ,Γ′) the associated inhomogeneous Dynkin
diagram. Then there exists a link between the equivalence classes (seen as Γ-modules) of the irre-
ducible representations of Γ′ and the Cartan matrix of the extended Dynkin diagram ∆̃∨(Γ,Γ′) of
the dual of ∆(Γ,Γ′). This construction is said to be by restriction. There is another one by induction
which leads to the Cartan matrix of the dual (∆̃∨(Γ,Γ′))∨ of the one obtained by restriction.

Methods and results
1. Like H. Cassens and P. Slodowy used McKay’s correspondence’s hypotheses to obtain the semi-

universal deformation of the type predicted by the correspondence, we are going to use McKay’s
correspondence and a symmetry to obtain the semi-universal deformation of the dual type predicted
by the inhomogeneous McKay’s correspondence.
The procedure will be presented using an example, A2r−1 with Γ = C2r:

• Start with the space representations of a quiver of type Ã2r−1, with two arrows, one in each
direction, between two connected nodes.
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On each vertex we place a vector space of dimension 1 because 1 = dim(Rep irr of Γ). The
space of representations of this quiver is noted M(Γ). Let us notice that there is a natural action
of G(Γ) = (

∏2r−1
i=0 GLdi(C))/C∗ on M(Γ).

•Define a moment map µC : M(Γ)→ (Lie G(Γ))∗ which depends on an orientation of the arrows
of the quiver.

• Compute Z the dual of the center of Lie G(Γ). We have an isomorphism Z ∼= h with h a Car-
tan subalgebra of type A2r−1. Then compute the quotient map µC : µ−1

C (Z)//G(Γ) → Z.
H. Cassens and P. Slodowy proved that the previous map is the pull-back of the semi-universal
deformation of type A2r−1.

• Compute the applications and the spaces of the following commutative diagram
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α is the semi-universal deformation.

• Choose an orientation so that Ω = Z/2Z acts on M(Γ) by symplectomorphisms. The moment
map becomes Ω-equivariant.

•Define Ω y h by symmetry on the Dynkin diagram and extend naturally the action Ω on the
previous diagram. This makes α an Ω-equivariant map. By working over (h/W )Ω, we obtain a
semi-universal deformation of type (A2r−1,Z/2Z) = Br.

2. We are going to study the quotient map of α.

• α is an Ω-equivariant map α : X → h/W . So Ω acts on every fiber over (h/W )Ω.

• Let us note XΩ = α−1((h/W )Ω). Compute the map αΩ : XΩ→ (h/W )Ω.

•Determine every fiber of α over (h/W )Ω and compute the quotient map αΩ : XΩ//Ω →
(h/W )Ω. It turns out to be a deformation of a singularity of type Dr+2. However, it is not
semi-universal. It can thus be included explicitly in the semi-universal deformation of typeDr+2.

3. For the Al and D4 types, the use of K. Saito’s flat coordinates on h/W linearize the action of Ω and
makes the computation much more elegant.

4. By a simple reasoning using Γ and Γ′, we can find what type of singularity will appear after the
quotient of the semi-universal deformation. But this reasoning does not tell what its deformation
will look like. So the computations have led to the explicit expressions of the deformations of the
singularities after quotient. The following table sums up the results obtained.

Γ ∆(Γ) Ω type of s.u.d * type of deformation after quotient

C2r A2r−1 Z/2Z Br Dr+2

D2 D4 Z/2Z C3 D6

D2 D4 S3 G2 E7

*s.u.d: semi-universal deformation.

5. The cases E6 and Dr with r ≥ 5 are not finished yet.

Conclusions
We have seen that the construction of H. Cassens and P. Slodowy can be extended to the inhomo-
geneous Kleinian singularities. This enabled us to obtain an equivariant semi-universal deformation,
which leads to a quotient map, which turned out to be yet again a deformation of a Kleinian singular-
ity, but having lost its semi-universality. The defect to the semi-universality is yet to be determined
but raises new problems to be explored.

Forthcoming research
The first thing to do is to finish the computation for E6 and Dr, r ≥ 5. Then we can find a natural
way to describe the inclusion of the deformation after quotient in the corresponding semi-universal
deformation, for example by means of root systems. We can also wonder about the regularity of the
final quotient. For example, with D4, all the fiber are singular after quotient. It would be interesting
to investigate this for the other cases.
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