DOMINANT LOCAL RINGS AND SUBCATEGORY CLASSIFICATION

RYO TAKAHASHI

ABSTRACT. We introduce a new notion of commutative noetherian local rings which we call dominant.
We explore fundamental properties of dominant local rings, and compare them with other local rings.
We also provide several methods to get a new dominant local ring from a given one. Finally, we classify
resolving subcategories of the module category mod R, and thick subcategories of the derived category
D°(R) and the singularity category D%8(R) for a local ring R whose certain localizations are dominant
local rings. Our results recover and refine all the known classification theorems described in this context.

CONTENTS
1. Introduction 1
2. Preliminaries 3
3. Structure of modules in C(R) 4
4.  Generation of Verdier quotients of DP(R) 6
5. Basic properties of dominant local rings 9
6. Tor/Ext-friendliness, Tor/Ext-persistence and dominance 11
7. Inheritance of dominance 14
8. Construction of dominant local rings 16
9. Comparison of dominance with other properties of local rings 19
10. Classification of subcategories and dominant local rings 21
References 29

1. INTRODUCTION

Given an abelian or triangulated category C, one can discuss subcategory classification for C, which
means classifying reasonable full subcategories of C such as Serre subcategories, resolving subcategories,
thick subcategories and localizing subcategories. Subcategory classification has been actively studied in a
wide range of areas including stable homotopy theory [12, 26, 32, 33, etc.], modular representation theory
[13, 14, 15, 27, etc.], algebraic geometry [52, 53, 64, etc.] and ring theory [1, 6, 28, 34, 37, 47, etc.].

Let R be a (commutative, noetherian) local ring. We denote by mod R the category of finitely generated
R-modules, and by DP(R) the bounded derived category of mod R. Let D%8(R) stand for the singularity
category of R, that is, the Verdier quotient of D?(R) by perfect complexes. The author and his coauthors
[22, 24, 46, 57, 58, 59, 60, etc.] have worked on subcategory classification for the abelian category mod R
and the triangulated categories D°(R) and D%8(R). We continue this study in the present paper.

We introduce the full subcategory C(R) of mod R consisting of modules M with depth M, > depth R,
for every prime ideal p of R. This is none other than the full subcategory CM(R) of mod R consisting
of maximal Cohen-Macaulay modules when R is Cohen-Macaulay. We obtain in Theorem 3.8 a result
on the structure of modules in C(R), and some direct consequences in Corollary 4.7 about the Rouquier
dimensions and the ultimate dimensions (in the sense of [11, 50]) of certain Verdier quotients of DP(R).

Motivated by these results, we shall introduce a new notion of local rings: a dominant local ring is a
local ring R for which the thick closure of each nonzero object of D*8(R) contains the residue field (see
Corollary 10.8). We prove that dominance is preserved under various fundamental operations in local
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rings. Moreover, we find out several classes of local rings containing or contained in the class of dominant
local rings. The following theorem collects some of our main results in this direction.

Theorem 1.1 (Theorems 5.6, 6.7, Corollary 5.8 and Propositions 5.10, 6.2). Let (R, m, k) be a local ring.

(1) Letx € m be an R-regular element. If R/(x) is dominant, then so is R. The converse holds if x ¢ m?.

(2) R is dominant if and only if so is the power series ring R[X], if and only if so is the completion R.

(3) R is dominant if m is quasi-decomposable or R is Burch. In particular, R is dominant if it is either
a hypersurface, or a Cohen—Macaulay ring with minimal multiplicity and with k infinite.

(4) Suppose that R is a complete intersection. Then R is dominant if and only if it is a hypersurface.

(5) Suppose that R is dominant. Then R is Tor-friendly, and hence it is Ext-friendly, Tor-persistent and
Ext-persistent. In particular, the Auslander—Reiten conjecture holds for R.

Assertions (3) and (5) of the above Theorem 1.1 are actually complemented in Theorem 9.10, which
provides more precise information on the relationships of dominance with other properties of local rings.

After investigating in Section 7 whether and how dominance is inherited from one local ring to an-
other, we discover various dominant local rings, including certain local rings of embedding dimension
two (Proposition 8.1 and Corollary 8.4) and certain quotients of regular local rings (Corollary 8.7 and
Proposition 8.8). In particular, the quotient of a regular local ring by an ideal generated by at most two
elements turns out to be dominant unless it is a complete intersection; see Corollary 8.9.

Finally, we consider subcategory classification for mod R, D?(R) and D%¢(R). For a subset ® of Spec R,
we denote by Cg(R) the full subcategory of C(R) consisting of modules that are locally free outside ®, by
modg R the full subcategory of mod R consisting of modules that are locally of finite projective dimension
outside ®, by D (R) the full subcategory of DP(R) consisting of complexes that are locally perfect outside
®, and by DF(R) the full subcategory of D8(R) consisting of objects that are locally zero outside ®. Using
the above-mentioned Theorem 3.8, we obtain the following classification of resolving/thick subcategories.

Theorem 1.2 (Theorem 10.10). Let (R, m, k) be a local ring of depth t. Let ® be a subset of Sing R.

(1) Suppose that Ry, is dominant for allp € ®U{m}. Then there exist one-to-one correspondences among:
e the resolving subcategories of Co(R),
o the thick subcategories of Co(R) containing R,
o the thick subcategories of modg R containing R,
e the thick subcategories of D5 (R) containing R,
e the thick subcategories of DE(R), and
o the specialization-closed subsets of ®.
(2) Assume that R is a singular local ring. Suppose further that R, is dominant for allp € ®\ {m}. Let
Q'k denote the t-th syzygy of the R-module k. Then there exist one-to-one correspondences among:
e the resolving subcategories of Co(R) containing Qk,
the thick subcategories of Co(R) containing R and Q'k,
the thick subcategories of modg R containing R and k
the thick subcategories of D% (R) containing R and k,
the thick subcategories of DF(R) containing k, and
the nonempty specialization-closed subsets of .

We should mention that those one-to-one correspondences which are claimed in this theorem are given
explicitly. Here, the resolving subcategories of Cg(R) mean the resolving subcategories of mod R contained
in Co(R). The thick subcategories of Co(R), mode R, D%(R) and DF(R) mean the thick subcategories
of C(R), mod R, DP(R) and D*¢(R) contained in Cs(R), mode R, D5(R) and D (R), respectively. The
specialization-closed subsets of ® mean the specialization-closed subsets of Spec R contained in ®.

Theorem 1.2 (and its consequence, Corollary 10.17) recovers all the known classification theorems of
the same type, which are the ones proved in [22, 46, 57, 59, 60]. Furthermore, Theorem 1.2 considerably
extends/refines them and discovers other classes of local rings R for which such a broad range of resolving
subcategories of mod R and thick subcategories of DP(R), D8(R) are classified completely in terms of
specialization-closed subsets of Spec R. In particular, it is worth noting that all the known classification
theorems mentioned above assume that the local ring R is Cohen—Macaulay, while Theorem 1.2 does not
assume so. As far as the author knows, this is the first time classifying resolving/thick subcategories over
a commutative noetherian local ring which is not necessarily Cohen—Macaulay.

We close the section by stating our convention adopted throughout the paper.
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Convention. All rings are commutative and noetherian. All modules are finitely generated. All subcate-
gories are nonempty, full and strict. The zero (sub)category is denoted by 0. Each object X of a category
C may be identified with the subcategory {X} of C. Let R be a (commutative noetherian) ring. Denote
by mod R the category of (finitely generated) R-modules. We use N for the set of nonnegative integers.

2. PRELIMINARIES
This section provides a list of basic definitions and fundamental properties used in the later sections.

Definition 2.1. Let (R, m) be a local ring. We denote by R the completion of R in the m-adic topology,
and by edim R the embedding dimension of R. We define the (embedding) codimension and the (embed-
ding) codepth of R by codim R = edim R —dim R and codepth R = edim R — depth R, respectively. For an
R-module M we denote by eg(M), {r(M), pr(M) and rr(M) the (Hilbert—Samuel) multiplicity (with
respect to m), the length, the minimal number of generators and the type of M, respectively. We refer
the reader to [16, 44] for the details of these notions about commutative local ring theory.

Definition 2.2. A subset ® of Spec R is said to be specialization-closed if there is an inclusion V(p) C ®
for all p € ®. Note that a specialization-closed subset is the same thing as a (possibly infinite) union of
closed subsets of Spec R in the Zariski topology. In particular, every closed subset is specialization-closed.
The (Krull) dimension of ® is defined by dim ® = sup{n > 0 | there exists a chain po C --- C p,, in O}.
It holds that dim ® < sup{dim R/p | p € ®} with equality if ® is specialization-closed.

Definition 2.3. We denote by Spec, R the set of nonmaximal prime ideals, namely, Specy; R = Spec R\
Max R. If R is a local ring with maximal ideal m, then Spec, R is none other than the punctured spectrum
Spec R\ {m} of R. We denote by Sing R the singular locus of R, namely, the set of prime ideals p of
R such that the local ring R, is singular (i.e., nonregular). It is evident that the singular locus is a
specialization-closed subset of Spec R. Note also that when (R, m) is a local ring, R is singular if and
only if Sing R is nonempty, if and only if m € Sing R. For a property P of local rings (resp. modules
over local rings) and a set ® of prime ideals of R, we say that R (resp. an R-module M) locally satisfies
P on ® if the local ring R, (resp. the R,-module M,) satisfies P’ for all p € ®. A local ring R is said
to have an isolated singularity if it is locally regular on Spec, R, or equivalently, if dim Sing R < 0 (i.e.,
dim Sing R € {0,—0c}). Note by definition that a regular local ring has an isolated singularity; see
[65, Definition (3.1)] and [41, Definition 7.8 and the paragraph following it]. We denote by mody R the
subcategory of mod R consisting of modules which are locally free on Spec, R.

Definition 2.4. For each positive integer n we denote by Q"M the nth syzygy of M, that is to say, the
image of the nth differential map in a projective resolution of M in mod R. We set QM = M. Note
that Q™M is uniquely determined up to projective summands. Whenever the ring R is local, we define
Q™M by using a minimal free resolution of M, so that it is uniquely determined up to isomorphism.

Definition 2.5. An R-module M is said to be mazimal Cohen—Macaulay if depth M, > dim R,, for every
p € Spec R, namely, if one has either M = 0 or M # 0 and depth M, = dim R,, for every p € Supp M.
(Note by definition that the zero module is the only module having depth co.) We denote by CM(R) the
subcategory of mod R consisting of maximal Cohen—Macaulay R-modules. Clearly, R is Cohen—Macaulay
if and only if R € CM(R). We say that R has finite CM-representation type if there exist only finitely
many isomorphism classes of indecomposable modules in CM(R). We set CMg(R) = CM(R) Nmodg R. A
Cohen—Macaulay local ring R has an isolated singularity if and only if CMg(R) = CM(R).

Definition 2.6. A subcategory X of mod R is called closed under extensions (resp. kernels of epimor-
phisms) if for each exact sequence 0 - L — M — N — 0 in mod R with L, N € X (resp. M,N € X)
one has M € X (resp. L € X). We say that X is resolving if it contains the projective R-modules and
is closed under direct summands, extensions and kernels of epimorphisms. Clearly, the condition that
X contains the projective modules can be replaced with the condition that X contains R. Also, being
closed under kernels of epimorphisms can be replaced with being closed under syzygies; see [66, Lemma
3.2(2)]. Tt is straightforward to verify that any intersection of resolving subcategories is again resolving.

Definition 2.7. Let X be a subcategory of mod R. For each p € Spec R we denote by A}, the subcategory
of mod Ry, consisting of modules of the form X, with X € X. The additive closure addgr X of X is defined
as the subcategory of mod R consisting of direct summands of finite direct sums of modules in X. The
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resolving closure resg X of X is defined to be the smallest resolving subcategory of mod R containing
X. The subcategories add R and mody R of mod R are resolving, and so is CM(R) if (and only if) R is
Cohen—Macaulay. For a resolving subcategory X of mod R and a prime ideal p of R, the subcategory
addg, &, of mod R, is resolving; see [24, Lemma 3.2(1)].

Definition 2.8. For an R-module M, we denote by NF(M) the nonfree locus of M, that is, the set of
prime ideals p of R such that M, is nonfree as a module over ;. This is a closed subset of Spec R in the
Zariski topology, since the equality NF(M) = Supp Ext' (M, QM) holds in general; see [56, Proposition
2.10]. For a subcategory X of mod R, we put NF(X) = [Jy., NF(X). This is a specialization-closed
subset of Spec R. For a subset ® of Spec R, we denote by NF~*(®) the subcategory of mod R consisting
of modules M with NF(M) C ®. This is a resolving subcategory of mod R; see [57, Proposition 1.15(3)].
Note that there are equalities mody R = NF~'(Max R) and add R = NF (), the latter of which follows
from the fact that an R-module M is projective if and only if the R,-module M, is free for all p € Spec R.

Definition 2.9. Let T be a triangulated category. A thick subcategory of T is by definition a triangulated
subcategory of 7 closed under direct summands. For a subcategory X of T we denote by thick X' the
thick closure of X in T, that is, the smallest thick subcategory of 7 containing X.

Definition 2.10. Let R be a Gorenstein local ring. We denote by CM(R) the stable category of CM(R),
that is, the objects of CM(R) are the maximal Cohen-Macaulay R-modules, and Homcwm(g) (M, N) is
the quotient Homp (M, N) of Homp(M, N) by the homomorphisms M — N factoring through some
projective R-modules. The stable category CM(R) is a triangulated category by [31, Theorem 2.6].

Definition 2.11. We denote by D°(R) the bounded derived category of mod R, and by DP*f(R) the
subcategory of DP(R) consisting of perfect complexes; recall that a perfect complex means a bounded
complex of (finitely generated) projective modules. Note that the inclusion mod R C DP(R) and the
equality DP*f(R) = thickps(gy R hold. The singularity category of R is by definition the Verdier quotient
D%8(R) = DP(R)/DP*f(R). If R is a Gorenstein local ring, then the assignment M +— M with M € CM(R)
gives a triangle equivalence CM(R) — D*8(R); we refer the reader to [18, Theorem 4.4.1] for the proof.

3. STRUCTURE OF MODULES IN C(R)

First of all, we emphasize that throughout this section R is a (commutative and noetherian) ring. In
this section, we introduce the subcategory C(R) of mod R and investigate modules in it. The main result
of this section plays a key role in later sections. We start with recalling restricted flat dimension.

Definition 3.1. For each R-module M, we set Rfdg M = sup,cgpec p{depth Ry, — depth My, }. This
invariant is called the (large) restricted flat dimension of M. We always have Rfdg M € NU {—o0}, and
Rfdg M = —oc if and only if M = 0; see [8, Theorem 1.1] and [21, Proposition (2.2) and Theorem (2.4)].

We make the definition of the subcategory C(R) of mod R and state basic properties.

Definition 3.2. We denote by C(R) the subcategory of mod R consisting of modules M which satisfy the
inequality Rfdg M < 0, that is to say, modules M such that depth M, > depth R, for all p € Spec R. For
each subset ® of Spec R, we set Co(R) = C(R)NNF~(®). We put Co(R) = C(R)Nmody R = Cppax r(R).

Remark 3.3. (1) For every M € C(R) and every p € Spec R, one has M, € C(R,).

(2) By the depth lemma, C(R) is a resolving subcategory of mod R, and so is Cg(R) for each ® C Spec R.

(3) One has C(R) 2 CM(R). The equality holds if and only if R is Cohen-Macaulay (as R € C(R)).

(4) One has NF(C(R)) C Sing R, or in other words, Cging r(R) = C(R). Indeed, let p € NF(C(R)). Then
M, is not R,-free for some M € C(R). There is an inequality depth M, > depth R,,. If R, is regular,
then pd R, M, < oo and by the Auslander-Buchsbaum formula M, is R,-free, a contradiction.

(5) For an R-module M # 0 one has Q"M € C(R), where r = Rfd M. This is seen by the depth lemma
(see [16, Proposition 1.2.9]).

(6) One has C(R) = add R if and only if R is regular. In fact, the “if” part follows from (3). As for the
“only if” part, by (5) one has pd M < oo for all M € mod R, which implies that R is regular.

(7) If the ring R is local, then there is an equality Co(R) = {M € modg R | depth M > depth R}.

(8) For a local ring (R, m, k) of depth ¢, one has Co(R) = resQ'k. Indeed, using (7) and the depth lemma
shows Q'k € Co(R). Since Co(R) is a resolving subcategory of mod R by (2), we have res Q'k C Co(R).
Pick M € Co(R). Then depth M > depth R = ¢, and M belongs to res Q'k by [63, Proposition 3.4].
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We consider extensions of modules in a given subcategory of mod R.

Definition 3.4. For two subcategories X', ) of mod R, we denote by X o ) the subcategory of mod R
consisting of modules F having an exact sequence 0 - X - F —-Y - 0with X e XY and Y € ).

Remark 3.5. For subcategories X', Y, Z of mod R it holds that (¥ 0)Y) o Z = X o (Y o Z). In fact, let
M be an R-module in (X oY) o Z. There is an exact sequence 0 — N % M — Z — 0 with N € X oY
and Z € Z. There is an exact sequence 0 - X — N LY 5 0with X e Xand Y € V. The pushout
diagram of v, w yields exact sequences 0 - X - M - L - 0and 0 - Y — L — Z — 0. Therefore
M € Xo(YoZ),and thus (XYo))oZ C Xo(YoZ). The opposite inclusion is shown by a dual argument.

Definition 3.6. Let X’ be a subcategory of mod R. We set X°° =0, X°! = X and X°" = x°(» Doy
for each n > 2. Taking Remark 3.5 into account, with no ambiguity we may write X°* =X o X o---0o X.
—_—

n

We state a lemma on localization of a subcategory of modules at a prime ideal, which comes from [57].

Lemma 3.7. Let X be a subcategory of mod R which contains R and is closed under finite direct sums.
Let M be an R-module. Then the following two statements hold true.

(1) Letp be a prime ideal of R. Then the localization M, belongs to add X, if and only if there exists an
exact sequence 0 = N — X — M — 0 of R-modules with X € X whose localization at p splits.

(2) Let @ be a nonempty finite set of prime ideals of R. Assume that for each p € ® the R,-module M,
belongs to add X,,. Then there exists an evact sequence 0 - L — M & N — X — 0 of R-modules
such that X € X, N € res{ M, X}, NF(L) C NF(M) and NF(L)N® = §.

Proof. (1) The proof of [57, Lemma 4.6] actually shows the assertion; [57, Lemma 4.6] concerns a resolving
subcategory of mod R for a local ring R, but the proof does work for a commutative noetherian ring R
and a subcategory of mod R containing R and closed under finite direct sums.

(2) The proof of [57, Proposition 4.7] essentially shows the assertion. We only give an outline. Write

® = {p1,...,pn}. By (1), for each 1 < i < n we get an exact sequence 0 — K; — X; 24 M — 0 which

locally splits at p;. There is an exact sequence o : 0 — K xS Mo 0, where X = X;1&---¢ X, e X
and ¢ = (¢1,...,¢n). As each o, splits, we can choose! an element f € anng o such that f ¢ p; for all
i. Then o splits, and we find a homomorphism v : M — X such that vy is a splitting of ¢ ;. Choosing

a surjection € : F' — X with F' € add R, we get an exact sequence 0 - L - M ® K @ F M) X —0.

Putting N = K @ F, we can verify that N € res{M, X}, NF(L) C NF(M) and NF(L)N® = ). [

Now we state and prove the main result of this section concerning the structure of modules in C(R).
This is used to prove the main results of Sections 4 and 10; it plays a key role in their proofs.

Theorem 3.8. Let R be a local ring with maximal ideal m. Let X be a subcategory of mod R closed under
finite direct sums and such that R € X C C(R). Let ® be a subset of Sing R such that Co(R,) C add(X,)
for every p € ® \ {m}. Then, for each nonfree R-module M € Cq(R), there exists an exact sequence
0=-C—>M®&N =Y — 0 of R-modules in C(R) with C € Co(R), Y € X°" and n = dimNF(M).

Proof. Since M is nonfree, we have n > 0. We prove the proposition by using induction on n. Let n = 0.
Then X°" = 0 by definition. We have NF(M) = {m}, whence M € Cy(R). Thus the assertion follows
by taking the trivial exact sequence 0 - M — M ®0 — 0 — 0. Let n > 1. Put ¥ = min NF(M).
Note that the set ¥ is nonempty and finite. Also, we have that ¥ C ® and m ¢ ¥. Fix any prime
ideal p € W. Then p € ®\ {m}, and Co(R,) C add &}, by assumption. It is seen that NF(M,) = {pR,},
and we get M, € modg R,. Hence M, € C(Ry,) N mody R, = Co(R,) C add X},. Lemma 3.7(2) gives
rise to an exact sequence @ : 0 = L - M & H — X — 0 of R-modules with X € X, H € res{M, X},
NF(L) C NF(M) and NF(L)N¥ = (. As X is contained in X°", the exact sequence is a desired one if L
is free. So, let us assume that L is nonfree. It is observed that H,L € C(R), NF(L) C NF(M) C & and
t := dimNF(L) < dim NF(M) = n. Applying the induction hypothesis to L, we obtain an exact sequence
0—-C —LoK % Z — 0 of R-modules with C € Co(R) and Z € X°t. Taking the direct sum of «
and the trivial exact sequence 0 - K — K — 0 — 0 and putting N = H & K € C(R), we get an exact

IThere is an obvious error in choosing such an element f in the proof of [57, Proposition 4.7], and the way of choice
presented here is what was supposed to be given in [57].
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sequence 0 - L® K -5 M & N — X — 0. The pushout diagram of v, w gives rise to exact sequences
B:02Z =Y +X —=30andy:0-C —->M®N =Y — 0. Since Z € X° and X € X, the exact
sequence 3 shows Y € X°U+D As ¢4 1 < n, we have Y € X°". Since C(R) is a resolving subcategory
of mod R, it contains X°" and hence Y € C(R). Thus v is such an exact sequence as we want. |

Remark 3.9. For n > 0, we denote by S, (R) the subcategory of mod R consisting of modules satisfying
Serre’s condition (Sy,), i.e., depth M, > inf{n, htp} for all p € Spec R. Put S®(R) = S,(R) N NF~!(®)
for each subset ® of Spec R, and set SO(R) = S, (R) N mody R = SM*™E(R). For every M € S,(R)
and p € Spec R, one has M, € S,,(R,). Whenever R satisfies (S,,), the subcategory S, (R) of mod R is
resolving and so is S (R). The assertion of Theorem 3.8 with C, Cg, Cs replaced by S,,, S, S® respectively
holds. More precisely, the statement below follows along the same lines as in the proof of Theorem 3.8.

Let R be a local ring with maximal ideal m, and let n be a nonnegative integer. Let X’ be a

subcategory of mod R closed under finite direct sums and such that R € X CS,,(R). Let

® be a subset of Sing R such that S (R,) C add(X,) for all p € ® \ {m}. Then, for each

nonfree R-module M € S®(R), there exists an exact sequence 0 — C — M@®N — Y — 0

of R-modules such that C € S?(R) and Y € X°" where h = dim NF(M).

Note that in the case where R is Cohen-Macaulay and n > dim R, one has S,,(R) = C(R) = CM(R), and
the above statement is identified with Theorem 3.8 in this case.

Here we recall the definition of a notion.

Definition 3.10. Let ® be a set of prime ideals of R. A resolving subcategory X of mod R is said to be
dominant on ® if for each prime ideal p € ® there exists an integer n > 0 such that Q"k(p) € add X,,.

The notion of a dominant resolving subcategory is introduced in [24], where the inner structure of
each dominant resolving subcategory is described and classification of dominant resolving subcategories
is provided. The above theorem yields the following result on dominant resolving subcategories.

Corollary 3.11. Let (R,m) be a local ring. Let X be a resolving subcategory of mod R contained in C(R).
Let @ be a subset of Sing R such that X is dominant on ®\ {m}. Then, for each R-module M € Cg(R),
there exists an exact sequence 0 — C — M & N — X — 0 of R-modules with C € Co(R) and X € X.

Proof. The exact sequence 0 - M — M &0 — 0 — 0 is a desired one when M is free, so we may assume
that M is nonfree. Let p € ® \ {m}. By the definition of a dominant resolving subcategory, there exists
an integer n > 0 such that Q"xk(p) € add X,. As add &}, is a resolving subcategory of mod R, it follows
from [63, Corollary 3.3(1)] that Q4°Pth Bv (p) € add X,. Remark 3.3(8) implies that Co(R,) is contained
in add X,. As X is resolving, we have X°" C X for all ¢ > 0. The assertion follows from Theorem 3.8. W

As another corollary of Theorem 3.8, we obtain decompositions of the subcategory C(R) of mod R.

Corollary 3.12. Let (R,m) be a local ring and put n = dimSing R. Let X be a subcategory of mod R
closed under finite direct sums and such that R € X C C(R). If Co(Ry) C add(X,) for allp € Sing R\{m},
then C(R) = add(Co(R) o X°"). If Co(Ry) C add(X,) for all p € Sing R, then C(R) = add(x°(+1).

Proof. The first assertion is shown by applying Theorem 3.8 to ® = Sing R and using Remark 3.3(4)
and the inequality dim NF(M) < dim Sing R. In what follows, we show the second assertion. By the
first assertion, C(R) = add(Co(R) o X°™). If m is not in Sing R, then R is regular, and Co(R) C C(R) =
add R C X by Remark 3.3(6). If m is in Sing R, then Co(Rn) C add(Xy) by assumption, which means
Co(R) C X. Thus X contains Co(R) in either case, and we obtain C(R) = add(&x°(+1), [

4. GENERATION OF VERDIER QUOTIENTS OF DP(R)

In this section, we apply a result obtained in the previous section to explore the structure of some
Verdier quotients of the derived category DP(R). To be more precise, applying Corollary 3.12, we investi-
gate the (Rouquier) dimensions and the ultimate dimensions of the Verdier quotients D°(R)/ thick{R, k}
and D%8(R) of D°(R). These two notions of dimensions for triangulated categories have been introduced
by Rouquier [50], and Ballard, Favero and Katzarkov [11], respectively. Let us recall their definitions.

Definition 4.1. Let 7 be a triangulated category.
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(1) Let X,)Y be subcategories of 7. We denote by (X) the subcategory of 7 containing X and closed
under finite direct sums, direct summands and shifts, by X % ) the subcategory of T consisting of
objects E € T having an exact triangle X - E —Y — X[1]in 7 with X € X and Y € ), and put
XoY=(X*Y). Set (X)g =0, (X); = (X) and (X),, = (X),_1 0 (X) for n > 2. We write (X)7 for
(X),, when we specify the ambient triangulated category T.

(2) Let G € T. The generation time gt(G) of G in T is defined as the infimum of integers n > 0 with
T = (G)n+1. Note that gt+(G) € NU{oco}. We say that G is a strong generator of T if gt-(G) < oco.

(3) The (Rouquier) dimension dim 7T of T is defined to be the infimum of the Orlov spectrum OSpecT =
{gt+(G) | G is a strong generator of 7} of 7. One then has dim 7 € NU {oo}. Note that dim 7 =
inf{n > 0| T = (G)n41 for some G € T} holds, and that dim 7 = 0 if there exist only finitely many
isomorphism classes of indecomposable objects in T and each object of T is isomorphic to a finite
direct sum of indecomposable objects. The ultimate dimension udim 7 of T is defined as follows.

sup(OSpecT) if OSpecT # 0,

di =
udim7 {oo if OSpecT = 0.

One has udim 7 € NU {oo}.

We need to establish the following general lemma on triangle functors of triangulated categories. The
latter assertion of (2) follows from [49, Lemma 1.2]; for the convenience of the reader we give a proof.

Lemma 4.2. Let F: T — U be a triangle functor of triangulated categories.

(1) There is an inclusion relation F(thickr X) C thicky F(X) for each subcategory X of T.
(2) Let X be a thick subcategory of U. Then F~1(X) ={T € T | F(T) € X} is a thick subcategory of T,
and F induces a triangle functor F : T/F~YX) = U/X. If F is an equivalence, then so is F.

Proof. (1) Let Y be the subcategory of T consisting of objects Y with F(Y') € thicky F(X). As F is a
triangle functor, ) is seen to be a thick subcategory of 7 containing X. Hence ) contains thicks X.

(2) Tt is easy to deduce the thickness of F~1(X) from the thickness of X and F being a triangle
functor. Let « : U — U/X Dbe the canonical functor. The composition aF is a triangle functor and
(aF)(F~1(X)) = 0. By [48, Theorem 2.1.8] there exists a unique triangle functor F': T/F~1(X) - U/X
such that F8 = oF, where 3: T — T /F~1(X) is the canonical functor.

Suppose that F' is an equivalence, and let G : Y — T be a quasi-inverse to F. Similarly as above,
there exists a unique triangle functor G : U/G~H(F~1(X)) — T/F~1(X) such that Gy = 3G, where
v:U = U/GTHFYHX)). We easily see G™1(F~1(X)) = & and v = . Using uniqueness, we observe
that G- F = GF and F -G = FG. As GF and FG are isomorphic to the identity functors, so are GF
and FG. Hence F is an equivalence to which G is a quasi-inverse. |

We introduce a certain subcategory of the stable category of maximal Cohen-Macaulay modules.

Definition 4.3. Let R be a Gorenstein local ring. Let m : CM(R) — CM(R) be the canonical functor,
and set CM,(R) = 7(CMg(R)). (Here, note by our convention that if M € CM(R) and M = 7(X) for
some X € CMy(R), then M € 7(CMy(R)) = CM,(R).) Hence CM,(R) is none other than the subcategory
of CM(R) consisting of the maximal Cohen-Macaulay R-modules M such that M, = 0 in CM(R,,) for all
p € Specy R. Note that CM(R) is a thick subcategory of CM(R).

We record a triangle equivalence induced from the one CM(R) = D*8(R) stated in Definition 2.11.

Proposition 4.4. Let R be a Gorenstein local ring with residue field k. Then the assignment M — M,
where M is a mazimal Cohen—Macaulay R-module, gives a triangle equivalence

CM(R)/ CM,(R) = DP(R)/ thick{R, k}.

Proof. As R is a Gorenstein local ring, there is a triangle equivalence F' : CM(R) — D*8(R), which is given
by F(M) = M for each M € CM(R). It is seen by [61, Corollary 4.3(3)] that F'~! (thickpss(g) k) = CMg(R).
Lemma 4.2(2) yields a triangle equivalence F : CM(R)/CM,(R) — D%¢(R)/ thick k with F(M) = M for
each maximal Cohen-Macaulay R-module M. Let o : D®(R) — D%8(R), 8 : D*8(R) — D%8(R)/ thick k
and 7 : D°(R) — DP(R)/ thick{R, k} be the natural functors. As 7(thick R) = 0, by [48, Theorem 2.1.8]
there exists a triangle functor & : D*8(R) = DP(R)/thick R — DP(R)/thick{ R, k} with v = da. Lemma
4.2(1) implies Ba(thick{R,k}) C thick a{R, k} = 0 and d(thickk) C thickd(k) = 0. By [48, Theorem
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2.1.8] again, we get triangle functors o : D°(R)/ thick{R, k} — D%(R)/ thickk and 7 : D¢(R)/ thick k —
DP(R)/ thick{ R, k} such that Ba = oy and § = 73. We then have equalities v = (70)y and Ba = (o7)Ba.
We see from [48, Theorem 2.1.8] again that 7o and o7 are identity functors. Thus 7 is an equivalence.
Now the composition 7F : CM(R)/ CM,(R) — D°(R)/ thick{ R, k} is a desired triangle equivalence. W

We establish a lemma which describes maximal Cohen—Macaulay modules over the localizations of R
at prime ideals in terms of localizations of maximal Cohen—Macaulay modules over R.

Lemma 4.5. (1) Let R be a Cohen—Macaulay local ring with a canonical module w. Let p be a prime ideal
of R. For any mazimal Cohen—Macaulay Ry,-module M there exists an isomorphism M @w?" =2 X,
such that n is a nonnegative integer and X is a mazimal Cohen—Macaulay R-module. In particular,
there is an equality CM(Ry) = add(CM(R),) of subcategories of mod R,,.

(2) Let R be a Gorenstein local ring. Let G € CM(R), p € SpecR and n € N. Then for every M €
(GP)STM(R") there exists N € (G)m(m such that M is a direct summand of N, in CM(R,).

n

Proof. (1) Write M = N, with some R-module N. As R has a canonical module, N admits a Cohen-
Macaulay approximation, that is, an exact sequence 0 — Y — X — N — 0 of R-modules such that X is
maximal Cohen-Macaulay and Y has finite injective dimension; see [4, Theorem 1.1]. Since N, = M is
maximal Cohen-Macaulay and Y, has finite injective dimension, the localized exact sequence 0 — Y, —
Xp = N, — 0 splits (see [16, Exercises 3.1.24]). Hence M &Y, = X,,. This also says that the R,-module
Y, is maximal Cohen-Macaulay, and we get Y, = wy " for some n > 0 by [16, Exercises 3.3.28(a)].

(2) We use induction on n. When n = 0, we have (G,), = 0, whence M = 0 and we can take N = 0.
Let n = 1. Then in CM(R,) the object M is a direct summand of @¢_, G3""[c;] for some a, b;, ¢; > 0. Set
N = @%, G®[c;] € CM(R). Then N belongs to (GYM™) and M is a direct summand of N, in CM(R,).
Let n > 2. There exists an exact triangle A - B — C — A[l] in CM(R,) such that A € (Gy)n—1,
C € (Gy)1 and M is a direct summand of B; see [25, Remark 3.2(1)]. The induction hypothesis gives rise
to objects A" € (G)n—1 and C’ € (G); such that in CM(R,) the objects A and C are direct summands of
Aj and Cy, respectively. There are isomorphisms A @ X = A} and C @Y = O} in CM(R,). Taking the
direct sums with the trivial exact triagles X - X — 0 — X[1] and 0 - Y — Y — 0[1], we obtain an
exact triangle A, — D — Cy ER Ay[1] in CM(Ry) such that M is a direct summand of D = B& X @Y.
The morphism f belongs to Homp (Cp, Ay[1]), which is isomorphic to Hompy(C”, A’[1]),. There exist
elements g € Homp(C’, A'[1]) and s € R\ p such that f = 1 .g,. Extend the morphism g to an exact
triangle A’ = N — €’ % A’[1] in CM(R), and then we have N € (G),. We get a commutative diagram

Al N, Cp —2 = A]
P
Al D o —L A

p p

of exact triangles in CM(R,). Then & is an isomorphism, and M is a direct summand of N, in CM(R,,). W

Definition 4.6. Following [36], we say that R has finite CM -representation type if there exist only a
finite number of nonisomorphic indecomposable modules that belong to

CM4(R) := CM(R) \ CMy(R) = {M € CM(R) | dim NF(M) > 0}.
If R is a Cohen—Macaulay local ring with an isolated singularity, then it has finite CM_-representation

type as CM.(R) is empty. If R is a hypersurface of type (Ax) or (Do), then it does not have an isolated
singularity but has finite CM_-representation type; see [2, Theorem 1.1(1)] for the details.

Denote by DgE(R) the subcategory of D8(R) consisting of R-complexes X such that X, 2 0 in D8(R,,)
for all p € Specy R. Now we can achieve our purpose of stating an application of Corollary 3.12.

Corollary 4.7. Let R be a Gorenstein local ring with maximal ideal m and residue field k.

(1) If the singular locus Sing R has dimension at most one, then there is an inequality
dim D°(R)/ thick{ R, k} < sup{dim D*(R,) | p € Sing R\ {m}}.
(2) If R has finite CM ,-representation type, then it holds that dim D®(R)/ thick{ R, k} < 0.
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(3) There is an inequality

udim D*8(R) < (s + 1)(dim Sing R + 1) — 1,

where s is the supremum of nonnegative integers n such that DF(Ry) C (Gp>5ii(1Rp) for every strong

generator G of D8(R) and every p € Sing R. In particular, udim D8(R) < oo if s < 0o.

Proof. Since R is Gorenstein, the singularity categories of R and its localization R, at a prime ideal p may
be replaced with the stable categories of maximal Cohen-Macaulay modules over R and R,, respectively.

(1) By [61, Corollary 4.3(3)], we may assume dim Sing R = 1. We can write Sing R = {p1,...,pn, m}
with n > 1. We may assume dim CM(R,,) =: r; < oo for all 1 < ¢ < n. We find a maximal Cohen—
Macaulay Rj,-module G; such that CM(Ry,) = (G;)r,+1. By Lemma 4.5(1), we may assume G; = (C;)y,,
where C; is a maximal Cohen—Macaulay R-module. Put r = max{rq,...,r,} € Nand C = C1®---®C, €
CM(R). Let X be the subcategory of mod R consisting of maximal Cohen—-Macaulay R-modules that

belong to <C’)7%_A1(R). Then X is closed under finite direct sums and satisfies R € X C CM(R).

We claim that CM(R,,,) is contained in add &), for all 1 < i < n. In fact, pick any object M € CM(R,,).

Then M € CM(Ry,) = (Gi)r,+1 C (Cp,)r4+1. By Lemma 4.5(2), there exists an object N € <C>%1(R) such
that M is a direct summand of Ny, in CM(R,,). As N belongs to X, we see that M belongs to add Aj,.
Applying Corollary 3.12, we obtain CM(R)/CMy(R) = (X)1 = (C)r41. It follows from Proposition
4.4 that DP(R)/thick{R,k} = (C), 11, which yields the inequality dim D°(R)/ thick{ R, k} < r.
(2) According to [36, Theorems 1.2(1) and 1.3], the singular locus Sing R of R has dimension at most
one and R, has finite CM-representation type for every p € Sing R\ {m}. The assertion follows from (1).
(3) We may assume s < co. Fix a strong generator G of CM(R). Let X’ be the subcategory of mod R

consisting of modules X which belong to <G>%1(R). Then X is closed under finite direct sums and satisfies

R e X C CM(R). Fix p € SingR. Then CM,(R,) C (GQ%AI(R‘“). A similar argument as in the claim
in the proof of (1) deduces the inclusion CMg(R,) C add &,,. Corollary 3.12 yields CM(R) = add(X°"),

where r = dim Sing R+1. We get CM(R) = (X), = (G) (s41)r, and obtain udim CM(R) < (s+1)r—1. B

5. BASIC PROPERTIES OF DOMINANT LOCAL RINGS

Theorem 3.8 and its consequences lead us to get interested in studying local rings R such that the
resolving subcategories X' of mod R with add R # X C C(R) contain Co(R). Taking Corollary 3.11 into
account, we call such local rings dominant. To be precise, we have the following definition and proposition.

Definition 5.1. Let R be a local ring with residue field k. Put t = depth R. We say that R is dominant if
for each R-module M of infinite projective dimension, the R-module Q%% belongs to the resolving closure
res M of M. Note that if R is a regular local ring, then it is dominant since Q'k is a free R-module (or
since there is no R-module of infinite projective dimension).

Remark 5.2. We will later obtain an equivalent homological characterization of dominant local rings;
see Remark 10.9.

Proposition 5.3. Let R be a local ring. The following three statements are equivalent.
(1) The local ring R is dominant. (2) For every R-module M with pd M = oo one has Co(R) C res M.
(3) For each resolving subcategory X of mod R with add R # X C C(R), it holds that Co(R) C X.

Proof. It is a direct consequence of Remark 3.3(8) that (1) and (2) are equivalent.

Let X be a resolving subcategory of mod R such that add R ## X C C(R). Then there exists a nonfree
R-module X € X. Since X belongs to C(R), we observe from the Auslander-Buchsbaum formula that
X has infinite projective dimension. If (2) holds, then we have Co(R) C res X C X, and hence (3) holds.

Let M be an R-module with pd M = co. Put r = Rfd M and X = resQQ"M. We see from Remark
3.3(5) that Q"M belongs to C(R), and therefore X is contained in C(R). Since Q"M is not R-free, we
have X’ # add R. If (3) holds, then there are inclusions Co(R) C X C res M, and thus (2) holds. |

The corollary below is an immediate consequence of the above proposition.

Corollary 5.4. Let R be an artinian local ring. Then R is dominant if and only if there exist only trivial
resolving subcategories of mod R, that is, add R and mod R are the only resolving subcategories of mod R.

Proof. As R is artinian, we have Co(R) = C(R) = mod R. The assertion follows from Proposition 5.3. W
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In this section, we explore basic properties of dominant local rings. To be more precise, we investigate
the relationship of dominance with several fundamental operations of local rings. We first consider how
dominance is related to modding out by a regular element, and for this we establish a lemma.

Lemma 5.5. Let M be an R-module. Let x be an element of R which is reqular on R and M. Let N be an
R-module with N € resg M. Then the element x is reqular on N and one has N/xN € resg )y M/xM.

Proof. Let X be the subcategory of mod R consisting of modules X such that x is X-regular and X/xX €
resr/(z) M/xM. By assumption, R and M belong to X'. Let 0 -+ A — B — C' — 0 be an exact sequence
of R-modules with C' € X. By the snake lemma, the induced sequence 0 = A/xA — B/xB — C/x2C — 0
is exact. We observe that A € X if and only if B € X. Hence X is closed under extensions and kernels of
epimorphisms. It is easy to check that X is closed under direct summands. Therefore, X' is a resolving
subcategory of mod R containing M, and thus it contains resp M. The assertion now follows. |

Now we prove the following theorem, which tells us that dominance has a good relationship with taking
the quotient by a regular element. This theorem plays an important role in the remainder of the paper.

Theorem 5.6. Let R be a local ring with mazimal ideal m. Let x € m be an R-regular element. If R/(x)
is a dominant local ring, then so is R. The converse is also true if x ¢ m?.

Proof. Put t = depth R. Since z is a regular element of R, we have t > 1.

We show the first assertion. Let M be an R-module with pdr M = oco. Then x is Q2M-regular, and
pdp)(z) QM/2QM = oo by [16, Lemma 1.3.5]. Since R/(z) is a dominant local ring of depth ¢ — 1, the
R/(x)-module QR/( k is in resp /() QM /xQM. The R-module QRQR/( k is in resQM by [57, Lemma
5.8], and hence it is in res M. Tt follows by [46, Lemma 4.2] that Q'k is in res M. Thus R is dominant.

Now we prove the second assertion. Let M be an R/(x)-module of infinite projective dimension. Since
x is not in m2, it is seen from [7, Theorem 2.2.3] that M has infinite projective dimension as an R-module,
and so does QM. Since R is dominant, Q'k belongs to resQQM. The element z is regular on both R
and QM. Lemma 5.5 implies that Q'k/zQ"k is in resp () QM /2QM. Thanks to the assumption z ¢ m?
again, Qtk/2Qtk is isomorphic to Qi‘%/(m)k & Q%/l( k; see [54, Corollary 5.3] for instance. Hence Q;/l( )k
belongs to resg ;) QM /xQM. There is a commutative diagram

0 QM R®" M 0
0 QM R®n M 0

with exact rows, where the vertical arrows are multiplication maps by x. The snake lemma gives rise to
an exact sequence 0 — M — QM /xQM — (R/(z))®™ — M — 0. It is easy to see that QM /xQM is in
resr/(z) M. Consequently, Qg/l(l_)k belongs to resg/(;) M, and thus R/(z) is a dominant local ring. W

To get an application of Theorem 5.6, we establish an elementary lemma.

Lemma 5.7. Let (R,m, k) be a local ring. Let ai,...,a, € m andey,...,e, > 0. Let S = R[z1,...,z,]

be a formal power series ring. For each integer 1 < i < n, let S; = S/(25* —aq,..., 2, " —a;—1) be a
quotient of S. Then the element xi' — a; is S;-reqular, and does not belong to the square of the mazimal
ideal of the local Ting S; if e; = 1. Therefore, the sequence x5* — as, ..., x50 — ay, is S-regqular.

Proof. Fix 1 < i < n, and set T; = R[x1,...,%i—1,Tit1,--.,2n]/ (@5t —a1,..., 2, " —a;—1). Then the

ring T; is local, a; is a nonunit of T; and S; = T;[z;]. Denote by n the maximal ideal of the local ring T;.

The element x; — a; is not in the square of the maximal ideal of the local ring ;. In fact, otherwise,
the natural surjection S; — S;/nS; = (T} /n)[x;] = k[z;] would give z; € 22k[x;], a contradiction.

We prove that x;" — a; is S;-regular. It suffices to show that for a local ring A, a nonunit @ € A and an
integer e > 0, the element ¢ — a is regular on the formal power series ring A[t]. Assume (¢t —a)f =0 in
A[t] with f € A[t]. Writing f = co + 1t + cat? + - - -, we see that for each h > 0 the (e + h)th coefficient
of (t*—a)f is ¢y, — aceqp. Hence ¢p = ajcje+h forall j > 0, and ¢p, € ﬂj>0(aj) = 0 by Krull’s intersection
theorem (recall the assumption that a € A is a nonunit). It follows that f = 0, and we are done. [
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The following result is a corollary of Theorem 5.6, which says that dominance also has good relation-
ships with taking a formal power series extension and taking the completion. Thanks to this corollary,
when we deal with dominance, we can reduce to the case of a complete local ring.

Corollary 5.8. Let R be a local ring with mazimal ideal m. Then R is dolm'mmt if and only if so is the
formal power series ring R[] over R, if and only if so is the completion R of R.

Proof. We have R = R[z]/(x), and z is an R[x]-regular element with z € n\n?, where n = mR[x]+zR[z]
is the maximal ideal of R[z]. By Theorem 5.6 we see that R is dominant if and only if so is R[z].

We write m = (aq,...,a,). We have R R[z1,...,z,]/(x1 — a1, ..., 2, — ay,) by [44, Theorem 8.12].
By what we showed at the beginning of this proof, R is dominant if and only if so is R[z1,...,z,].
Using Lemma 5.7 and Theorem 5.6, we inductively see that R[z1,...,z,] is dominant if and only so is
Rlz1,...,z,]/(x1 — a1,..., 2, — ap). As a consequence, R is dominant if and only if so is R. |

Making use of the results which we have obtained in this section so far, we can find out several classes of
local rings that are included in that of dominant local rings. In what follows, we first recall the definitions
of those local rings, and then show that they are actually dominant.

Definition 5.9. Let R be a d-dimensional local ring with maximal ideal m and residue field k.

(1) We say that R is a hypersurface if codepth R < 1. This is equivalent to saying that the completion R
of R is isomorphic to the quotient of a regular local ring by a nonzero nonunit element; see [7, §5.1].
(2) Suppose that R is Cohen—Macaulay. Then there is an inequality e(R) > codim R+ 1. We say that R
has minimal multiplicity if the equality e(R) = codim R+ 1 holds. If k is infinite, this is equivalent to
saying that m? = zm for some system of parameters € = z1,...,z4 of R; see [16, Exercises 4.6.14].
(3) We say that m is quasi-decomposable if there exists a regular sequence * = x1,...,x, on R such
that m/(x) is decomposable as a module over R/(x) (or equivalently, over R). A local ring with
quasi-decomposable maximal ideal is such a local ring that deforms to a fiber product of local rings
with common residue field; see [46] for details, where quasi-decomposability has been introduced.
(4) We say that R is Burch if there exist a maximal regular sequence x = 1, .. ; T ON the completion
R a regular local ring (S,n) and an ideal I of S such that n(I : n) # nf and R/( ) = S/I. For the
details of Burch rings, we refer the reader to [22], which gives various observations on Burch rings.

Proposition 5.10. A local ring (R, m, k) is dominant in each of the following four cases.
(1) R is a hypersurface. (2) R is Cohen—-Macaulay and has minimal multiplicity, and k is infinite.
(3) m is quasi-decomposable. (4) R is Burch.

Proof. Tt is shown in [22, Propositions 5.1 and 5.2] that if either (1) or (2) holds, then so does (4). We
observe from [22, Proposition 7.6] that if R is Burch, then it is dominant.

It remains to show that R is dominant when m is quasi-decomposable. Let @ = xy,...,x, be an
R-regular sequence such that m/(x) is decomposable. According to Theorem 5.6, it suffices to show that
R/(x) is dominant. Replacing R with R/(x), we may assume m is decomposable. Let M be an R-module
with pd M = co. By [46, Theorem A], the module Qk = m is a direct summand of Q3M & Q*M & Q°M.
Hence QFk belongs to res M. Using [63, Proposition 3.2], we obtain Q4¢P BL ¢ res(R @ Qk) CresM. W

Remark 5.11. As we saw in the above proposition, the class of dominant local rings include that of
Burch rings. An advantage of dominant local rings to Burch rings is the fact that dominant local rings
satisfy the property given in Theorem 5.6, while Burch rings do not. More precisely, it is true by the
definition of Burch rings that a local ring (R, m) is Burch if so is the quotient R/(x) by an R-regular
element = € m, but the converse does not necessarily hold even when x ¢ m?; see [22, Example 5.8].

6. TOR/EXT-FRIENDLINESS, TOR/EXT-PERSISTENCE AND DOMINANCE

Recently, the notions of Tor/Ext-friendly rings and of Tor/Ext-persistent rings have been introduced
and studied in [9]. In this section, we compare dominant local rings with those rings. We begin with
recalling the definition of cores.

Definition 6.1. (1) We denote by fpd R the subcategory of mod R consisting of those R-modules which
have finite projective dimension.
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(2) The (resolving) core core R of mod R is defined as the intersection of the resolving subcategories of
mod R that are not contained in fpd R.

We provide a way of interpreting the dominance of a given local ring R in terms of core R, and
characterize the dominant local rings which are complete intersections.

Proposition 6.2. (1) If a local ring R is singular, then the inclusion core R C Co(R) holds.
(2) Let R be a singular local ring. Then the equality core R = Co(R) holds if and only if R is dominant.
(3) Let R be a complete intersection local ring. Then R is dominant if and only if R is a hypersurface.

Proof. (1) Remark 3.3(8) implies that Co(R) is not contained in fpd R. Hence Cy(R) contains core R.
(2) Let M be an R-module of infinite projective dimension. Then res M is not contained in fpd R, so
that res M contains core R. Hence, if we have core R = Cy(R), then R is dominant by Proposition 5.3.
Now assume that R is dominant. Let X be a resolving subcategory of mod R not contained in fpd R.
Then X contains an R-module X of infinite projective dimension. As R is dominant, we have Co(R) C
res X C X by Proposition 5.3. Hence Co(R) C core R, and we get the equality core R = Co(R) by (1).
(3) The “if” part follows from Proposition 5.10(1). To show the “only if” part, assume R is singular
and dominant. Then core R = Co(R) > Q% by (2) and Remark 3.3(8), where d = dim R and k is the
residue field. As pd(Q?) = oo, we have core R ¢ fpd R. Thus R is a hypersurface by [62, Theorem
1.1]. n

Now we recall the definitions of Tor/Ext-persistent rings and of Tor/Ext-friendly rings. In [42], Cohen—
Macaulay local rings that are Tor-friendly (resp. Ext-friendly) are studied, which are called Cohen—
Macaulay local rings that satisfy trivial Tor-vanishing (resp. trivial Ext-vanishing).

Definition 6.3. (1) We say that R is Tor-persistent if every R-module M such that TorZ (M, M) =0
has finite projective dimension.

(2) We say that R is Tor-friendly provided that if M and N are R-modules with Torgo (M,N) =0, then
either M or N has finite projective dimension.

(3) We say that R is Ext-persistent if every R-module M such that Ext7 (M, M) = 0 has cither finite
projective dimension or finite injective dimension.

(4) We say that R is Ext-friendly provided that if M are N are R-modules with Ext3°(M, N) = 0, then
either M has finite projective dimension or N has finite injective dimension.

Next we recall the definition of a Golod local ring.

Definition 6.4. Let R be a local ring with maximal ideal m and residue field k. Then R is called Golod
if the Poincaré series P£(t) of k over R has the description
(1 + t)edim R

kR(t) - codepth R ; )
1 — 30dePth R Gy H, (Kt

where K is the Koszul complex on a minimal system of generators of m. For the details of Golod rings,
we refer the reader to [7, Chapter 5.

Here we compare Tor/Ext-friendly rings and Tor/Ext-persistent rings with complete intersections,
hypersurfaces and Golod rings.

Remark 6.5. Let R be a local ring. Then the following implications hold, as is shown in [9, Example
1.8 and Corollary 6.4] and (the proof of) [62, Proposition 4.9].

R is Golod R is Tor-friendly === R is Ext-friendly
R is a hypersurface R is Tor-persistent R is Ext-persistent.

R is a complete intersection

We should also mention that it is asked in [9] whether every commutative noetherian ring is Tor-persistent.
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Now we interpret the main theorems of [62] in terms of dominance. Here, # ind CM(R) stands for the
number of isomorphism classes of indecomposable maximal Cohen—Macaulay R-modules.

Proposition 6.6. Let R be a Cohen—Macaulay local ring with residue field k.

(1) Suppose that R is henselian and singular, has finite CM-representation type and admits a canonical
module. If R is either Ext-persistent or Tor-persistent with core R # add R, then R is dominant.

(2) Suppose that R is complete and that k is algebraically closed and has characteristic zero. If either
#indCM(R) <5 or #ind CM(R) < 7 and R is Tor-persistent, then R is dominant.

Proof. In either of the cases (1) and (2), the Cohen—-Macaulay local ring R has an isolated singularity by
[35, Corollary 2], and hence the equality CM(R) = CM(R) holds. By [62, Theorem 4.16(2)] for (1) and
by [62, Theorem 6.5] for (2) we get core R = CM(R). Proposition 6.2(2) shows that R is dominant. W

Here we recall a celebrated conjecture: the Auslander—Reiten conjecture asserts that any R-module M
with Ext7;°(M, M @ R) = 0 is projective. This conjecture has been presented in the 1970s [5], and is still
open. Now we show that each dominant local ring is Tor-friendly, and satisfies that conjecture.

Theorem 6.7. A dominant local ring is Tor-friendly, and hence it is FExt-friendly, Tor-persistent and
Ext-persistent. In particular, the Auslander—Reiten conjecture holds for a dominant local ring.

Proof. The latter assertion follows from the former and [9, Theorem 7.2]. To show the former assertion,
let R be a dominant local ring. In view of Remark 6.5, it suffices to show that R is Tor-friendly. Let
M, N be R-modules. Suppose that there is an integer n > 0 with Torf(M, N) =0 for all integers i > n,
and that M has infinite projective dimension. As R is dominant, Q%k is in res M, where t = depth R. Let
X be the subcategory of mod R consisting of modules X such that TorZR(X, N)=0foralli>n. Itis
easy to verify that X is a resolving subcategory of mod R containing M. We have Q'k € res M C X, and
0 = Torl(Qk, N) = Torﬁ_t(k, N) for all i > n. It follows that N has finite projective dimension. [

For a matrix A with entries in R and an integer r, we denote by I, (A) the ideal of R generated by
the n x n minors of A. As an application of the above theorem, we observe that the Auslander—Reiten
conjecture holds true for determinantal rings with respect to maximal minors.

Corollary 6.8. Let X = (X;;) be an m x n generic matriz over a field k such that m < n. Let R =
k[ X]/Ln(X) be a determinantal ring. Let m be the irrelevant mazimal ideal of R. Then the Auslander—

Reiten conjecture holds for the localization Ry and the completion Ruy = E[X] /T (X).

Proof. Note in general that the Auslander—Reiten conjecture holds for a local ring L if it holds for some
faithfully flat extension of L. Thus, it suffices to prove that the Auslander—Reiten conjecture holds for
S = Ry = E[X]/L(X). Let £ be an infinite field containing k (e.g., the algebraic closure of k). Put
T =0®; R=1/(X]/L,(X) and U = £[X]/1,,(X). Then U/m'U = T/m'T =T ®p R/m* = { @) R/m" is
faithfully flat over S/m’S = R/m’ for each i > 0, as ¢ is faithfully flat over k. Since mS is the maximal
ideal of the local ring S, we see from [44, Theorem 22.3] that U is faithfully flat over S. Thus, replacing
k with ¢, we may assume that k is infinite. By [22, Proposition 5.6 and Example 5.7] the localization
Ry, is a Burch ring. Proposition 5.10(4) implies that Ry, is dominant, and so is E; by Corollary 5.8. It
follows from Theorem 6.7 that the Auslander—Reiten conjecture holds for é; |

Remark 6.9. Let R be a Gorenstein ring such that R, is a complete intersection for all p € Spec R with
htp < 1. Let X = (X;;) be an m X n generix matrix with m < n. It is asserted in [39, Theorem 1.2] that
the Auslander—Reiten conjecture holds for R[X]/1,,,(X) if 2m < n+ 1. Compare this with Corollary 6.8.

Here we need to recall a couple of definitions.

Definition 6.10. (1) An R-module C is said to be semidualizing if the natural map R — Hompg(C,C)
is an isomorphism and ExtEO(C’, C) = 0. The R-module R is an obvious example of a semidualizing
module. If R is a Cohen—Macaulay local ring with a canonical module w, then w is a semidualizing
R-module. We refer the reader to [20, 29] for the details of semidualizing modules.

(2) An R-module G is said to be totally reflexive if G is reflexive and satisfies Ext7,’(G @ G*,R) = 0,
where (—)* = Hompg(—, R). Evidently, every projective module is totally reflexive. If R is Cohen—
Macaulay, then any totally reflexive R-module is maximal Cohen—Macaulay. If R is Gorenstein, then
total reflexivity is equivalent to maximal Cohen—Macaulayness. For more details of totally reflexive
modules, we refer the reader to [3, 19].
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(3) Following [55], we say that R is G-regular if every totally reflexive R-module is projective.

Applying the theorem stated above, we obtain the following corollary, where we compare dominant
local rings with G-regular local rings, and consider semidualizing modules over dominant local rings.

Corollary 6.11. Let R be a dominant local ring. Then the following two statements hold true.

(1) If R is not a Gorenstein ring, then it is G-regular.
(2) Let C be a semidualizing R-module, and suppose that C is not isomorphic to R. Then R is a Cohen—
Macaulay ring and C' is a canonical module of R.

Proof. First of all, note from Theorem 6.7 that the ring R is Ext-friendly.
(1) Let G be a totally reflexive R-module. Then Ext7°(G, R) = 0. Ext-friendliness implies pd G' < oo
or id R < co. As R is non-Gorenstein, we get pd G < co. It is observed from [19, (1.2.10)] that G is free.
(2) Since Ext3%(C, C) = 0, Ext-friendliness shows that pd C' < oo or id C' < co. In the former case, we
have pd C' = depth R — depth C' = 0 by [29, Page 68, Item 8], whence C' = R, a contradiction. Therefore
idC < oo. Thus C is a dualizing module, so that R is Cohen—Macaulay and C is a canonical module;
see [16, Theorem 3.3.10 and Remarks 9.6.4(a)(ii)] and [19, (3.4.1) and (A.8.5)]. [

Below we provide another application of Theorem 6.7. Compare this result with Theorem 5.6.

Corollary 6.12. Let (R,m) be a local ring. Then the following statements hold true.

(1) Suppose that there exist a local ring (S,n) and an S-regular element f € n? with R S/(f). Then R
is dominant if and only if S is regular. In particular, R is dominant if and only if it is a hypersurface.
(2) If the local ring R is singular, then R/(z) is not dominant for all R-regular elements v € m?.

Proof. (1) The latter assertion is deduced by the former and Proposition 5.10(1). If R is dominant,
then it is Tor-friendly by Theorem 6.7, and S is regular by [9, Proposition 3.8(2)]. The former assertion
follows. N ~

(2) Set A = R/(x). Then the completion A of the local ring A is isomorphic to R/xR. The local ring
R is singular, and  is R-regular and belongs to (mﬁ)Q. It follows from (1) that A is not dominant. M

Remark 6.13. In the case where the local ring R is not Gorenstein, Corollary 6.12(2) can also be
deduced from Corollary 6.11(1) and [10, Example 3.5(3)].

7. INHERITANCE OF DOMINANCE

In this section, we study how dominance is inherited by standard operations of local rings. First of all,
we consider the relationship of dominance with localization at prime ideals in the following two remarks.
It turns out that dominance is not compatible with localization.

Remark 7.1. Let R be a local ring. Then the following implication does not necessarily hold true.
(7.1.1) R is dominant = R, is dominant for all prime ideals p of R.

In fact, let R = k[z,y, z,w]/(2?, vyz, y?, zw) with k a field. Then R is a 1-dimensional Cohen—Macaulay
complete local ring with a parameter z—w. There is an isomorphism R/(z—w) = S/I, where S = k[z,y, 2]
is a regular local ring and I = (22, zyz, y?, 22) is an ideal of S. Let n be the maximal ideal of S. We have
I:n=n?and n(l:n)=n%+#nl (as xyz € n®\ nl). Therefore R is Burch, and dominant by Proposition
5.10(4). However, for the prime ideal p = (z,y,2) of R we have R, = k[z,y, w] (s /(2% y?), so that Ry
is a complete intersection which is not a hypersurface. Proposition 6.2(3) shows that R, is not dominant.
Another example which does not satisfy the implication (7.1.1) is given in [45, Theorem B]. Indeed,
let R be a local ring and p a prime ideal of R as in [45, Theorem B]. Then, since the maximal ideal of
R is decomposable, R is a dominant local ring by Proposition 5.10(3). Since there exists a semidualizing
Ry-module which is neither free nor dualizing, R, is not a dominant local ring by Corollary 6.11(2).

The converse of (7.1.1) trivially holds, as one can take p to be the maximal ideal of R. The following
observation says that the converse is not true in general if we remove the case of the maximal ideal.

Remark 7.2. Let R be a local ring. Then the implication below does not necessarily hold true.

R, is dominant for all nonmaximal prime ideals p of R = R is dominant.
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In fact, let (R, m) be a local complete intersection that is not a hypersurface but has an isolated singularity
(e.g., k[z,y]/(x2,y?), k[t*,£5,t°] etc., where k is a field). Then R is not dominant by Proposition 6.2(3).
However, for each p € Spec R\ {m} the local ring R, is regular, and hence it is dominant.

Next we investigate how dominance is transferred along a flat local homomorphism.

Remark 7.3. Let (R,m) — (S,n) be a flat local homomorphism of local rings. Then the implications
below do not necessarily hold true.

(7.3.1) R and S/mS are dominant = S is dominant.
(7.3.2) R and S are dominant = S/mS is dominant.

Indeed, let k be a field. As to (7.3.1), we consider the ring extension R = k[z]/(2?) C k[z,t]/(22,%) = S
of artinian local complete intersections. Then S is a free R-module with {1,¢} a basis. The rings R and
S/mS =2 k[t]/(t?) are dominant by Proposition 5.10(1), while S is not dominant by Proposition 6.2(3).

One can also construct a non-Gorenstein example. Consider the extension R = k[z,y]/ (22, zy, y?) C
k[z,y,t]/(z?, zy,y?,t?) = S. Then R, S are non-Gorenstein, and S is a free R-module with {1,¢} a basis.
The rings R and S/mS are Burch by [22, Remark 7.15], whence they are dominant by Proposition 5.10(4).
By [22, Remark 7.15] again, S is not G-regular. Hence S is not dominant by Corollary 6.11(1).

As for (7.3.2), let S = k[z,y,t]/(2% 2y,y?), and consider the subring R = k[t?] of S. Then S is a
free R-module with {1, z,y,t,at,yt} a basis. The ring R is regular, and the maximal ideal n of S is
quasi-decomposable; one has n/(t) = (x) ® (y). The local rings R and S are dominant by Proposition
5.10(3). The ring S/mS is isomorphic to k[z,y,t]/(x2, zy, y?,t?), which is not dominant as we saw above.

Thus, dominance is not compatible with local flat extensions in full generality. However, the following
proposition says that the implication (7.3.1) does hold if we impose the assumption that R is regular.
This proposition is regarded as a dominant version of [55, Corollary 4.5] concerning G-regularity.

Proposition 7.4. Let ¢ : R — S be a flat local homomorphism of local rings. Denote by m the mazimal
ideal of R. If R is regular and S/mS is dominant, then S is dominant.

Proof. Let x = z1,...,x4 be a regular system of parameters of the regular local ring R. Then x is an R-
regular sequence. As ¢ is local and flat, « is an S-regular sequence as well. By assumption, S/xS = S/mS
is dominant. Repeated application of Theorem 5.6 yields that S is dominant. |

The following question is natural to ask. We have neither a proof nor a counterexample.
Question 7.5. Let R — S be a flat local homomorphism of local rings. If S is dominant, is R dominant?
To prove our next result, we need to generalize [46, Lemma 4.2] and [57, Lemma 5.8].

Lemma 7.6. Let n > 0 be an integer. Let I be a proper ideal of R such that pdg R/I < n.
(1) Let M be an R/I-module. For anyi > 0 one has Q%QE/IM i Q’]{”M up to projective R-summands.
(2) Let M and N be R/I-modules. If M € resg;; N, then QM € resgp(QEN).

Proof. (1) There is an exact sequence 0 — QE/IM — Py — -+ — Py — M — 0in mod R/I, where
each Pj is a projective R/I-module. Applying Q' (—) to this exact sequence, we obtain an exact sequence
0— Q}QQ%/IM = Qic1 == Qo= QUM —0in mold R such that each @); is a projective R-module
since pdy R/I < n. This exact sequence says that Q}%Q}%/IM is an i-th syzygy of the R-module Q% M,
which is isomorphic to Q%‘”M up to projective R-summands.

(2) Put C = resg(QXLN). Let X be the subcategory of mod R/I consisting of modules X with Q%X € C.
Then it is easy to verify that X is a resolving subcategory of mod R/I. As Q%N is in resp(QEN) = C, the
module N is in X'. As X is resolving, it contains resp,; N. Thus M € X', and QM € C = resp(QxN). W

In the proposition below, we study dominance of local rings by establishing the same kinds of conditions
as investigated in [39, Theorem 2.3] for the Auslander—Reiten conjecture.

Proposition 7.7. Let (R,m,k) be a local ring. Let * = x1,...,x, be a reqular sequence on R with
n > 0. Let I be the ideal of R generated by x. Consider the following four statements.

(a) R is dominant. (b) R/I is dominant for all i > 0.

(c) R/I' is dominant for all 1 <i < n. (d) R/I" is dominant for some r > 0.
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Then, the implications (b) = (¢) = (d) = (a) always hold true. The implication (a) = (d) does not
necessarily hold even when n = 1. The implication (a) = (b) does not necessarily hold even when i = 1.

Proof. We prove the ith assertion of the proposition in the paragraph (i) below for each i € {1, 2, 3}.

(1) It is evident that the implications (b) = (¢) = (d) hold. To show the implication (d) = (a),
suppose that R/I" is dominant for some r > 0. Let M be an R-module of infinite projective dimension,
and put ¢ = depth R. By [17, Proposition (2.14)] (or [16, Exercises 1.4.27]) we have pdy R/I" = n. The
Auslander-Buchsbaum formula implies depth R/I" = ¢t — n, which says ¢ > n. Set N = Q%M. Applying
[46, Lemma 5.1] to Q% ™M, we see that the sequence x is N-regular. Note that N/zN is an R/I"-module.

Suppose that pdg ;- N/xN < oo. Since pdp R/I" = n < 0o, we observe that pdp N/xN < oo. Hence
pdi N < o< by [16, Exercises 1.3.6]. As N = Q% M, it follows that pd; M < oo, which is a contradiction.
Thus pdg,;» N/&N = co. Since R/I" is dominant, Qg/}k belongs to resg,; N/zN. We obtain

Rk = QR(Qy 1K) € resp(Qi(N/2N)) C resg N = res(Qp M) C resg M,
where the isomorphism is up to free summands. The isomorphism and the containment follow from (1)
and (2) of Lemma 7.6, respectively, while the first inclusion is obtained by [46, Lemma 4.3]. Thus the
local ring R is dominant, that is to say, statement (a) holds.

(2) Suppose that R is not Gorenstein, but dominant and has positive depth. (For example, the quotient
K[X,Y,Z](X?, XY,Y?) with K a field is such a ring by Proposition 5.10(3).) We can choose an R-regular
element x € m?. By [10, Examples 3.5(3)], for all i > 0 the local ring R/(z*) is not G-regular. It follows
from Corollary 6.11(1) that R/(z*) is not dominant. Thus (a) = (d) is not necessarily true for n = 1.

(3) Suppose that R is regular and has dimension at least 2. Then R is a dominant local ring. We

can choose an R-regular sequence £ = zi,...,2, in m? with n > 2. The quotient ring R/(x) is a
non-hypersurface local complete intersection, and hence it is not dominant by Proposition 6.2(3). This
argument shows that the implication (a) = (b) does not necessarily hold for ¢ = 1. |

8. CONSTRUCTION OF DOMINANT LOCAL RINGS

This section provides several ways to construct a dominant local ring from another dominant local ring.
By Proposition 5.10(4) a Burch ring is dominant, while a lot of examples of Burch rings are presented in
[22]. Thus, applying the methods developed in this section to those Burch rings, we can get a lot of new
dominant local rings, which may no longer be Burch.

We start by stating a result on Burch rings, producing a Burch ring which seems to be unknown.

Proposition 8.1. Let (R,m) be a local ring with m® = 0 and edim R = 2. Suppose that R is not a
complete intersection. Then R is Burch. Therefore, R is a dominant local ring.

Proof. As R is artinian, it is complete. We can write R = S/I, where (S, n) is a 2-dimensional (complete)
regular local ring and I is an n-primary ideal of S such that n® C I C n?. Suppose that the equality
n(I : n) = nl holds. Then we have n® = nn? C n(f : n) = nl C nn? = n3, and get n® = nl. If I = n?,
then the equality n(I : n) = nl and Nakayama’s lemma imply n? = 0, which is a contradiction. Hence
I # n?. Letting x,y be a regular system of parameters of S, we have n = (z,y), n> = (22, vy, y?), and
¢(n?/n3) = pu(n?) = 3. Hence p(I) = £(I/nl) = £(n?/n®) — {(n?/I) <3 — 1 = 2. We must have u(I) =2
and [ is generated by a system of parameters of the regular local ring S. It follows that R = S/I is a
complete intersection, which contradicts the assumption of the proposition. Thus we obtain n(I : n) # nl,
and therefore R is Burch. By Proposition 5.10(4) the local ring R is dominant. [

To prove our next proposition, we establish an elementary lemma on intersections of ideals.

Lemma 8.2. (1) Forideals I,.J of R there is an isomorphism IN.J/I.J = Tor¥(R/I, R/J) of R-modules.
(2) Let I be an ideal of R. Let S = R[z1,...,x,]. Then (x1,...,2,)SNIS = (z1,...,2,)IS.

Proof. (1) Applying — ®g R/J to the exact sequence 0 — I — R — R/I — 0, we get an exact sequence
0 — Tor®(R/I,R/J) — I/IJ % R/J, where a(Z) = T for € I. We have Kerov = (INJ)/IJ.

(2) Put @ = z1,...,2,. By (1) the quotient (xS NIS)/zIS is isomorphic to Tor; (S/xS, S/IS). This
is isomorphic to the first Koszul homology H; (2, S/IS), which vanishes since « is a regular sequence on
S/I1S = (R/I)[x]. Hence (xS NIS)/xlS =0, and thus S NIS = xIS. |

Now we can show the following proposition concerning getting dominant local rings.
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Proposition 8.3. Let R be a 1-dimensional Cohen—Macaulay local ring with mazimal ideal m and residue
field k. Let I be an m-primary ideal of R. Suppose that the local ring R/al is dominant for some parameter
a of R. Then the local ring R/bI is dominant for every parameter b of R.

Proof. Let S = R[z]/xIR[z]. Lemma 8.2(2) implies that zR[z] N IR[z] = xIR[z]. Then it is seen that
xS NIS =0, and there is an exact sequence 0 — S — S/zS & S/IS — S/xS + IS — 0 of S-modules.
The local ring S/xS + IS = R/I is artinian, while S/2S = R and S/IS = (R/I)[x] are Cohen-Macaulay
local rings of dimension 1. We observe that S is a 1-dimensional Cohen—-Macaulay local ring.

We claim that z — ¢ is S-regular for any parameter ¢ of R. Indeed, as I,cR are m-primary, the ring
R/cI is artinian and hence complete. We have S/(z — ¢) = (R/cI)[z]/(x —¢) = R/clI; see [44, Exercise
8.2 and Theorem 8.12]. As S is a Cohen—-Macaulay ring of dimension 1, the claim follows.

We also claim that & — ¢ is not in the square of the maximal ideal n of S. In fact, if x — ¢ € n2, then
by using the surjection S — S/mS = k[z] we can deduce that x € x?k[z], which gives a contradiction.

It follows from the above two claims that z — a and x — b are S-regular elements and z — b is not in
n?. Since S/(z — a) = R/al is dominant, so is S, and so is S/(z — b) = R/bI by Theorem 5.6. [

Applying the above proposition, we obtain the corollary below on a quotient ring by a monomial ideal.
In view of this result, the class of dominant local rings would be much larger than that of Burch rings.

Corollary 8.4. Let k be a field. Let a1 > ag >+ > apn_1 >ap=0and0=01 <by < -+ <b,_1 <byp
be integers with n > 3. Let R = k[x,y]/(x%, z%2yb2 ... x%—1ybn-1 b)) Then R is a dominant local
ring. The ring R is Burch if and only if a, — ar41 =1 orb.41 — b, =1 for some 1 <r <n—1.

Proof. The latter assertion of the corollary is a consequence of [22, Corollaries 2.7 and 6.5]. To show
the former, we consider the 1-dimensional local hypersurface S = k[z,y]/(z*) with maximal ideal
n = (z,y). The ideal I = (292, x3ybs=b2  gan-1ybn-1=b2 9bn=b2) of G ig n-primary. The element y is
a parameter of S. The local ring S/yl = k[x,y]/(z®%, 2%y, xsybs b2t gdn-1gyba-1=bat1 pbn—batl)
is Burch by [22, Corollary 6.5], and it is dominant by Proposition 5.10(4). As y%? is a parameter of
S as well, Proposition 8.3 shows that S/y%2I = k[z,y]/(z®, x%2yb2, x%ybs ... xin-iybr-1 ybn) = R is
dominant. |

To state our next proposition, we state an elementary fact on substitution in a formal power series.

Remark 8.5. Let I be an ideal of R. Write I = (ay,...,a,). Suppose that R is I-adically complete.

Let S = R[x1,...,x,] be a formal power series ring. Take f(z1,...,7,) € S, and write f(21,...,2,) =
> ibtin =0 Ciy iy ©1 -y With ¢, € R. Then one can substitute ay, ..., a, for 1,...,x,, that is,

. oo i1 in o.— 13 k . A in
flay,...,;an) = Zi1+~~~+in:0 Ciyeriy Q7" - - @l = hmk%oo(zl'l-s-m-s-in:o Ciyoriy Q7"+ - EY)
k
! it i =0
b —bp_1 = Zi1+~--+in:k Ciy.iy @it - -ain € IF. Thus {br}72, is a Cauchy sequence in the I-adic topology,

is uniquely defined as an element of R. In fact, putting by = > Ciyoniy @i - aln € R, we get

and converges in R since R is I-adically complete (see [44, Page 57]). The assignment f(x1,...,x,) —
f(a1,...,ay) gives an isomorphism S/(z1 — a1, ..., Ty, — ay) = R; see [44, Theorem 8.12] and its proof.

The proposition below describes the relationship between the dominance of a quotient of a formal
power series ring and the dominance of another ring given by substitution in the defining ideal.

Proposition 8.6. Let A = kz1,...,z,] and B = k[y1,...,ym] be formal power series rings over a
field k. Let R = A/(f1,...,fr), where fi,...,fi € (x1,...,2,)% Let g1,...,g9n € B be nonunits. Put

fi = fi(g1,---,9n) € B for each i, and set S = B/(fl,...,ﬁ). Suppose that x1 — g1,...,%Tp — Gn 1S a
regular sequence on RQpB = R[y1, ..., ym] (this assumption is satisfied if R is Cohen—-Macaulay and the

equality ht(f1,..., fi) = ht(]?l, ..., ft) holds). Then R is a dominant local ring if and only if so is S.

Proof. Thering B is (y1, . . ., Ym)-adically complete, and it is (g1, . . ., gn )-adically complete as ¢1,...,gn €
(y1,--.,Yn). Remark 8.5 says fi,..., ft € B are defined and the assignment h(x1,...,2,) — h(g1,.-.,gn)
gives an isomorphism B[z1,...,7,]/(21 — g1,...,%n — gn) — B, which sends each f; to f;. Therefore,

Rﬂylw'wym]]/(ml7917"'axn79n) . _
:Bﬂxb"'?xn]]/(xl_glv'”,xn_gnaflv"‘vft)gB/(flw"vft):S‘
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We claim that x; — g; is not in the square of the maximal ideal of R[y1,...,ym]/(x1 —g1,. .., xim1 —
gi—1) for each 1 < i < n. In fact, suppose that x; — g; € (T1,.. ., Tn, Y1, Ym)> + (f1,-- -, fe, 21 —
91y Tio1 — gi—1) in k[x1, ..., T, Y1, -+, Ym]. The assumption fi,..., f; € (z1,...,7,)? implies z; —

gi € (X1, Ty Y1y -y Ym)? + (21 — g1, -, @i—1 — gi—1). The surjection k[z1,...,%Zn, Y1, Ym] —
klz1, . @n 1y s Yml]/ Wiy - -, Ym) = A shows z; € (z1,...,2,)%+ (21,...,2,_1) in A, a contradiction.
When 21 — g1, ...,%n — gn 18 a regular sequence on the ring R[yi, ..., ym], by applying Theorem 5.6,
the above claim and Corollary 5.8 repeatedly, it is observed that R is dominant if and only if so is S.
Finally, we verify what is stated in the parentheses in the assertion. Assume that R is Cohen—-Macaulay
and ht(f1,..., fr) = ht(ﬁ, cey ﬁ) Then R[y1,...,ym] is Cohen-Macaulay as well. The equalities

grade(z1 — g1,...,Zn — gn) = dim Ry1, ..., ym] — dim(Ry1, ..., ym]/(z1 — g1, .., 20 — 90))
=(dimR+m)—dimS = (n—ht(f1,...,ft)) +m—(m-ht(f1,..., fr)) =n
hold. By [16, Corollary 1.6.19] the sequence x1 — g1, ..., Tn — gn is regular on R]y1, ..., Ym]. [

As an application of the above proposition, we obtain the following result regarding a quotient ring
by an ideal generated by minors of a matrix.

Corollary 8.7. Let k be a field. Let R = k[zq,... ,Inﬂ/lg(;; N ;;), where each fi; is a nonunit of

kElz1,...,zn]. IfdimR=n—t+ 1, then R is dominant.

Proof. Let S = k[y11,..., Y16, Y21, - - - Y2e) [Ta( 5ot 0 45t ) be a determinantal ring, and let n be the irrele-

vant maximal ideal of S. Then S is a Cohen—-Macaulay ring of dimension ¢+ 1 by [16, Theorem 7.3.1(c)].

The local ring Sy, is Burch by [22, Proposition 5.6 and Example 5.7], and is dominant by Proposition

5.10(4). Let T = Sy = k[y11,-- -, Y1t, Y21, - - -, Y2 ] /To (421 0 ¥2t) be the completion of the local ring of S,,.

Then the local ring T is Cohen-Macaulay, and Corollary 5.8 implies that 7" is dominant. The computation

2t—dimT =2t —dimS =2t - (t+1)=t—1=n—(n—t+1)=n—dimR

says that the defining ideals of T, R have the same height. Proposition 8.6 shows that R is dominant. W
The following result holds, whose context is similar to those of the two propositions stated above.

Proposition 8.8. Let (R,m,k) be a regular local ring. Let * = x1,...,2, and Yy = y1,...,Ym be

sequences of elements of m withm > 1 and m > 0. Suppose that x,y is an R-reqular sequence.

(1) If m > 1, then the residue ring S = R/(xy) is a dominant local ring.

(2) If z € mis an R/(y)-regular element, then the residue ring T = R/(x(y, z)) is a dominant local ring.

Proof. By Corollary 5.8, replacing R, S, T with their completions, we may assume that R is complete.

We begin with proving assertion (2) of the proposition. Let A = R[X,Y, Z]/X (Y, Z) be a quotient
of a formal power series ring over R, where X = X4,..., X, and Y =Y;,...,Y,,. Then A/(X —2,Y —
Yy, Z — z) is isomorphic to T (as R is m-adically complete; see [44, Theorem 8.12]). Asn > 1, the local ring
B=A/mA=k[X,Y,Z]/X(Y,Z) has decomposable maximal ideal (X,Y,Z)B=XB® (Y,Z)B by
Lemma 8.2(2). Propositions 5.10(3) and 7.4 show that A is dominant. In view of Theorem 5.6, it suffices
to prove that X —x,Y —y, Z — z is a regular sequence on A. The equality X (Y, Z) = (X)N (Y, Z) of
ideals of R[X,Y, Z] (following from Lemma 8.2(2)) shows that an exact sequence

0-A—-A/(X)dA/(Y,Z)—>A/(X,Y,Z)—0
of A-modules is induced. The sequence X — x is regular on A/(X) = R[Y,Z], A/(Y,Z) = R[X] and
A/(X,Y,Z) = R, since —x is regular on R and R[Y, Z], and X — x is regular on R[X] by Lemma 5.7.
Therefore, X — @ is a regular sequence on A, and an exact sequence
0-A/(X—2) > A/ X,2)®A/(Y,Z,X —x) > A/(X,Y,Z,x) =0
is induced. The modules A/(X,x), A/(Y,Z,X —x) and A/(X,Y, Z,x) are respectively isomorphic to
(R/(x))[Y,Z], R and R/(x). The sequence Y —y is regular on (R/(x))[Y, Z], while the sequence —y is
regular on R and R/(x); note that as the sequence x,y is R-regular and the ring R is local, the sequence
y is R-regular. It is seen that Y — y is a regular sequence on A/(X — x), and an exact sequence
O%A/(X *CE,ny) %A/(X,:c,ny) @A/(YaZ7X 7ﬂl,y) - A/(X5Y7Z7m7y) —0

is induced. The modules A/(X,z,Y —y) and A/(Y,Z, X — x,y) are isomorphic to (R/(x))[Z] and
R/(y), respectively. Since Z — z and —z are regular on (R/(x))[Z] and R/(y) respectively, Z — z is
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regular on A/(X —x,Y —y). We conclude that the sequence X —a,Y —y, Z — z is regular on A, and
thus the proof of the second assertion of the proposition is completed.

Assertion (1) is shown by simply ignoring everything on Z or z in the above argument; we only give an
outline. Let A = R[X,Y]/(XY) with X = X1,..., Xpand Y =Y1,...,Y,,. Then A/(X —a,Y —y) =
S. As n,m > 1, the local ring A/mA = k[X,Y]/(XY) has decomposable maximal ideal, and hence
A is dominant. Exact sequences 0 - A - A/(X)® A/(Y) - A/(X,Y) > 0and 0 - A/(X —x) —
A/(X,x)pA/(Y,X—x) - A/(X,Y,x) — 0 are induced, and we see that X —x, Y —y is A-regular. W

Applying the above proposition, we can show the following decisive result on dominant local rings.

Corollary 8.9. Let (R, m) be a regular local ring. Let I be a proper ideal of R such that u(I) < 2. Then
the residue ring R/I is either a complete intersection of codimension two, or a dominant local ring.

Proof. Proposition 5.10(1) shows that R/I is dominant if u(I) < 1. Let pu(l) = 2 and write I = (z,y).
Note that R is factorial. Let g = ged(x,y). We see that x = ga',y = gy’ for some z’,y" € m with
ged(z',y") = 1. We have grade(z’,y’) = ht(2',y’) = 2, which means that z’,y’ is a regular sequence on
R. If g ¢ m, then the local ring R/I is a complete intersection of codimension 2. If g € m, then we see
by letting m = 0 in Proposition 8.8(2) that R/I is a dominant local ring. |

We should compare the following example with Corollary 8.4. This example would also say that the
Burch rings form only a small subclass of the dominant local rings. We should also remark that the local
ring R is not Cohen—Macaulay.

Example 8.10. Let R = k[z, y]/x%(z, y°¢) = k[, y]/ (2T, 2%y°) be a quotient of a formal power series
ring over a field k, where a,b,c > 0 are integers. Then, by [22, Corollaries 2.7 and 6.5], the local ring R
is Burch if and only if either b =1 or ¢ = 1 holds. The local ring R is always dominant by Corollary 8.9.

Remark 8.11. Let R be a regular local ring and I a proper ideal of R with u(I) < 2 as in Corollary 8.9.
Then edim R/I < dim R and dim R/] = dim R — ht I > dim R — 2, whence codim R/I < 2. Therefore,
if R/I is Cohen—Macaulay, then it is either a complete intersection or a Golod ring by [7, Proposition
5.3.4]. This may say that there exists some connection between dominance and Golodness.

9. COMPARISON OF DOMINANCE WITH OTHER PROPERTIES OF LOCAL RINGS

In this section, we seek for implications between dominance and several other properties of local
rings. In fact, unfortunately, it turns out that for many of those properties we have no idea whether an
implication exists to/from dominance, and we present questions together with some related information.

We start by considering dominance in relation to finite CM-representation type. In [62, Conjecture 4.2],
it is conjectured that a Cohen—Macaulay singular local ring R of finite CM-representation type satisfies
core R = CM(R). By Proposition 6.2(2) and [35, Corollary 2], one can interpret it in terms of dominance
as follows. Proposition 6.6(2) supports this conjecture, and so does Proposition 10.15(4) appearing later.

Conjecture 9.1. A Cohen-Macaulay local ring of finite CM-representation type is dominant.

Next, we pose the following question about the relationship of dominance with Tor/Ext-friendliness.
It looks a bit bold but seems to be natural as well. Proposition 6.6(1) gives a partial affirmative answer
to this question, but we do not have a complete answer. It would be very interesting if we could find out
relatively general cases where the question is affirmative.

Question 9.2. Let R be alocal ring. Suppose that R is Tor-friendly or Ext-friendly. Is then R dominant?
Now we deal with the Golod property of local rings. For this, we recall the following two facts.

Remark 9.3. (1) A local ring of codimension at most one is Golod by [7, Proposition 5.2.5].
(2) A local ring is a hypersurface if and only if it is Gorenstein and Golod. This fact is stated in [7, Page
49, Remark]; see also [10, Examples 3.5(2)].

We know by Proposition 5.10(1) that a local hypersurface is dominant. Combining this with Remarks
9.3 and 8.11 naturally leads us to the following question.

Question 9.4. Is a Golod local ring necessarily dominant? In particular, is every local ring of codimen-
sion at most one dominant?
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The following example supports Question 9.4 in the affirmative.

Example 9.5. Let R = k[, y]/(x%°, 2%y°) be a quotient of a formal power series ring over a field k a
field, where @ > 1 and b,¢ > 2. Then dim R = codim R = 1. Remark 9.3(1) shows that R is Golod. As
depth R = 0, the ring R is not Cohen—Macaulay. Example 8.10 says that R is not Burch but dominant.

By Propositions 6.2(3), a local ring is a hypersurface if and only if it is a dominant complete intersection.
It may be natural to ask whether the “if” part can be strengthened as follows.

Question 9.6. Is a Gorenstein dominant local ring a hypersurface?
However, the following statement may lead us to think that the above question has a negative answer.

Remark 9.7. If Question 9.6 has an affirmative answer, then, for example, the artinian Gorenstein local
ring R = klx,y,2]/(2? — y?, 2% — 2%, vy, 22,y2) with k a field turns out to be non-dominant, and hence
there exists a resolving subcategory X of mod R such that add R # X # mod R; see Corollary 5.4.

In the following two remarks, we compare dominance with other two properties of local rings.

Remark 9.8. Recall from Corollary 6.11(1) that a non-Gorenstein dominant local ring is G-regular. We
may thus wonder if for a local ring R the implication

R is not Gorenstein but G-regular = R is dominant

holds, but it does not always. More strongly (see Theorem 6.7), the combination of non-Gorensteinness
and G-regularity does not imply Tor-friendliness. Let R = k[z,y, z, w]/(2?, xy, y?, 2%, 2w, w?) with k a
field. Then R is not Gorenstein. Since Tor%,(R/(z,y), R/(2,w)) = 0, the local ring R is not Tor-friendly.
Suppose that R is not G-regular. Then, since the maximal ideal m of R is such that m3 = 0, it follows
from [65, Theorem 3.1] that the Hilbert series Hg(t) of R is 1+ (r + 1)t + rt2, where r = r(R). However,
we have Hp(t) = 1 + 4t + 4¢%, which is a contradiction. We conclude that R is a G-regular local ring.

Remark 9.9. An artinian Gorenstein local ring (R, m) is called stretched if méR)—edim R —£ (. we refer
to [51] for details. For an artinian Gorenstein local ring R, the implication below does not always hold.

R is stretched =— R is dominant

Indeed, consider the artinian complete intersection local ring R = k[z,y]/(22,4?) with k a field. Then
/(R) =4, edim R = 2 and m? # 0, so R is stretched. However, R is not dominant by Proposition 6.2(3).

Incidentally, the converse of the above implication holds unless R is a field, provided that Question 9.6
has an affirmative answer. This is because an artinian local hypersurface that is not a field is stretched.

The theorem below discusses various properties of local rings including dominance, and makes a table
showing whether the implication from one of them to another holds. This theorem also plays the role of
a summary of what we have got so far; some of the statements of the theorem have already appeared.

Theorem 9.10. Let (R, m, k) be a local ring. The table below describes the relationships among those
ten properties listed left. Here, the symbol “Q)” (resp. “x” ) in the (i,]) entry means that the implication
P; = P; always holds (resp. does not always hold). The symbol “7” means that we do not know if the
corresponding tmplication always holds or not. The bottom diagram of implications follows by the table.

P, = R is Cohen—Macaulay, P, | Py | Ps | Py |Ps|Ps|Pr|Ps| Py | Py
non-hypersurface, with P, O x| O1O1O0O1O0O1O01O0101 0O
minimal multiplicity P, | x |Olx[O]1O1O1O]O|10O01 0O
and [k| = oo, P, [ x [x [O|x [ x[0]0O]O]0]0

P> = R is a hypersurface, P, [ x [ x| x[O[|x]O]lO[OlO] O

Ps = wm is quasi-decomposable, P; [ x [ x| x| x[O[?2]O01O01O0O

P, = R is Burch, Ps | x | x| x| x| x|O]OTOJOTO

Ps = R is Golod, P, | x | x | x| x| x 7101010 0O

Ps = R is dominant, Pg | x < < » » ? ? 10| ? O

P; = R is Tor-friendly, Py | x | x| x| x| x| x| x| x]0O] x

Ps = R is Ext-friendly, Pol x| X | X | x| x| x| x| x]? 0O

Py = R is Tor-persistent,
Pi1o = R is Ext-persistent.
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131>:®<>1)4/P7:>P9

Proof. The implication P; = Pj3 holds by [46, Example 4.7], P; = P4 < P by [22, Propositions 5.1 and
5.2], P1 = P5 < P3 by [7, Example 5.2.8] and Remark 9.3(2), P3 = P < P4 by Proposition 5.10(3)(4),
P; = P; = Pg = Py and P; = Pg by Remark 6.5, and Pg = P; by Theorem 6.7, respectively.

We have done with the symbols “()” and the symbols “x” remain. In view of the implications we
have got, it suffices to prove “x” in the entries (1,2), (2,3), (3,4), (3,5), (4,5), (5,4), (9,10) and (10,8). In
what follows, we let k be a field, and denote by m the maximal ideal of the local ring R.

(1,2): Assume |k| = oo, and let R = k[z,y]/(2?, xy,y?). Then R does not satisfy Py but satisfies P;.

(2,3): Consider the local ring R = k[, y]/(2?®). Evidently, R satisfies Po. Suppose that R satisfies P3.
Then there exists an ideal I generated by a regular sequence such that the module m/I is decomposable.
As R/I is Gorenstein, it is a 1-dimensional hypersurface and isomorphic to the fiber product S xj T' of
discrete valuation rings S, T with residue field k; see [45, Corollary 2.7]. We must have I = 0, and get
3=-¢e(R) =¢(S) +e(T) =2 by [45, Fact 2.9], a contradiction. Hence the ring R does not satisfy Ps.

(3,4) and (3,5): Let R = k[x,y]/(2%, v?) xik[z, w]/ (22, w?) = k[x,y, z,w]/ (22, y?, 2%, w?, 2z, 2w, y2z, yw).
Then m = (x,y)® (z,w), and P3 holds for R. The ring k[z,y]/(x?,y?) = k[z,w]/(2%, w?) is neither Burch
nor Golod by [22, Proposition 5.1] and Remark 9.3(2). By [22, Proposition 6.15] and [40, Théoréme 4.1]
the ring R is neither Burch nor Golod. Thus neither P4 nor P35 holds for R.

(4,5): Not P5 but Py holds for R = k[z,vy, z,w]/(z,y, z,w) (22,32, 22, w?) by [22, Remark 5.3].

(5,4): Let R = k[z,y]/(x* 2%y? y*). Then R does not satisfy P4 but satisfies P5 by [22, Remark 5.3].

(9,10): Let A = k[x,y]/(2%, 2y,9?) and R = Alz,w]/ (22, 2w, w?) = klx,y, z,w]/ (22, 2y, y?, 22, 2w, w?).
Then m3 = 0, and R satisfies Pg by [43, Theorem A]. As R is A-free, C = Hom4 (R, A) is a semidualizing
R-module with pr(C) = rr(C) = 2, whence it is not isomorphic to R or the injective hull Eg(k) of k;
see [20, (7.8)]. Arguments as in the proof of Corollary 6.11(2) show that the ring R does not satisfy P1g.

(10,8): Consider the artinian local ring R = k[x,y]/(2?,3?). Then R is a complete intersection, whence
it satisfies P1o by Remark 6.5. Since Ext3’(R/(z), R/(y)) = 0, the local ring R does not satisfy Pg. B

Regrettably, the table displayed in the above theorem contains many question marks. In particular,
those three “?” that appear in the sixth column of the table concern dominance; it would be nice if one

could change some of them into or “x”; as to the one in (5,6), some help may be given by Remark
8.11. Below are comments on the other question marks.

Remark 9.11. Each of the symbols “?” in Theorem 9.10 may become “()” if we add some assumptions.
For instance, under the assumption that R is Cohen—Macaulay and admits a canonical module, the symbol
“?7 in the entry (8,7), and hence the one in (8,9), become “()” by [42, Theorem 3.2(2)]. On the other
hand, as we mentioned in Remark 6.5, no example is known of a local ring that is not Tor-persistent.
Taking this into account, the symbols “?” in the entries (8,9) and (10,9) may be close to “Q)”.

10. CLASSIFICATION OF SUBCATEGORIES AND DOMINANT LOCAL RINGS

In this section, we consider classifying resolving subcategories of mod R, and thick subcategories of
mod R, D°(R) and D% (R) when certain localizations of R are dominant local rings. We first recall some
notions and their basic properties, which are necessary to state and prove the main results of this section.

Definition 10.1. (1) A subcategory X of mod R (resp. C(R)) is called thick provided that X is closed
under direct summands and that for an exact sequence 0 - L — M — N — 0 of modules in mod R
(resp. C(R)), if two of L, M, N are in X, then so is the third. For each subcategory X of mod R
(resp. C(R)), we denote by thickmod r X' (resp. thickc(ry X) the thick closure of X in mod R (resp.
C(R)), that is to say, the smallest thick subcategory of mod R (resp. C(R)) which contains X.

(2) For each object C' € DP(R) we denote by IPD(C) the infinite projective dimension locus of C, that
is, the set of prime ideals p of R such that the localization C, has infinite projective dimension as a
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complex over Ry; see [19, (A.3.9)] for the definition of the projective dimension of a complex, and note
that a bounded complex of R-modules has finite projective dimension if and only if it is isomorphic
to a perfect complex in DP(R). For a subcategory X of DP(R) we put IPD(X) = [y IPD(X). For
each object D € D*8(R) we denote by Supp®® D the singular support of D, i.e., the set of prime ideals p
of R such that Dy, % 0 in D*(R,). For a subcategory ) of D*8(R) we put Supp*® Y = (Jy¢,, Supp*® Y.
For each bounded complex E of R-modules, the infinite projective dimension locus of E as an object
of DP(R) is the same as the singular support of E as an object of D¢(R); see Remark 10.2(9) below.

(3) Let ® be a set of prime ideals of R. We denote by modg R and D(R) the subcategories of mod R
and DP(R) consisting of objects C' such that IPD(C) C ®, respectively. We denote by DF(R) the
subcategories of D*8(R) consisting of objects C' such that Supp®¢ C' C .

Remark 10.2. (1) A thick subcategory of mod R containing R is always a resolving subcategory of
mod R. The converse is not true in general. For example, add R is resolving, but not thick if (R, m) is
local and depth R > 0 as there exists € m such that the sequence 0 — R = R — R/(x) — 0 is exact
and R/(x) ¢ add R. A thick subcategory of C(R) containing R is always a resolving subcategory of
mod R contained in C(R), since C(R) is a resolving subcategory of mod R. Again, the converse is not
true in general; see [23, Proposition 6.1 and its preceding part]. Note that thickmeq g R coincides with
fpd R, the subcategory of mod R consisting of modules of finite projective dimension.

(2) Let ® be a set of prime ideals of R. Then modg R and D (R) are thick subcategories of mod R and
DP(R) containing R, respectively. The subcategory D3 (R) of D%(R) is thick as well.

(3) For an R-module M one has IPD(M) C NF(M), and the equality holds if M € C(R). In particular,
there is an equality Cg(R) = C(R) N modg R for each set @ of prime ideals of R.

(4) By (3) and Remark 3.3(5) one has IPD(M) = NF(Q"M) for an R-module M # 0, where r = Rfd M.

(5) For a bounded complex X of R-modules the subset IPD(X) of Spec R is closed in the Zariski topology.
Indeed, there is an exact triangle P — X — M|[n] — P[1] in D?(R) such that P € thick R, M € mod R
and n € Z. This implies IPD(X) = IPD(M). By (4), we see that IPD(M) is a closed subset of Spec R.

(6) By (5), the subset IPD(X) of Spec R is specialization-closed for each subcategory X of DP(R).

(7) For a subcategory X of mod R one has IPD(X) O NF(XNC(R)), and the equality holds if X is closed
under syzygies. In fact, for every module X in X N C(R) one has NF(X) = IPD(X) C IPD(X) by
(3). For any nonzero module Y € X with r = RfdY’, it follows from (4) that IPD(Y) = NF(Q"Y),
and Remark 3.3(5) shows that Q'Y € X N C(R) if X is closed under syzygies.

(8) For a subcategory X of mod R one has IPD(thickmod g X) = IPD(X). Indeed, the inclusion (2) holds
since thickmod g X contains X. The inclusion (C) is a consequence of the fact that for & = IPD(X)
the subcategory modg R of mod R is thick and contains X', which follows from (2). In a similar way,
one also observes that the equality IPD(thickps gy V) = IPD(Y) holds for a subcategory Y of D°(R).

(9) Let m : D’(R) — D%(R) be the canonical functor. Then Supp®®(7(C)) = IPD(C) for each C €
DP(R), and DE(R) = (D5 (R)). Let X and Y be subcategories of D°(R) and D%8(R), respectively.
Then IPD(X) = Supp*8(n(X)) and IPD(7~())) = Supp®8(Y). If X contains R, then the equality
7 (thickps(r) X) = thickps(g) 7(X) holds. (Hence, if X is a thick subcategory of DP(R) containing
R, then 7(X) is a thick subcategory of D¢(R).) Indeed, (C) follows from Lemma 4.2(1). For any
M, N € DP(R) one has m(M) = 7(N) in D8(R) if and only if there are exact triangles E — M —
A— E[l]and E — N — B — E[1] in D*(R) with A, B € thick R; see [48, Proposition 2.1.35]. Using
this fact, we see that 7(thickps(g) &) is a thick subcategory of D*¢(R). The inclusion (2) now follows.

(10) Let ® be a subset of Spec R. The categories Cq(R), mode R, D5 (R) and D3¥(R) depend only on
® N Sing R. Therefore, whenever we are concerned with some of these categories, ® can be taken as
a subset of Sing R rather than being just an arbitrary subset of Spec R.

Using an infinite projective dimension locus, we can relate dominance of localizations of R to dominance
of resolving subcategories of mod R, whose definition is given in Definition 3.10. Actually, the name
“dominant local ring” comes from this proposition.

Proposition 10.3. Let ® be a set of prime ideals of R. Then the local ring R, is dominant for allp € @
if and only if every resolving subcategory X of mod R is dominant on ® NIPD(X).

Proof. The “only if” part: Take any p € ® NIPD(X). Then pdp, Xp =00 for some X € X', and R, is a
dominant local ring by assumption. Hence Q4°Pth 4 () is in res X, and hence it belongs to add X;.
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The “if” part: Fix p € ®. Let M be an Rp-module of infinite projective dimension. We can choose
an R-module N such that M = N,, and then p € IPD(NN). Let X be the resolving closure of N. We see
that p belongs to ® NIPD(X), and by assumption we find an integer n > 0 such that Q"x(p) € add &},.
Applying [63, Corollary 3.3(1)], we obtain Q4Pth Be 5 (p) € add A, C res M. |

Next we recall some notation, which is also necessary to state and prove our main results.

Definition 10.4. We put NF¢ (W) = NF~!(W)NC(R) and IPD™' (W) = mody R for each W C Spec R.
For subcategories V C C(R), Z C mod R, X C D(R) and Y C D*8(R) we set

(thickmed) (V) = thickmea z V,  (thickps)(Z) = thickps(ry Z,  (thickps)(V) = thickpss s 7(V),
(restmod)(X) = X Nmod R, (restc)(Z) = ZNC(R), (restc)(Y) =n"1Y)NC(R),

where 7 : DP(R) — D%8(R) stands for the canonical functor.

We establish a lemma on bijective correspondences among thick subcategories of mod R, D°(R) and
Ds¢(R). This is a consequence of a general theorem about exact categories given in [38].

Lemma 10.5. Let w: D’(R) — D%8(R) be the canonical functor. There are mutually inverse bijections:

Thick subcategories thickpp Thick subcategories L Thick subcategories
of mod R containing R of D®(R) containing R of D8(R)

-
restmod T 1

Proof. Fix a thick subcategory X of DP(R) containing R, a thick subcategory ) of D¢(R), and a thick
subcategory Z of mod R containing R.

Remark 10.2(9) and Lemma 4.2(2) show that the maps 7,71 are well-defined. It is seen by the fact
given around the end of Remark 10.2(9) that 7~ 17 (X) is contained in X. We easily deduce the equalities
77 7(X) = X and 7~ 1()) = V. Thus we obtain the pair (7,7~1) of mutually inverse bijections.

The latter half of the proof of [38, Theorem 1] shows (thickps - restmod)(X') = thickps(g) (X N'mod R) =
X. We see from the former half of the proof of [38, Theorem 1] that thickps gy Z coincides with the
subcategory of DP(R) consisting of bounded complexes of modules in Z, and that (restmeqd - thickps)(Z) =

(thickps(gy £) Nmod R = Z. Thus we get the pair (thickps, restmod) of mutually inverse bijections. |

Applying the above lemma together with a result stated in [63], we obtain one more lemma and a
proposition regarding the residue field and resolving/thick closures.

Lemma 10.6. Let (R,m, k) be a local ring of depth t. The following are equivalent for each C € C(R).
(1) The module Q'k belongs to resC.

(2) The module Q'k belongs to thickc(r){R, C}.

(3) The module k belongs to thickmed r{R, C}.

(4) The module k belongs to thickps ) {R,C}.

(5) The module k belongs to thickps gy C.

Proof. The inclusions res C' C thickc(gy{ R, C'} C thickmed r{ R, C'} C thickps(g){R,C} hold. The implica-
tions (1) = (2) = (3) = (4) follow from them. Using the canonical functor D°(R) — D*8(R), we get the
implication (4) = (5). Applying Lemma 10.5, we obtain the equalities below, which show (5) = (3).
thickmod R{ R, C'} = (restmod - thickps ) (thickmod rR{ R, C'}) = thickpsz){R,C} N mod R
= 7~ ' (thickps(r){ R, C}) N mod R = 7~ (thickpss () C) N mod R.
Let X be the subcategory of mod R consisting of modules X such that Q"X € resC for some n > 0.
Then X is a thick subcategory of mod R containing R and C, whence X contains thickmed r{R,C}. In
fact, for example, let 0 - L - M — N — 0 be an exact sequence of R-modules with Q"L and Q"M
being in res C for some n > 0. Then there are exact sequences 0 — Q"L — Q"M & R®® 2 O0"N — 0 and
0— Q"IN — R®? ﬁ) Q"N — 0 with a,b > 0. The pullback diagram of «, 8 yields an exact sequence
0— Q"N = QLo R® — Q"M @ R®* — 0, which shows Q"t!N € resC. If k is in thickmed r{ R, C},
then Q"k € res C for some h > 0, and Q'k € res C by [63, Corollary 3.3(1)]. Thus we get (3) = (1). B

Proposition 10.7. Let (R, m, k) be a local ring of depth t. Let E € C(R). The following are equivalent.

(1) For every C € C(R) that is a nonfree R-module, one has Q'k € res{E,C}.
(2) For every C € C(R) that is a nonfree R-module, one has Qtk € thickc(r){ £, R, C}.
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(3) For every M € mod R with pdp M = oo, one has Q'k € res{E, M }.
(4) For every M € mod R with pdp M = oo, one has k € thickmed r{E, R, M }.
(5) For every X € DP(R) with pdp X = oo, one has k € thickps(r){E, R, X }.
(6) For every Y € D%8(R) that is a nonzero object, one has k € thickpsg){E,Y}.
Proof. (1) = (3): Put r = Rfdr M. Then the syzygy 2" M is a nonfree R-module and belongs to C(R);
see Remark 3.3(5). It follows that Q'k € res{FE,Q"M} C res{FE, M}.
(3) = (4): We have Q'k € res{E, M} C thickmod r{E, R, M}, and hence k € thickmod r{E, R, M }.
(4) = (5): There is an exact triangle P — X — M|[n] — P[1] with P € thickpsgy R, M € mod R and
n € Z. Then pdp M = 0o, and k € thickmod r{E, R, M } C thickps(g){ £, R, M } = thickpsg){ £, R, X}.
(5) = (6): As an object of D°(R) the complex Y has infinite projective dimension. Therefore we have
k € thickps(gy{E, R,Y}. Using the canonical functor D°(R) — D*8(R), we get k € thickps(r){E,Y}.
(6) = (1): As an object of D*8(R) the module C' is nonzero. It follows that k € thickpsr){E,C} =
thickpss () (£ @ C'). By virtue of Lemma 10.6 we get Q'k € res(E & C) = res{E,C}.
(1) & (2): Applying Lemma 10.6 to E @ C, we observe that the equivalence holds. |

The following corollary is a direct consequence of the above proposition; in fact, letting E be 0 or R
in the proposition immediately yields the corollary.

Corollary 10.8. Let R be a local ring of depth t and with residue field k. The following are equivalent.

) For every C € C(R) that is a nonfree R-module, one has Q'k € resC.

) For every C € C(R) that is a nonfree R-module, one has Q'k € thickc g {R,C}.

) For every M € mod R with pdp M = oo, one has Q'k € res M. (Namely, R is dominant.)
) For every M € mod R with pdr M = oo, one has k € thickmed r{R, M }.

) For every X € D*(R) with pdp X = oo, one has k € thickpsp){R, X }.

) For every Y € D*®8(R) that is a nonzero object, one has k € thickps(ry Y.

Remark 10.9. Thanks to Corollary 10.8, we may say that the dominant local ring R is the local ring R
satisfying one of the six equivalent conditions presented in the corollary.

Now is the time when we state and prove the main result of this section. For the fact that ® is taken
as a subset of Sing R, we should recall Remark 10.2(10).

Theorem 10.10. Let R be a local ring with mazimal ideal m and residue field k = R/m. Putt = depth R.
Let ® be a subset of the singular locus Sing R. Denote by m the canonical functor DP(R) — D% (R).

(1) Assume that the local ring R is singular. Suppose that the localization R, is a dominant local ring
for every p € ®\ {m}. Then there is a commutative diagram of mutually inverse bijections:

Resolving subcategories of mod R NF Nonempty specialization-closed
contained in Co(R) and containing Q'k subsets of Spec R contained in ®

IPDH/IPDl

{Thick subcategories of C(R) contained} thickmod {Thick subcategories of mod R contained}

-1
NF

in Co(R) and containing R, Q'k restc in mode R and containing R, k

restc ,H thickpsg restmod T\L thickpp

{ Thick subcategories of D8(R) } L {Thick subcategories of DP(R) contained}

_—
contained in DF(R) and containing k in D5 (R) and containing R,k

™
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(2) Suppose that the localization R, is a dominant local ring for every prime ideal p € & U {m}. Then
one has the following commutative diagram of mutually inverse bijections.

{Resolvmg subcategories of mod R} NF {Specialization-closed subsets of Spec R}

contained in Co(R) N contained in @

IPD || IPD !

-
restc

Thick subcategories of C(R) thickmog Thick subcategories of mod R
contained in Cq(R) and containing R contained in mods R and containing R

restc ,H/ thickpsg restmod | | thickpb

s

Thick subcategories of D8(R) ! Thick subcategories of DP(R)
contained in DF(R) contained in D% (R) and containing R ["

Proof. (1) We fix a resolving subcategory X of mod R with Q'k € X C Cg(R), a thick subcategory )
of mod R with R,k € Y C modg R, a thick subcategory Z of DP(R) with R,k € Z C D5(R), a thick
subcategory V of D8(R) with k € V C D¥(R), a thick subcategory U of C(R) with R,Q'k € U C Co(R),
and a specialization-closed subset W of Spec R with (} 2 W C ®. We prove the assertion step by step.

(a) The nonfree locus NF(X) of X is a specialization-closed subset of Spec R contained in ®, while
NF: ' (W) = NF~1(W) N C(R) is a resolving subcategory of mod R contained in NFZ'(®) = Cy(R).
Since Q'k belongs to X and R is a singular local ring, we have m € NF(Q'k) C NF(X), which implies
that NF(X) is nonempty. As W is nonempty and specialization-closed, m is in W and we get Q'k €
NF ! ({m}) € NFZ'(W); see Remark 3.3(8). Thus the maps NF,NF:! in the diagram are well-defined.

(b) We claim that NF(NF!(W)) = W. Indeed, the inclusion (C) is clear. To show (D), we pick any
p € W. Put r = Rfdgr R/p. Then we have NF(Q"(R/p)) C V(p) C W as W is specialization-closed, which
implies Q" (R/p) € NF~1(W). Remark 3.3(5) shows that Q"(R/p) is in C(R), and hence it belongs to
NF:'(W). Sincep € W C & C Sing R, we get p € NF(Q"(R/p)). Thus W is contained in NF(NF ! (W)).

(c) Clearly, X is contained in NF:'(NF(X)). Let M be an R-module in NFZ'(NF(&X)). To show that
M belongs to X', we may assume that M is nonfree. Fix p € NF(X)\ {m}. Then p € &\ {m} and R, is
dominant. Since add &), is a resolving subcategory of mod R, with add R, # add &, C C(R,), Proposition
5.3 implies that add &}, contains Cy(R,). Applying Theorem 3.8 to the subset NF(X) of Sing R, we obtain
an exact sequence 0 - C - M &N — Y — 0 with C € Co(R) and Y € X°", where n = dim NF(M). As
X is resolving, X°" is contained in X. Also, we have m € NF(M) C NF(X'), which says X # add R. As
Otk € X, we have Co(R) = res Q'k C X by Remark 3.3(8), and the above exact sequence shows M € X.

(d) By (a), (b) and (c) we obtain the mutually inverse bijections (NF,NF:!) in the diagram.

(e) It is clear that U is a resolving subcategory of mod R contained in Cg(R). Remark 10.2(3) implies
that NFZ!' (W) consists of those R-modules M which belong to C(R) and satisfies IPD(M) C W. Thus
NF!' (W) is a thick subcategory of C(R). By virtue of (d), we get the vertical equality in the diagram.

(f) The subset IPD(Y) of Spec R is specialization-closed and contained in ®, while IPD ! (W) is a thick
subcategory of mod R contained in IPD71(<I>) = modg R and containing R. As k € ) and R is singular,
we have m € IPD(k) C IPD()) and IPD()) # 0. As W is nonempty and specialization-closed, we get
m e W and k € IPD"'({m}) C IPD"}(W). So the maps IPD,IPD " in the diagram are well-defined.

(g) We claim that IPD(IPD~}(W)) = W. Indeed, (C) is clear. To show (D), we take p € W. We have
p € W C ® C Sing R, whence p € IPD(R/p) C V(p). The equality IPD(R/p) = V(p) holds, while V(p) C
W as W is specialization-closed. We obtain R/p € IPD™*(W) and p € IPD(R/p) C IPD(IPD~}(W)).

(h) It is evident that ) is contained in IPD ™ (IPD())) and YNC(R) is a resolving subcategory of mod R.
Remark 10.2(7) shows that NF(YNC(R)) = IPD(Y) C @, and hence YNC(R) C Cy(R). Since Y contains
k and is closed under syzygies, Q'k belongs to YN C(R) by Remark 3.3(8). Let 0 # M € IPD™}(IPD()))
and put 7 = Rfd M. Remarks 3.3(5) and 10.2(4) imply that Q"M € C(R) and IPD(M) = NF(Q"M).
Hence Q"M belongs to NFZ ' (NF(YNC(R))). By (d) we get the equality NF¢ ' (NF(YNC(R))) = YNC(R),
and then M is in Y. We thus have Y = IPD™'(IPD())) and (NF' - IPD)(Y) = (restc)()).

(i) From (f), (g) and (h) we get the mutually inverse bijections (IPD,IPD™') in the diagram.

(j) Using (3) and (8) of Remark 10.2, we get ® O NF(X') = IPD(X) = IPD(thickmod g ') and observe
that thickmed g X is a thick subcategory of mod R contained in modg R and containing R. As X contains
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Q'k, the thick closure thickmed g X contains k. By virtue of (i), there is an equality IPD™*(NF(X)) =
thickmod &', which means that (TPD™* - NF)(X) = (thickmed)(X).

(k) By (d), (e), (h), (i) and (j), we observe that the pair (thickmod, restc) in the diagram gives mutually
inverse bijections and that the top square in the diagram is commutative.

(1) The subcategory D (R) of D®(R) is thick, while Supp®® 7(Z) = IPD(Z) C ® and IPD(7~}(V)) =
Supp*(V) C ® by Remark 10.2(9). We get thickpsr) Y C D% (R), 7(Z) C DF(R), ZNmod R C mode R
and 71 (V) C D& (R). Since k belongs to Y, Z and V, it belongs to thickps gy V, 7(Z), Z N mod R and
7-1(V). Lemma 10.5 yields the bijection pairs (thickps, restmod) and (m,7~1) in the diagram.

(m) Remark 10.2(9) gives (7 - thickps - thickmod ) (U) = m(thickps g)(thickmed rU)) = m(thickpsryU) =
thickpse(g) (7(U)) = (thickpss ) (U) and (restc - restmoq - 7 1) (V) = 7~ +(V) N C(R) = (restc)(V). By (k) and
(1) we get the bijection pair (thickpse, restc) and the bottom commutative square given in the diagram.

Finally, combining (d), (e), (i), (k), (1) and (m) completes the proof of the assertion.

(2) First of all, note that add R is both a resolving subcategory of mod R contained in Ce(R) and a
thick subcategory of C(R) contained in Ce(R) and containing R, fpd R is a thick subcategory of mod R
contained in modg R and containing R, DP*(R) is a thick subcategory of D?(R) contained in D% (R) and
containing R, 0 is a thick subcategory of D8(R) contained in D¥(R), and 0 is a specialization-closed
subset of Spec R contained in ®. We call these six elements the exceptional elements. As is easy to verify,
the exceptional elements correspond by the maps given in the diagram.

Suppose that R is regular. Then ® = Sing R = ). Tt is seen that C¢(R) = C(R) = add R, modg R =
mod R = fpd R, D§(R) = D(R) = DP*f(R) and D (R) = D¢(R) = 0. Each of the six sets in the diagram
given in the assertion is the one-point set consisting of the exceptional element, and we are done.

Next we consider the case where R is singular. Then we can apply assertion (1) to obtain the commu-
tative diagram of mutually inverse bijections in (1). This is actually a commutative diagram of mutually
inverse bijections of all the non-exceptional elements of the six sets in (2), since R = Ry, is dominant by
assumption and Corollary 10.8 applies. The diagram is thus complemented to the one in (2). |

Remark 10.11. Let R be a local ring of depth ¢ with maximal ideal m and residue field k. Here we
consider what Theorem 10.10 asserts in the extreme cases where ® = 0, ® = {m} and ® = Sing R.

(1) Let @ = (. Then the six sets in Theorem 10.10(2) are singletons, while the six sets in Theorem
10.10(1) are empty sets. Thus, the theorem says nothing interesting in the case where ® = ().
(2) Let ® = {m}. Then @ and {m} are the only specialization-closed subsets of Spec R contained in .
The two assertions of Theorem 10.10 say that the following two statements hold.
(a) Suppose that R is dominant. Then add R and Cyyy(R)(= Co(R)) are the only resolving subcate-
gories of mod R contained in Cyyy(R), and the only thick subcategories of C(R) containing R. The
only thick subcategories of mod R contained in mody,) R and containing R are fpd R, mody R.
The only thick subcategories of D8(R) contained in Ds{gm} (R)(= DE(R)) are 0, Ds{fn}(R). The
only thick subcategories of DP(R) contained in D?m}(R) and containing R are DP*f(R), D'j{’m}(R).
(b) Suppose that R is singular. Then Cypy(R) is the only resolving subcategory of mod R contained
in Cyy(R) and containing Q*k, and the only thick subcategory of C(R) containing R, Q2'k. The
only thick subcategory of mod R contained in mody} R and containing R,k is modyy R. The

only thick subcategory of D*6(R) contained in DY, (R) and containing k is DY, (R). The only

thick subcategory of DP(R) contained in D?m}(R) and containing R, k is D?m}(R).
(3) Let ® = Sing R. Then Theorem 10.10 says that the following two statements hold true.
(a) If R, is dominant for all prime ideals p of R, then there are one-to-one correspondences among
the resolving subcategories of mod R contained in C(R),
the thick subcategories of C(R) containing R,
the thick subcategories of mod R containing R,
the thick subcategories of D?(R) containing R,
the thick subcategories of D¢(R), and
e the specialization-closed subsets of Spec R contained in Sing R.
(b) Assume that R is singular, and suppose that R, is dominant for all nonmaximal prime ideals p
of R. Then there are one-to-one correspondences among
e the resolving subcategories of mod R contained in C(R) and containing Q'k;,
e the thick subcategories of C(R) containing R and Qtk,
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the thick subcategories of mod R containing R and k,

the thick subcategories of DP(R) containing R and k,

the thick subcategories of D*8(R) containing k, and

the nonempty specialization-closed subsets of Spec R contained in Sing R.

Remark 10.12. It is definitely worth mentioning that Theorem 10.10 includes all of the known clas-
sification theorems of the same type, and moreover, highly generalizes them. More precisely, applying
Theorem 10.10 to a Cohen-Macaulay local ring R with ® = Sing R and recalling the sufficient conditions
for dominance given in Proposition 5.10 (together with [59, Lemma 5.4]), we immediately and simultane-
ously recover and refine [22, Theorem 7.10(1)], [46, Theorem 4.5(1)], [67, Theorem 6.8], [59, Theorem 5.6]
and [60, Theorem 5.1]. Note that all of those theorems assume that the base ring is a Cohen-Macaulay
local ring. Thus, Theorem 10.10 provides classification in the non-Cohen—Macaulay case for the first
time. We have already got examples of non-Cohen-Macaulay dominant local rings in Example 8.10.

Remark 10.13. It is possible to formulate a non-local version of Theorem 10.10. Let R be a ring which
is not necessarily local. Let ® be a subset of Sing R. Suppose that R, is a dominant local ring for each
p € PUMax R. Then one has the same commutative diagram of mutually inverse bijections as in Theorem
10.10(2). Letting ® = Sing R recovers the third one-to-one correspondence in [52, Theorem 6.13].
Indeed, what we should prove is that for every resolving subcategory X of mod R contained in C¢(R) it
holds that X = NF¢'(NF(X)). For this, it suffices to show that every R-module M € C(R) with NF(M) C
NF(X) is in X. Fix m € Max R. Let ®,, be the set of prime ideals P of Ry, with PN R € ®. Then &,
is a subset of Sing Ry,, and the local ring (Ry)p = Rpng is dominant for all P € &y U {mRy,}. We see
that add Xy, is a resolving subcategory of mod Ry, contained in Cg, (Rm) (see [24, Lemma 3.2(1)]). Thus
we can apply Theorem 10.10(2) to get add Xy, = NF¢'(NF(add Xy)). Note that NF(My,) is contained in
NF(Xy) = NF(add X,,,). It follows that My, € add Xy, and by [24, Proposition 3.3] we obtain M € X.

To cover the other similar known classification theorems, we introduce a weaker version of dominance.

Definition 10.14. Let R be a d-dimensional Cohen—Macaulay local ring with residue field k and admit-
ting a canonical module w. We say that R is quasi-dominant if Q%% € res{w, M} for every R-module M
of infinite projective dimension. It is obvious that if R is dominant, then it is quasi-dominant. When R
is Gorenstein, R is dominant if and only if it is quasi-dominant, since w = R. When R is non-Gorenstein,
R is quasi-dominant if and only if Q% € resw, since w itself has infinite projective dimension.

A Cohen—Macaulay local ring R with a canonical module w is called almost Gorenstein if there exists
an exact sequence 0 = R — w — C' — 0 of R-modules with u(C) = e(C'). Here are some statements on
quasi-dominance; (1) and (2) correspond to Proposition 5.3 and Corollary 10.8, respectively.

Proposition 10.15. Let R be a d-dimensional Cohen—Macaulay local ring with residue field k. Assume
that R possesses a canonical module w. Then the following five statements hold true.

(1) The following are equivalent.
(a) R is quasi-dominant. (b) CMo(R) C res{w, M} for every R-module M with pd M = co.
(¢) CMo(R) C X for every resolving subcategory X of mod R with add R # X C CM(R) and w € X.
(2) The following are equivalent.
(a) For every C € CM(R) that is a nonfree R-module, one has Q% € res{w, C'}.
(b) For every C € CM(R) that is a nonfree R-module, one has Q%k € thickcm(r){R,w,C}.
(c) For every M € mod R with pdp M = oo, one has Q% € res{w, M} (i.e., R is quasi-dominant).
(d) For every M € mod R with pdr M = oo, one has k € thickmod R{R,w, M }.
(e) For every X € DP(R) with pdg X = 0o, one has k € thickps(g){R,w, X }.
(f) For every Y € D*8(R) that is a nonzero object, one has k € thickps(g){w,Y}.
In the case where R is not Gorenstein, the following are equivalent.
(a) Q% € resw (i.e., R is quasi-dominant). (b) Q% € thickemr){ R, w}-
(C) k € thickmod R{R7UJ}. (d) ke thiCka(R){R,OJ}. (e) ke thiCszg(R) w.
(4) Suppose that R is excellent and has finite CM-representation type. Then R is quasi-dominant.
(5) Assume k is infinite. Suppose R is not Gorenstein but almost Gorenstein. Then R is quasi-dominant.

3)

Proof. An analogous argument as in the proof of Proposition 5.3 shows (1). Letting F = w in Proposition
10.7 and C' = w in Lemma 10.6 imply (2) and (3), respectively.
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(4) As R has finite CM-representation type, it has an isolated singularity by [35, Corollary 2]. Since R
is excellent, R also has an isolated singularity. By [59, Corollary 6.9] the only resolving subcategories of
mod R contained in CM(R) and containing w are add R and CM(R). So, if X is a resolving subcategory
of mod R with add R # X C CM(R) and w € X, then X = CM(R) D CMy(R). We are done by (1).

(5) By [30, Theorem 4.3] we get k € thickmed r{R,w}. By (3) the ring R is quasi-dominant. |

Definition 10.16. We denote by NonGor R the non-Gorenstein locus of R, that is, the set of prime
ideals p of R such that the local ring R, is non-Gorenstein. Note that if R is a Cohen-Macaulay local
ring with a canonical module w, then NonGor R = NF(w) holds.

We obtain a corollary of (the proof of) Theorem 10.10.

Corollary 10.17. Let (R,m,k) be a d-dimensional Cohen—Macaulay local ring with a canonical module
w. Let ® be a subset of Sing R, and denote by 7 the canonical functor D°(R) — D8(R).

(1) Assume that the local ring R is singular. Suppose that the localization Ry is a quasi-dominant local
ring for every p € ® \ {m}. Then there is a commutative diagram of mutually inverse bijections:

Resolving subcategories of mod R NF Nonempty specialization-closed
contained in CMg(R) ——= ( subsets of Spec R contained in
and containing Qtk,w NF gy and containing NonGor R

IPDNIPD—1

Thick subcategories of CM(R) thicknos Thick subcategories of mod R
contained in CMg(R) P — contained in modg R
and containing R, Ok, w restem and containing R, k,w

restcm Tl thickpsg restmod ,H/ thickpp

Thick subcategories of D%(R) i Thick subcategories of DP(R)
contained in DF(R) P — contained in D% (R)
and containing k,w " and containing R, k,w

2) Suppose that the localization Ry is a quasi-dominant local ring for every p € ® U {m}. Then there is
P
a commutative diagram of mutually inverse bijections:

Resolving subcategories of mod R NF Specialization-closed subsets of Spec R
contained in CMg(R) and containing w contained in ® and containing NonGor R

IPD,H/IPDl

Thick subcategories of CM(R) thickmod Thick subcategories of mod R
contained in CMg(R) and containing R,w | Testaw | contained in mode R and containing R,w

restcm ,H/thicszg restmod Tl thickpp

{ Thick subcategories of D8(R) } ! { Thick subcategories of DP(R) }

1
NFcy

_ >
contained in DF(R) and containing w ™ contained in D% (R) and containing R,w

Proof. (1) The proof of Theorem 10.10(1) works except (c), which uses the assumption that R, is dom-
inant for all prime ideals p in @ \ {m}. We have only to replace in (¢) dominance and Proposition 5.3
with quasi-dominance and Proposition 10.15(1), respectively, and apply the same argument to a resolving
subcategory X of mod R with w € X C CMg(R).

(2) Suppose that the ring R is Gorenstein. Then w = R and NonGor R = {), while quasi-dominance is
equivalent to dominance for each localization R,. The assertion is none other than Theorem 10.10(2).

Suppose that R is non-Gorenstein. Then, in particular, R is a singular local ring, and we get the
commutative diagram of mutually inverse bijections in (1). As NonGor R # 0, every subset of Spec R
containing NonGor R is nonempty. Since R = Ry, is quasi-dominant by assumption, we see from Proposi-
tion 10.15(3) that the six sets in assertion (2) coincide with those in assertion (1). Thus we are done. W
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Remark 10.18. Applying Corollary 10.17 to the set & = Sing R and invoking Propositions 5.10 and
10.15(4), we recover [22, Theorem 7.10(2)], [46, Theorem 4.5(2)] and [59, Corollary 6.12].
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