RING HOMOMORPHISMS AND LOCAL RINGS WITH
QUASI-DECOMPOSABLE MAXIMAL IDEAL
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ABSTRACT. The notion of local rings with quasi-decomposable maximal ideal
was formally introduced by Nasseh and Takahashi. In separate works, the
authors of the present paper showed that such rings have rigid homological
properties; for instance, they are both Ext- and Tor-friendly. One point of
this paper is to further explore the homological properties of these rings and
also introduce new classes of such rings from a combinatorial point of view.
Another point is to investigate how far some of these homological properties
can be pushed along certain diagrams of local ring homomorphisms.

1. INTRODUCTION

Convention. Throughout the paper, (R, mg, k) is a commutative noetherian local
ring and R denotes the completion of R in the mg-adic topology. If R = E, then
we say that R is complete. By a “fiber product ring” we mean a fiber product of
the form S xj; T, where S and T are commutative noetherian local rings with a
common residue field k£ such that S £ k # T; see for the definition and notation.

Ogoma [46] observed that the class of local rings with decomposable maximal
ideal coincides with that of the fiber product rings; see[3.2]for details. The history of
such rings goes back quite far because of their interesting properties and numerous
applications; see, for instance, the works of Kostrikin and Safarevic [34], Dress and
Kramer [I7], Lescot [35], Ogoma [45] [47], and also the work of the authors and
VandeBogert [40]. In recent years, further progress has been made on the structure
and homological properties of these rings, as we explain after the next paragraph.

Following [13], the local ring R is called Ext-friendly (resp. Tor-friendly) if for
every pair (M, N) of finitely generated R-modules, the condition Extzé(M, N)=0
(resp. Tor® (M, N) = 0) for i >> 0 implies that pd (M) < oo or idg(N) < oo (resp.
pdr(M) < oo or pdr(N) < 00). By [13, Propositions 2.2 and 5.5], Tor-friendliness
implies Ext-friendliness. Also, an Ext-friendly ring R satisfies the Auslander-Reiten
Congjecture that states if Exthz (M, M @ R) = 0 for a finitely generated R-module
M and all i > 1, then M is free; see [3] for the history of this conjecture.
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In [43] Theorem 3.1], Nasseh and Yoshino showed that a fiber product ring of
the form S x, (k[z]/(2?)) is Tor-friendly (hence, Ext-friendly). A few years later,
Nasseh and Sather-Wagstaff [39, Theorem 1.1] generalized this result by proving
that any fiber product ring of the form S x ;T is Tor—friendlyﬂ Furthermore, Nasseh
and Takahashi [42], Theorem A] proved that the maximal ideal of a fiber product ring
is always a direct summand of a direct sum of certain syzygies of finitely generated
modules of infinite projective dimension. Several other properties and applications
of these rings have also been studied in [II, (16} 18] 25 26|, B1], B7, [41], 44} [54].

Although, fiber product rings (or, local rings with decomposable maximal ideal)
have nice properties and applications, there are two particular vexing facts about
them. First of all, these rings are not integral domain; see our discussion in [3.5]
Second of all, by [35], depth of such rings is always < 1, while their Krull dimension
can be any positive integer. Therefore, a randomly given fiber product ring is most
likely non-Cohen-Macaulay; see also [40, Fact 2.2]. These facts motivated Nasseh
and Takahashi [42] to consider a more general version of such rings, namely, the
class of local rings that deform to fiber product rings. Such rings are called local
rings with quasi-decomposable maximal ideal; see (3.4

Several classes of Cohen-Macaulay and non-Gorenstein local rings with quasi-
decomposable maximal ideal that are integral domain have been introduced in [42].
Such classes include certain numerical semigroup rings as well as Cohen-Macaulay
singular local rings with infinite residue field and minimal multiplicity (e.g., 2-
dimensional non-Gorenstein normal local domains with a rational singularity); see
Example [3.7] for more details. In Section [3| of this paper, we prove the following re-
sult that introduces new classes of both Cohen-Macaulay and non-Cohen-Macaulay
local rings with quasi-decomposable maximal ideal from a combinatorial point of
view; see for the terminology.

Theorem 1.1. Let G be a finite simple graph on n vertices with v, a star vertez.

(a) The complete local ring k[XG] over the field k is Cohen-Macaulay of dimension
n with quasi-decomposable mazimal ideal.

(b) The complete local ring k[[é]] over the field k has dimension n, depthn—1, and
quasi-decomposable maximal ideal.

As one might expect, local rings with quasi-decomposable maximal ideal have
rigid homological properties like those of the fiber product rings. For instance,
these rings are Tor-friendly (hence, Ext-friendly) by [42, Corollaries 6.5 and 6.8];
see also [52], where Takahashi studied these rings as a special case of the, so-called,
dominant local rings. One point of the present paper is to further explore the
homological properties of such rings. Therefore, from this point of view, a part of
this paper can be considered as an addendum to [39] [42].

Another point of the present paper is as follows: local rings which are homolog-
ically similar may be distinguished by the property of having quasi-decomposable
maximal ideal (or not); see Examples and and their subsequent paragraph.
This persuades us to consider a relaxed version of the quasi-decomposable maximal
ideal condition in some results of this paper. More precisely, we will investigate
how far we can push some of the properties along certain diagrams of local ring

L Another generalization of the result of Nasseh and Yoshino [43, Theorem 3.1] to the differential
graded homological algebra setting is found in [I2] Theorem 4.1].



homomorphisms starting with any local ring and ending with a local ring that has
quasi-decomposable maximal ideal. Among other results in this direction, we prove
the following in Section [5] which, roughly speaking, shows that the Ext-friendly
property is weakened when we push it along diagrams of local ring homomorphisms.

Theorem 1.2. Let R 5 R <Y S be a diagram of local ring homomorphisms such
that ¢ is a composition of flat local maps and deformations, ¥ is a deformation,
and S has quasi-decomposable maximal ideal. If N is a non-zero finitely generated
R-module with Ext'y (N, R) = 0 fori >0, then G-dimp(N) < oo.

A generalized version of a conjecture of Tachikawa [51, Chapter 8] in commu-
tative algebra (which is a special case of the Auslander-Reiten Conjecture) states
that if R is Cohen-Macaulay with a canonical module w, then Ext%(w, R) = 0 for
all ¢ > 1 implies that R is Gorenstein; see [6] for the history of this conjecture. The
following result is an immediate consequence of Theorem which is a souped up
version of the fact that local rings with quasi-decomposable maximal ideal satisfy
the generalized Tachikawa’s Conjecture.

Corollary 1.3. Assume that R is Cohen-Macaulay with a canonical module w that
admits a diagram of local ring homomorphisms described as in Theorem .3 If
Exth(w,R) =0 for alli > 1, then R is Gorenstein

Finally, following the same theme as of Theorem [I.2} our goal in Section [f] is to
study the cardinality of the set &(R) that consists of shift-isomorphism classes of
semidualizing R-complexes along diagrams of local ring homomorphisms. The set
GS(R) is known to be a finite set that, in general, can be big. However, our main
result in Section [f] stated next, shows that under the existence of certain diagrams
of local ring homomorphisms this set is small.

Theorem 1.4. Assume that R admits a diagram of local ring homomorphisms
R=Ry—-> R+ Ry—- -+ R,

such that R, has quasi-decomposable maximal ideal. Assume that each leftward
pointing map is complete intersection such that the induced map on residue fields
is an isomorphism. Assume further that each rightward pointing map has finite
complete intersection dimension. Then card(G(R)) < 2.

2. LOCAL RING HOMOMORPHISMS: GENERAL BACKGROUND

2.1. Throughout this paper, D(R) denotes the derived category of R, where the
objects are the (possibly unbounded) R-complexes. An R-complex X is called
homologically bounded if H;(X) = 0 for |i| > 0. An R-complex X is homologically
finite if it is homologically bounded and each H;(X) is finitely generated. The right
and left derived functors of Hom and tensor product functors in D(R) are denoted
by RHomp(—, —) and —®% — respectively. For an integer i, the i-th shift of an R-
complex X is denoted by £?X. Note that (ZiX)j = X;_; with 8]-21)( = (-1'9X,
for all integers j. Quasi-isomorphisms of R-complexes, i.e., isomorphisms in D(R),
are denoted by the symbol ~.

2.2. We say that R is a deformation of S if there is a surjective ring homomorphism
p: S — R with Ker(y) generated by an S-regular sequence. In this case, we may
also say that ¢ is a deformation, or S deforms to R. The minimal number of
generators of Ker(p) is called the codimension of ¢.
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2.3. We say that R is a complete intersection if there is a deformation ¢ : S — ﬁ,
where S is a regular local ring. If Ker(v)) is principal, then R is called a hypersurface.
(In particular, we take the perspective that a regular local ring is a hypersurface.)

2.4 ([9]). Let ¢: R — S be a local ring homomorphism. We denote by ¢: R — S
the composition of ¢ with the natural map S — S.

A Cohen factorization of ¢ is a diagram R 2> R’ 25 S of local ring homomor-
phisms such that R’ is complete, ¢ = ', the map ¢ is flat with regular closed
fibre (i.e., R'/mgrR’ is a regular local ring), and ¢’ is surjective. If S is complete,
then it follows from [9, (1.1) Theorem and (1.5) Proposition] that ¢ has a Cohen
factorization.

2.5 ([5]). Let ¢: R — (S, mg) be a local ring homomorphism and R 2> R 25 §
be a Cohen factorization of ¢. We say that ¢ is complete intersection at mg (or
simply complete intersection) if ¢’ is a deformation. Note that this definition is
independent of the choice of Cohen factorization; see [5l (3.3) Remark]. Also R and
 are complete intersection if and only if S is complete intersection and fdz (S) < oc;
see [B (5.9), (5.10), and (5.12)].

2.6 ([2]). We say that a finitely generated R-module L has Gorenstein dimension
0, and write G-dimg(L) = 0, if the following conditions are satisfied:

(i) the canonical map L — L** is an isomorphism, where (—)* = Hompg(—, R);
(ii) Exth(L, R) = 0 = Exth(L*, R) for all i > 1.
Modules with Gorenstein dimension 0 are also called totally reflexive.

For a non-negative integer n, we say that a finitely generated R-module M has
Gorenstein dimension at most n, and write G-dimpg(M) < n, if there exists an exact
sequence 0 — L,, — -+ — L1 — Ly — M — 0 of finitely generated R-module such
that G-dimpg(L;) = 0 for all 0 < 4 < n. If such an exact sequence does not exist,
then we say M has infinite Gorenstein dimension, and write G-dimp(M) = oo.

If R is Gorenstein, then for every finitely generated R-module M we have
G-dimpg(M) < co. Conversely, if G-dimpg(k) < oo, then R is Gorenstein; see [2].

2.7 ([8]). Using the notation from we set

G-dim(y) := G-dimp (S) — edim(¢)
where edim(¢) denotes the embedding dimension of the regular closed fibre of ¢.
Note that, by [32] 3.2. Theorem]|, this definition is independent of the choice of
Cohen factorization. Moreover, it follows from the definition that if ¢ is complete
intersection, then G-dim(y) < co.

2.8. Let X be a homologically finite R-complex. The Poincaré and Bass series of
X, denoted PZ(t) and I (t), respectively, are the formal power series

PE(t) == ranky(Torf (X, k))t'  and I (t):= Y rankg(Exth(k, X))t
i>0 i>0

2.9 ([8, (7.1) Theorem]). Let ¢: R — (S, mg) be a local ring homomorphism with
G-dim(p) < oo. The Bass series of ¢, denoted I,(¢), is a formal Laurent series
with non-negative integer coefficients satisfying the formal relation

IS(t) = IR (6)I,(¢). (2.9.1)
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We say that ¢ is quasi-Gorenstein at mg (or simply quasi-Gorenstein) if I,(t) =
t* for some integer a. In this case, it follows from [8, (7.4) Theorem] that a =
depth(S) — depth(R). By [8 (7.7.2)], the ring S is Gorenstein if and only if R is
Gorenstein and ¢ is quasi-Gorenstein.

If ¢ is quasi-Gorenstein and fdg(S) < oo, then ¢ is called Gorenstein at mg (or
simply Gorenstein). By [7, (7.2) Theorem] we have that R and ¢ are Gorenstein if
and only if S is Gorenstein and fdg(S) < oco.

2.10 ([I0]). A diagram R % R’ <~ S of local ring homomorphisms is called a
quasi-deformation if ¢ is flat and 7 is a deformation. The complete intersection

dimension of an R-module M, denoted CI-dimpg(M), is defined to be
Cl-dimg(M):= inf{pdg(M®gR')—pdg(R’) | R — R + Sis a quasi-deformation}.

If R is complete intersection, then for every finitely generated R-module M we
have Cl-dimg(M) < oo. Conversely, if Cl-dimg(k) < oo, then R is complete
intersection; see [10, (1.3) Theorem].

2.11 ([49]). Let ¢: R — S be a local ring homomorphism. The complete intersec-
tion dimension of ¢, denoted CI-dim(y), is defined to be

~ @ R
CI-dim(¢p) := inf { CI-dimp/ (S) — edim(¢) R = R’ = Sis a Cohen |
factorization of ¢

It is unknown whether the finiteness of CI-dim(yp) is independent of the choice of
Cohen factorization.

2.12. If p: R — S is a local ring homomorphism with CI-dim(¢) < oo and S is
a complete intersection, then R is a complete intersection. Indeed, use a Cohen
factorization to reduce to the case where ¢ is surjective. In this case, we have
CI-dimp(S) < oo, and therefore, cxr(S) < oo; see [10, (5.6) Theorem]. (Here,
cxp(S) denotes the complexity of S over R; see [4] for the definition.) If S is a
complete intersection, then by [4, Theorem 8.1.2] we have cxg(k) < co. It then
follows from [I1, Theorem 9.1.1(1) and Remark 7.1.1] that cxg(k) < oco. Thus,
again by [4, Theorem 8.1.2] we conclude that R is a complete intersection.

The next discussion uses the notion of (semi)dualizing complexes. For the defi-
nitions of these complexes and more we refer the reader to Section [6]

2.13 ([8]). Let ¢: R — S be a local ring homomorphism, and let DE be a dualizing
}Ai—complex. A dualizing complex for ¢ is a semidualizing S-complex D? with the
property that DT ®% (5 ®% D¥) is a dualizing S-complex. If we assume that
G-dim(¢p) < 0o, then a dualizing complex D? for ¢ exists by [8, (6.7) Lemma].

3. LOCAL RINGS WITH QUASI-DECOMPOSABLE MAXIMAL IDEAL

This section is devoted to the definition of local rings with quasi-decomposable
maximal ideal — a notion that was formally introduced by Nasseh and Takahashi
in [42] — and to the proof of Theorem in which we introduce combinatorially
constructed classes of such rings. The class of local rings with quasi-decomposable
maximal ideal naturally includes that of local rings with decomposable maximal
ideal. Therefore, we start this section with the following definition; see Remark
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3.1. Let (S, mg, k) and (T, mr, k) be commutative noetherian local rings. The fiber
product of S and T over their common residue field k& is defined to be

SxpT:={(s,t) € SxT|7mg(s) =nr(t)}

where S =% k <~ T are the natural surjections. Note that S xj T is a local ring
with maximal ideal mgyx, 7 = mg ® myp and residue field k.

We say that the local ring R is a (non-trivial) fiber product if there exist local
rings (S, mg, k) and (T, mr, k) with S # k # T such that R S x; T

3.2. It follows from [46, Lemma 3.1] (or [42], Fact 3.1]) that the class of fiber product
rings coincides with the class of local rings with decomposable maximal ideal. More
precisely, if mp = I®J is a non-trivial decomposition of mp, then R = R/I xR/ J.

3.3. One can check that for any field k there is a ring isomorphism

k[[xla"wxn]] « k[[y177ymﬂ o k[[xlv---;mn7y17"'aym”
R B R (SR S5 T

I<jsm
3.4. The maximal ideal mp of the ring R is called quasi-decomposable if there is an
R-regular sequence x € mp such that mg/(x) is decomposable. In this case we say
that R has quasi-decomposable mazimal ideal. By R has quasi-decomposable
maximal ideal if it deforms to a fiber product ring.

3.5. Identifying mg and my with the ideals mg @0 and 0@ mr of S x ;T in[3.] note
that mgmy = 0. Hence, fiber product rings (e.g., local rings with decomposable
maximal ideal) are not integral domains, thus, not regular. However, the following
result holds true; see for a more detailed discussion.

Proposition 3.6. If R is a regular local ring of dimension n > 2, then mpg is
quasi-decomposable.

Proof. First assume that n = 2. Let R’ = R/(zy), where z,y € mp is a regular
system of parameters. We show that the maximal ideal mp = (x,y)R’ is decom-
posable. Since R is a unique factorization domain, we have tRNyR = xyR. Thus,
xR’ NyR = (0). This implies that mp: = (z,y)R' = xR’ ® yR', as desired.

Now we prove the general case where n > 3. Let r1,...,r, € mp be a regular
system of parameters and note that R = R/(r3,...,r,) is a 2-dimensional regular
ring. Hence, by the previous case, R has quasi-decomposable maximal ideal. Since
r3,...,Tn 18 R-regular, R also has quasi-decomposable maximal ideal. ([

Several classes of local rings with quasi-decomposable maximal ideal (that are
not fiber products) have been introduced in [42]. Such classes include the following.

Example 3.7. The ring R has quasi-decomposable in any of the following cases.

(a) R is a Cohen-Macaulay local ring which is not a hypersurface with infinite
residue field and minimal multiplicity, e.g., R is a 2-dimensional non-Gorenstein
normal local domain with a rational singularity.

(b) R = k[[H]] is a local complete numerical semigroup ring over a field k, where
H = (pg+p+1,2¢+ 1,p + 2) is the numerical semigroup with p,q > 0 and
ged(p+2,2¢+1)=1.

(¢) R = K[[H]] is a non-Gorenstein almost-Gorenstein numerical semigroup ring
with edim(R) = 3 and e(R) < 6. (Here, edim(R) denotes the embedding
dimension of R.)
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(d) R is any of the Cohen-Macaulay local rings in [53, Examples 7.1, 7.2, 7.4, 7.5].

In the rest of this section, we prove Theorem that, as we mentioned earlier,
introduces new classes of Cohen-Macaulay and non-Cohen-Macaulay local rings
with quasi-decomposable maximal ideal from a combinatorial point of view. We
assume that the reader is familiar with combinatorial aspects of commutative alge-
bra. However, to avoid confusion, we specify some terminology.

3.8. Let G be a finite simple graph (i.e, G has no loops and no multiple edges)
with vertex set V = {v1,...,v,} and edge set E. Consider the polynomial ring
S = E[vy,...,vy,] over a field k. The edge ideal of G in S, denoted I(G), is the ideal
generated by the edges of G, that is,

I(G) = ({Uﬂ)j es | VU5 € E}) S.
Set k[G] := S/I(GQ) and k[G] := k[G] = Ek[vi,...,v,]/(I(G)), where k[G] is the
completion of k[G] with respect to the graded maximal ideal of k[G].

Let W = {wi,...,w,} denote a second list of vertices. By LG we denote the
graph obtained from G by adding a whisker at each vertex of G, that is, G has
vertex set VU W and edge set {v;w; | i =1,...,n} UE. Also, the graph obtained
from G by adding a whisker to each vertex except for v, is denoted by G.

Theorem [1.1{[a]) follows directly from the next discussion.

3.9. Continue with the terminology of The edge ideal I(XG) of the ring
S’ = klvy, ..., 05, w1,...,wy,] is Cohen-Macaulay, i.e., the quotient ring k[XG] =
S’ /I(XG) is Cohen-Macaulay by [57, Proposition 2.2] and [58, Proposition 6.3.2].
Specifically, the ring k[XG] has dimension n, and also the sequence v1 —wy, ..., v, —
wy, is k[XG]-regular with k[XG]/(v1 — wy,...,v, — w,) isomorphic to the local
artinian ring k[G] = k[vy,...,v.]/(I(G),v?,...,v2). (One way to view this is
via polarization of the non-square-free ideal (I(G),v?,...,v2); for a discussion on

polarization see, for instance, [I9].) It follows that vy — ws,...,v, — w, is also
kE[XG]-regular with

k[[ZGH/(Ul —Wi,...,Up — wn) = k[G]/

From the definition of k[G]', it is straightforward to show that the socle elements
of k[G]" are in bijection with the maximal cliques in the complementary graph G°.
For instance, for the path P;s = (v; — vy — v3), the complementary graph consists
of the edge vy — v3 and the isolated vertex vy. This gives two maximal cliques in
Ps (that are the connected components of P§) corresponding to the socle elements
vivz and vy in k[Ps]) = k[v1,va, v3]/ (v}, v3,v3, v1va, vov3). Notice in this example
that the vertex vy is a star-vertex, that is, it is adjacent to every other vertex in
P;. Notice further that this element shows that k[Ps] is a fiber product as follows:

K[Py) = kv, v2, vs] ~ klva] o kv, vs]
U 03 0] viva,vavs) — (03) T (0Fed)

It follows that k[X P3] has quasi-decomposable maximal ideal.
In general, this process (with star vertex v,,) yields the isomorphism

KIG]" = kval /(v7) 1. K[H]
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where H is the subgraph of GG induced by the vertices v1,...,v,—1. On the other
hand, if one only mods out by vo —ws, ..., v, —w,, then one obtains a quotient iso-
morphic to the 1-dimensional Cohen-Macaulay fiber product kv, ] x (k[H] [wy]);
see for a concrete example.

3.10. For a list of variables X = X; 1, X2.1,...,X1,n, X2, consider the ideal
I'=(X11,X21)%+ 4+ (X0, Xon)?
of the ring k[X] over a field k. For the new variables Y, Z, the ring
oo MZXY]
- (1,ZX,ZY)

constructed in [40, Proof 4.1] is a 1-dimensional Cohen-Macaulay fiber product
ring that arises from an edge ideal construction. Specifically, consider the following
graph G obtained by connecting n paths of length 1 to a single vertex v.

V2,2 U1,n

)

,U271 m\g ,/

V1,1 v V2,n

Note that v is a star vertex for this graph. Thus, the ring k[XG] has quasi-
decomposable maximal ideal by Theorem [L.1ffa). In fact, modding k[~G] out by
the regular sequence of elements of the form v; ; —w; ;, we are setting each ”1‘2, ;=0
and this yields the 1-dimensional Cohen-Macaulay local ring

klvi1,v2,1,v1,2,02,2, -« ., V1 n, V2., U, W]
2 2 2 2 2 2
V1,1,V1,1V2,1,V2 1, V7 2, V1,2V2,2, V2 2, - - -, V] 1, V1,nV2,n5 V3 5
vw, vv1,1, V02,1, V01,2, VV2,2, . . . , VU1 pn, VU2

which is isomorphic to the ring R.

We conclude this section with the proof of Theorem (]E[)
Proof of Theorem[1.4|{}). Continue with the terminology of and let
E[G) = K[v1,...,v.]/(I(G),v%,...,v2_}).
Notice that v,v; = 0 for all i < n in k[G]”, but v2 # 0. It then follows that
E[G)" = kvn] xg kv, ...y vn_1)/(T(H),v%, ... 02 _).

n—1
Hence, by [40, Fact 2.2], the ring k[G]” has dimension 1 and depth 0. Furthermore,

polarizing shows that this ring is a deformation of the ring k:[[é]] with dimension n
and depth n — 1, as desired. O

4. GORENSTEIN AND COMPLETE INTERSECTION PROPERTIES

The structure of Gorenstein local rings with decomposable maximal ideal (i.e.,
fiber product rings) can be described completely; see Propositionsandbelow.
As one sees in Theorem this description can be generalized to the local rings
with quasi-decomposable maximal ideal. In this section, we also provide examples
to show that local rings which are homologically similar can be distinguished by the
property of having quasi-decomposable maximal ideal or not. This fact persuades
us to consider a relaxed version of the quasi-decomposable maximal ideal condition
in Theorem [£.4] and prove Corollary as a more general version.



Throughout the paper, e(R) denotes the Hilber-Samuel multiplicity of R.

Proposition 4.1 ([40, Corollary 2.7 and Fact 2.9]). If mg is decomposable, then
R is Gorenstein if and only if it is a 1-dimensional hypersurface. In this case, if
R Sx T, then both S and T are 1-dimensional regular local rings and e(R) = 2.

As an immediate consequence of this proposition we have the following result.

Corollary 4.2. Let R be a 1-dimensional Gorenstein ring. Then, mg is quasi-
decomposable if and only if it is decomposable.

In Proposition [d1] if we assume that the local ring R is complete, then we obtain
a more detailed description of its structure.

Proposition 4.3. Assume that mp is decomposable, and let R = S x; T. If R is
Gorenstein and complete, then there exists a 2-dimensional complete reqular local
ring Q with reqular system of parameters r,s such that

S=Q/rQ, T=Q/sQ, and R=Q/rsQ.

Proof. The existence of the ring () with the desired properties comes from Cohen’s
structure theorem, as in [54, Corollary 3.2.5]. O

The following result is a generalization of Proposition 4.1

Theorem 4.4. If mp is quasi-decomposable, then R is Gorenstein if and only if
it is a hypersurface. Moreover, if these equivalent conditions are satisfied, then
dim(R) > 1 and e(R) < 2.

Proof. If R is a hypersurface, then it is Gorenstein.

For the converse, assume that R is Gorenstein. It follows that there is an R-
regular sequence X = z1,...,T. € mp such that the maximal ideal mz of the
ring R = R/(x) is decomposable. Since R is also Gorenstein, Proposition
implies that R is a 1-dimensional hypersurface. Write R = S x; T, where S and
T are 1-dimensional regular local rings. Since mz = mg @ mr, it follows readily

that edim(R) = 2. By construction, we have dim(R) = dim(R) + ¢ = 1 + ¢ and
edim(R) < edim(R)+c¢ = 2+¢. Hence, edim(R) —dim(R) < (2+¢)—(14¢) =1, s0
R is a hypersurface. For the inequality involving e(R), note that e(R) < e(R) = 2
by Proposition (.1} O

4.5. In contrast to Proposition if R is a singular n-dimensional hypersurface,
then mpr may or may not be quasi-decomposable. For instance, Theorem rules
out artinian hypersurfaces and the hypersurfaces of multiplicity greater than 2.
However, even the hypersurfaces of dimension 1 and multiplicity 2 need not have
quasi-decomposable maximal ideal. Indeed, by Corollary[4.2] if R is a 1-dimensional
hypersurface that has quasi-decomposable maximal ideal, then it is not an integral
domain. Hence, for any field k, the ring k[z, y]/(2? — y3) = k[t?,+3] does not have
quasi-decomposable maximal ideal.

On the other hand, in higher dimensions, some integral domain hypersurfaces of
multiplicity 2 do have quasi-decomposable maximal ideal while others do not; see

Examples and below.

Example 4.6. Let R = C[z,y, z]/(2* + y* + 2?). This ring is a 2-dimensional hy-
persurface domain that has quasi-decomposable maximal ideal. In fact, the element
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z is R-regular and we have
kR Clzyl Clz,y] Clu, v]

R @) G et (w) ol xeCll

Example 4.7. If g is an element of the cube of the maximal ideal (x,y, z) of the
ring k[z,y, z] over the field k, then the hypersurface R = k[z,v, 2]/(x? + g) does
not have quasi-decomposable maximal ideal. (Note that e(R) = 2, and there are
plenty of examples where this ring is an integral domain.) By way of contradiction,
suppose that f € k[z,y, 2] such that f € R is R-regular and that R := R/fR is
isomorphic to a fiber product ring of the form S xj T

Note that it follows readily that the maximal ideal of E/m% is decomposable.
3 —

Indeed, if mz = mgs @ mp, then me

m¥ & m3., so the maximal ideal of R/ m% is
my/m% = (mg & mr)/(mg ©my) = (mg/mg) & (mr/m7).
Note that the condition g € (z,vy, 2)® implies that

md (224 g, f) + (2,y,2)° (@2 f) + (2,y,2) o
If f € (x,y,2)? then e(R) > 4, contradicting Proposition Thus, we have
f € (x,y,2) \ (z,y,2)% Now we consider two cases.
Case 1: f =ax? (mod (x,y,2)3) for some a € k. In this case, ([£.7.1) reads as
R kzy 4]

m2 (22) + (2,9, 2)
If the maximal ideal of this ring is decomposable, then in particular there are two
linearly independent linear forms o = bx+cy+dz and o’ = b’z +c'y+d'z such that
ad’ =01in E/m?’ﬁ, that is, aa’ € (2%) + (z,9,2)* C k[z,y, 2]. Tt is straightforward
to show that there are no such forms, a contradiction.

Case 2: f # az? (mod (z,y,2)3) for all a € k. In this case, since f is in
(z,9,2) ~ (2,9, 2)?, the elements z, f form part of a regular system of parameters
for the ring k[z,y, z]. Let x, f,u be a regular system of parameters for k[z,y, z].

Then, (4.7.1)) reads as
B kel . ksl

m2 (@2 f) + (2, fu) o (27) + (2,u)®
As in Case 1, it is straightforward to use linear forms to show that the maximal
idea of this ring is indecomposable, again, a contradiction.

Thus, R does not have quasi-decomposable maximal ideal.

Examples and are interesting in that they show that rings which are some-
what similar can be distinguished by the property of having quasi-decomposable
maximal ideal (or not). These rings have many similar homological properties,
both being hypersurfaces. This fact can be seen by observing that each one is a
deformation of the regular local ring k[, y, 2], which does have quasi-decomposable
maximal ideal by Proposition [3.6f With this in mind, it is natural to consider a re-
laxed version of the quasi-decomposable maximal ideal condition. This is explored
in the next result (as a consequence of Theorem which concludes this section.

Corollary 4.8. Assume R is Gorenstein. The following conditions are equivalent.
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(i) R is a complete intersection.
(ii) R admits a diagram of deformations R — R’ < R" such that R" has quasi-
decomposable maximal ideal.
(iii) R admits a deformation R« Q, where Q@ has quasi-decomposable mazimal
ideal.
(iv) There exists a quasi-Gorenstein local ring homomorphism R — R of finite
complete intersection dimension such that R admits a finite sequence

R+ R - Ry<---— R,

of deformations in which R,, has decomposable mazimal ideal. R
(v) There exists a quasi-Gorenstein local ring homomorphism R — R of finite
complete intersection dimension such that R admits a finite sequence

R+ R = Ry ---— R, (4.8.1)

of complete intersection local ring homomorphisms in which R, has quasi-
decomposable mazximal ideal.

Proof. == Assume that R is a complete intersection. Let x € mp be a
maximal R-regular sequence, and set R’ := R/(x). Note that R’ is artinian and
hence, it is complete. By Cohen’s Structure Theorem, R’ is a homomorphic image
of a regular local ring R” that can be chosen such that dim R” > 2. Since R is a
complete intersection, the same is true of R’, so the map R” — R’ is a deformation.
Furthermore, R” has quasi-decomposable maximal ideal by Proposition [3.6

(i) = Assume that R is Gorenstein and admits a diagram of deforma-
tions R — R’ + R” such that R” has quasi-decomposable maximal ideal. The
deformation R — R’ is quasi-Gorenstein by and has finite complete intersection
dimension. Since R” has quasi-decomposable maximal ideal, there is a deformation
R" — Ry such that R, has decomposable maximal ideal. Now, take the given
diagram R — R’ < R" and set R =R and R; = R” with n = 1 to conclude that
condition ({iv)) holds.

= (|v|) follows from the facts that every deformation is a complete inter-
section local ring homomorphism and every ring with decomposable maximal ideal
has quasi-decomposable maximal ideal.

— ([if) Under the assumptions, note that bythe ring R is Gorenstein since
R is Gorenstein and R — R is quasi-Gorenstein. The sequence of complete
intersection local ring homomorphisms shows that each ring R; is Gorenstein, by [2.7]
and 2.9 It follows from Theorem [£.4] that R,, is a hypersurface, so by each R;
is a complete intersection. In particular, Risa complete intersection and hence, R
is a complete intersection by

= If R is a complete intersection, then there is a deformation Q — R,
where @ is a regular local ring that can be chosen to have dimension > 2. Note
that @ has quasi-decomposable maximal ideal by Proposition [3.6

== Assume that R is Gorenstein and the completion R admits a
deformation R < @ such that @ has quasi-decomposable maximal ideal. Argue
as in the proof of = , using the fact that the natural map R — Ris
quasi-Gorenstein and has finite complete intersection dimension, to conclude that
condition holds. g
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5. GORENSTEIN PROPERTY AND THE VANISHING OF EXT

In this section, we prove Theorem and Corollary from the introduction.
We start with the next result for which the proof is omitted because it is a direct
consequence of [42] Corollary 6.8] and [21, Corollary 4.4].

Proposition 5.1. If R is singular and mp, is quasi-decomposable, then the following
conditions are equivalent.

(i) R is Gorenstein.
(ii) R is a hypersurface.
(ili) There exists a non-zero finitely generated R-module N with idr(N) < oo such
that Ext (N, R) = 0 for i > 0.
(iv) There exists a finitely generated R-module M with pdg(M) = oo such that
Ext% (M, R) =0 fori > 0.

Proof of Theorem [I.2] will be given after the following result, which is a souped
up version of Proposition [5.1] and is a consequence of Theorem Note that
Corollary which states that the generalized Tachikawa’s Conjecture holds for
R, follows directly from part (a) of the following result by assuming w = N.

Corollary 5.2. A singular local ring R is Gorenstein if any of the following holds.

(a) There exists a non-zero finitely generated R-module N with idr(N) < oo such
that Extz(N,R) = 0 for i > 0, and there is a diagram of local ring homo-

morphisms R 2 R’ &S such that @ is a composition of flat local maps and
deformations, v is a deformation, and S has quasi-decomposable mazximal ideal.

(b) There exists a finitely generated R-module M with pdp(M) = oo such that
Extzé(M, R) = 0 for i > 0, and there is a local ring homomorphism R %8
that is a composition of flat local maps and deformations and S has quasi-
decomposable mazimal ideal.

Proof. Assume that holds. If S were regular, then R’ would be Gorenstein, im-
plying that R is Gorenstein as well. Therefore, we assume without loss of generality
that S is singular. By Theorem we have G-dimp(N) < oo. On the other hand,
by assumption, we know that idg(N) < oo. Hence, it follows from [30, Theorem
3.2] that R is Gorenstein, as desired.

To show that implies R is Gorenstein, argue as in the proof of Theorem |1.2
(below) to conclude that either pdr(M) < oo or R is Gorenstein. Since M has
infinite projective dimension by assumption, we conclude that R is Gorentein. [

Proof of Theorem[I.3 Let e be the codimension of the deformation v. Then,
R ~ Y°RHomg (R, S). (5.2.1)

Write ¢ as a composition ¢ = @1 --- ¢, of flat maps and deformations. Rewrite
each deformation as a composition of codimension-1 deformations, if necessary, to
assume without loss of generality that each deformation has codimension 1.

To prove that G-dimg (V) < oo, we argue by induction on n. For the base case
n = 0, note that ¢ is the identity on R = R’. By assumption, the R-complex



13

RHompg(N, R) is homologically bounded. It follows from that
RHompg (N, R) ~ RHomg (N, X°RHomg (R, S))
~ Y°RHompg (N, RHomg (R, S))
~ ¥*RHomg (R ®% N, S)
~ ¥*RHomg (N, S).
Hence, the S-complex RHomg(N, S) is homologically bounded as well. In other
words, we have Exts(N,S) = 0 for ¢ > 0. From [42], Corollary 6.8], we have that

pdg(N) < oo or S is Gorenstein. In either of these cases, we have G-dimg(N) < oco.
It now follows from [I4], (2.2.8) Theorem] that G-dimpg(N) < oo as well.

For n > 1 we consider the following cases.
Case 1: Suppose that ¢,: R — R" is flat. By flat base change, for the R”-module
N"” := R" ® g N we have Exty,(N”,R") = 0 for ¢« > 0. On the other hand,
the diagram R” — R’/ + S satisfies the hypotheses of our induction step, so we
conclude that G-dimpg(N) = G-dimp~ (N") < oo; see, for instance, [, (4.1.4)].
Case 2: Suppose that ¢,: R — R” is a codimension-1 deformation. Then, (o, is
surjective with kernel generated by an R-regular element z. If Nj is a syzygy of
N, then z is Nj-regular. Dimension-shifting implies that Exty (N1, R) = 0 for all
i > 0. It also follows that Nj' := R” @ Ny ~ R"” @% N;. Therefore, we have

RHompg (N}, R") ~ RHompg~(R" @% N1, R")
~ RHompg(Ny, RHompg~ (R", R"))
>~ :R,HOH’IR(ZV:L7 RH).

Thus, we have Exth, (N{', R") = Ext’(Ny, R”) for all i > 1. Because of the short
exact sequence 0 - R = R — R/f — 0, using the assumption Exty (N1, R) = 0
for ¢ > 0, we conclude that Exty.(N{, R") = Extih(N1,R") = 0 for i > 0.
It follows from the induction step that G-dimg(N1) = G-dimp/(R” @% Ny) =
G-dimp (N7') < oo; see [2, (4.31) Corollary]. Since N; is a syzygy of N, it follows
that G-dimg(N) < oo, as desired. O

Next example shows that part (]E[) of Corollary cannot be weakened to having
a diagram R - R’ & S described in part @

Example 5.3. Consider the Cohen-Macaulay local rings S = k[, y, 2] /(2?%, xy, y*)
and R = k[z,y, 2] /(2% xy,y?, 2%). Note that S has quasi-decomposable maximal
ideal because the S-regular sequence z satisfies

S/(2) = klz.y]/(2*, 2y, y*) = k2] /(«*) <k k[y]/ ()
Also, R is not Gorenstein and the natural projection S — R is a codimension-
1 deformation. On the other hand, the R-module R/(z) has infinite projective

dimension and is totally reflexive so it has lots of Ext-vanishing with respect to R;
see [5.5] below for the definition of totally reflexive.

The following result is a slight variation on the implication “(]ED —> R is Goren-
stein” of Corollary

Proposition 5.4. Assume that there exists a finitely generated R-module M with
CI-dimpg(M) = oo such that Extiz(M, R) =0 for i > 0, and there is a diagram of
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local ring homomorphisms R % R’ &S such that @ 1s flat, ¥ is a deformation,
and S has quasi-decomposable maximal ideal. Then, R is Gorenstein.

Proof. If CI-dimg(M) = oo, then it follows from [I0, (1.13) Proposition] that
Cl-dimpg/ (R’ ®g M) = oo as well. Now, argue as in the proof of Corollary O

We have seen in Corollaries and that rings which admit certain dia-
grams of local ring homomorphisms with the ring appearing on the right having
quasi-decomposable maximal ideal have restrictive homological properties some-
how similar to the rings with quasi-decomposable maximal ideals. We conclude
this section with a result about G-regularity that is of a similar spirit.

5.5. Following [55], the ring R is called G-regular if the class of totally reflexive
R-modules (i.e., finitely generated R-modules of Gorenstein dimension 0) coincides
with the class of free R-modules.

Proposition 5.6. Let p: R — S be a local ring homomorphism that is a com-
position of flat local ring homomorphisms and deformations. Assume that S is
Cohen-Macaulay and has quasi-decomposable mazimal ideal. If R is not a complete
intersection, then S and R are both G-regular.

Proof. Note that our assumptions imply that fdg(S) < co. Since R is not a com-
plete intersection, finite flat dimension descent implies that S is also not a complete
intersection; see Theorem [4.4] implies that S is not Gorenstein. Our assump-
tion that S is Cohen-Macaulay and has quasi-decomposable maximal ideal implies
that S is G-regular by [42l Corollary 6.6]. The proof of loc. cit. shows that if
A — B is a deformation such that B is Cohen-Macaulay and G-regular, then A is
Cohen-Macaulay and G-regular. It is straightforward to show that the same im-
plication holds when the map A — B is flat and local. Thus, it follows that R is
Cohen-Macaulay and G-regular. O

5.7. In contrast with Corollary one cannot improve Proposition to allow
for a zig-zag of local ring homomorphisms. In fact, Example shows that if S is
Cohen-Macaulay and has quasi-decomposable maximal ideal, R is not a complete
intersection, and R — R <~ S is a diagram of local ring homomorphisms, where 7
is a codimension-1 deformation, then one cannot conclude that R is G-regular.

6. SEMIDUALIZING COMPLEXES

The notion of Semidualizing modules was originally introduced by Foxby [20]
and rediscovered by several authors independently for different applications; see,
for instance [8, 27, [50, [56] 59]. Special cases of such modules include canonical
modules over Cohen-Macaulay rings, a notion that was introduced by Grothendieck;
for more details see [29].

Our goal in this section is to prove Theorem in which we show that the
cardinality of the set consisting of shift-isomorphism classes of semidualizing R-
complexes is small under the existence of a certain diagram of local ring homomor-
phisms. This set, which is denoted by &(R) (see[6.3|below), is known to be a finite
set by [38]. On the other hand, for every integer n > 1, by [40, Theorem B], there
exists a local ring R with card(&G(R)) = 2". Hence, in general, §(R) can be big.

Note that for a single ring R, if R is a fiber product ring or more generally, if
mp is quasi-decomposable, then by [39, Corollary 4.6] and Proposition below
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we have that G(R) is small. More precisely, in these cases we have card(&(R)) < 2.
Theorem [1.4] in fact, shows how far we can push this result along a zig-zag diagram
of local ring homomorphisms.

6.1. A finitely generated R-module C is semidualizing if one has R = Homp(C, C')
and Ext}(C, C) = 0 for all i > 1. For instance, the free R-module R! is semidual-
izing. A dualizing module D for R is a semidualizing module with idg(D) < ooE|

Note that R admits a dualizing module if and only if it is Cohen-Macaulay and
a homomorphic image of a local Gorenstein ring.

More generally, we define the following notions.

6.2. A homologically finite R-complex C'is semidualizing if the natural homothety
morphism xZ: R — RHompg(C,C) is an isomorphism in D(R). A dualizing com-
plex is a semidualizing complex of finite injective dimension, i.e., a semidualizing
complex that is isomorphic in D(R) to a bounded complex of injective R-modules.

6.3. The set of isomorphism (resp. shift-isomorphism) classes of semidualizing R-
modules (resp. R-complexes) in D(R) is denoted So(R) (resp. G(R)). Note that
So(R) is naturally a subset of G(R) because every semidualizing R-module is a
semdualizing R-complex concentrated in degree 0.

6.4. Note that R is Gorenstein if and only if the free R-module R' of rank 1 is
dualizing for R, and this is if and only if R' is the only semidualizing R-complex
up to shift-isomorphism in D(R). By [28] and [33] we know that R has a dualizing
complex if and only if it is a homomorphic image of a local Gorenstein ring.

6.5. The map on & induced by base-change along a local ring homomorphism of
finite flat dimension is 1-1; see [22, Theorems 4.5 and 4.9].

Proposition 6.6. If mpg is quasi-decomposable, then card(&(R)) < 2. More pre-
cisely, G(R) consists of the free R-module R* and dualizing R-complex (if it exists).

Proof. Let x € mp be an R-regular sequence such that R := R/xR is a fiber
product. As we mentioned in the map &(R) — S(R) induced by base-change

is 1-1. By [39, Corollary 4.6] we have card(&(R)) < 2. More precisely, G(R)
consists of the free R-module Rl and dualizing R-complex (if it exists). Hence, if
C € &(R), then C := R®%L C is shift-isomorphic to R or it is dualizing for R, in
case that R has a dualizing complex. In the first case, C'~ R up to a shift by, e.g.,
the standard equality of Poincaré series Pg(t) = PJ(t); for this equality see, for
instance, [8, (1.5.3) Lemma]. In the second case, C' must be dualizing for R by [7]
(5.1) Theorem)] since every deformation is a Gorenstein local homomorphism. O

In order to prove Theorem as a generalization of Proposition we need
some more preliminary results, beginning with a useful lemma that one can possibly
deduce from results in [24]. (Here, leng(M) denotes the length of an R-module M.)

Lemma 6.7. Let o: R — S be a flat local ring homomorphism, and assume that
the induced map k — S/mgrS is an isomorphism. Then, the induced map ¢: R — S
is also an isomorphism. In particular, if R is complete, then ¢ is an isomorphism.

The assumption that the induced map k — S/mgS is an isomorphism is equiv-
alent to the following: mgrS = mg and Im(p) + mg = S.

2The notions of dualizing module and canonical module agree when R is Cohen-Macaulay.
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Proof. Since ¢ is flat, the Nagata Flatness Theorem [36, Exercise 22.1] implies that
leng(S/m%S) = leng(R/m%) leng(S/mgS) = leng(R/m') (6.7.1)

for all positive integers n. Using the condition k& = S/mpgS, one sees that every
composition series for S/m%S over S is also a composition series over R, hence,
the equality leng(S/m%S) = leng(S/m%S) holds. Therefore, by we have
leng(S/m%S) =leng(R/m}).

The induced map R/m’%, — S/m’LS is flat and local for all integers n > 1. In
particular, this map is injective. The previous paragraph therefore implies that this
map is bijective. Passing to the inverse limit, we conclude that the induced map
R — Sisan isomorphism. (Note that since mpS = mg, the mp-adic completion of
S is the same as its mg-adic completion.) In particular, if R is complete, then the
composition R=R—S— Sisan isomorphism; since each map in the composition
is flat and local (hence, injective) it follows that they are all also surjective. ([l

The next result complements [48, Proposition 3.15].

Proposition 6.8. Let p: R — (S,mg,l) be a complete intersection local ring ho-
momorphism of finite flat dimension. Assume that R is complete and the induced
map k — 1 is an isomorphism. Then the induced maps

-~

S(R) — &(5) = 6(S)
are bijective.

Proof. As we note in the induced maps G(R) — &(S5) — (‘5(§) are injective,
so we only need to prove surjectivity.

Case 1: S is complete and ¢ is flat with regular closed fibre. Let y € mg give
a minimal generating sequence y for the maximal ideal mg/mgS of the regular
local ring S/mpS. Since @ is flat, the fact that ¥ is S/mpS-regular implies that
y is S-regular. Moreover, the induced map R — S/(y)S is flat; see [36], Corollary
to Theorem 22.5]. By construction, the maximal ideal of S/(y)S is mg(S/(y)S).
Thus, the map R — S/(y)S satisfies the hypotheses of Lemma Since R is
assumed to be complete, we deduce from Lemma that the map R — S/(y)S is
an isomorphism. In particular, the induced map &(R) — &(5/(y)S) is bijective.
This surjective map factors as S(R) — &(S) — &(5/(y)S). Since these maps are
also injective, as we have noted, it is straightforward to deduce that they are both
surjective. Since S is assumed to be complete, the proof in this case is finished.

Case 2: the general case. As in the previous case, it suffices to show that the

-~

induced map S(R) — &(S5) is surjective. So, assume without loss of generality

that S is complete. Consider a Cohen factorization R 2> R’ <+ S of ¢. Since
@ is complete intersection of finite flat dimension, the map ¢’ is a deformation.
Since R’ is complete, by [23, Proposition 4.2] the map &(R’) — &(S) is surjective.
Now, Case 1 implies that G(R) — &(R’) is also surjective, so the composition
S(R) — &(9) is surjective as well. O

Lemma 6.9. Let o: R — S be a local ring homomorphism, and let X be a homo-
logically finite R-complex. Then the following conditions are equivalent.

(i) X is dualizing for R and ¢ is quasi-Gorenstein.
(ii) X € 6(R), S®% X is dualizing for S, and G-dim(p) < co.
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Proof. (i) = follows from [8, (7.8) Theorem).
(i) = (i): We have a series of equalities

PRI ()1,(t) = IF(H)1(1)
= I5(t)
= I3 ()P o (1)

S
= taPS®%X(t)

=t*PE(t)

where, the first and third equalities are from [15] (3.18.2)], the second equality
is (2.9.1), the fourth equality (for some a € Z) follows from the assumption that
S ®@% X is dualizing for S and [28, V.3.4], and the last equality is from [8] (1.5.3)
Lemmal. Cancellation implies that I3 (t) = t* and I,(t) = t¢ for some b, ¢ € Z; the
first of these equalities implies that X is dualizing for R again by [28 V.3.4], and
the second one implies that ¢ is quasi-Gorenstein by O

We are now ready to prove Theorem

Proof of Theorem[14) It suffices to show that if C' is a semidualizing R-complex
such that C' 2¢ ¥R for all i € Z, then C is dualizing for R. Assume that such
a C' is given. We can assume without loss of generality that each R; is complete.
Note that this does not change the properties of the maps in the diagram nor the
assumption about R,. We now argue by induction on n > 0.

The base case n = 0 has been covered by Proposition

For the induction step, let n > 2, noting that the shape of the given diagram
implies that n is even. Since the ring homomorphism Ry — R; has finite complete
intersection dimension, it follows from [I5] (5.1) Theorem] and [49, Theorem 6.1(a)]
that C; := Ry ®% C € &(Ry). Then, Proposition implies that there is a
semidualizing Ro-complex Cs such that C; ~ R, ®Ié2 C5. The standard equality
of Poincaré series PEF(t) = Pgll (t) = ng (t) implies that for all ¢+ € Z we have
Cy % ¥'R,y. By our induction hypothesis, we conclude that C5 is dualizing for Rs.
The fact that the local ring homomorphism R, — R; is complete intersection of
finite flat dimension implies that it is Gorenstein. Therefore, [7, (5.1) Theorem]
implies that C; is dualizing for R;. Since the map Ry — R; has finite complete
intersection dimension, it has finite Gorenstein dimension. Hence, an application
of Lemma shows that C' is dualizing for R, as desired. O

In light of the conclusions of Theorem it is clear that the hypotheses are
restrictive. The next result is another indication of this.

Corollary 6.10. Under the assumptions of Theorem either the ring R is
Gorenstein or each ring homomorphism ¢;: Ro; — Ro;y1 with 0 <i < (n—2)/2 is
quasi- Gorenstein.

Proof. Asin the proof of Theorem|[L.4] we can assume without loss of generality that
each R; is complete. In particular, each R; has a dualizing complex D;. Assume
that R = Ry is not Gorenstein, so Dy % YRy for all i € Z. We show by induction
on n that each map ¢; is quasi-Gorenstein.

The base case n = 0 holds vacuously. For the induction step, let n > 2, noting
that the shape of the given diagram implies that n is even. Since R; is complete,
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by [8, (5.3)] (see also [2.13]) the ring homomorphism ¢y has a dualizing complex
D¥0. By definition, this means that D¥° is a semidualizing R;-complex such that

Dy ~ (Do ®@p Ry) @, D¥° ~ Do ®F, D*°. (6.10.1)

Since R; is complete, Ry < Rs has finite flat dimension because it is a complete
intersection ring homomorphism. On the other hand, by Theorem [I.4] we have
card(6(Ry)) < 2. Hence, by Proposition [6.8 we have D0 ~ ¥R, or D¥° ~ ¥'D;
for some integer i. If D¥° ~ ¥?D;, then taking Poincaré series in we have

Pyl (t) = P, (1)Phe, (t) = t'Ph, (1) PP} (1)

where the left equality comes from [8} (1.5.3) Lemma]. It follows that Pf (t) =t~/
and therefore, Dy ~ ¥*Ry, which is a contradiction.

Hence, we must have D% ~ Y'R; for some i € Z. In other words, R; is a
dualizing complex for ¢g. Thus, g is quasi-Gorenstein by [8], (7.8) Theorem)].

For our induction argument, it remains to show that Rs is not Gorenstein. To
this end, suppose by way of contradiction that R, were Gorenstein. Then, Propo-
sition implies that 1 = card(&(Rz)) = card(S(R1)), i.e., Ry is Gorenstein. It
follows that R is Gorenstein by [8], (7.7.2)], which is a contradiction. O

ACKNOWLEDGMENTS

We are grateful to the referee for reading the paper carefully and for giving us
valuable suggestions.

REFERENCES

1. H. Ananthnarayan, L. L. Avramov, and W. F. Moore, Connected sums of Gorenstein local
rings, J. Reine Angew. Math. 667 (2012), 149-176.

2. M. Auslander and M. Bridger, Stable module theory, Memoirs of the American Mathematical
Society, No. 94, American Mathematical Society, Providence, R.I., 1969.

3. M. Auslander, I. Reiten, On a generalized version of the Nakayama conjecture, Proc. Amer.
Math. Soc. 52 (1975), 69-74.

4. L. L. Avramov, Infinite free resolutions, Six lectures on commutative algebra (Bellaterra,
1996), Progr. Math., vol. 166, Birkhduser, Basel, 1998, pp. 1-118.

5. L. L. Avramov, Locally complete intersection homomorphisms and a conjecture of Quillen on
the vanishing of cotangent homology, Ann. of Math. (2) 150 (1999), no. 2, 455-487.

6. L. L. Avramov, R.-O. Buchweitz, and L. Sega, Extensions of a dualizing complex by its ring:
commutative versions of a conjecture of Tachikawa, J. Pure Appl. Algebra 201 (2005), 218—
239.

7. L. L. Avramov and H.-B. Foxby, Locally Gorenstein homomorphisms, Amer. J. Math. 114
(1992), no. 5, 1007-1047.

8. L. L. Avramov and H.-B. Foxby, Ring homomorphisms and finite Gorenstein dimension, Proc.
London Math. Soc. (3) 75 (1997), no. 2, 241-270.

9. L. L. Avramov, H.-B. Foxby, and B.Herzog, Structure of local homomorphisms, J. Algebra
164 (1994), 124-145.

10. L. L. Avramov, V. N. Gasharov, and I. V. Peeva, Complete intersection dimension, Inst.
Hautes Etudes Sci. Publ. Math. (1997), no. 86, 67-114 (1998).

11. L. L. Avramov, S. Iyengar, and C. Miller, Homology over local homomorphisms, Amer. J.
Math. 128 (2006), no. 1, 23-90.

12. L. L. Avramov, S. B. Iyengar, S. Nasseh, and S. Sather-Wagataff, Homology over trivial
extensions of commutative DG algebras, Comm. Algebra 47 (2019), 2341-2356.

13. L. L. Avramov, S. B. Iyengar, S. Nasseh, and K. Sather-Wagstaff, Persistence of homology
over commutative noetherian rings, J. Algebra, 610 (2022), 463-490.

14. L. W. Christensen, Gorenstein dimensions, Lecture Notes in Mathematics, 1747. Springer-
Verlag, Berlin, 2000. viii+204 pp.



16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

19

L. W. Christensen, Semi-dualizing complezes and their Auslander categories, Trans. Amer.
Math. Soc. 3563 (2001), no. 5, 1839-1883.

L. W. Christensen, J. Striuli, and O. Veliche, Growth in the minimal injective resolution of a
local ring, J. Lond. Math. Soc. (2) 81 (2010), no. 1, 24-44.

A. Dress and H. Kramer, Bettireihen von Faserprodukten lokaler Ringe, Math. Ann. 215
(1975), 79-82.

N. Endo, S. Goto, and R. Isobe, Almost Gorenstein rings arising from fiber products, Canad.
Math. Bull. 64 (2021), no. 2, 383-400.

S. Faridi, Monomial ideals via square-free monomial ideals, Commutative algebra 85-114,
Lect. Notes Pure Appl. Math. 244, Chapman and Hall, Boca Raton, 2006.

H.-B. Foxby, Gorenstein modules and related modules, Math. Scand. 31 (1972), 267-284
(1973).

H.-B. Foxby, Isomorphisms between complexes with applications to the homological theory of
modules, Math. Scand. 40 (1977), no. 1, 5-19.

A. Frankild and S. Sather-Wagstaff, Reflexivity and ring homomorphisms of finite flat dimen-
ston, Comm. Algebra 35 (2007), no. 2, 461-500.

A. Frankild and S. Sather-Wagstaff, The set of semidualizing complexes is a nontrivial metric
space, J. Algebra 308 (2007), no. 1, 124-143.

A. Frankild, S. Sather-Wagstaff, and R. A. Wiegand, Ascent of module structures, vanishing
of Ext, and extended modules, Michigan Math. J. 57 (2008), 321-337, Special volume in honor
of Melvin Hochster.

T. H. Freitas, V. H. Jorge Pérez, R. Wiegand, and S. Wiegand, Vanishing of Tor over fiber
products, Proc. Amer. Math. Soc. 149 (2021), 1817-1825.

H. Geller, Minimal resolutions of fiber products, Proc. Amer. Math. Soc. 150 (2022), 4159—
4172.

E. S. Golod, G-dimension and generalized perfect ideals, Trudy Mat. Inst. Steklov. 165 (1984),
62—66, Algebraic geometry and its applications.

R. Hartshorne, Residues and duality, Lecture Notes in Mathematics, No. 20, Springer-Verlag,
Berlin, 1966.

R. Hartshorne, Local cohomology, A seminar given by A. Grothendieck, Harvard University,
Fall, vol. 1961, Springer-Verlag, Berlin, 1967.

H. Holm, Rings with finite Gorenstein injective dimension, Proc. Amer. Math. Soc. 132
(2004), no. 5, 1279-1283.

A. Tarrobino, C. McDaniel, and A. Seceleanu, Connected sums of graded Artinian Gorenstein
algebras and Lefschetz properties, J. Pure Appl. Algebra 226 (2022), no. 1, Paper No. 106787,
52 pp.

S. Iyengar and S. Sather-Wagstaff, G-dimension over local homomorphisms. Applications to
the Frobenius endomorphism, Illinois J. Math. 48 (2004), no. 1, 241-272.

T. Kawasaki, On arithmetic Macaulayfication of Noetherian rings, Trans. Amer. Math. Soc.
354 (2002), no. 1, 123-149.

A. I. Kostrikin and I. R. Safarevi¢, Groups of homologies of nilpotent algebras, Dokl. Akad.
Nauk SSSR (N.S.) 115 (1957), 1066-1069.

J. Lescot, La série de Bass d’un produit fibré d’anneauz locauz, C. R. Acad. Sci. Paris Sér. 1
Math. 293 (1981), no. 12, 569-571.

H. Matsumura, Commutative Ring Theory, Cambridge Studies in Advanced Mathematics, 8.
Cambridge University Press, Cambridge, 1989. xiv+320 pp.

W. F. Moore, Cohomology over fiber products of local rings, J. Algebra 321 (2009), no. 3,
758-773.

S. Nasseh and S. Sather-Wagstaff, Geometric aspects of representation theory for DG algebras:
answering a question of Vasconcelos, J. London Math. Soc., 96 (2017), no. 1, 271-292.

S. Nasseh and S. Sather-Wagstaff, Vanishing of Ext and Tor over fiber products, Proc. Amer.
Math. Soc. 145 (2017), no. 11, 4661-4674.

S. Nasseh, S. Sather-Wagstaff, R. Takahashi, and K. VandeBogert, Applications and homo-
logical properties of local rings with decomposable mazimal ideals, J. Pure Appl. Algebra 223
(2019), no. 3, 1272-1287.

S. Nasseh and R. Takahashi, Structure of Irreducible Homomorphisms to/from Free Modules,
Algebr. Represent. Theor. 21 (2018), 471-485.



20

42

43.

44.

45.

46.
47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

S. NASSEH, KERI ANN SATHER-WAGSTAFF, AND R. TAKAHASHI

. S. Nasseh and R. Takahashi, Local rings with quasi-decomposable mazimal ideal, Math. Proc.
Cambridge Philos. Soc. 168 (2020), no. 2, 305-322.

S. Nasseh and Y. Yoshino, On Ezt-indices of ring extensions, J. Pure Appl. Algebra 213
(2009), no. 7, 1216-1223.

H. D. Nguyen and T. Vu, Homological invariants of powers of fiber products, Acta Math.
Vietnam 44 (2019), no. 3, 617-638.

T. Ogoma, Cohen Macaulay factorial domain is not necessarily Gorenstein, Mem. Fac. Sci.
Kochi Univ. Ser. A Math. 3 (1982), 65-74.

T. Ogoma, Ezistence of dualizing complezes, J. Math. Kyoto Univ. 24 (1984), no. 1, 27-48.
T. Ogoma, Fibre products of Noetherian rings and their applications, Math. Proc. Cambridge
Philos. Soc. 97 (1985), no. 2, 231-241.

S. Sather-Wagstaff, Semidualizing modules and the divisor class group, lllinois J. Math. 51
(2007), no. 1, 255-285.

S. Sather-Wagstaff, Complete intersection dimensions and Foxby classes, J. Pure Appl. Al-
gebra 212 (2008), no. 12, 2594-2611.

S. Sather-Wagstaff, Bass numbers and semidualizing complezes, Commutative algebra and its
applications, Walter de Gruyter, Berlin, 2009, pp. 349-381.

H. Tachikawa, Quasi-Frobenius rings and generalizations, QF-8 and QF-1 rings, Notes by
Claus Michael Ringel. Lecture Notes Mathematics, vol. 351, Springer-Verlag, Berlin-New York,
1973. xi+172 pp.

R. Takahashi, Dominant local rings and subcategory classification, Int. Math. Res. Not. IMRN
(2023), no. 9, 7259-7318.

R. Takahashi, Classifying resolving subcategories over a Cohen-Macaulay local ring, Math. Z.
273 (2013), no. 1-2, 569-587.

R. Takahashi, Direct summands of syzygy modules of the residue class field, Nagoya Math. J.
189 (2008), 1-25.

R. Takahashi, On G-regular local rings, Comm. Algebra 36 (2008), no. 12, 4472—-4491.

W. V. Vasconcelos, Divisor theory in module categories, North-Holland Publishing Co., Am-
sterdam, 1974, North-Holland Mathematics Studies, No. 14, Notas de Matematica No. 53.
[Notes on Mathematics, No. 53].

R. H. Villarreal, Cohen-Macaulay graphs, Manuscripta Math. 66 (1990), no. 3, 277-293.

R. H. Villarreal, Monomial algebras, Monographs and Textbooks in Pure and Applied Math-
ematics, vol. 238, Marcel Dekker Inc., New York, 2001.

T. Wakamatsu, On modules with trivial self-extensions, J. Algebra 114 (1988), no. 1, 106-114.

DEPARTMENT OF MATHEMATICAL SCIENCES, GEORGIA SOUTHERN UNIVERSITY, STATESBORO,

GEORGIA 30460, USA

Email address: snasseh@georgiasouthern.edu
URL: https://cosm.georgiasouthern.edu/math/saeed.nasseh

SCHOOL OF MATHEMATICAL AND STATISTICAL SCIENCES, CLEMSON UNIVERSITY, O-110 MARTIN

HaLL, Box 340975, CLEMSON, S.C. 29634 USA

A1

Email address: ssather@clemson.edu
URL: https://ssather.people.clemson.edu/

GRADUATE SCHOOL OF MATHEMATICS, NAGOYA UNIVERSITY, FUROCHO, CHIKUSAKU, NAGOYA,
CHI 464-8602, JAPAN

Email address: takahashi@math.nagoya-u.ac.jp

URL: http://www.math.nagoya-u.ac.jp/ takahashi/



	1. Introduction
	2. Local ring homomorphisms: general background
	3. Local rings with quasi-decomposable maximal ideal
	4. Gorenstein and complete intersection properties
	5. Gorenstein property and the vanishing of Ext
	6. Semidualizing complexes
	Acknowledgments
	References

