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ABSTRACT. This paper extends Auslander–Reiten duality in two directions. As an application, we obtain various
criteria for freeness of modules over local rings in terms of vanishing of Ext modules, which recover a lot of known
results on the Auslander–Reiten conjecture.

1. INTRODUCTION

TheAuslander–Reiten conjecture[6] is one of the most celebrated conjectures in the representation theory of
algebras. This long-standing conjecture is known to hold true over several classes of algebras, including algebras
of finite representation type [6] and symmetric artin algebras with radical cube zero [16]. This conjecture is
closely related to other conjectures such as theNakayama conjecture[6,22] and theTachikawa conjecture[7,24].
Although the Auslander–Reiten conjecture was initially proposed over artin algebras, it remains meaningful for
arbitrary commutative noetherian rings:

Conjecture 1.1(Auslander–Reiten). Let R be a commutative noetherian ringR and letM be a finitely generated
R-module. IfExtiR(M,M) = 0= ExtiR(M,R) for all i ≥ 1, thenM is projective.

Auslander, Ding and Solberg [5] proved that Conjecture 1.1 holds for any complete intersection local rings. Re-
cently there has been various progress towards Conjecture 1.1; see [2, 9–13, 15, 17, 18, 23] for instance. Using
Auslander–Reiten duality, Araya [1] proved that if all Gorenstein local rings of dimension at most one satisfy the
Auslander–Reiten conjecture, then so do all Gorenstein local rings.

In this paper, we extend Auslander–Reiten duality in two directions; the following two theorems are included
in the main results of this paper.

Theorem 1.2. Let R be a commutative noetherian ring. Letn ≥ 1 be an integer. LetM,N be finitely generated
R-modules. Assume thatM is (n+1)-torsionfree (e.g. totally reflexive) andNF(M)∩NF(N)⊆ Yn(R).

(1) There exists an exact sequence of R-modules

0→Extn−1
R (HomR(M,N),R)→ Extn−1

R (N,M)→ ExtnR(HomR(M,N),R)

→ExtnR(HomR(M,N),R).

(2) For all integers i≤ n−2 one has an isomorphism of R-modules

ExtiR(HomR(M,N),R)∼= ExtiR(N,M).

Theorem 1.3. Let (R,m,k) be a Cohen–Macaulay local ring of dimension d≥ 2 with canonical moduleω. Let
M,N be maximal Cohen–Macaulay R-modules such thatNF(M)∩NF(N)⊆ {m}.

(1) One has an isomorphism of R-modules

HomR(M,N)∨ ∼= Extd−1
R (M∗,N†).

(2) Suppose that M is locally totally reflexive (e.g. locally free) on the punctured spectrum of R. Then for all
1≤ i ≤ d−2 one has an isomorphism of R-modules

ExtiR(M,N)∨ ∼= Ext(d−1)−i
R (M∗,N†).
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Let us explain the notation and terminology used above. For an integern, we denote by Yn(R) the set of prime
idealsp with depthRp ≥ n. An n-torsionfree module is a moduleM with ExtiR(TrM,R) = 0 for 1≤ i ≤ n, where
TrM stands for the Auslander transpose ofM. We denote byNF(M) the non-free locus of anR-moduleM, that
is, the set of prime idealsp such thatMp is not Rp-free. ForR-modulesM,N we denote by HomR(M,N) the
stable Hom module, namely, the quotient of HomR(M,N) by the homomorphisms factoring through projective
modules. Also,(−)∨ = HomR(−,ER(k)), (−)∗ = HomR(−,R), and(−)† = HomR(−,ω) are the Matlis, algebraic
and canonical duals, respectively.

Both of the above two theorems recover the following celebrated Auslander–Reiten duality theorem ford ≥ 2.
In fact, Theorem 1.3 is included in a more general result (Theorem 2.8), which recovers Corollary 1.4 for alld≥ 0.

Corollary 1.4 (Auslander–Reiten duality). Let (R,m) be a d-dimensional Gorenstein local ring. LetM,N be
maximal Cohen–Macaulay R-modules such thatNF(M)∩NF(N)⊆{m}. Then for alli ∈Z there is an isomorphism
of Tate cohomology modules

ÊxtiR(N,M)∨ ∼= Êxt(d−1)−i
R (M,N).

There are also many other applications of the above theorems, including an improved version of a main theorem
of Celikbas and Takahashi [10, Theroem 1.1], and the following result. Recall that a commutative noetherian ring
is calledgenerically Gorensteinif Rp is Gorenstein for allp ∈ AssR.

Corollary 1.5. Let R be a generically Gorenstein local ring of depth t, and let2≤ n≤ t be an integer. LetM be a
finitely generated R-module such thatNF(M)⊆ Yn(R). ThenM is free if it satisfies the following three conditions.

(1) ExtiR(M,M) = 0 for n−1≤ i ≤ t −1.
(2) ExtiR(M,R) = 0 for i > 0.
(3) ExtiR(HomR(M,M),R) = 0 for n≤ i ≤ t, or HomR(M,M) has finite G-dimension.

It is worth mentioning that Corollary 1.5 simultaneously generalizes several known results on the Auslander–
Reiten conjecture, including the theorems of Araya [1, Corollary 4], Ono and Yoshino [23, Theorem] and Araya,
Celikbas, Sadeghi and Takahashi [2, Corollary 1.6], and substantial parts of the theorems of Huneke and Leuschke
[17, Theorem 1.3], Goto and Takahashi [15, Theorem 1.5(2)] and Dao, Eghbali and Lyle [13, Theorem 3.16].
Furthermore, Corollary 1.5 yields the following result.

Corollary 1.6. Let R be a noetherian normal local ring of depth t. A finitely generatedR-module M is free, if
either of the following conditions holds.

(1) ExtiR(M,M) = Ext j
R(M,R) = ExthR(HomR(M,M),R) = 0 for all 1≤ i ≤ t −1, j ≥ 1 and2≤ h≤ t.

(2) ExtiR(M,M) = Ext j
R(M,R) = 0 for all 1≤ i ≤ t −1 and j≥ 1, and thatHomR(M,M) has finite G-dimension.

In Section 2, we extend Auslander–Reiten duality. We prove our main theorems in this section that yield
Theorems 1.2 and 1.3 as special cases, and recover Corollary 1.4. In Section 3, we apply our theorems to give
various criteria for freeness of modules in relation to Conjecture 1.1, including Corollaries 1.5 and 1.6. Among
other things, we generalize the main theorem of [2] in this section (Corollary 3.9).

CONVENTION

Throughout this paper, we assume that all rings are commutative noetherian and all modules are finitely gener-
ated. LetR be a ring. We denote by(−)∗ theR-dual HomR(−,R). If R is local, thenm,k,d, t,(−)∨ always stand
for the maximal ideal ofR, the residue field ofR, the (Krull) dimension ofR, the depth ofR, and the Matlis dual
HomR(−,ER(k)), respectively. WheneverR admits a canonical moduleω, we denote by(−)† the canonical dual
HomR(−,ω). For anR-moduleM, we denote byΩM and TrM the (first) syzygy and the (Auslander) transpose of
M. We refer the reader to [4] for details on syzygies, transposes,n-torsionfree modules, totally reflexive modules
and G-dimension. For the definition and basic properties of Tate cohomology, we refer the reader to [25, Section
7]. We say that anR-moduleM is locally free (resp. totally reflexive, of finite G-dimension) on a subsetA of
SpecR, provided thatMp is free (resp. totally reflexive, of finite G-dimension) as anRp-module for allp ∈ A. For
an integern and anR-moduleK, let Xn(K) (resp. Yn(K)) denote the set of prime idealsp of Rsuch that depthRp

Kp

is at most (resp. at least)n.
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2. EXTENDING AUSLANDER–REITEN DUALITY TO n-TORSIONFREE MODULES

In this section, we extend Auslander–Reiten duality to(n+1)-torsionfree modules forn≥ 1. First we present
some examples of such modules.

Example 2.1. Let n≥ 1 be an integer. AnR-moduleM is (n+1)-torsionfree in each of the following cases.

(1) M is totally reflexive.
(2) R is local,M is locally totally reflexive on the punctured spectrum, depthM ≥ n≥ 2 and Extn−1

R (M∗,R) = 0.
(3) M is locally of finite G-dimension on Xn−1(R) andM is a(n+1)st syzygy.
(4) R is Cohen–Macaulay and local,M is locally of finite G-dimension on the punctured spectrum, andM is a

syzygy of a maximal Cohen–Macaulay module.

Proof. (1) By the definition of total reflexivity Ext>0
R (TrM,R) = 0. ThusM is i-torsionfree for alli ≥ 0.

(2) We see depthRp
Mp ≥ min{n,depthRp} for p ∈ SpecR. The assumptiondepthRM ≥ n especially saysn≤ d,

andMp is totally reflexive forp ∈ Xn−1(R). HenceM is n-torsionfree by [14, Proposition 2.4]. Asn≥ 2, we have
Extn+1

R (TrM,R)∼= Extn−1
R (M∗,R) = 0. ThereforeM is (n+1)-torsionfree.

(3) This is a consequence of [21, Theorem 43].
(4) Write M = ΩN with N maximal Cohen–Macaulay. Note thatN is also locally of finite G-dimension on the

punctured spectrum. By [14, Proposition 2.4] the moduleN is adth syzygy, and henceM is a (d+1)st syzygy.
The assertion now follows from (3). ■

To prove our first main result and some other results given later, we establish a lemma.

Lemma 2.2. Let n≥ 1 be an integer. LetM,N,K be R-modules such thatNF(M)∩NF(N)⊆ Yn(K).

(1) There exists an exact sequence of R-modules

0→ Extn−1
R (HomR(M,N),K)→ Extn−1

R (M∗⊗RN,K)→ ExtnR(HomR(M,N),K)→ ExtnR(HomR(M,N),K).

(2) For all integers i≤ n−2 one has an isomorphism of R-modulesExtiR(HomR(M,N),K)∼= ExtiR(M
∗⊗RN,K).

Proof. According to [4, Theorem (2.8)], there is an exact sequence♢

TorR2(TrM,N)→ M∗⊗RN
f−→ HomR(M,N)→ TorR1(TrM,N)→ 0.

SetH = Ker f , C= TorR1(TrM,N) andL = Im f . Note that the support ofH is contained in that of TorR
2(TrM,N).

SinceNF(M)∩NF(N)⊆ Yn(K), we see that Exti
R(C,K) = 0= ExtiR(H,K) for all i < n by [4, Lemma (4.5)]. Du-

alizing the above exact sequence byK yields isomorphisms Exti
R(HomR(M,N),K)∼= ExtiR(L,K) and ExtjR(L,K)∼=

Ext j
R(M

∗⊗RN,K) for all i ≤ n−2 and j ≤ n−1, and an exact sequence

0→ Extn−1
R (HomR(M,N),K)→ Extn−1

R (L,K)→ ExtnR(C,K)→ ExtnR(HomR(M,N),K).

It remains to note from [27, Lemma (3.9)] that HomR(M,N)∼= TorR1(TrM,N) =C. ■

Let K be anR-module. AnR-moduleM is calledn-torsionfree with respect to Kprovided that ExtiR(TrM,K)= 0
for all 1≤ i ≤ n. Note thatM is n-torsionfree if and only if it isn-torsionfree with respect toR. ForR-modulesM,N
we denote by grade(M,N) the smallest non-negative integern such that ExtiR(M,N) ̸= 0. The following theorem
is the first main result of this paper, which includes Theorem 1.2 from the Introduction.

Theorem 2.3. Let n≥ 1 be an integer. LetM,N,K be R-modules. Assume thatM is (n+ 1)-torsionfree with
respect to K, and thatNF(M)∩NF(N)⊆ Yn(K). Then the following hold.

(1) There exists an exact sequence of R-modules

0→Extn−1
R (HomR(M,N),K)→ Extn−1

R (N,M⊗RK)→ ExtnR(HomR(M,N),K)

→ExtnR(HomR(M,N),K).

(2) For all integers i≤ n−2 one has an isomorphism of R-modules

ExtiR(HomR(M,N),K)∼= ExtiR(N,M⊗RK).

♢In fact, one can add “0→” at the beginning of the exact sequence, that is, Kerf ∼= TorR2(TrM,N).
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Proof. Thanks to Lemma 2.2, it suffices to show that Exti
R(M

∗⊗R N,K) ∼= ExtiR(N,M ⊗R K) for all integersi ≤
n−1. There are two spectral sequences converging to the same point:

Epq
2 = ExtpR(TorRq(M

∗,N),K) =⇒ H p+q, F pq
2 = ExtpR(N,ExtqR(M

∗,K)) =⇒ H p+q.

As grade(TorRi (M
∗,N),K) ≥ n for all i > 0 by [4, Lemma (4.5)], we have thatEpq

2 = 0 if q > 0 and p < n,
and obtain an isomorphismEi0

2
∼= H i for all integersi ≤ n. SinceExtiR(TrM,K) = 0 for all 1≤ i ≤ n+1, we have

ExtiR(M
∗,K) = 0 for all 1≤ i ≤ n−1. HenceF pq

2 = 0 if 1≤ q≤ n−1, and we getF i0
2
∼=H i for all integersi ≤ n−1.

As n+1 ≥ 2, the moduleM is 2-torsionfree with respect toK, andM ⊗R K ∼= HomR(M∗,K) by [4, Proposition
(2.6)]. Thus there are isomorphisms

ExtiR(M
∗⊗RN,K) = Ei0

2
∼= H i ∼= F i0

2 = ExtiR(N,HomR(M
∗,K))∼= ExtiR(N,M⊗RK)

for all integersi ≤ n−1 and the proof of the theorem is completed. ■

We obtain the following corollary as a consequence of the above theorem.

Corollary 2.4. Let R be a local ring, and let M,N be R-modules. Assume thatM is (t +1)-torsionfree and that
NF(M)∩NF(N)⊆ Yt(R).

(1) If ExttR(HomR(M,N),R) = Extt−1
R (N,M) = 0, thenHomR(M,N) = 0.

(2) Suppose thatHom(M,N) has depth at least2 and finite G-dimension. Then there exists an isomorphism

Extt−1
R (N,M)∼= ExttR(HomR(M,N),R).

In particular, Extt−1
R (N,M) = 0 if and only ifHomR(M,N) = 0.

Proof. (1) If t = 0, then HomR(HomR(M,N),R) = 0, and HomR(M,N) = 0 by [8, Exercise 1.2.27], which implies
HomR(M,N) = 0. Let t > 0. Theorem 2.3(1) showsExttR(HomR(M,N),R) = 0, while gradeRHomR(M,N)≥ t by
[4, Lemma (4.5)] or [8, Proposition 1.2.10(a)]. HencegradeRHomR(M,N)> t. Thus, ifHomR(M,N) is nonzero,
then its annihilator contains anR-sequence of length more thant = depthR, which cannot occur. We must have
HomR(M,N) = 0.

(2) The last assertion is shown similarly to (1). As for the first assertion, in view of Theorem 2.3(1), it
is enough to show thatExtiR(HomR(M,N),R) = 0 for i = t − 1, t. We haveGdimR(HomR(M,N)) = depthR−
depthR(HomR(M,N))≤ t −2, which implies that ExtiR(HomR(M,N),R) = 0 for all i > t −2. ■

Remark 2.5. In fact, one can generalize Corollary 2.4 to a(t +1)-torsionfree moduleM with respect to a module
K satisfying NF(M)∩NF(N)⊆ Yn(K) with n= depthRK, assuming thatK is semidualizing for (2). We leave it to
the reader as an exercise.

Corollary 2.4 immediately recovers Corollary 1.4 in the case where dimR≥ 2, as follows. Thus our Theorem
2.3 (Theorem 1.2) recovers the Auslander–Reiten duality theorem in dimension at least two.

Corollary 2.6 (Auslander–Reiten duality in dimension at least two). Let (R,m) be a Gorenstein local ring with
d ≥ 2. LetM,N be maximal Cohen–Macaulay R-modules withNF(M)∩NF(N)⊆ {m}. Then for eachi ∈ Z there
is an isomorphism

ÊxtiR(N,M)∨ ∼= Êxt(d−1)−i
R (M,N).

Proof. As d ≥ 2, one can apply Corollary 2.4(2) to get Extd−1
R (N,M) ∼= ExtdR(HomR(M,N),R), which and [8,

Corollary 3.5.9] show Extd−1
R (N,M)∨ ∼= HomR(M,N). SubstitutingΩi−(d−1)N for N (and using basic facts on

Tate cohomology [25, Section 7]), we obtain

ÊxtiR(N,M)∨ ∼= Extd−1
R (Ωi−(d−1)N,M)∨ ∼= HomR(M,Ωi−(d−1)N)∼= Êxt(d−1)−i

R (M,N),

which give an isomorphism as in the assertion. ■

We prepare a lemma for the proof of the second main result of this paper, which is also be used later. The proof
of the lemma is analogous to that of [15, Lemma 2.3].

Lemma 2.7. Let R be a Cohen–Macaulay local ring with canonical moduleω. Let M be an R-module and N a
maximal Cohen–Macaulay R-module. Let0 ≤ m≤ d be an integer such thatNF(M)∩NF(N) ⊆ Ym(R). Then
ExtiR(M,N†)∼= ExtiR(M⊗RN,ω) for all integers0≤ i ≤ m.

We are now ready to present our second main result, which includes Theorem 1.3 from the Introduction.
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Theorem 2.8. Let(R,m) be a Cohen–Macaulay local ring with canonical moduleω. LetM,N be R-modules such
thatNF(M)∩NF(N)⊆ {m}. Assume that N is maximal Cohen–Macaulay.

(1) There is an isomorphismHomR(M,N)∨ ∼= Extd+1
R (TrM,N†). Therefore, ifd ≥ 2, then one has

HomR(M,N)∨ ∼= Extd−1
R (M∗,N†).

(2) Suppose that M is locally totally reflexive on the punctured spectrum of R. Then there is an isomorphism
ExtiR(M,N)∨ ∼= Extd+1−i

R (TrM,N†) for all 1≤ i ≤ d. In particular, for all1≤ i ≤ d−2 one has

ExtiR(M,N)∨ ∼= Ext(d−1)−i
R (M∗,N†).

Proof. We claim thatE := Ext j
R(TrM,N†) has finite length for allj ≥ d. Indeed, letp be a non-maximal prime

ideal. AsNF(M)∩NF(N)⊆ {m}, eitherMp or Np is free. IfMp is free, then so is TrMp, andEp = 0. If Np is free,
then(N†)p is a direct sum of copies ofωp, which has injective dimension at most dimRp < d, and henceEp = 0.

(1) By assumption, TorR
i (TrM,N) has finite length for alli > 0. There are isomorphisms

HomR(M,N)∼= TorR1(TrM,N)∼= ExtdR(Tor1(TrM,N),ω)∨ ∼= Extd+1
R (TrM,N†)∨,

where the first two isomorphisms are obtained by [27, Lemma (3.9)] and [8, Corollary 3.5.9], respectively, while
the last isomorphism is shown to hold by the spectral sequence argument in [2, 2.4]. By the above claim we see
thatHomR(M,N)∨ ∼= Extd+1

R (TrM,N†)∨∨ ∼= Extd+1
R (TrM,N†) by [8, Proposition 3.2.12(c)].

(2) We show the assertion by induction oni. There are isomorphisms

Ext1R(M,N)∼= Γm(Ext1R(M,N))∼= Γm(TrM⊗RN)∼= ExtdR(TrM⊗RN,ω)∨ ∼= ExtdR(TrM,N†)∨.

Let us explain each of the above isomorphisms. AsNF(M)∩NF(N) ⊆ {m} andM is locally totally reflexive
on the punctured spectrum, Ext1

R(M,N) has finite length. Hence the first isomorphism holds. There is an exact
sequence0→ Ext1R(M,N)→ TrM⊗RN → HomR((TrM)∗,N) by [4, Proposition (2.6)], while HomR((TrM)∗,N)
has positive depth by [8, Exercise 1.4.19]. Thus the second isomorphism holds. The third and fourth isomor-
phisms follow from [8, Corollary 3.5.9] and Lemma 2.7, respectively. Consequently,Ext1R(M,N)∨ is isomorphic
to ExtdR(TrM,N†)∨∨, which is isomorphic to Extd

R(TrM,N†) by the claim given at the beginning of the proof
and [8, Proposition 3.2.12(c)]. Thus the casei = 1 is settled.

Let i ≥ 2. Applying the induction hypothesis toΩM, we obtain isomorphisms

ExtiR(M,N)∨ ∼= Exti−1
R (ΩM,N)∨ ∼= Extd+1−(i−1)

R (TrΩM,N†)∼= Extd+1−i
R (ΩTrΩM,N†).

There is an exact sequence 0→ Ext1R(M,R)→ TrM → ΩTrΩM → 0 by [4, Proposition (2.6)]. SinceExt1R(M,R)
has finite length andN† is maximal Cohen–Macaulay, Extj

R(Ext1R(M,R),N†) = 0 for all j < d. We obtain an
isomorphismExtd+1−i

R (ΩTrΩM,N†)∼= Extd+1−i
R (TrM,N†), which completes the proof. ■

Theorem 2.8 not only recovers but also refines a main result of [10] (more precisely, [10, Theorem 1.1]), where
M is assumed to be locally free on the punctured spectrum.

Corollary 2.9 (Celikbas–Takahashi, improved). Let (R,m) be a Cohen–Macaulay local ring with a canonical
module. LetX be a totally reflexive R-module, and let M be a maximal Cohen–Macaulay R-module. Assume that
NF(X)∩NF(M)⊆ {m}. Then for eachi ∈ Z there is an isomorphism

ÊxtiR(X,M)∨ ∼= Êxt(d−1)−i
R (X∗,M†).

Proof. We have the following isomorphisms, where the second one follows from Theorem 2.8(1) and the fact that
the Ext module has finite length (use [8, Proposition 3.2.12(c)]).

ÊxtiR(X,M)∨ ∼= HomR(Ω
iX,M)∨ ∼= Extd+1

R (TrΩiX,M†)∼= HomR(Ω
d+1TrΩiX,M†),

Êxt(d−1)−i
R (X∗,M†)∼= HomR(Ω

(d−1)−iΩ2TrX,M†)∼= HomR(Ω
d+1−i TrX,M†).

It suffices to show TrΩiX ∼= Ω−i TrX up to free summands, which follows from [25, Proposition 7.1]. ■

It is evident that Corollary 2.9 implies Corollary 1.4. Thus our Theorem 2.8 (Theorem 1.3) also recovers the
Auslander–Reiten duality theorem (for any dimension).
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3. TESTING FREENESS BY VANISHING OFEXT MODULES

In this section, we present applications of our results obtained in the previous section to give criteria for freeness
of modules over local rings and to recover various known results about the Auslander–Reiten conjecture. To give
our first application, we establish a lemma, which will also be used later.

Lemma 3.1. Let M, N be R-modules. Suppose thatM is reflexive (i.e.2-torsionfree) and thatNF(M)∩NF(N)⊆
Y2(R). Then one has an isomorphismHomR(M,N)∗ ∼= HomR(N,M).

Proof. Let n= 2, i = 0 andK = R in Lemma 2.2(2), and then use the tensor-hom adjunction. ■
Corollary 3.2. Let R be a local ring, and let M be a(t +1)st syzygy R-module. Assume thatM is locally free on
Xn(R) for some0< n< t. ThenM is free, provided that one of the following three conditions is satisfied:

(1) ExtiR(HomR(M,M),R) = Ext j
R(M,M) = 0 for all n+1≤ i ≤ t and n≤ j ≤ t −1.

(2) Ext j
R(M,M) = 0 for all n ≤ j ≤ t −1 andGdimRHomR(M,M)< ∞.

(3) Ext j
R(M,M) = 0 for all n ≤ j ≤ t −1 andHomR(M,M) is (t +2)-torsionfree.

Proof. First of all, note that the inequalities 0< n< t especially say thatt ≥ 2.
(1) We use induction ons= t−n. If s= 1, thenn= t−1. Note from Example 2.1(3) thatM is (t+1)-torsionfree.

Corollary 2.4(1) impliesHomR(M,M) = 0, which is equivalent to saying thatM is free. Lets≥ 2.
We claim thatM is locally free on Xt−1(R). Indeed, pick any prime idealp ∈ Xt−1(R) and sett ′ = depthRp. If

t ′ ≤ n, thenp∈Xn(R), andMp is Rp-free by assumption. Ift ′ > n, then 0< n< t ′ andMp is locally free on Xn(Rp).
As t ′ ≤ t, the moduleMp is a(t ′+1)st syzygyRp-module, and ExtiRp

(HomRp(Mp,Mp),Rp) = Ext j
Rp
(Mp,Mp) = 0

for all n+1≤ i ≤ t ′ andn≤ j ≤ t ′−1. Sincet ′−n< s, we can apply the induction hypothesis to deduce thatMp

is Rp-free. Thus the claim follows.
By Example 2.1(3) the moduleM is (t+1)-torsionfree. Corollary 2.4(1) showsHomR(M,M) = 0, soM is free.
(2) Similarly to the proof of (1), one can prove thatM is (t +1)-torsionfree and locally free on Xt−1(R). As

M is a (t + 1)st syzygy module andt ≥ 2, the depth lemma shows thatM has depth at least two, and so does
HomR(M,M) by [8, Exercise 1.4.19]. Now the assertion follows from Corollary 2.4(2).

(3) Again, one can show thatM is (t +1)-torsionfree. In particular,M is 2-torsionfree. SetH = HomR(M,M).
Lemma 3.1 impliesH ∼=H∗. AsH is (t+2)-torsionfree, we have Exti

R(H,R)∼=ExtiR(H
∗,R)∼=Exti+2

R (TrH,R) = 0
for 1≤ i ≤ t. Now the assertion follows from (1). ■

We record various consequences of Corollary 3.2. First of all, Corollary 3.2(2) immediately recovers the theo-
rems of Araya [1, Corollary 10], Ono and Yoshino [23, Theorem], and the following result due to Araya, Celikbas,
Sadeghi and Takahashi [2, Corollary 1.6].

Corollary 3.3 (Araya–Celikbas–Sadeghi–Takahashi). Let R be a Gorenstein local ring. LetM be a maximal
Cohen–Macaulay R-module, and0<n< d an integer. Suppose thatM is locally free onXn(R) andExtiR(M,M)=0
for all n ≤ i ≤ d−1. ThenM is free.

Recall that anR-moduleM is calledtorsion-freeif the natural mapM → M ⊗R Q(R) is injective, or in other
words, each non-zerodivisor ofR is also a non-zerodivisor ofM.

Corollary 3.4. Let R be a Cohen–Macaulay local ring of dimension d with a canonical moduleω. Assume
that M is a (d+1)st syzygy R-module that is locally free in codimension one. Suppose thatExtiR(M,M) = 0 for
1≤ i ≤ d−1 andHomR(M,M)⊗RωR is torsion-free. ThenM is free.

Proof. First of all, sinceR satisfies(S1), an R-module is torsion-free if and only if it satisfies(S1). Hence the
torsion-free property localizes. We argue by induction ond. The assertion is evident ifd ≤ 1, so we may assume
thatd > 1 andM is locally free on the punctured spectrum ofR. SetH = HomR(M,M). As H is locally free on
the punctured spectrum, by Lemma 2.7 we have Exti

R(ω ⊗RH,ω) ∼= ExtiR(H,R) for all 0≤ i ≤ d. Sinceω ⊗RH
has positive depth, Extd

R(H,R) = 0 by local duality. The assertion is deduced from Corollary 3.2(1). ■
The following two results are also consequences of Corollary 3.2. The first one is nothing but Corollary 1.5

from the Introduction. Both should be compared with the theorems of Huneke and Leuschke [17, Theorem 1.3],
Goto and Takahashi [15, Theorem 1.5(2)], and Dao, Eghbali and Lyle [13, Theorem 3.16].

Corollary 3.5. Let R be a generically Gorenstein local ring, and let0< n< t be an integer. LetM be an R-module
which is locally free onXn(R). ThenM is free, if the following three conditions hold.
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(1) ExtiR(M,M) = 0 for all n ≤ i ≤ t −1.
(2) ExtiR(M,R) = 0 for all i > 0.
(3) ExtiR(HomR(M,M),R) = 0 for all n+1≤ i ≤ t, or HomR(M,M) has finite G-dimension.

Proof. It follows from generic Gorensteinness, (2) and [28, Corollary 1.3] thatM is a totally reflexive module, and
a jth syzygy module for allj ≥ 0. The assertion follows from the first and second assertions of Corollary 3.2.■

Note that every normal ringR is generically Gorenstein and every syzygyR-module is locally free on X1(R).
Thus the following is immediate from Corollary 3.5, which is nothing but Corollary 1.6 from the Introduction.

Corollary 3.6. Let R be a normal local ring. AnR-module M is free if either

(1) ExtiR(M,M) = Ext j
R(M,R) = ExthR(HomR(M,M),R) = 0 for all 1≤ i ≤ t −1, j ≥ 1 and2≤ h≤ t, or

(2) ExtiR(M,M) = Ext j
R(M,R) = 0 for all 1≤ i ≤ t −1 and j≥ 1, and thatHomR(M,M) has finite G-dimension.

Corollary 3.6 recovers the following result due to Huneke and Leuschke [17, Theorem 0.1] and Araya [1,
Corollary 4], which asserts that the Auslander–Reiten conjecture holds for normal Gorenstein rings.

Corollary 3.7 (Huneke–Leuschke, Araya). Let R be a (not necessarily local) Gorenstein normal ring. LetM be
an R-module. IfExtiR(M,M) = 0= ExtiR(M,R) for all i > 0, then M is projective.

Now we deal with reflexive modulesM such that HomR(M,M) is a direct sum of copies ofM. Such modules
were first studied by Auslander [3] to give a new proof of a theorem on the purity of the branch locus for regular
local rings; see [3, Proposition 1.2 and Theorem 1.3]. The following result especially says that the Auslander–
Reiten conjecture holds true for such modules over normal rings.

Corollary 3.8. Let R be a local ring with t≥ 2, and let M be a reflexive R-module that is locally free onX1(R).
Assume thatHomR(M,M)∼= M⊕n for some n> 0. If ExtiR(M,R) = Ext j

R(M,M) = 0 for all 1≤ i ≤ t and1≤ j ≤
t −1, then M is free.

Proof. We use induction ont. We may assume thatM is locally free on Xt−1(R). By Lemma 3.1, we have
M⊕n ∼= HomR(M,M)∼= HomR(M,M)∗ ∼= (M∗)⊕n. SinceM is reflexive, so is HomR(M,M) and

ExtiR(TrHomR(M,M),R)∼= Exti−2
R (HomR(M,M)∗,R)∼= Exti−2

R (M,R)⊕n = 0

for all 3≤ i ≤ t +2. HenceHomR(M,M) is (t +2)-torsionfree, and so isM. In particular,M is a(t +2)nd syzygy
module. Now the assertion follows from Corollary 3.2(3). ■

Here we state an application of Theorem 2.8.

Corollary 3.9. Let R be a Cohen–Macaulay local ring with canonical moduleω . Let0< n< d be an integer, and
let M be an R-module that is locally free onXn(R). ThenM is free, if it satisfies one of the following conditions.

(1) M satisfies(S1), M∗ is maximal Cohen–Macaulay, andExtiR(M,(M∗)†) = 0 for all n ≤ i < d.
(2) Min M ⊆ AssR, M∗ is maximal Cohen–Macaulay, andExtiR(M,(M∗)†) = 0 for all n ≤ i ≤ d.
(3) M is a syzygy module, andExtiR(M,R) = Ext j

R(M,M⊗Rω) = 0 for all 0< i ≤ d and n≤ j < d.

Proof. (1) First of all, note that the inequalities 0< n< d especially saysd ≥ 2.
(i) We begin with showing the assertion in the case whereM is locally free on the punctured spectrum of

R. In this case, Theorem 2.8(1) impliesHomR(M
∗,M∗)∨ ∼= Extd−1

R (M∗∗,M∗†). Let f : M → M∗∗ be the natural
homomorphism. Asf is locally an isomorphism on the punctured spectrum,K =Ker f andC=Cokerf have finite
length. SinceM∗† is maximal Cohen–Macaulay, we have Extj

R(K,M∗†) = 0= Ext j
R(C,M

∗†) = 0 for all j < d. It
is easy to observe that the homomorphismExtd−1

R (M∗∗,M∗†)→ Extd−1
R (M,M∗†) induced fromf is injective. By

assumption, the latter Ext module vanishes. HenceHomR(M
∗,M∗) = 0, which implies thatM∗ is free.

Consider the caseM∗ = 0. Then f = 0 andM = K. HenceM has finite length, whileM has positive depth as it
satisfies(S1). ThereforeM = 0. In particularM is free, and we are done. Thus we may assumeM∗ ̸= 0. Theorem
2.8(2) impliesExtd−1

R (M,M∗†)∨ ∼= Ext2R(TrM,M∗), and the former Ext module vanishes. AsM∗ is a nonzero free
module, Ext2R(TrM,R) = 0. This meansC = 0, and we have an exact sequence 0→ K → M → M∗∗ → 0, whose
last term is free. Hence this exact sequence splits, and we get an isomorphismM ∼= K ⊕M∗∗. As M has positive
depth andK has finite length, we haveK = 0. Consequently,M is free.
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(ii) Now let us consider the general case. We handle this by induction ond. Whend= 2, we haven= 1= d−1,
and Xn(R) coincides with the punctured spectrum ofR. Case (i) shows the assertion. Letd > 2, and pick any non-
maximal prime idealp. Then one can apply the induction hypothesis to the localizationsRp andMp to deduce that
Mp is free. This means thatM is locally free on the punctured spectrum, and again case (i) implies the assertion.

(2) We use the same argument as the proof of (1). Using the assumption thatMin M ⊆ AssR, we easily deduce
thatM∗

p ̸= 0 for all p ∈ SuppM. WhenM is locally free on the punctured spectrum,M∗ is a free module, and It
follows from Theorem 2.8(2) that Ext1

R(TrM,M∗)∼= ExtdR(M,M∗†)∨ = 0. AsM∗ ̸= 0, we have Ext1R(TrM,R) = 0.
This means thatM is a syzygy, and in particular it satisfies(S1).

(3) Dualizing a free resolutionF of M by R, we obtain an exact sequence 0→ M∗ → (F0)
∗ → ··· → (Fd+1)

∗.
This especially says thatM∗ is maximal Cohen–Macaulay. By [7, Corollary B4(3)] we have(M∗)† ∼= M⊗Rω. As
M is a syzygy module, it satisfies(S1). Now the assertion follows from (1). ■

The above result is actually a refinement of [2, Theorem 1.4 and Corollary 2.7].

Corollary 3.10 (Araya–Celikbas–Sadeghi–Takahashi). Let R,ω ,n be as in Corollary 3.9.

(1) An R-module M is free if it satisfies the following conditions.
(i) M is locally of finite projective dimension onXn(R).

(ii) M satisfies(S2) and M∗ is maximal Cohen–Macaulay.
(iii) ExtiR(M,(M∗)†) = 0 for all n ≤ i < d.

(2) An R-module M is free if it satisfies the following conditions.
(i) M is locally of finite projective dimension onXn(R).

(ii) M is reflexive andExtiR(M,R) = 0 for all 1≤ i ≤ d.
(iii) ExtiR(M,M⊗Rω) = 0 for all n ≤ i < d.

Proof. (1) Similarly to the beginning of the proof of [2, Theorem 1.4], the moduleM is locally free on Xn(R).
Corollary 3.9(1) implies the assertion.

(2) SinceM satisfies(S2), it is reflexive. As in the proof of Corollary 3.9(3) the moduleM∗ is maximal Cohen–
Macaulay. Thus the assertion follows from (1). ■

From here to the end of this section, we consider arational normal surface singularity, that is, a complete
local normal domain of dimension two over an algebraically closed field of characteristic zero which has a rational
singularity. Recall that anR-moduleM is calledrigid if Ext1

R(M,M) = 0. The following corollary is deduced from
our Theorem 2.3 and Corollary 3.2.

Corollary 3.11. Let R be a rational normal surface singularity. LetM be a third syzygy R-module. IfM is rigid,
then M is free.

Proof. SetH = HomR(M,M). Note thatH is maximal Cohen–Macaulay (see [8, Exercise 1.4.19]). The module
M is 3-torsionfree by Example 2.1(3). It follows from Theorem 2.3(1) and the rigidity ofM that Ext1R(H,R) = 0.
Lemma 3.1 impliesH ∼= H∗. By [20, Theorem 2.2 and Proposition 3.1(2)] the moduleH is free. Finally, our
Corollary 3.2(1) deduces thatM is free. ■

In view of Corollary 3.2(3), we are interested in when a given module is(d+ 2)-torsionfree. Any totally
reflexive module is(d+2)-torsionfree. IfR is Gorenstein, then it is equivalent to maximal Cohen–Macaulayness.
Thus we are interested in when a non-totally reflexive module over a non-Gorenstein ring is(d+2)-torsionfree.
We discuss the triviality of such modules.

Proposition 3.12. Let R be a non-Gorenstein complete local ring with d≥ 2 such that k is algebraically closed
and has characteristic0. Assume that there exists anR-sequence x= x1, . . . ,xd−2 such that R/(x) is a rational
normal surface singularity. LetM be an R-module such thatExtiR(M,R) = 0 for all 1≤ i ≤ 2d. ThenM is R-free.

Proof. Set N = Ωd−2
R M. It is seen from [19, Proposition 1.1.1] thatN is a (d− 2)-torsionfree module with

ExtiR(N,R) = 0 for 1≤ i ≤ d+ 2. As N is a (d− 2)nd syzygy module,x is anN-sequence. Hence the Koszul
complex ofx onN induces an exact sequence

0→ N → N⊕(d−2) → ·· · → N⊕(d−2) → N → N/xN→ 0,

which shows that Exti
R/(x)(N/xN,R/(x)) ∼= Exti+d−2

R (N/xN,R) = 0 for 1≤ i ≤ 4 (see [8, Lemma 3.1.16]). It

follows from [20, Proposition 3.1(1)] and [19, Proposition 1.1.1] again thatΩ2
R/(x)(N/xN) is free overR/(x). Thus
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pdRN = pdR/(x)N/xN is finite (see [8, Lemma 1.3.5]), and so is pdRM. The vanishing assumption on Ext modules
forcesM to be free overR. ■
Corollary 3.13. Let R be as in Proposition 3.12. LetM be a(d+2)-torsionfree R-module such thatExtiR(M,R)= 0
for all 1≤ i ≤ d−2. ThenM is free. In particular:

(1) When d= 2, every(d+2)-torsionfree R-module is free.
(2) R is a G-regular local ring in the sense of [26].

Proof. We observe thatN := TrΩd−2M satisfies ExtiR(N,R) = 0 for 1≤ i ≤ 2d; see [19, Proposition 1.1.1]. Propo-
sition 3.12 implies thatN is free, and hence so isΩd−2M. ThusM has finite projective dimension. SinceM is
(d+2)-torsionfree, it is maximal Cohen–Macaulay. ThereforeM is free. ■
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