ON A VERDIER QUOTIENT OF A DERIVED CATEGORY OF A LOCAL RING
YUKI MIFUNE AND RYO TAKAHASHI

ABSTRACT. Let R be a commutative noetherian local ring with residue field k. Denote by DP(R) the bounded
derived category of finitely generated R-modules. In this paper, we study the structure of the Verdier quotient
D°(R)/ thick(R @ k). We give necessary and sufficient conditions for it to admit an additive generator.

1. INTRODUCTION

Let R be a commutative noetherian local ring with residue field k. Denote by mod R the category of finitely
generated R-modules, by D°(R) the bounded derived category of mod R, and by Ds(R) = DP(R)/ thick R
the singularity category of R. In the present paper, we investigate the structure of the Verdier quotient

2(R) = DP(R)/ thick(R @ k) = Dg(R)/ thick k,

which is nothing other than the Verdier quotient of D*(R) by the complexes locally perfect on the punctured
spectrum. Takahashi [12] gives a complete classification of the thick subcategories of the triangulated category
2(R) under some mild assumtions. For instance, if R is locally a hypersurface on the punctured spectrum,
then the thick subcategories of the triangulated category Z(R) are parametrized by nonempty specialization-
closed subsets of the singular locus of R. Therefore, the category Z(R) is thought of as relatively small. From
this point of view, it is reasonable to ask when Z(R) is smallest as an additive category, namely, when it has
an additive generator. An answer is when R is a Cohen—Macaulay ring of finite CM type, or more generally,
when R is an isolated singularity; in this case Z(R) = 0. The following theorem provides another answer.

Theorem 1.1 (Buchweitz—Greuel-Schreyer, Araya-Iima-Takahashi, Kobayashi-Lyle-Takahashi). Let R be
a complete equicharacteristic local ring with uncountable algebraically closed residue field of characteristic
different from two. Suppose that the ring R is a hypersurface of countable CM type. Then R locally has finite
CM type on the punctured spectrum, and the triangulated category Z(R) possesses an additive generator.

Let us explain this theorem. Let R be as in the theorem; assume R has infinite CM type. Buchweitz, Greuel
and Schreyer [4] prove that R is either an (A )-singularity or a (D )-singularity, and classify the isomorphism
classes of indecomposable maximal Cohen-Macaulay R-modules. Using this classification, Araya, lima and
Takahashi [2] prove that R has finite CM, type in the sense of Kobayashi, Lyle and Takahashi [6], i.e., there
exist only finitely many isomorphism classes of indecomposable maximal Cohen—Macaulay R-modules that
are not locally free on the punctured spectrum. Then Z(R) possesses an additive generator (by Lemma 3.9).
On the other hand, Kobayashi, Lyle and Takahashi [6] prove in general that if a Cohen—Macaulay local ring R
with a canonical module has finite CM . type, then it locally has finite CM type on the punctured spectrum.

The main result of the present paper is the following theorem, which describes the relationship of those
two conditions which appear in the above theorem: the condition that the ring R locally has finite CM type
on the punctured spectrum, and the condition that the category Z(R) possesses an additive generator.

Theorem 1.2 (Theorems 4.4 and 4.7). Let R be a local ring whose reqular locus is Zariski-open. Suppose
that R is locally a Cohen—Macaulay ring of finite CM type on the punctured spectrum. Then P(R) possesses
an additive generator. The converse holds true as well, if R is locally Gorenstein on the punctured spectrum.

As to the last assertion of the above theorem, the assumption of being locally Gorenstein on the punctured
spectrum cannot be removed; we shall construct in Example 4.11 a concrete example which shows it.
Applying the above theorem, we obtain some sufficient conditions for 2(R) to admit an additive generator.
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Corollary 1.3 (Corollaries 5.5, 5.8 and 5.16). (1) Let R be a local ring with Zariski-open regular locus. If
R is locally a simple singularity on the punctured spectrum, then Z(R) admits an additive generator.

(2) Let R be a local ring of Krull dimension one. If R is locally a hypersurface on the punctured spectrum
(e.g., if R is itself a hypersurface), then the triangulated category Z(R) possesses an additive generator.

(3) Let R be a Cohen—Macaulay local ring of Krull dimension one. Suppose that R has uncountable residue
field, and admits a canonical module. If R is of countable CM type, then Z(R) has an additive generator.

Here, a simple singularity means a commutative noetherian local ring R with residue field of characteristic
zero such that the complete tensor product of the completion of R with the algebraic closure of k is either an
(A, )-singularity (n > 1) or a (D, )-singularity (n > 4) or an (E, )-singularity (n =6,7,8). As for the second
assertion of the corollary, we can actually construct an explicit additive generator of Z(R); see Remark 5.9.

This paper is organized as follows. In Section 2, we study additive closures of syzygies to show Lemma 2.8.
In Section 3, we explore the J-1 property of a local ring, and the property of being locally of finite CM type
on the punctured spectrum to prove Lemma 3.7. We also investigate basic properties of Z(R). In Section 4,
we consider when Z(R) has an additive generator. We prove Theorems 4.4 and 4.7 by using results in the
previous sections including Lemmas 2.8 and 3.7. In Section 5, applying Theorem 4.7 to the cases of locally a
simple singularity on the punctured spectrum and of dimension one, we obtain Corollaries 5.5, 5.8 and 5.16.

2. ADDITIVE CLOSURES, SYZYGIES AND INDECOMPOSABLES

In this section, we investigate several fundamental properties of additive closures, syzygies, and indecom-
posable modules. We then state a certain property of additive closures of syzygies, which is necessary in a
later section. We begin with our convention, which is valid throughout the paper.

Convention 2.1. We assume that all rings are commutative and noetherian, all modules are finitely gen-
erated, and all subcategories are nonempty and strictly full. Unless otherwise specified, R is a local ring of
(Krull) dimension d with maximal ideal m and residue field k. We denote by mod R the category of (finitely
generated) R-modules. For a prime ideal p of R, we denote by x(p) the residue field of the local ring R, that
is to say, k(p) = R,/pR,. For an R-module M, we denote by [M] the isomorphism class of M. Subscripts
and superscripts may be omitted if they are clear from the context.

We state the definition of additive closures and some of their basic properties.

Definition 2.2. Let C be an additive category. For a subcategory X of C, we denote by add¢ X the additive
closure of X in C. This is defined to be the smallest subcategory of C which contains X and is closed under
finite direct sums and direct summands. When X consists of a single object M, we set adde M = add¢ X.
An additive generator G of C is defined as an object of C such that add¢ G = C.

Remark 2.3. (1) The additive closure addmed r R consists of the free R-modules.
(2) Let C be an additive category, and let X be a subcategory of C. Then the following statements hold.
(a) An object C of C belongs to add¢ X if and only if there exist finitely many objects Xi,..., X, in X
such that C' is a direct summand of the direct sum X; ®---® X,,.
(b) One has X = add¢ X if and only if X is closed under finite direct sums and direct summands.
(¢) Let Y be another subcategory of C. If one has X C Y, then one has add¢ X C add¢ ).

Next, we give the definition and several properties of syzygies.

Definition 2.4. (1) For an R-module M and an integer n > 0, we denote by Q%M the nth syzygy of M, that
is, the image of the nth differential map in a minimal free resolution of M. (By definition Q°M = M.)

(2) Let X be a subcategory of mod R. For a nonnegative integer n, we denote by Q%X the subcategory of
mod R consisting of R-modules M such that there exists an exact sequence 0 - M — F,_1 — -+ —
Fy — Fy — X — 0 of R-modules with X € X and Fy, Fy,...,F,_; € add R. (By definition Q°X = X.)

Remark 2.5. (1) Let M be an R-module, and let n be a nonnegative integer. The nth syzygy Q"M of M
is uniquely determined up to isomorphism, since so is a minimal free resolution of the R-module M.

(2) Let X C Y be subcategories of mod R. One then has Q"X C Q") for each nonnegative integer n.

(3) Let X be a subcategory of mod R. If X is closed under finite direct sums, then so is Q"X for each n > 0.

(4) Let X be a subcategory of mod R and let n > 0. Then one has Q"X = {Q"X & R¥™ | X € X, m > 0}.
In particular, the inclusion add R C Q"X holds when X contains the zero module 0, since Q™0 = 0.
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Now, for a given subcategory, we study isomorphism classes of indecomposable modules that belong to it.

Definition 2.6. Let X be a subcategory of mod R. Then the set of isomorphism classes of inde-
composable R-modules belonging to X is denoted by ind X, namely, one has indX = {[X]|X €
X and X is indecomposable as an R-module}.

Remark 2.7. Let X and Y be subcategories of mod R. Then the following two statements hold.

(1) If there is an inclusion X C ) of subcategories, then there is an inclusion ind X C ind Y of sets.

(2) Suppose that the subcategories X’ and ) are closed under finite direct sums and direct summands. Then
the converse of (1) holds: ind X C indY implies X C Y. Indeed, let X € X. Decompose X =2 X;1®---®X,
into indecomposable R-modules. As X is closed under direct summands, each X; belongs to X, so that
it belongs to Y. Since Y is closed under finite direct sums, the module X belongs to ).

The lemma below plays an important role in the proof of one of the main results of this paper.

Lemma 2.8. Let X be an R-module, and let n > 0 be an integer. Suppose that the inclusion Q" (mod R) C
add X holds. Then there exists an integer r > 0 such that the equality add(Q"X) = add(QU+"X) holds for
all integers i > r. As a consequence, one has that add(R® Q™ X) = add(R® QU X)) for all integers i > r.

Proof. Since Q"X € Q"(mod R) C add X, we get a descending chain add X D add Q"X D add Q?"X D --- of
subcategories of mod R, which induces a descending chain ind(add X) D ind(add 2" X) D ind(add 2?"X) D - -
of sets. By [7, Theorem 2.2], the set ind(add X) is finite. The latter descending chain stabilizes: there exists
7 > 0 with ind(add Q" X) = ind(add QUFTD" X)) for all i > 7. Hence add Q"X = add QU+ X foralli >r. M

3. FINITE CM TYPE ON THE PUNCTURED SPECTRUM AND THE TRIANGULATED CATEGORY Z(R)

In this section, we first investigate the J-1 property of a local ring, and relate it to the property of being
locally of finite CM type on the punctured spectrum. Then we give the definition of the triangulated category
2(R) and explore its fundamental properties. Let us begin with recalling several notions.

Definition 3.1. (1) The punctured spectrum of a local ring (R, m) is defined as the set Spec R\ {m}.

(2) Let P be a property of local rings. It is said that R locally satisfies P on the punctured spectrum if the
local ring R, satisfies P for any p € Spec R\ {m}. We similarly define the module and complex versions.

(3) Denote by Reg R and Sing R the regular locus and the singular locus of R, respectively. Namely, Reg R
is the set of prime ideals p such that R, is regular, and Sing R is the complement of Reg R in Spec R.

(4) Following [8, (32.B)], we say that R is J-1 if Reg R is an open subset of Spec R in the Zariski topology.
Needless to say, this is equivalent to the condition that Sing R is a closed subset of Spec R.

(5) A specialization-closed subset of Spec R is by definition a subset W of Spec R such that if p is a prime
ideal of R that belongs to the set W and q is a prime ideal of R that contains p, then g belongs to W.

(6) Let @ be a subset of Spec R. The (Krull) dimension dim ® of @ is defined to be the supremum of integers
n 2 0 such that there exists a chain pg C p1 € --- € p,, of prime ideals of R which belong to the set ®.

(7) We say that R is an isolated singularity if R is locally regular on the punctured spectrum, or equivalently,
if Sing R C {m}, or equivalently, if Sing R has dimension at most zero (i.e., equal to 0 or —o0).

Remark 3.2. (1) The singular locus Sing R of R is always a specialization-closed subset of Spec R.

(2) A subset of Spec R is specialization-closed if and only if it is a (possibly infinite) union of closed subsets
of Spec R in the Zariski topology. In particular, every closed subset of Spec R is specialization-closed.

(3) Let W be a specialization-closed subset of Spec R. Then one has dim W = sup{dim R/p |p € W}.

(4) A local ring R is regular if and only if the equality Sing R = () holds, if and only if the equality
dim Sing R = —oo holds. In particular, in our sense, any regular local ring is an isolated singularity.

If dim R < 1, then Spec R consists of the minimal prime ideals and the maximal ideal of R, whence Spec R
is finite. The first part of the lemma below thus follows, whose second part is easily deduced from the first.

Lemma 3.3. Let R be a local ring of dimension at most one. Then Spec R is a finite set, and R is J-1.
Now we move on to studying maximal Cohen—Macaulay modules. To begin with, we recall the definition.

Definition 3.4. (1) We say that an R-module M is mazimal Cohen—Macaulay if either M = 0 or depth M =
dim R. Denote by CM(R) the subcategory of mod R consisting of maximal Cohen—-Macaulay R-modules.
(2) We say that a local ring R has finite CM type provided that ind CM(R) is a finite set.
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Remark 3.5. (1) Since the zero module is a maximal Cohen-Macaulay module by definition, CM(R) is an
additive category, or to be more precise, CM(R) is an additive subcategory of mod R.

(2) The subcategory CM(R) of mod R is closed under finite direct sums and direct summands. If the ring R
is Cohen-Macaulay, then CM(R) contains R, and is closed under syzygies as a subcategory of mod R.

We provide a useful lemma on finite CM type, which would be well-known to experts.
Lemma 3.6. A local ring R has finite CM type if and only if the category CM(R) has an additive generator.

Proof. By [7, Theorem 2.2] the set ind(add G) is finite for an R-module G. This shows the “if” part. To prove
the “only if” part, assume ind CM(R) is finite. There exist an integer n > 0 and maximal Cohen—-Macaulay
R-modules Gy, ...,G, with ind CM(R) = {[G4],...,[Gn]}. Put G = G1®-- - ®G,. As CM(R) contains G and
is closed under finite direct sums and direct summands, CM(R) contains add G. Let M be a maximal Cohen—
Macaulay R-module, and take a decomposition M = M; & --- & M,, of M into indecomposable R-modules.
Then for each 1 <4 < m the isomorphism class [M;] of M; belongs to ind CM(R), so that M; = G, for some
1<l; <n. Wehave M 2 G, @ --- @ G, € addG. We thus obtain a desired equality CM(R) =addG. R

The condition that R is locally of finite CM type on the punctured spectrum plays an essential role in this
paper. The following lemma describes the relationship of this condition with the size of the singular locus.

Lemma 3.7. Suppose that R is locally a Cohen—Macaulay ring of finite CM type on the punctured spectrum.
Then the singular locus Sing R has dimension at most one. Hence, Sing R is a finite set if the ring R is J-1.

Proof. Suppose that Sing R has dimension at least two. Then there exists a chain p C q € m in Sing R. By
assumption, R, is a Cohen-Macaulay local ring of finite CM type. By [7, Theorem 7.12], the localization R,
is an isolated singularity. Therefore, R, = (Rq)pr, is a regular local ring, but this contradicts the choice of p.
Thus the set Sing R has dimension at most one. Now assume that R is J-1. Then we have Sing R = V(I) for
some ideal I of R, and see that dim R/I < 1. Lemma 3.3 implies that Spec R/I is finite, and so is Sing R. N

Now we shall give the definition of the triangulated category Z(R), which is the main target of this paper.

Definition 3.8. (1) Let 7 be a triangulated category. A thick subcateory of T is defined as a triangulated
subcategory of 7 which is closed under direct summands. For an object G of T, we denote by thickr G
the thick closure of G in T, which is defined to be the smallest thick subcategory of T containing G.

(2) Denote by D°(R) the bounded derived category of mod R. Let Dgg(R) stand for the singularity category of
R, which is the Verdier quotient of DP(R) by the perfect complexes, i.e., Dgg(R) = D(R)/ thick R. (Recall
that a perfect complez is by definition a bounded complex of finitely generated projective modules.)

(3) We define the triangulated category Z(R) to be the Verdier quotient DP(R)/ thick(R @ k) of the trian-
gulated category DP(R), which is the same as the Verdier quotient Dgg(R)/ thick k of Dsg(R).

In the rest of this paper we often use the lemma below as a basic tool for computation of objects in Z(R).

Lemma 3.9. (1) For every object X of DP(R), there exists an ezact triangle F — X — M|n] ~ in DP(R)
such that F' € thickps(gy R, M € mod R and n € Z. As a consequence, for every object X of Z(R) there
exist an R-module M and an integer n such that one has an isomorphism X = M[n] in 2(R).

(2) Let M € mod R andn € Z. Assume thatn > 0. Then there exists an exact triangle F — M — Q"M |n] ~
in D°(R) such that F is in thickps(gy R. Consequently, one has an isomorphism M[—n] = Q"M in Z(R).

(3) Let X be an object of DP(R). Then there is an isomorphism X = 0 in the triangulated category Z(R) if
and only if the R-complex X locally has finite projective dimension on the punctured spectrum, that is to
say, the Ry-complex X, is isomorphic in Db(Rp) to a perfect Ry-complex for every p € Spec R\ {m}.

Proof. Assertions (1) and (2) follow from [5, Lemma 2.4] for instance. Let us show assertion (3). An object
X € D°(R) is isomorphic to 0 in Z(R) if and only if X is in thickps gy (R k). By [11, Corollary 4.3(3)], this
thick closure consists of the R-complexes locally of finite projective dimension on the punctured spectrum. H

As a direct application of the above lemma, we obtain a characterization of isolated singularities.
Proposition 3.10. One has that 2(R) = 0 if and only if the local ring R is an isolated singularity.

Proof. In view of Lemma 3.9(3), it is enough to verify that the local ring R is an isolated singularity if and
only if for each object X of DP(R) and each nonmaximal prime ideal p of R the R,-complex X, has finite
projective dimension. The “only if” part follows from the Auslander—Buchsbaum—Serre theorem and Lemma
3.9(1). The “if” part is shown by taking X = R/p and using the Auslander-Buchsbaum-Serre theorem. B
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4. NECESSARY AND SUFFICIENT CONDITIONS FOR Z(R) TO ADMIT AN ADDITIVE GENERATOR

In this section, we shall state and prove the main theorems of this paper, which give necessary and sufficient
conditions for our triangulated category Z(R) to have an additive generator. In the proof of the first main
theorem, we need the following general fundamental fact about Verdier quotients of triangulated categories.

Lemma 4.1. Let T be a triangulated category, and U a thick subcategory of T. Let X, Y € T. Then X £Y
in T /U if and only if there exist exact triangles E — X — A~ and E =Y — B~ in T with A,B € U.

Proof. The “if” part is obvious. To prove the “only if” part, we let (X R N Y’) be an isomorphism in the
Verdier quotient T /U, where s and a are morphisms in 7 and A := cone(s) belongs to U. An exact triangle
E 2 X — A~ in T is induced. Since (E LA EY Y') is an isomorphism in 7 /U, the object B := cone(a)
belongs to U; see [9, 2.1.23 and 2.1.35]. An exact triangle E %Y — B ~» in T is induced. We are done. W

Next we recall the definition of the stable category of maximal Cohen-Macaulay modules and a fact on it.

Definition 4.2. Let R be a Cohen-Macaulay local ring. Let CM(R) be the stable category of CM(R). This
category is defined as follows: the objects of CM(R) are the same as those of CM(R), and the hom-set from
M to N is given by the quotient of Hompg (M, N) by the homomorphisms factoring through free R-modules.

Remark 4.3. Assume R is a Gorenstein local ring. Then CM(R) is a triangulated category, and there exists
a triangle equivalence CM(R) =2 D¢ (R). This is a celebrated result due to Buchweitz [3, Theorem 4.4.1].

We are ready to give a necessary condition for the category 2(R) to possess an additive generator.

Theorem 4.4. Let R be a local ring which is locally Gorenstein on the punctured spectrum. If the triangulated
category 2(R) admits an additive generator, then R locally has finite CM type on the punctured spectrum.

Proof. By assumption, we have Z(R) = add G for some G € Z(R). Fix a nonmaximal prime ideal p of R.
We claim that Dg,(Ry) = add Gy. Indeed, let X € DP(R,). Then there exists Y € DP(R) such that Y, = X
in DP(Ry); see [1, Lemma 4.2] for instance. We find an object Z € DP(R) and a nonnegative integer n such that
Y& Z =GP in Z(R). Lemma 4.1 gives rise to exact triangles F - Y ®Z — A~ and E — G%" — B~ in
D®(R) such that A, B € thickps(g)(R®k). Localization at p yields exact triangles E, — Y, ® Z, — A, ~» and
E, = GY" — By ~ in DP(R,). Note here that A, By, € thickps (g, ) (Ry @kyp) = thickpe(g,) . Consequently,
the object Y, ® Z, is isomorphic to G?" in Dsg(Ry). Thus X belongs to addp,,(r,) Gy, and the claim follows.
Since R, is Gorenstein, there exists an equivalence Dg(R,) =2 CM(R,) of categories. Let H € CM(R,,) be
the object that corresponds via this equivalence to Gy, € Deg(Ryp). The above claim shows CM(R,) = add H,
which implies that CM(R,) = add(R, ® H). From Lemma 3.6 we deduce that R, has finite CM type. |

In the proof of our next theorem, it is necessary for us to use the notion of nonfree loci for modules.

Definition 4.5. For an R-module M, we denote by NF(M) the nonfree locus of M, which is defined to be
the set of prime ideals p of R such that the R,-module M, is nonfree.

Remark 4.6. (1) For every R-module M the subset NF(M) of Spec R is closed in the Zariski topology.
(2) Let M be an R-module. Then NF(Q¢M) is contained in Sing R for all integers i > d. This is an immediate
consequence of the Auslander—Buchsbaum-—Serre theorem and the Auslander—Buchsbaum formula.

Now we can show the theorem below giving a sufficient condition for 2(R) to have an additive generator.

Theorem 4.7. Let R be a J-1 local ring. Suppose that R is locally a Cohen—Macaulay ming of finite CM type
on the punctured spectrum. Then the triangulated category P(R) possesses an additive generator.

Proof. If R is an isolated singularity, Proposition 3.10 implies Z(R) = 0 = add 0. Assume R is not so. Apply
Lemma 3.7 to write Sing R = {p1,...,pn, m} with n > 1. By assumption, CM(R,,) has an additive generator
Z; for every 1 <i < n. Choose an R-module Y; such that Z; = (Y;),,. Pt Y =Y1 & --- & Y,,. We see that

(4.7.1) Q%(mod Rp,) € CM(Ry,) = add Z; = add(Y;)p, C addY,, for each 1 <i < n.
By virtue of Lemma 2.8, there exists an integer r > 1 such that the following statement holds.
(4.7.2) add(R,, ® 2"4(Y,,)) = add(R,, ® QU+Y4(y,.)) for each 1 <i < n.

Put G = Q™Y and ® = {p1,...,pn}. The set ® is not empty but finite. We proceed step by step.
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(i) Let M € QU+D4(mod R). Set X = addmod (R © G). Using (4.7.1), for every 1 < i < n we have
M,, € QU (mod Ry, ) = Q7Q%(mod Ry,,) € "% (add Y},,) C add(R,, @ Gy,) C addmod &y, (Xp, )-

The subcategory X of mod R is closed under finite direct sums and contains R. Applying [12, Lemma 3.7(2)],
we get an exact sequence 0 - L — M & N — X — 0 of R-modules such that X € X, NF(L) C NF(M) and
NF(L)N® = 0. As (r+1)d > d, we have NF(M) C Sing R = ®U{m}. Hence NF(L) is contained in {m}, and
L =0in 2(R) by Lemma 3.9(3). The induced isomorphism M & N = X in Z(R) shows M € addgr) G.
(i) Put X = addmed r(R @ Q%G). Tt is observed from (4.7.2) that Gy, € addmed g, (Xp,) for all 1 < i < n.
Similarly as in (i), we get an exact sequence 0 - L - G® N — X — 0 with X € X, NF(L) C NF(G) and
NF(L)N® = (. As rd > d, we have NF(G) C Sing R = ® U {m}. Thus NF(L) C {m} and L =0 in Z(R).
The isomorphism G ® N = X in Z(R) says G € addgp) (Q2?G) = addg(r) G|—d] by Lemma 3.9(2). We have
G[d] € addgr) G, from which we see that G[id] € addg gy G for all i > 0. As R is not an isolated singularity,
we have d > 1. The module Q" +Dd+@-1G is in QU+ (mod R), and it belongs to addg(z) G by (i). Hence
G[1] = (Qr+DAHE=DG)[(r+2)d] € addg(r) G(r+2)d] C addg(r) G. Thus, G[i] is in addg gy G for all i > 0.
(iii) Let M € QU+D4(mod R) and i > 0. Lemma 3.9(2) shows M[—i] = QM in 2(R). As QM belongs to
Qr+Dd(mod R) as well, it is in addg(g) G by (i). Hence M[—i] € addg gy G. Since M is itself in addgry G
by (i) again, M [i] belongs to addg gy G|i], while this additive closure is contained in addgry G by (ii). We
conclude that Mj] is in addg gy G for every integer j and every R-module M that belongs to QD4 (mod R).
(iv) Let X € D*(R). By Lemma 3.9(1)(2) we have X = (QU+D401)[n] in 2(R) for some M € mod R and
n € Z. As (QUHD4N)[n] € addg gy G by (iii), we get X € addg gy G. We have shown Z(R) = addgr) G. B

Remark 4.8. Comparing Theorems 4.4 and 4.7, the reader may wonder if a local ring R is J-1 whenever it
is locally Gorenstein on the punctured spectrum. This implication does not hold in general. Indeed, there
exists a Gorenstein local ring which is not J-1; see [10, Example 2.7].

Remark 4.9. If R is a Cohen—Macaulay J-1 local ring which is locally Gorenstein on the punctured spectrum,
then Theorem 4.7 can be proved in the following approach. As is shown below, the following statement holds.

(4.9.1)  For every M € CM(R) and every n € Z there exists N € CM(R) such that M[n] 2 N in Z(R).

Let X € Z(R). Then X = (Q4M)[n] in 2(R) for some M € mod R and n € Z by Lemma 3.9(1)(2). As Q4M is
in CM(R), by (4.9.1) we find N € CM(R) with (Q4M)[n+(r+1)d] = N. Hence X = N[—(r+1)d] = QU+DiN
in 2(R) and QUFTVIN belongs to addg gy G by (i) in the proof of Theorem 4.7. Thus Z(R) = add G holds.
Let us show (4.9.1). Fix m > 0. Lemma 3.9(2) says that M[—m] =2 Q™M in 2(R), and Q™M is a maximal
Cohen—Macaulay R-module. Therefore, it suffices to prove that M[m]| = N in Z(R) for some N € CM(R).
If R admits a canonical module w, we can do this simply as follows. There is an exact sequence 0 — M —
E°— ... 5 E™ ! & N — 0 of maximal Cohen-Macaulay R-modules with E? € add w for any 0 < i < m—1.
As R is locally Gorenstein on the punctured spectrum, w is locally free on the punctured spectrum. Lemma
3.9(3) implies that £ 22 0 in Z(R) for every 0 <i < m — 1. It is easy to observe that M[m] = N in Z(R).
Now we consider the general case. As R is locally Gorenstein on the punctured spectrum, by [7, Proposition
12.8] there is an exact sequence 0 - M — Fy_; — -+ — Fy — C — 0 in mod R with each F; free. Lemma
3.9(2) implies M = C[—d] in Z(R). Let L = I'y(C) be the m-torsion submodule of C, and set K = C/L.
Since L has finite length as an R-module, we have that L = 0 in Z(R) by Lemma 3.9(3), and hence C' = K
in Z(R). Since the R-module K has positive depth, the depth lemma implies that H := Q91K is in CM(R)
(note that d > 1 as R is not an isolated singularity). It holds that M[1] = C[1 —d] = K[1 —d] = H in 2(R).
Applying this argument to H and repeating it, we eventually find N € CM(R) such that M[m] = N in Z(R).

Finally, we consider the necessity of the assumption of Theorem 4.4. We need a lemma.

Lemma 4.10. (1) An artinian local ring R has finite CM type if and only if R is a hypersurface.
(2) Let (R,m, k) be a local ring with m®> = 0. For each R-module M the first syzygy QM is a k-vector space.

Proof. (1) The assertion immediately follows from [7, Theorem 3.3].
(2) Let FF = (--+ — F; — Fy — 0) be a minimal free resolution of M. Then the inclusion map QM — Fj
factors through mFy. Since m(mFEy) = m?Fy = 0, we have mQM = 0. Therefore, QM is a k-vector space. W

The following example shows that Theorem 4.4, which is viewed as the converse of Theorem 4.7, does not
necessarily hold true without the assumption that R is locally Gorenstein on the punctured spectrum.
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Example 4.11. Let k be a field, and consider R = k[, y, z]/(2%, xy,%?). Then R is a 1-dimensional Cohen—
Macaulay complete (hence, J-1) local ring. We have Spec R = {p, m}, where p = (z,y) and m = (z,y, 2).
The localization Ry = k[, y, 2] (z,,)/(#*, 2y, y*) is an artinian non-Gorenstein local ring. It is observed from
Lemma 4.10(1) that R, does not have finite CM type. Therefore, the Cohen-Macaulay local ring R is neither
locally Gorenstein on the punctured spectrum, nor locally of finite CM type on the punctured spectrum.
We claim that Z(R) = add R/p holds. In fact, we fix any object X € Z(R). It follows from (1) and (2) of
Lemma 3.9 that X = M[n] = (QgM)[n+1] in Z(R) for some M € mod R and n € Z. Lemma 4.10(2) gives an
isomorphism Qg (M) = k(p)®* with a > 0. Hence (QrM), =2 Ry’ @ k(p)®* = (R®® @ (R/p)®?), for some
b > 0. There is an exact sequence 0 — K — QpM — R®* & (R/p)®* — C — 0 in mod R with K, = 0 = C,,.
Hence K and C are locally free on the punctured spectrum of R. Lemma 3.9(3) shows K =02~ C in Z(R),
which implies that QpM = R®* @ (R/p)®? = (R/p)®® in Z(R). We get an isomorphism X = (R/p)®%[n +1]
in 2(R). It is easy to observe that p = (z,y) = (z)® (y) 2 R/(0: 2) & R/(0: y) = (R/p)®? in mod R. There
are isomorphisms R/p = p[1] = (R/p)[1]®? in Z(R). It is seen that addg ) R/p = addgg)((R/p)[i]) for all
integers i. We obtain X = (R/p)®*[n + 1] € addgr)((R/p)[n + 1]) = addgg) R/p. The claim now follows.

5. SEVERAL CONSEQUENCES AND APPLICATIONS

In this section, we give several consequences and applications of Theorem 4.7. First of all, we state another
sufficient condition for 2(R) to have an additive generator, as a corollary of the proof of Theorem 4.7.

Corollary 5.1. Let R be a J-1 local ring. Let G be an R-module. Suppose that for each m # p € Sing R the
local ring Ry, is Cohen—Macaulay and CM(R),) = add G,. Then one has the equality Z(R) = add G.

Proof. If R is an isolated singularity, then Z(R) = 0 by Proposition 3.10, and Z(R) = addgg) G. Assume
that R is not an isolated singularity. The local ring R is locally a Cohen—Macaulay ring of finite CM type on
the punctured spectrum by Lemma 3.6. We can write Sing R = {p1,...,p,, m} with n > 1 by Lemma 3.7. We
have Q¢(mod Ry,) € CM(R,,) = add Gy, for all integers 1 < i < n. The proof of Theorem 4.7 gives rise to an
integer m > d such that Z(R) = add(2"G). Using Lemma 3.9(2), we get Z(R) = addG[-m] =addG. W

Next we recall the notions of a hypersurface and a simple singularity.

Definition 5.2. (1) A (local) hypersurface is by definition a local ring (R, m) such that there exist a regular
local ring (S,n) and an element f € n such that the m-adic completion R of R is isomorphic to S/(f).

(2) Let (R,m, k) be a d-dimensional local hypersurface with char k = 0. Denote by k the algebraic closure
of k. We say that R is a simple singularity if the complete tensor product ﬁ@;ﬁ is isomorphic to either

the formal power series ring k[x1, ..., z4] or the complete local hypersurface k[zo, ..., zq]/(f) where

x'(r)],-‘rl +x%+x%++x3 (An) (TLEZ>1); or
xg_l +zori+ a3+ +ai (Dn) (n€Zza), or

f=qaj+at+a3+- +a? (Eg), or
3w+t + i+ 422 (E7), or
zg+ o} a4+ ad (Es).

We say that R is a T-singularity when R is a simple singularity whose corresponding polynomial f has
type T € {(Ay), Dy), (Ec) |a € Zx1, b € Zz4, c=6,7,8}.

Remark 5.3. (1) Let R be an artinian local ring. Then R is a hypersurface if and only if R has embedding
dimension at most one, if and only if R is isomorphic to S/(z¢) for some discrete valuation ring (.5, z5)
and e > 0. This follows from Cohen’s structure theorem (note that R is complete as it is artinian).

(2) Suppose that char k = 0. Then char R = 0 and R contains k as a coefficient field. Furthermore, for each
prime ideal p of R, one has char R, = char x(p) = 0. Hence R, contains x(p) as a coefficient field.

(3) If Ris a 0-dimensional simple singularity, R®yk is isomorphic to cither k or k[zo]/(x0Th) for some n > 1.

(4) The original definition [7, Definition 9.1] of a simple singularity is different from ours. Actually, a regular
local ring is not a simple singularity in the original sense. Even in the case of a singular local ring, by [7,
Theorems 9.2, 9.8] and Lemma 5.4 stated below, a simple singularity in our sense is a simple singularity
in the original sense, and both are the same when the local ring is complete and the residue field is
algebraically closed and of characteristic zero. We should also refer the reader to [7, Corollary 10.19].
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Being a simple singularity is a sufficient condition for being of finite CM type.
Lemma 5.4. Every simple singularity (in our sense) has finite CM type.

Proof. Let R be a simple singularity. The ring S := R®ik is isomorphic to k[x1, ..., x4] or k[xo,...,za]/(f),
where f has type T € {(Ay), (Ds), (Ec) |@ € Z>1,b € Z>4, c = 6,7,8}. By [7, Theorem 9.8] and Lemma
4.10(1), the ring S has finite CM type. Note that the natural map R — S is a flat local homomorphism (see
[8, Theorem 49, (1)< (5)]) and S/mS = k. It follows from [7, Theorem 10.1] that R has finite CM type. W

Applying Theorem 4.7 together with Lemma 5.4, we get a sufficient condition for the triangulated category
Z(R) to possess an additive generator, in terms of simple singularities.

Corollary 5.5. Let R be a J-1 local ring, and suppose that R is locally a simple singularity on the punctured
spectrum. Then the triangulated category P(R) possesses an additive generator.

Here is an application example of the above corollary.

Example 5.6. Let S = C[x,y, 2] and R = S/(zyz). As R is complete, it is J-1. For any nonmaximal prime
ideal p the local ring R, is either a regular local ring or an (A;)-singularity. In fact, as p # m, we may assume
z ¢ p, and then R, = Sp/(zy), where P is a preimage of p in S. Hence R is locally a simple singularity on
the punctured spectrum, and Corollary 5.5 guarantees the existence of objects G such that Z(R) = add G.

Remark 5.7. Let R be as in Example 5.6. We can directly prove that 2(R) = add(R/(z) @ R/(y) ® R/(z)),
as follows. The Jacobian ideal of R is J = (yz,xz,2y), so that Sing R = V(J) = {p, q,t,m}, where p = (x,y),
q=(z,2),v=(y,2) andm = (z,y,2). Put H = ROR/(z)®R/(y)®R/(z); this is a maximal Cohen—-Macaulay
R-module. We have R, = Ap, where A = C[z,y, z]/(zy) and P = (x,y). Let M € CM(Ap). Then M = Np
for some N € mod A. Since A is Gorenstein, there is an exact sequence 0 - Y — X — N — 0 of A-modules
such that X is maximal Cohen—-Macaulay and Y has finite injective dimension; see [7, Theorem 11.17]. Since
Np = M is a maximal Cohen—Macaulay A p-module, the localized exact sequence 0 =+ Yp — Xp — Np — 0
splits, and M is a direct summand of Xp. By [7, Proposition 14.17] (see also [2, Proposition 2.2]), all the
nonisomorphic indecomposable maximal Cohen-Macaulay A-modules are A, A/(x), A/(y), and the cokernels

of the matrices (g Z; ) and (g *;n )7 where n > 0. Since zy = 0 and 2" is a unit in Ap, there are equivalences

()= () = () = (0,0 =) =@H =)

of matrices over Ap, and similarly, (fg _;n ) =~ (§9). The cokernel of the matrix (§ §) over Ap is isomorphic

to Ap. Thus Xp belongs to add{Ap, (4/(z))p, (4/(y))p}. We now see that CM(R,,) = add H,. By symmetry,
we get CM(Ry) = add Hy and CM(R,) = add H,. It follows from Corollary 5.1 that Z(R) = add H holds.

From here to the end of this section, we focus on the case of a local ring of dimension one. In this case,
the punctured spectrum coincides with the set of minimal prime ideals. Thus, as an immediate consequence
of Lemmas 3.3, 4.10(1) and Theorem 4.7, we get the following corollary.

Corollary 5.8. Let R be a 1-dimensional local ring which is locally a hypersurface on the punctured spectrum
(e.g., a 1-dimensional local hypersurface). Then the triangulated category 2(R) has an additive generator.

For an artinian local ring (R, m) we denote by £¢(R) the Loewy length of R, i.e., £¢(R) = min{n | m™ = 0}.
Here are a couple of remarks concerning the above corollary.

Remark 5.9. (1) In the situation of Corollary 5.8, we can actually take G = @, i, R, 0<i<C0(Ry) R/p" as
an additive generator of Z(R). Indeed, fix any p € Min R. The artinian local ring R, is a hypersurface,
so that it is a quotient of a discrete valuation ring (even when R, is a field). Using the structure theorem
for finitely generated modules over a principal ideal domain, we obtain equalities CM(R,) = mod R, =
add{Ry, Ry/pRy, ..., Ry/p"*F) 1R} = add(R®G),. Corollary 5.1 yields Z(R) = add(R®G) = add G.

(2) Let G be as in (1) and consider H = R@® G. Then, for every R-module M there exists an exact sequence
0—>K— M — N — L — 0of R-modules such that K has finite length, L is locally free on the punctured
spectrum, and N is in addmod g H. In fact, write Min R = {p1,...,p,}, and fix an integer 1 < i < n. Put
l; = U(Ry,) > 1. As Ry, is an artinian hypersurface, similarly as in (1), the structure theorem for modules
over a PID gives an R, -isomorphism M, = R:Biei’” @ (Rp, /piRy, )& @ -- @ (R, /pk "I Ry, ) @11, this
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is valid even when [; = 1. Put N; = R®%0 @ (R/p;)®¢1 @& (R/p;li~1)Peti-1. We have My, = (N;),,.
There exists an R-homomorphism f; : M — N; such that (f;),, is an isomorphism. We obtain an exact

sequence 0 - K — M EINY YN SN 0, where K = i, Ker fi, N = @,_, N; and f is the transpose of
(f1s---, fn). The module N belongs to addmed g H. Since (Ker f;),, = 0, we have K,,, = 0 for each . An

exact sequence 0 — M, ici—> Ny, = Ly, — 0 is induced. Since (0,...,0, (fi)gil,(), ...,0) is a left inverse
to fp,, this exact sequence splits. We see that Ly, = D, (Nj)p, = ;4 Riej’o for each i. We are done.

We relate the above corollary to the notion of finite CM type which has been introduced in [6].

Definition 5.10. (1) A local ring R is said to have finite CM, type if it has only finitely many nonisomorphic
indecomposable maximal Cohen—Macaulay modules that are not locally free on the punctured spectrum.
(2) Let R be a Gorenstein local ring. We denote by CM,,(R) the subcategory of CM(R) consisting of maximal
Cohen-Macaulay R-modules M such that M, = 0 in CM(R,) for all m # p € Spec R. This is a thick
subcategory of the triangulated category CM(R), so we can define the Verdier quotient CM(R)/ CM,(R).

The following corollary is immediately deduced from Corollary 5.8 and [12, Proposition 4.4].

Corollary 5.11. Let R be a Gorenstein local ring of dimension one. Suppose that R is locally a hypersurface
on the punctured spectrum. Then the triangulated category CM(R)/ CMy(R) has an additive generator.

Remark 5.12. If a Gorenstein local ring R has finite CM type, then it is evident that CM(R)/ CM,(R)
admits an additive generator. The converse does not necessarily hold. Indeed, let R be a homomorphic image
of a regular local ring. Suppose that R is a Gorenstein non-reduced ring of dimension one. It is shown in [6,
Theorem 1.6] that R has finite CM . type if and only if there are a regular local ring S and a regular system
of parameters z,y of R such that R is isomorphic to either S/(x?) or S/(x?y). Thus, by Corollary 5.11, the
existence of an additive generator of CM(R)/ CM,(R) does not necessarily imply that R has finite CM type.

Here is a concrete example to explain the last part of the above remark.

Example 5.13. Let k be a field. Consider the 1-dimensional local hypersurface R = k[z,y]/(z%y?). Then
R does not have finite CM . type but the category CM(R)/ CM,(R) possesses an additive generator.

Finally, we consider local rings of countable CM type.

Definition 5.14. We say that a local ring R has countable CM type provided that the set ind CM(R) is at
most countable. Note by definition that finite CM type implies countable CM type.

In order to give a proof of the final result of this paper, we establish a lemma.

Lemma 5.15. (1) Let R be a local ring with residue field k. If k is uncountable, so is k(p) for any p € Spec R.
(2) Let R be an artinian local ring whose residue field is an uncountable set. Then R has countable CM type
if and only if R has finite CM type, if and only if R is a hypersurface.

Proof. (1) The surjection R/p — R/m = k shows that if k is uncountable, then so is R/p. The inclusion map
R/p < k(p) of the domain R/p into its quotient field x(p) shows that if R/p is uncountable, then so is x(p).

(2) Taking Lemma 4.10(1) into account, it suffices to verify that ind CM(R) is uncountable if R has embed-
ding dimension at least two. Choose elements x,y € m whose residue classes in m/m? are linearly independent
over k. We have CM(R) = mod R as R is artinian. Hence any cyclic R-module is an indecomposable maximal
Cohen—-Macaulay R-module. Consider the subset A = {[R/(z + uy)]|u € R\ m} of ind CM(R). Let u,v be
elements in R\ m such that the equality [R/(z + uy)] = [R/(z + vy)] holds. Taking the annihilators of these
two cyclic R-modules, we obtain the equality (z + uy) = (x + vy) of ideals of R. We have x + uy = a(x + vy)
for some a € R, and z(1 — a) + y(u — av) = 0 in R. The choice of z,y forces 1 —a =u — av =0 in k. Hence
T=aand u=av =70 in k. Therefore, the map 7 : A — k given by 7([R/(z +uy)]) = U is well-defined. It is
evident that 7 is surjective. Since the residue field k is an uncountable set, so is A, and so is ind CM(R). W

Applying Theorem 4.7, we obtain another sufficient condition for Z(R) to have an additive generator.

Corollary 5.16. Let R be a 1-dimensional Cohen—Macaulay local ring with uncountable residue field and a
canonical module. If R has countable CM type, then the triangulated category Z(R) has an additive generator.
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Proof. Fix a nonmaximal prime ideal p of R. As R is a Cohen—Macaulay local ring with a canonical module,
the localization R, has countable CM type by [7, Theorem 14.5]. Since the residue field of R is uncountable,
Lemma 5.15(1) implies that so is x(p). Since R, is an artinian local ring, Lemma 5.15(2) implies that R,
has finite CM type. The assertion of the corollary is now a consequence of Lemma 3.3 and Theorem 4.7. B
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