AUSLANDER-REITEN CONJECTURE AND FINITE INJECTIVE
DIMENSION OF HOM

DIPANKAR GHOSH AND RYO TAKAHASHI

ABSTRACT. For a finitely generated module M over a commutative Noether-
ian ring R, we settle the Auslander-Reiten conjecture when at least one of
Homp (M, R) and Homp (M, M) has finite injective dimension. A number of
new characterizations of Gorenstein local rings are also obtained in terms of
vanishing of certain Ext and finite injective dimension of Hom.

1. INTRODUCTION

Setup 1.1. Unless otherwise specified, R is a commutative Noetherian local ring
of dimension d. All R-modules are assumed to be finitely generated.

The vanishing of Ext modules, and their consequences are actively studied sub-
jects in commutative algebra. A bunch of criteria for a given module to be pro-
jective, and criteria for a local ring to be Gorenstein have been described in terms
of the vanishing of Ext. The purpose of this article is to provide such criteria in
terms of properties of Hompg(M, N) for R-modules M and N when the vanishing
of Ext}fig”(M, N) is given for some n > 1. We prove the following results.

Theorem Let M and N be nonzero R-modules such that depth(N) = d
and Extzr(M,N) = 0 for all 1 < i < d. Then Hompg(M, N) has finite injective
dimension if and only if M is free and N has finite injective dimension.

Theorem Let M be a nonzero R-module such that Exth(M,R) = 0 and
Exth,(M, M) =0 for all1 <i<2d+1 and1 < j < max{1l,d—1}. If Hompg(M, M)
has finite injective dimension, then M is free, and R is Gorenstein.

One of the most celebrated long-standing conjectures in commutative algebra is
the Auslander-Reiten conjecture:

Conjecture 1.2. [4] For an R-module M, if Exth(M, M @ R) = 0 for all i > 1,
then M is projective.

The conjecture is known to hold true in the following cases: (1) R is com-
plete intersection [3| 1.9]. (2) M has finite complete intersection dimension [2
Thm. 4.3]. (3) R is a deformation of a CM local ring of minimal multiplicity [g].
(4) R is a locally excellent Cohen-Macaulay (in short, CM) normal ring contain-
ing Q [I4, Thm. 0.1]. (5) R is a Gorenstein normal ring [I, Cor. 4]. (6) R is a
fiber product of two local rings of the same residue field [19, 1.2]. (7) R is CM
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of dimension d > 1, M is maximal Cohen-Macaulay (in short, MCM) such that
Ext>'S%(M, Hompz(M, M)) = 0 and M has rank 1 [IT, Thm. 1.5]. (8) R is a CM
normal domain, M is MCM and Hompg (M, M) is free [7, Thm. 3.16]. (9) R is nor-
mal and Homp (M, M) has finite Gorenstein dimension [22, Cor. 1.6]. (10) R is CM
normal [I7, Cor. 1.3]. (11) R is CM such that e(R) < (7/4) codim(R) + 1, or R is
Gorenstein such that e(R) < codim(R)+6 [I8, Thm. C]. (There is some overlapping
among these eleven conditions, e.g., (1) is included in (2) as well as in (3); while
(4), (5) and (8) are included in (10).) However the conjecture is widely open even
for Gorenstein local rings. In the present study, as applications of Theorems [2.5)
and 2.15] we obtain the following.

Corollary 1.3 ( and [2.16]). The Auslander-Reiten congjecture holds true for a
(finitely generated) module M over a commutative Noetherian ring R when at least

one of Hompg(M, R) and Homp (M, M) has finite injective dimension.

More precise statements (about criteria for a module to be free over a local ring)
can be seen in Corollaries 2.10}(2), [2.13| and [2.14] and Theorem [2.15]

We also provide some new characterizations of Gorenstein local rings in terms
of vanishing of certain Ext and finite injective dimension of Hom.

Theorem The following statements are equivalent:
(1) R is Gorenstein.
(2) R admits a module M such that Extly(M,R) =0 for all1 <i<d—1 and M*
is monzero and of finite injective dimension. ‘
(3) R admits a nonzero module M such that Extsy (M, R) = Ext},(M, M) = 0 for
alll <i<2d+1 and 1 < j < max{l,d—1}, and injdimp(Hompg (M, M)) < co.
(4) R admits a module M such that depth(M) = d, Ext%(M, M) = 0 for all
1 < j <d and injdimg(Homp (M, M)) < oo.
(5) R admits a module M such that
depth(Hompg(M, M)) = depth(R) and injdimp(Homp (M, M)) < oo.
The characterizations given in Theorem [3.6] are motivated by the criteria for
Gorenstein local rings due to Ulrich, Hanes-Huneke, Jorgensen-Leuschke (see
for the details), and the following classical results.

Theorem 1.4 (Peskine-Szpiro). [20, Chapitre II, Théoreme (5.5)] The ring R is
Gorenstein if and only if it has a nonzero cyclic module of finite injective dimension.

Theorem 1.5 (Foxby). [16] The ring R is Gorenstein if and only if it has a nonzero
(finitely generated) module M for which injdimg (M) < oo and projdimg(M) < oo.

Theorem 1.6 (Bass’ Conjecture). [20,21] If R admits a nonzero (finitely generated)
module of finite injective dimension, then R is CM.

2. CRITERIA FOR A MODULE TO BE FREE

2.1. Let M be an R-module. Set M* := Hompg(M, R). The minimal number of
generators of M is denoted by v(M), i.e., v(M) = dimy(M ®p k). The type of M
is defined to be type(M) = dimy, (Ext’ (k, M)), where t = depth(M).

Remark 2.2. If M and N are nonzero R-modules, then
(2.1) 0 < depth(anng(M), N) = min{i : Exth (M, N) # 0} < d.

Hence, if Ext}figd(]\/[, N) =0, then Hompg(M, N) is a nonzero module.
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We deduce our first main result from the following theorem, where we study the
consequences of Homp (M, N) having finite injective dimension under the condition
that Extp~'S9 (M, N) = 0.

Theorem 2.3. Let M and N be R-modules such that depth(N) = d,

Homp (M, N) # 0 and Exthy(M,N) =0 for all 1 <i<d—1.
Suppose that Homp(M, N) has finite injective dimension. Then, R is CM, N s
MCM and of finite injective dimension, and M 2Ty (M) @ R" for some r > 0.
Proof. By Theorem R is CM, and hence N is MCM. We need to show that
(2.2) injdimp(N) < oo and M = T'w(M) & R" for some r > 0.

We may assume that R is complete. Then R admits a canonical module w.

(1) We first prove the assertion when N is indecomposable. Let F: ... —
Fy - F; — Fy — 0 be a free resolution of M. Since Exth(M,N) = 0 for all
1 <i<d—1, the resolution F induces an exact sequence

0 — Homp(M, N) — Hompg(Fy, N) L Homp(Fy, N) — --- % Homp(F,, N),

where e = max{1,d}. Set C' := Image(f) and D := Coker(g). Hence there are two
exact sequences:

(2.3) 0 = Hompr(M,N) — Homg(Fy,N) - C -0 and
(2.4) 0 — C — Hompg(F}, N) — Homg(Fy, N) — --- % Homg(F,, N) = D — 0.

Note that each Hompg(F;, N) is MCM. In the first case, assume that C' = 0. Then
Homp(M, N) = Homp(Fp, N) is MCM. In the second case, we have C' # 0. Apply-
ing the depth lemma to the exact sequences and respectively, we obtain
that both C' and Hompg(M, N) are MCM. Thus, in any case, Homg(M, N) & w"
for some n > 1, cf. [B 3.3.28]. Moreover, in both the cases,

Extp(C, Homp(M, N)) = Extp(C,w") = 0,
see, e.g., [0 3.3.10]. Therefore (2.3) splits. Hence, setting m := rank(Fp),
N™ = Hompg(Fy, N) = Homr(M,N) & C=w"a®C.

Since N is indecomposable, by the Krull-Schmidt theorem, N = w. In particular,
injdimp (V) is finite.

Next we show that M’ := M/T'y,(M) is free, i.e., M’ = R" for some r > 0. It
further implies that the exact sequence 0 — ', (M) — M — M’ — 0 splits, and
hence M =2 T',,(M) @ R". In order to prove that M’ is free, we may assume that
M’ #0, ie., Tn(M) # M. Particularly, it ensures that d > 1. We take two steps.

(1a) Consider the case I'y (M) = 0. Then the local duality theorem (cf. [5], 3.5.8])
implies that Ext%(M,w) = 0. Hence, by the given assumption, Extzé(M,w) ~
Ext(M,N) =0 for all 1 <i < d. Therefore M is MCM (cf. [5, 3.1.24]) and

M = Mt = Homp(M, N)t = (w")f = R",

where (—)" = Hompg(—,w); see, e.g., |5, 3.3.10]. Thus M’ = M is free.
(1b) Consider the general case. Since I'y, (M) has finite length,

Exte (D (M), N) = Exth (T (M),w) = 0 for all i < d.
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Hence, from the long exact sequence of Ext modules induced by 0 — 'y (M) —
M — M’ — 0, it follows that

Homp(M’, N) = Homp(M, N) # 0 and Ext’s(M’, N) = Ext’s (M, N) = 0

for all 1 < ¢ < d—1. Since I'n(M') = 0, we can apply (1la) to see that M’ is free.
This completes the proof of when N is indecomposable.

(2) Next we consider the general case. Since Hompg(M, N) # 0, there exists an
indecomposable direct summand N’ of N such that Homg (M, N’) # 0. Applying
(1) to M and N’, we have that N’ 2 w and M 2 T',(M) @ R" for some r > 0. It
remains to show that injdim(NN) < co. We have two possible cases.

(2a) Suppose that r > 1. Note that Homp (M, N) =2 Homg(I'n(M),N) & N".
Thus N is a direct summand of Hompg(M, N), and hence injdimp(N) < cc.

(2b) Assume that r = 0. Then M = ', (M) has finite length, and the assumption
Hompg (M, N) # 0 ensures that d = 0 as depth(/N) = d. Let N” be any indecom-
posable direct summand of N. In particular, N” # 0. If Homg (M, N"") = 0, then
Supp(M) N Ass(N"”) = 0, and hence either M or N” is zero as Spec(R) = {m},
which is a contradiction. Thus Hompg(M, N”) # 0. Applying (1) again, we have
N" = w. Tt follows that N = w" for some v > 1, and injdimp(N) < oco. O

Remark 2.4. In Theorem the assumptions Homp (M, N) # 0 and Ext’ (M, N) =
0 for all 1 € i < d— 1 cannot be omitted, see Examples and respectively.

Now we are in a position to prove our first main result.

Theorem 2.5. Let M and N be nonzero R-modules such that depth(N) = d
and Extp(M,N) = 0 for all 1 < i < d. Then Hompg(M,N) has finite injective
dimension if and only if M is free and N has finite injective dimension.

Proof. The ‘if’ part is trivial. We show the ‘only if” part. Suppose that Hompg (M, N)
has finite injective dimension. In view of Remark Hompg(M,N) # 0. Hence
Theorem implies that R is CM, N is MCM and of finite injective dimension,
and M = TI'n(M) @ R" for some r > 0. It remains to prove that M is free. We
consider two possible cases.

(1) Assume that d > 1. Since M = T'y(M) @ R”, the vanishing Ext% (M, N) = 0
yields that Ext% (I'y (M), N) = 0. Since N is MCM and of finite injective dimension,
and T'y (M) has finite length, it follows that Exts (I (M), N) = 0 for all i # d.
Thus Ext (' (M), N) = 0 for all integers i, which implies that I'y, (M) = 0 since
N # 0 (see Remark [2.2)). It follows that M = R".

(2) Suppose that d = 0. Set E := Egr(k), the injective hull of k. Since both N
and Hompg(M, N) are injective, we have that N = E™ and Homg(M, N) = E™ for
some m,n > 1. Therefore, by Matlis duality,

M™ o (MVV)m [ ((M\/)m)v ~ HomR(M, N)V &~ RN
This implies that M is free. 0

The examples below show that the assumptions Ext}figd_l(M ,N) =0 in The-

orem m and Extfigd(M, N) =0 in Theorem ﬁ cannot be removed.

Example 2.6. Let (R, m, k) be a CM local ring of dimension d > 2 with a canonical

~

module w. Then Homp(m,w) = w (cf. [5l 1.2.24]) has finite injective dimension.
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Note that w is MCM, but m and w do not satisfy the Ext vanishing condition as

0 ifi>1landi#d—1,
k#0 ifi=d—1.

(1) We have m 2 I'yy(m)@ R" for any r > 0. If possible, suppose m = I', (m) § R”
for some r > 0. By [0, Cor. 1.2], only Q% (k) may have a nonzero free direct
summand. It follows that r = 0, otherwise R is a direct summand of m = Q% (k),
which is a contradiction. Therefore m = T'y;(m) has finite length, which implies
that R has finite length, that is again a contradiction as d > 2.

(2) The R-module m is not free. Indeed, if m is free, then projdimp(k) < 1,
which is a contradiction as dim(R) > 2. If R is non-regular, m does not even have
finite projective dimension.

Extly(m,w) = Ext ! (k,w) = {

Example 2.7. Let R be a d-dimensional non-Gorenstein CM normal local ring with
a canonical module w. Set M = w* and N = R. Then Homgr(M,N) = w** 2w
has finite injective dimension. We also have depth(N) = d, but injdimz(R) = oco.

The number of vanishing of Ext in Theorem [2.5] cannot be further improved.

Example 2.8. Let (R, m, k) be a non-Gorenstein CM local ring of dimension d > 1.
Then Homp(k, R) = 0, so it has finite injective dimension, depth(R) = d and
Exth(k,R) =0 for all 1 <14 <d—1, but projdimg(k) = injdimz(R) = oco.

One may ask the following natural question.
Question 2.9. Does Theorem [2.5 hold true when depth(N) < d?
Now we discuss the consequences of Theorems [2.3] and

Corollary 2.10. Let M be a nonzero R-module such that Ext' (M, R) = 0 for all
1<i<d—1 and M* has finite injective dimension.

(1) If M* #£0, then R is Gorenstein and M =T (M) & R" for some r > 0.

(2) If Exth(M,R) =0, then R is Gorenstein and M is free.

Proof. (1) The statement follows from Theorems and
(2) Note that M* # 0 (cf. Remark 2.2). So, by Theorem [1.6] R is CM. Hence
the assertion follows from Theorem 2.5 O

Remark 2.11. The existence of an R-module M such that M™* is nonzero and
of finite injective dimension does not necessarily imply that R is Gorenstein, see

Example

Corollary 2.12. Let R be a commutative Noetherian ring. Let M be a (finitely
generated) R-module such that Hompg (M, R) has finite injective dimension. Then
the Auslander-Reiten conjecture holds true for M.

Proof. Suppose that EXt;O(M ,M @® R) = 0. What we want to show is that M is
projective. It is equivalent to saying that the R,-module M, is free for each prime
ideal p of R. Replacing R and M with R, and M, respectively, we may assume
that R is local. Hence the assertion follows from Corollary 2.10](2). g

Corollary 2.13. Let M be an R-module such that depth(M) = d, EXtZ%(M, M)=0
for all 1 < j < d and injdimp(Homp(M, M)) < co. Then, M is free, and R is
Gorenstein.
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Proof. The condition depth(M) = d particularly ensures that M is nonzero. By
Theorem M is free and injdimp(M) < co. So R is Gorenstein. O

We obtain the following criteria for a module to be free over a Gorenstein local
ring in terms of vanishing of Ext and projective dimension of Hom.

Corollary 2.14. Suppose that R is Gorenstein. For an R-module M, the following
are equivalent:
(1) M is free.
(2) Homp(M, M) is free, and EXt%(M, M)=0 forall1 <j<d.
(3) Homp(M, M) has finite projective dimension, and
Ext’ (M, R) = Ext},(M, M) =0 for all1 <i<d and 1 < j < d.

Proof. The implication (1) = (2) is trivial.

(2) = (3): In view of the proof of [2, Lemma 4.1], we have depth(M) =
depth(Hompg(M, M)). Since R is Gorenstein and Homp (M, M) is free, it follows
that M is MCM, and hence Exts (M, R) =0 for all 1 <i < d.

(3) = (1): Since R is Gorenstein, M is MCM by [5, 3.5.11]. Moreover, for an
R-module L, projdimp(L) is finite if and only if injdim (L) is finite, cf. [5], 3.1.25].
Therefore injdim z(Hompg (M, M)) is finite. Hence, by Corollary 2.13] M is free. O

Next we provide an affirmative answer to the question whether the Auslander-
Reiten conjecture holds true if Hompg (M, M) has finite injective dimension.

Theorem 2.15. Let M be a nonzero R-module such that Exth(M,R) = 0 and
Extl,(M,M) =0 for all1 <i<2d+1 and 1 < j < max{1,d — 1}. Suppose that
Homp(M, M) has finite injective dimension. Then, M is free, and R is Gorenstein.

Proof. Let Fpp : - -- Doy pra %2, gr 9y pro %0 A1 4 0 be a minimal free
resolution of M, and set QM := Image d; for each i > 0. As Ext}{(M, M) =0, an
exact sequence

0 — Homp (M, M) L5 Mmo Ly ppma 1y pyme

is induced. Putting N := Coker f = Image g and L := Coker g = Image h, we have
the following exact sequences:

(2.5) 0 — Homp (M, M) L5 M™ = N — 0,
(2.6) 0—N-—M"—L-—0

Note that N is isomorphic to Hompg(Q2(M), M). As Hompg(M, M) is nonzero and
of finite injective dimension, by Theorem R is CM.

We prove the theorem by induction on d.

(1) First, we deal with the case d = 0. We may assume that M is indecompos-
able. The module Hompg(M, M) is nonzero and injective. Hence Hompg(M, M) is
isomorphic to a finite direct sum of copies of E := Eg(k). The map f is a split
monomorphism. Since R is henselian and M is indecomposable, the Krull-Schmidt
theorem yields that M = E. Hence Hompr(M,M) = Homp(E,E) = R. As
Homp (M, M) is injective, the Artinian ring R is Gorenstein and thus M =~ E = R.

(2) Second, we handle the case d = 1. We may assume that R is complete, and
M is indecomposable. As R is complete, it admits a canonical module w.

(2a) We start with the case depth(M) > 0. In this case, M is MCM, and so are
Homp(M, M) and N =2 Hompg(Q(M), M) as
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depth(Homp (X, M)) > inf{2,depth M} > 0

for any finitely generated R-module X. It follows that Hompg (M, M) is isomorphic
to a finite direct sum of copies of w, cf. [5, 3.3.28]. The exact sequence
splits since it is identified with an element of Exth(N, Hompg(M,M)) = 0. As R
is henselian and M is indecomposable, the Krull-Schmidt theorem implies that
M = w. We get Homg(M, M) = R, and see that R is Gorenstein, and M = R.
(2b) Next we consider the case depth M = 0. From , an exact sequence

(2.7) Exth(L, M™) -2 Extl(L, N) — Ext (L, Homg (M, M))

is induced, where ¢ = Ext(L,e). The short exact sequence (2.6) can be identified
with an element § of Extk(L, N). As injdimp(Homg(M,M)) = d = 1 < 2, the
module Ext% (L, Hompg (M, M)) vanishes. Hence the map ¢ in (2.7) is surjective.
So there exists an element v € Extk(L, M™) such that ¢(y) = 5. We obtain a
commutative diagram

0 0
Homp (M, M) == Hompg (M, M)
f
~:0 M™o Z L 0
B:0 N Mm™ L 0
0 0

with exact rows and columns. Taking the mapping cone of the above chain map
v — B, we get an exact sequence

(2.8) 00— M"™ —-N&Z— M" —0,

which is identified with an element of Exty,(M™, M™0) = Extp(M, M)™" = (.
Thus the exact sequence (2.8)) splits, and an isomorphism N @ Z = M™0tm1 follows.
As R is henselian and M is indecomposable, we have N = M™ for some m > 0.
Set r := type(M) = dimy Homp(k, M) > 0; recall that depth M = 0. There are
isomorphisms
k™ =2 Hompg(k, M™) =2 Homg(k, N) = Hompg(k, Homg(Q(M), M))
= HOHIR(IC KSR Q(M), M) & pmr

whence m = ny. Applying k ®g (—) to the exact sequence ([2.5)):
(2.9) 0 — Homp(M, M) -5 M™ — M™ — 0,

we observe that ng > n.
Fix a minimal prime ideal p of R. If M, = 0, then of course M, is R,-free.
If M, # 0, then applying the induction hypothesis to the Artinian local ring R,
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shows that M, is Ry-free. Thus, in any case, we have M, = R} for some t > 0.
Localization of (2.9) at p gives rise to an exact sequence

f
0 — Homp, (M, M) = MJ® — M}"* — 0,
and we get tng = rankg, My = rankg, Hompg, (M, M) +rankp, My" = 2 +1tn,.
Hence ¢ € {0,n9 — n1}. Localizing the resolution F/, there is an exact sequence

0 — (Q°M), — R}* — R} — M, — 0,

while M, = R{. An isomorphism (Q2°M), = Ry ~"* follows. We have ny —
ng+t =0 when t = ng — nqy, while ny —ng+¢t = ny —ng < 0 when t = 0.
Therefore, (2°M), = 0 for every minimal prime ideal p of R. Since Q%(M) is a
torsion submodule of the torsion-free module R™, we have Q?(M) = 0. It follows
that pdg M < 1 < co. By assumption, Exth(M,R) = 0 forall 1 <i < 2d+ 1. In
general, when pdy M is finite, it is equal to the supremum of integers 4 such that
Ext% (M, R) # 0. Consequently, the module M is free, so is Homg(M, M), and
therefore R is Gorenstein.

(3) Finally, we consider the case d > 2. Fix a nonmaximal prime ideal p of R.
Applying the induction hypothesis to R,, we see that M, is R,-free. Note that
max{1l,d — 1} = d — 1. We can use [I7, Theorem 1.2.(2)] to observe that M is
R-free, and so is Hompg (M, M), whence R is Gorenstein. O

Corollary 2.16. Let R be a commutative Noetherian ring. Let M be a (finitely
generated) R-module such that Homg(M, M) has finite injective dimension. Then
the Auslander-Reiten conjecture holds true for M.

Proof. Let ExtEO(M ,M @® R) = 0. We show that M is projective. It is equivalent
to showing that the R,-module M, is free for each prime ideal p of R. Replacing
R and M with R, and M, respectively, we may assume that R is local. Thus the
desired statement follows from Theorem 215 O

In view of Theorem we may wonder if Homg (M, M) having finite injective
dimension implies that M has finite projective dimension. This is not true even
when R is a Gorenstein normal local ring. Particularly, it shows that the hypothesis
on the vanishing of Ext in Theorem [2.15| cannot be omitted.

Example 2.17. Let R be a Gorenstein normal local ring, and I be a nonzero ideal
of R. Then Hompg(I,I) = R. Therefore Hompg(Z,I) has finite injective dimension,
but I does not necessarily have finite projective dimension. For example, one may
consider R = k[[z,v, 2]]/(2? — yz) with k a field, and I = m = (x,y, 2).

We close this section with the following natural question.

Question 2.18. If there exists a nonzero R-module M such that Hompg(M, M)
has finite injective dimension, then is R Gorenstein?

3. CHARACTERIZATIONS OF GORENSTEIN LOCAL RINGS

In this section, we provide a number of characterizations of Gorenstein local
rings in terms of finite injective dimension of certain Hom. We start with answering
Question affirmatively in some special cases.
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Proposition 3.1. Let M be an R-module. Suppose that (i) M is torsion-free, (ii)
M is locally free in codimension 1, (iii) M has a rank, and (iv) rank(M) is invertible
in R. If Hompg(M, M) has finite injective dimension, then R is Gorenstein.

Proof. Since M is nonzero, so is Hompg(M, M). Then Theorem yields that R is
CM. It follows from [14, A.2 and A.5] that R is a direct summand of Hompg (M, M).
Hence R has finite injective dimension, i.e., R is Gorenstein. O

Proposition 3.2. Suppose that R admits a module M such that
depth(Homp (M, M)) = depth(R) and injdimp(Homp (M, M)) < oo.
Then R is Gorenstein.

Proof. Replacing R with its completion, we may assume that R is complete. By
Theorem R is CM, and hence Homp (M, M) is MCM. Since R is complete CM,

it admits a canonical module w, and we have that Hompg(M, M) = w™ for some
n > 1, cf. [ 3.3.28]. It follows that

R™ = Homp(w",w") = Homp(Homp(M, M), Homp (M, M))
>~ Hompr(M ®r Homp (M, M), M).
Consider the R-module homomorphisms
f:M— M®pHomg(M,M) and g: M ®r Homg(M,M) — M

defined by f(z) = 2®idy; and g(x®h) = h(z) respectively. Clearly, the composition
gof =1idys, and hence f is a split monomorphism. Therefore M is a direct summand
of M ® g Homp (M, M). This implies that w™ = Hompg(M, M) is a direct summand
of Homgr(M ®r Homp(M, M), M) = R™. So, by the Krull-Schmidt theorem,
w = R, and hence R is Gorenstein. O

3.3. A partial positive answer to Question is provided in [6, Cor. 4.5], where
it is shown that if there exists a nonzero R-module M of depth > d — 1 such that
the injective dimensions of M, Homp (M, M) and Ext},(M, M) are finite, then the
projective dimension of M is finite, and R is Gorenstein.

3.4. Let R be CM. In [23], Thm. 3.1], Ulrich gave a criterion for R to be Gorenstein:
If there is an R-module L of positive rank such that 2v(L) > e(R)rank(L) and
Ext}figd(L, R) =0, then R is Gorenstein. Hanes-Huneke and Jorgensen-Leuschke
gave some analogous criteria in [I2, Thms. 2.5 and 3.4] and [15, Thms. 2.2 and 2.4]
respectively. Recently, Lyle and Montano [I8, Thm. D] showed that a generically
Gorenstein CM local ring R that has a canonical module is Gorenstein if there is

an MCM R-module L such that Ext}figdﬂ([/, R) =0 and eg(L) < 2v(L).

3.5. Like Theorems[I.4)and [I.5] having finite injective dimension of certain modules
also ensures that the base ring is regular. For example, R is regular if and only if its
residue field k has finite injective dimension, see, e.g., [5, 3.1.26]. More generally,
it is shown in [I0, Thm. 3.7] that R is regular if and only if some syzygy Q7 (k)
(n > 0) has a nonzero direct summand of finite injective dimension.

Inspired by the results mentioned in[3.4] [3:5]and Theorems[T.4and [I.5] we obtain
the following new characterizations of Gorenstein local rings in terms of vanishing
of certain Ext and finite injective dimension of Hom.

Theorem 3.6. The following statements are equivalent:
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(1) R is Gorenstein.

(2) R admits a module M such that Exts(M,R) =0 for all1 <i<d—1 and M*
is nonzero and of finite injective dimension. '

(3) R admits a nonzero module M such that Exty (M, R) = Ext},(M, M) = 0 for
alll <i<2d+1 and 1 < j < max{l,d—1}, and injdimp(Homp (M, M)) < co.

(4) R admits a module M such that depth(M) = d, Ext{,—i(M, M) = 0 for all
1< j < d and injdimz(Homp (M, M)) < oo.

(5) R admits a module M such that

depth(Hompg(M, M)) = depth(R) and injdimp(Hompg (M, M)) < co.

Proof. The implications (1) = (2), (3), (4) and (5) are trivial as M = R satisfies
the respective conditions. The reverse implications (2) = (1), (3) = (1), (4) = (1)
and (5) = (1) follow from [2.10}(1), 2.15] 2.13] and [3.2] respectively. O

Remark 3.7. This is known due to Holm [I3] that if there exists a nonzero R-
module M of finite Gorenstein dimension and finite injective dimension, then R is
Gorenstein. It should be noted that Theorem [3.6{(1) < (2) would not follow from
the result of Holm. Moreover, we can recover that if M is a nonzero R-module
such that G-dimp(M) = 0 and injdimp (M) < oo, then M* satisfies the condition
(2) in as Exth(M*, R) = 0 for all i > 1 and (M*)* = M has finite injective

dimension, hence R is Gorenstein.
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