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Abstract. Let R be a ring, and let M,N be R-modules. It is a natural question to ask
whether or how one can build M out of N by iteration of fundamental operations such
as direct sums, direct summands and extensions. It is possible to think of this question
not only in module categories but also in derived categories. In this article we consider
the question in the case where R is a commutative noetherian ring.
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1. Generation problem

In this article, we consider the following problem.

Problem 1.1. Let R be a commutative noetherian ring. Let M,N be objects of the
module category modR (resp. the derived category Db(R)). Then:

(1) Clarify whether M can be built out of N by taking short exact sequences (resp. exact
triangles) etc.

(2) IfM can be built out ofN , then compute the number of required short exact sequences
(resp. exact triangles).

Problem 1.1 naturally arises for the purpose to understand the structure of the module
category modR and the derived category Db(R). The author has been studying Problem
1.1 for more than ten years. Item (1) of Problem 1.1 will be done by classifying the
subcategories closed under short exact sequences (resp. exact triangles) etc. The number
appearing in item (2) of Problem 1.1 corresponds to dimensions of subcategories.
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The organization of this article is as follows. In Section 2, we recall the basic defini-
tions and fundamental properties, which are used later. In Sections 3 and 4, we discuss
classification and dimensions of subcategories, respectively.

2. Preliminaries

The following notation is used throughout this article.

Notation 2.1. (1) Let R be a commutative noetherian ring with identity.
(2) We denote by modR the category of finitely generated R-modules. We denote by

Db(R) the bounded derived category of modR, that is, the derived category of
bounded complexes of finitely generated R-modules.

(3) By module, we mean finitely generated module. By subcategory, we mean full sub-
category closed under isomorphism.

(4) Recall that an R-module M is called maximal Cohen–Macaulay if

depthRp
Mp ≥ dimRp

for all p ∈ SpecR. Here, the depth of the zero module over a local ring is ∞ by
definition, so an R-module M is maximal Cohen–Macaulay if and only if depthMp =
dimRp for all p ∈ SuppM . Denote by MCM(R) the subcategory of modR consisting
of maximal Cohen–Macaulay modules.

(5) Let (R,m, k) be a local ring of dimension d. Denote by Spec0R the punctured spectrum
of R, namely,

Spec0R = SpecR \ {m}.
Denote by SingR the singular locus of R, which is by definition the set of prime ideals
p of R such that the local ring Rp is not regular. Denote by µ(−) the number of
elements in the minimal system of generators, that is to say,

µ(M) = dimk(M ⊗R k)

for each R-module M . Denote by edimR the embedding dimension of R, i.e.,

edimR = µ(m) = dimk m/m2.

Denote by codimR the (embedding) codimension of R, that is,

codimR = edimR− depthR.

By e(−) we denote the (Hilbert–Samuel) multiplicity, namely,

e(I) = lim
n→∞

d!

nd
ℓR(R/In+1)

for an m-primary ideal I of R, and set e(R) = e(m). By ℓℓ(−) we denote the Loewy
length, namely,

ℓℓ(M) = inf{n ≥ 0 | mnM = 0}
for an R-module M . Note that ℓℓ(M) <∞ if and only if M has finite length.

(6) For an additive category C, the bounded (resp. right bounded) homotopy category is
denoted by Kb(C) (resp. K-(C)), i.e., the homotopy category of bounded (resp. right
bounded) complexes of objects in C.
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(7) For an abelian category A, we denote by projA the subcategory of A consisting of
projective objects, and we set projR = proj(modR).

(8) The (first) syzygy of an object M ∈ A is by definition the kernel of an epimorphism
from a projective object of A to M , and denoted by ΩM . For an integer n ≥ 1 we
inductively define the nth syzygy of M by ΩnM = Ω(Ωn−1M), and set Ω0M = M .
For each M ∈ A and each n ≥ 0 the object ΩnM is uniquely determined up to direct
summands which are projective objects.

(9) For an additive category C and a subcategory X of C, the additive closure of X is
defined as the smallest subcategory of C containing X and closed under finite direct
sums and direct summands, and denoted by addX . Note that for an object M ∈ A
one has

M ∈ addX ⇐⇒


there exist a finite number of objects

X1, . . . , Xn ∈ X such that M is

(isomorphic to) a direct summand of

the direct sum X1 ⊕ · · · ⊕Xn.

When X consists of a single object X, we write addX. Hence, we have

addR = projR.

Next we recall the definition of a resolving subcategory.

Definition 2.2. Let A be an abelian category with enough projective objects. A subcat-
egory X of A is called resolving if it satisfies the following conditions.

(a) X contains projA.
(b) X is closed under direct summands. That is, every direct summand (in A) of every

X ∈ X belongs to X .
(c) X is closed under extensions. That is, for an exact sequence

0→ L→M → N → 0

of objects of A, if L,N ∈ X , then M ∈ X .
(d) X is closed under kernels of epimorphisms. That is, for an exact sequence

0→ L→M → N → 0

of objects of A, if M,N ∈ X , then L ∈ X .

Remark 2.3. (1) Condition (d) in Definition 2.2 can be replaced with the following con-
dition.
(d)’ X is closed under syzygies. That is, for any X ∈ X one has ΩX ∈ X .

(2) When A = modR, condition (a) in Definition 2.2 can be replaced with the following
condition.
(a)’ R belongs to X .

(3) The subcategory projA is the smallest resolving subcategory of A, while the biggest
one is A itself.

Here are some examples of a resolving subcategory of the abelian category modR with
enough projective objects.
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Example 2.4. (1) If R is a Cohen–Macaulay ring, then MCM(R) is a resolving subcat-
egory of modR. (The converse also holds true.)

(2) Set (−)∗ = HomR(−, R). Recall that an R-module M is called totally reflexive if the
canonical map M →M∗∗ is an isomorphism (i.e., M is reflexive) and

ExtiR(M,R) = ExtiR(M
∗, R) = 0

for all positive integers i. The subcategory G(R) of modR consisting of totally reflex-
ive modules is resolving.

(3) Denote by mod0 R the subcategory of modR consisting of modules which are locally
free on the punctured spectrum of R. Then mod0R is a resolving subcatgeory of
modR.

Next we recall the definitions of thick subcategories of an abelian category and a tri-
angulated category.

Definition 2.5. (1) Let A be an abelian category, and let C be a subcategory of A. A
subcategory X of C is called thick if it satisfies the following conditions.
(a) X is closed under direct summands. That is, every direct summand (in A) of

every X ∈ X belongs to X .
(b) X is closed under short exact sequences in C. That is, for an exact sequence

0→ L→M → N → 0

in A with L,M,N ∈ C, if two of L,M,N belong to X , then so does the third.
(2) Let T be a triangulated category. A subcategory T of X is called thick if it satisfies

the following conditions.
(a) X is closed under direct summands. That is, every direct summand (in T ) of

every X ∈ X belongs to X .
(b) X is closed under exact triangles. That is, for an exact triangle

L→M → N → ΣL

in T , if two of L,M,N belong to X , then so does the third.

Remark 2.6. Every thick subcategory of the abelian category modR that contains R is
a resolving subcategory of modR.

Here are several examples of a thick subcategory.

Example 2.7. (1) The homotopy category Kb(projR) of projective modules is a thick
subcategory of the triangulated category Db(R).

(2) The category G(R) of totally reflexive modules is a thick subcategory of the category
MCM(R) of maximal Cohen–Macaulay modules.

(3) Set

MCM0(R) = MCM(R) ∩mod0(R).

Then MCM0(R) is a thick subcategory of MCM(R).
(4) Denote by flR (resp. fpdR) the subcategory of modR consisting of modules of finite

length (resp. modules of finite projective dimension). Both flR and fpdR are thick
subcategories of modR.
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Finally, we recall the definition of a singularity category.

Definition 2.8. The Verdier quotient

Dsg(R) =
Db(R)

Kb(projR)

of the derived category Db(R) by the homotopy category Kb(projR) is called the sin-
gularity category or stable derived category of R. Note by definition that Dsg(R) is a
triangulated category as well.

The singularity category has been introduced by Buchweitz [20]. There are many studies
on singularity categories by Orlov [45, 46, 47, 48] in connection with the Homological
Mirror Symmetry Conjecture.

3. Classification of subcategories

The study of classification of subcategories has started by Gabriel [29] in the 1960s,
who classified the Serre subcategories of the module category of a commutative noetherian
ring. In the 1990s, Auslander and Reiten [7] classified the contravariantly finite resolving
subcategories of the module category of an artin algebra of finite global dimension. In the
2000s, Hovey [32] classified the wide subcategories of the module category of the quotient
of a regular coherent ring by a finitely generated ideal.

For triangulated categories, a lot of classification theorems have been obtained for thick
subcategories. Devinatz, Hopkins and Smith [27] and Hopkins and Smith [31] classified
the thick subcategories of compact objects in the stable homotopy category, and then
Hopkins and Neeman [30, 42] classified the thick subcategories of the derived category of
perfect complexes over a commutative noetherian ring. Thomason [57] extended this to
quasi-compact quasi-separated schemes. Benson, Carlson and Rickard [15] classified the
thick tensor ideals of the stable category of finite dimensional representations of a finite
group. Benson, Iyengar and Krause [16] extended this to the derived category, while
Friedlander and Pevtsova [28] and Benson, Iyengar, Krause and Pevtsova [17] extended
it to finite group schemes.

Furthermore, Balmer [10] defined the Balmer spectrum of a tensor triangulated cat-
egory, and classified the thick tensor ideals of a tensor triangulated category by using
the topological structure of the Balmer spectrum. This result is the fundation of ten-
sor triangular geometry, which was invented by Balmer himself and introduced in his
ICM lecture [12]. This theory spreaded to commutative algebra, algebraic geometry,
modular representation theory, stable homotopy theory, motif theory, noncommutative
topology, symplectic geometry and so on, and various results have been obtained; see
[9, 10, 11, 12, 13, 14] and references therein.

Thus, classification theory of subcategories is a research theme shared by a lot of areas of
mathematics, and has been studied actively and widely through the interactions between
those areas.

Here, we consider an example to explain how powerful classification of subcategories is.
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Example 3.1. Let R = k[x, y] be a polynomial ring in two variables x, y over a field k.
For an R-module M we write1

⟨M⟩ =

{
N ∈ modR

∣∣∣∣∣ N can be built out of M by taking
direct summands, extensions and syzygies

}
.

(1) There exists an exact sequence

0→ (x, y)/(x2, y)→ R/(x2, y)→ R/(x, y)→ 0

of R-modules. Note that (x, y)/(x2, y) is isomorphic to R/(x, y), and (x2, y) is the
first syzygy of R/(x2, y). Hence

R/(x2, y) ∈ ⟨R/(x, y)⟩

follows.
(2) Suppose that R/(xy) belongs to ⟨R/(x)⟩. Then localization at the prime ideal (y) of

R shows that (R/(xy))(y) beolongs to ⟨(R/(x))(y)⟩. Here, (R/(xy))(y) is isomorphic
to the residue field R(y)/yR(y), while we have (R/(x))(y) = 0. It is deduced that
R(y)/yR(y) is a projective R(y)-module, which is a contradiction. Thus,

R/(xy) /∈ ⟨R/(x)⟩

follows.
(3) There exists an exact sequence

(3.1.1) 0→ R/(xy)
f−→ R/(x)⊕R/(xy2)

g−→ R/(xy)→ 0

of R-modules, where f and g are defined by

f(a) =

(
a

ay

)
, g(

(
b

c

)
) = c− by

Thus

R/(x) ∈ ⟨R/(xy)⟩
follows.

In general, it is quite difficult to find such an exact sequence as (3.1.1), and also there
is no way to see at the beginning whether such an exact sequence exists or not. This
problem will be settled if we can classify all the subcategories of modR closed under
direct summands, extensions and syzygies, that is to say, all the resolving subcategories
of modR. We will actually do this later; see Example 3.22.

In what follows, we consider classifications of subcategories of the module category
modR, the derived category Db(R) and the singularity category Dsg(R) of a commutative
noetherian ring R. We begin with recalling the definition of a contravariantly finite
subcategory.

Definition 3.2. Let C be an additive category, and let X be a subcategory of C.
1The notation ⟨−⟩ here is only to simply explain this example, which is different from the one appearing

in Definition 4.1
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(1) Let f : X → C be a morphism (in C) from an object X ∈ X to an object C ∈ C.
We say that f is a right X -approximation of C if for every object X ′ ∈ X and every
morphism f ′ : X ′ → C there exists a morphism g : X ′ → X such that f ′ = fg.

X
f // C

X ′

∀f ′

OO

⟳

∃g

``

(2) We say that X is contravariantly finite if every object of C admits a right X -
approximation.

Remark 3.3. (1) The name “contravariantly finite” comes from the fact that for each
object C ∈ C the contravaiant functor HomC(−,M) from C to the category of abelian
groups is a finitely generated object of the functor category of C.

(2) Dual notions also exist. Namely, a left X -approximation and a covariantly finite
subcategory are defined dually (but we do not use them in this article).

We state a couple of examples of a contravariantly finite subcategory.

Example 3.4. (1) Let X be an R-module. Then the additive closure addX is a con-
travariantly finite subcategory of modR.
Indeed, take any object M ∈ C. Then HomR(X,M) is a finitely generated R-

module. Choose a system of generators f1, . . . , fn of HomR(X,M). Consider the
homomorphism

f = (f1, . . . , fn) : X
⊕n →M.

The module X⊕n belongs to addX. Let g : Y → M be any homomorphism of R-
modules such that Y ∈ addX. Then Y is a direct summands of X⊕m for some m ≥ 0.
Let

π = (π1, . . . , πm) : X
⊕m ↠ Y

be a splitting of the inclusion map θ : Y ↪→ X⊕m. Then each gπi belongs to
HomR(X,M), and

gπi =
n∑

j=1

ajifj

for some aji ∈ R. We have gπ = f · A, where A = (aij) is an n × m matrix. We
get g = gπθ = fAθ, and thus g factors through f . This shows that f is a right
(addX)-approximation of M .

(2) Let R be a Cohen–Macaulay local ring with a canonical module. Then MCM(R) is
a contravariantly finite subcategory of modR. This is a direct consequence of the
so-called Cohen–Macaulay approximation theorem due to Auslander and Buchweitz
[6].
To be more precise, let M be an R-module. Then the Cohen–Macaulay approxi-

mation theorem asserts that there exists an exact sequence

0→ Y → X
f−→M → 0
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of R-modules such that X is maximal Cohen–Macaulay and Y has finite injective
dimension. We claim that the map f is a right MCM(R)-approximation of M .
In fact, let X ′ be any maximal Cohen–Macaulay R-module. Applying the functor
HomR(X

′,−) to the above short exact sequence induces an exact sequence

HomR(X
′, X)

HomR(X′,f)−−−−−−−→ HomR(X
′,M)→ Ext1R(X

′, Y ).

Since X ′ is maximal Cohen–Macaulay and Y has finite injective dimension, we have
Ext1R(X

′, Y ) = 0. This implies that the map HomR(X
′, f) is surjective. Thus the

claim follows.

The contravariantly finite resolving subcategories of the module category of a Goren-
stein ring can be determined completely, as follows. In view of Remark 2.3 and Example
3.4 and 2.4, we observe that those three subcategories which appear in the theorem are
contravariantly finite resolving subcategories.

Theorem 3.5 ([54, Theorem 1.2]). Let R be a henselian local ring. If R is Gorenstein,
then the contravariantly finite resolving subcategories of modR are the following three
subcategories of modR. 

projR,

MCM(R),

modR.

This theorem is a consequence of the following more complicated result. Here, pdR

and idR stand for the projective dimension and the injective dimension, respectively. A
typical example of an R-module G as below is a nonfree totally reflexive R-module, or
more generally, an R-module of infinite projective dimension but of finite Gorenstein
dimension in the sense of Auslander and Bridger [5].

Proposition 3.6 ([54, Theorem 1.3]). Let R be a henselian local ring with residue field
k. Let X be a resolving subcategory of modR such that the R-module k has a right X -
approximation. Assume that there exists an R-module G ∈ X with pdR G = ∞ and
ExtiR(G,R) = 0 for i ≫ 0. Let M be an R-module such that for each X ∈ X satisfies
Ext≫0

R (X,M) = 0 for i≫ 0. Then idR M <∞.

This proposition together with the theorem called “Bass’ conjecture” yields the follow-
ing corollary, which deduces Theorem 3.5.

Corollary 3.7 ([54, Theorem 1.4]). Let R be a henselian local ring. Let X ̸= modR
be a contravariantly finite resolving subcategory of modR. Assume that there exists an
R-module G ∈ X with pdR G = ∞ and ExtiR(G,R) = 0 for i ≫ 0. Then R has to be
Cohen–Macaulay, and one obtains an equality X = MCM(R).

This corollary yields as a by product another proof of the following result due to Chris-
tensen, Piepmeyer, Striuli and the author [21].

Corollary 3.8 ([54, Corollary 1.5]). Let R be a complete local ring over an algebraically
closed field of characteristic zero. Then the following are equivalent.

(1) The local ring R is a simple hypersurface singularity.
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(2) There exist at least one but only finitely many isomorphism classes of nonfree inde-
composable totally reflexive R-modules.

Sketch of Proof of Corollary 3.8. Suppose that there exist only finitely many isomorphism
classes of indecomposable totally reflexive R-modules. Then there exists a totally reflex-
ive R-module G such that G(R) = addG, and Example 3.4(1) implies that the resolving
subcategory G(R) of modR is contravariantly finite. Applying Corollary 3.7, we observe
that R is Gorenstein and G(R) = MCM(R). Hence R has finite representation type.
It is known that a Gorenstein complete local ring of finite representation type over an
algebraically closed field of characteristic zero is nothing but a simple hypersurface sin-
gularity. ■

To state our next result, we recall the definitions of several notions.

Definition 3.9. (1) Let I be an ideal of R. We say that I is quasi-decomposable if
I contains an R-regular sequence x = x1, . . . , xn such that the R-module I/(x) is
decomposable.

(2) Let X be a subset of SpecR. We say that X is specialization-closed if for every p ∈ X

and every q ∈ SpecR with p ⊆ q one has q ∈ X. It is well-known and easy to see
that X is specialization-closed if and only if it is a (possibly infinite) union of closed
subsets of SpecR in the Zariski topology.

(3) Let P be a property of local rings. Let X be a subset of SpecR. We say that X
satisfies P if for all p ∈ X the local ring Rp satisfies the property P.

(4) Let (R,m) be a local ring, and let I be an ideal of R. We say that I is a Burch

ideal if mI ̸= m(I : m). We call R a Burch ring if there exist a maximal R̂-regular
sequence x = x1, . . . , xt, a regular local ring S and a Burch ideal J of S such that

R̂/(x) ∼= S/J . Here, R̂ stands for the m-adic completion of R.
(5) Let R be a Cohen–Macaulay local ring. Then, as is well-known (and easy to see), the

inequality

e(R) ≥ codimR + 1

holds. We say that R has minimal multiplicity if the equality holds. When the residue
field of R is infinite, R has minimal multiplicity if and only if there exists a parameter
ideal Q of R such that m2 = Qm.

The following classification theorem on resolving subcategories and thick subcategories
holds.

Theorem 3.10 ([22, 41, 53, 55]). Let (R,m) be a Cohen–Macaulay local ring. Suppose
that it satisifies one of the following three conditions.

(a) The local ring R is a hypersurface.
(b) The maximal ideal m of R is quasi-decomposable, and Spec0 R is either a hyper-

surface or has minimal multiplicity.
(c) The local ring R is a Burch ring, and Spec0 R is either a hypersurface or has

minimal multiplicity.
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Then there are one-to-one correspondences:{
Thick subcategories of MCM(R)

containing R

}
1−1←→

{
Thick subcategories of modR

containing R

}
1−1←→

{
Thick subcategories of Db(R)

containing R

}
1−1←→

{
Resolving subcategories of modR

contained in MCM(R)

}
1−1←→

{
Thick subcategories of Dsg(R)

}
1−1←→

{
Specialization-closed subsets of SpecR

contained in SingR

}
.

A local ring with quasi-decomposable maximal ideal is nothing but a local ring that
deforms to a fiber product over the residue field. The class of local rings satisfying condi-
tions (b) and (c) in Theorem 3.10 contains the class of Cohen–Macaulay local rings with
minimal multiplicity, so that it contains the class of non-Gorenstein rational singularities
of dimension two.

Theorem 3.10 can be thought of as a higher-dimensional version of the theorem of
Benson, Carlson and Rickard which is mentioned before. The bijections giving the one-
to-one correspondences can be described explicitly.

Key roles are played in the proof of the above theorem by the following two results.

Lemma 3.11 ([22, Proposition 7.6], [41, Lemma 4.4], [53, Proposition 5.9]). Let (R,m, k)
be a Cohen–Macaulay local ring of dimension d. Suppose that it satisifies one of the
following three conditions.

(a) The local ring R is a hypersurface.
(b) The maximal ideal m is quasi-decomposable, and Spec0R is either a hypersurface

or has minimal multiplicity.
(c) The local ring R is a Burch ring, and Spec0 R is either a hypersurface or has

minimal multiplicity.

Let M be a nonfree maximal Cohen–Macaulay R-module. Then the d-th syzygy Ωdk of
the R-module k belongs to the resolving closure of M .

Lemma 3.12 ([53, Theorem 2.4]). Let R be a Cohen–Macaulay local ring of dimension
d. Let M be an R-module of depth t. Assume that M is locally free on the punctured
spectrum of R. Then M belongs to the extension closure of the R-module

⊕d
i=t Ω

ik.

Here, the resolving closure of an R-module M means the smallest resolving subcategory
of modR containing M . The extension closure of M means the smallest subcategory of
modR which contains M and is closed under direct summands and extensions.

Applying the above lemmas, we can also improve a theorem of Keller, Murfet and Van
den Bergh [38] on maximal Cohen–Macaulay modules over a completion, and recover a
theorem of Huneke and Wiegand [35] and a theorem of Nasseh and Sather-Wagstaff [40]
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on rigidity of vanishing of Tor. Recall that a local ring R is said to have an isolated
singularity if Rp is a regular local ring for all nonmaximal prime ideals p of R.

Corollary 3.13 (Keller, Murfet and Van den Bergh, [53, Corollary 3.8]). Let (R,m) be a

Cohen–Macaulay local ring whose m-adic completion R̂ has an isolated singularity (e.g.,
let R be an excellent Cohen–Macaulay local ring with an isolated singularity). Then the
natural functor

Dsg(R)→ Dsg(R̂)

is an equivalence up to direct summands.

Corollary 3.14 (Huneke and Wiegand, [53, Corollary 7.3]). Let R be a hypersurface local
ring. Let M and N be R-modules. Suppose that

TorRn (M,N) = TorRn+1(M,N) = 0

for some n ≥ 0. Then either M or N has finite projective dimension.

Corollary 3.15 (Nasseh and Sather-Wagstaff, [41, Corollary 6.2]). Let R = S ×k T be a
fiber product, where S and T are local rings with common residue field k and S ̸= k ̸= T .
Let M and N be R-modules.

(1) Assume that either S or T has depth zero and

TorRn (M,N) = 0

for some n ≥ 5. Then either M or N is free.
(2) Assume that

TorRn (M,N) = TorRn+1(M,N) = 0

for some n ≥ 5. Then either pdR M ≤ 1 or pdR N ≤ 1.

The Ext version of the above corollary is also obtained; see [41, Corollary 6.3]. Fur-
thermore, we can get similar vanishing results on Tor and Ext for local rings with quasi-
decomposable maximal ideal and for Burch rings; see [41, Corollaries 6.5 and 6.6] and [22,
Corollary 7.13 and Remark 7.14].

Stevenson [51, 52] classified the thick subcategories of the singularity category and the
derived category of a complete intersection (more precisely, a quotient of a regular ring by
a regular sequence), using Theorem 3.10(a) and a theorem of Orlov [46]. In the following,
we explain Stevenson’s classification theorem of the thick subcategories of the singularity
category.

Let R be the residue ring of a regular local ring (S, n) by an S-regular sequence x =
x1, . . . , xc. We may assume that the xi are all in n2, so that c = codimR. Then the
generic hypersurface of R is defined as the graded ring

G =
S[y1, . . . , yc]

(x1y1 + · · ·+ xcyc)
,

where y1, . . . , yc are indeterminates over S with degree 1 and the elements of S have degree
0. The classification theorem of Stevenson is stated as follows.
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Theorem 3.16 (Stevenson). Let R be the quotient of a regular local ring S by an S-
regular sequence x = x1, . . . , xc. Let G be the generic hypersurface of R. Then there is a
one-to-one correspondence{

Thick subcategories
of Dsg(R)

}
1−1←→

{
Specialization-closed subsets
of the singular locus of ProjG

}
.

To state our next theorem, we need to introduce a certain N-valued function on the set
of prime ideals.

Definition 3.17. A function f : SpecR → N is called grade-consistent if it satisfies the
following two conditions.

(1) For all prime ideals p, q of R with p ⊆ q, one has f(p) ≤ f(q).
(2) For all prime ideals p of R one has f(p) ≤ grade p.

Using grade-consistent functions and specialization-closed subsets of the singular locus
of ProjG where G is the generic hypersurface, we can completely classify the resolving
subcategories of the category of finitely generated modules over a local complete intersec-
tion.

Theorem 3.18 ([24, Theorem 1.5]). Let R be a quotient of a regular local ring by a
regular sequence. Let G be the generic hypersurface of R. Then there is a one-to-one
correspondence{

Resolving subcategories
of modR

}
1−1←→

{
Grade-consistent functions

on SpecR

}
×
{

Specialization-closed subsets
of the singular locus of ProjG

}
.

The bijections giving the one-to-one correpondence in the above theorem can be de-
scribed explicitly.

Let us explain a bit how to obtain Theorem 3.18. It is a a consequence of the combi-
nation of the following Propositions 3.19 and 3.20 with Stevenson’s Theorem 3.16. One
can view Proposition 3.20 as a category version of the Cohen–Macaulay approximation
theorem due to Auslander and Buchweitz [6].

Proposition 3.19 ([24, Theorem 1.2]). There is a one-to-one correspondenceResolving subcategories
of modR

contained in fpdR

 1−1←→
{
Grade-consistent functions

on SpecR

}
.

Proposition 3.20 ([24, Theorem 7.4]). Let R be a locally complete intersection ring.
There exists a one-to-one correspondence{

Resolving subcategories
of modR

}
1−1←→

Resolving subcategories
of modR

contained in fpdR

×
Resolving subcategories

of modR
contained in MCM(R)

 .



GENERATION IN MODULE CATEGORIES AND DERIVED CATEGORIES 13

Applying Proposition 3.19, we also obtain the following corollary.

Corollary 3.21 ([24, Theorem 1.7]). The following are equivalent for two modules M
and N over a regular ring R.

(1) One can build N out of M by taking direct summands, extensions and syzygies.
(2) One has pdRp

Np ≤ sup{pdRp
Mp, 0} for each prime ideal p of R.

Corollary 3.21 recovers and categorifies the main theorem of the ICM lecture of Aus-
lander [3] in 1962. Also, it gives an answer to Problem 1.1.

Now Example 3.1 can be explained as follows by using the above corollary.

Example 3.22. Let R = k[x, y] be the polynomial ring in two variables x, y over a field
k.

(1) Put M = R/(x, y) and N = (x2, y). Consider the maximal ideal m = (x, y) of R.
Then it holds that

pdRm
Nm = 1 ≤ 2 = pdRm

Mm,

pdRp
Np = 0 for all p ∈ SpecR with p ̸= m.

It is observed that

pdRp
Np ≤ sup{pdRp

Mp, 0}
for all prime ideals p of R. By virtue of Corollary 3.21, we see that N can be built
out of M by taking direct summands, extensions and syzygies.

(2) Put M = R/(x) and N = R/(xy). Consider the prime ideal p = (y) of R. We see that
pdRp

(R/(xy))p = 1, while pdRp
(R/(x))p = −∞ as p does not belong to the support

of R/(x). It follows that

pdRp
Np ̸≤ sup{pdRp

Mp, 0}.

Applying Corollary 3.21, we observe that N cannot be built out of M by taking direct
summands, extensions and syzygies.

(3) Put M = R/(xy) and N = R/(x). If p is a prime ideal of R with pdRp
(R/(x))p = 1,

then we must have p = (x), and pdRp
(R/(xy))p = 1. It is easy to observe from this

that

pdRp
Np ≤ sup{pdRp

Mp, 0}
for all prime ideals p of R. Thanks to Corollary 3.21, we see that N can be built out
of M by taking direct summands, extensions and syzygies.

As the final topic of this section, we consider classification of subcategories of the
category D-(R), the right bounded derived category of modR, that is, the derived category
of right bounded complexes of finitely generated R-modules. This is a tensor triangulated
category with tensor product − ⊗L

R −. The category D-(R) is equivalent as a tensor
triangulated category to the homotopy category K-(projR). We define a compact ideal
of D-(R) as a thick tensor ideal (i.e., a thick subcategory closed under X ⊗L

R − for each
X ∈ D-(R)) generated by bounded complexes. We can completely classify the compact
ideals of D-(R).
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Theorem 3.23 ([39, Theorem A]). There is a one-to-one correspondence{
Compact ideals

of D-(R)

}
1−1←→

{
Specialization-closed subsets

of SpecR

}
.

Denote by Dperf(R) the derived category of perfect complexes over R, that is, bounded
complexes of finitely generated projective R-modules, or in other words, complexes of
finite projective dimension. The category Dperf(R) is also a tensor triangulated category
with tensor product − ⊗L

R −. The category Dperf(R) is equivalent as a tensor triangu-
lated category to Kb(projR). Restricting the above theorem, we recover the celebrated
Hopkins–Neeman theorem [42, Theorem 1.5] stated below.

Corollary 3.24 (Hopkins–Neeman). There is a one-to-one correspondence{
Thick subcategories

of Dperf(R)

}
1−1←→

{
Specialization-closed subsets

of SpecR

}
.

The proof of Theorem 3.23 also extends the Hopkins–Neeman smash nilpotence theorem
on Kb(projR) ∼= Dperf(R) to K-(projR) ∼= D-(R). For the details, we refer the reader to
[39, Theorem 2.7].

4. Dimensions of subcategories

The notion of the dimension of a triangulated category has been introduced by Rouquier
[50]. Bondal and Van den Bergh [19] proved that the bounded derived category of coherent
sheaves on a smooth proper commutative/noncommutative algebraic variety has finite
dimension, and by using it proved that a contravariant cohomological functor of finite
type to the category of vector spaces is representable. Rouquier [49] applied the notion
of the dimension of a triangulated category to representation dimension. Representation
dimension has been introduced by Auslander [4] to measure how far a given artin algebra is
from finite representation type, and many representation theorists including Oppermann
[44] have investigated it so far. Rouquier computed the dimension of the singularity
category of an exterior algebra of a vector space to give the first example of an artinian
ring of representation dimension more than three.

On the other hand, Rouquier [50] proved that the bounded derived category of coherent
sheaves on a separated scheme of finite type over a perfect field has finite dimension.
Recently, Neeman [43] proved that the bounded derived category of coherent sheaves on
a separated scheme that is essentially of finite type over a separated excellent scheme
of dimension at most two has finite dimension. This clarifies that even in the mixed
characteristic case the derived category has finite dimension in many cases.

In what follows, we consider the dimensions of the derived category Db(R) and the
singularity category Dsg(R), and analogues for abelian categories. We begin with stating
the definitions of the dimension and radius of a subcategory of a triangulated category or
an abelian category.

Definition 4.1. Let T be a triangulated category.
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(1) For a subcategory X of T we denote by ⟨X ⟩ the smallest subcategory of T containing
X and closed under finite direct sums, direct summands and shifts. That is,

⟨X ⟩ = add{ΣiX | i ∈ Z, X ∈ X}.

When X consists of a single object X, we simply write ⟨X⟩.
(2) For two subcategories X ,Y of T , we denote by X ∗Y the subcategory of T consisting

of objects M admitting an exact triangle

X →M → Y → ΣX

with X ∈ X and Y ∈ Y . We set X ⋄ Y = ⟨⟨X ⟩ ∗ ⟨Y⟩⟩.
(3) Let C be a subcategory of T , and set

⟨C⟩r =


0 (r = 0),

⟨C⟩ (r = 1),

⟨C⟩r−1 ⋄ C = ⟨⟨C⟩r−1 ∗ ⟨C⟩⟩ (r ≥ 2).

When C consists of a single object C, we simply write ⟨C⟩r.
(4) Let X be a subcategory of T . We define the dimension and radius of X as follows.

dimX = inf{n ≥ 0 | X = ⟨G⟩n+1 for some G ∈ T }
radiusX = inf{n ≥ 0 | X ⊆ ⟨G⟩n+1 for some G ∈ T }

Definition 4.2. Let A be an abelian category with enough projective objects.

(1) For a subcategory X of A, we denote by [X ] the smallest subcategory of A containing
projA and X and closed under finite direct sums, direct summands and syzygies.
That is,

[X ] = add(projA ∪ {ΩiX | i ≥ 0, X ∈ X}).
When X consists of a single object X, we simply write [X].

(2) For two subcategories X ,Y of A, we denote by X ◦Y the subcategory of A consisting
of objects M ∈ A admitting a short exact sequence

0→ X →M → Y → 0

with X ∈ X and Y ∈ Y . We put X • Y = [[X ] ◦ [Y ]].
(3) Let C be a subcategory of A, and put

[C]r =


0 (r = 0),

[C] (r = 1),

[C]r−1 • C = [[C]r−1 ◦ [C]] (r ≥ 2).

When C consists of a single object C, we simply write [C]r.
(4) Let X be a subcategory of A. We define the dimension and radius of X as follows.

dimX = inf{n ≥ 0 | X = [G]n+1 for some G ∈ A}
radiusX = inf{n ≥ 0 | X ⊆ [G]n+1 for some G ∈ A}

The following theorem describes the relationship between the dimension of a subcate-
gory and an isolated singularity.
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Theorem 4.3 ([25, Theorem 1.1]). Let (R,m) be a Cohen–Macaulay local ring. Consider
the following four conditions.

(a) The subcategory MCM0(R) of the abelian category modR has finite dimension.
(b) The ideal ∩

i>0

∩
M,N∈MCM0(R)

AnnR ExtiR(M,N)

of the local ring R is m-primary.
(c) The ideal ∩

i>0

∩
M,N∈MCM0(R)

AnnR TorRi (M,N)

of the local ring R is m-primary.
(d) The local ring R is an isolated singularity.

Then the implications (a) ⇔ (b) ⇒ (c) ⇒ (d) hold. If R is equicharacteristic and
excellent, then the four conditions (a), (b), (c), (d) are equivalent.

When R is Gorenstein, a similar assertion holds for the stable category MCM0(R) of
MCM0(R), which is a triangulated category.

Let A be an abelian category with enough projective objects. By definition, there is
an inequality

radiusX ≤ dimX

for all subcategories X of A. Applying the above theorem, we see that the equality does
not necessarily hold.

Example 4.4. Let R = k[[x, y]]/(x2) be a homomorphic image of a formal power series
ring over a field k. Then for the prime ideal p = (x) the local ring Rp is not regular,
so R does not have an isolated singularity. According to Theorem 4.3, the subcategory
MCM0(R) of modR has infinite dimension. On the other hand, it is observed from [2,
Theorem 1.1] that MCM(R) has dimension (at most) one. Hence MCM0(R) has radius
(at most) one, and in particular, the strict inequality

radiusMCM0(R) < dimMCM0(R)

holds.

Applying Theorem 4.3 to the case where MCM0(R) has dimension zero, we immediately
obtain the following corollary.

Corollary 4.5 ([25, Corollary 1.2]). Let R be a Cohen–Macaulay local ring. Suppose that
the number

#

{
M ∈ MCM(R)

∣∣∣∣ M is indecomposable, and
M is locally free on the puctured spectrum of R

}/
∼=

is finite. Then R is an isolated singularity.
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In fact, under the assumption of the above corollary, we can choose a finite number
of modules M1, . . . ,Mn ∈ MCM0(R) whose isomorphism classes form those of the inde-
composable maximal Cohen–Macaulay R-modules that are locally free on the puctured
spectrum of R. Then setting

M = M1 ⊕ · · · ⊕Mn,

we observe that MCM0(R) = [M ] = [M ]1. Hence we obtain dimMCM0(R) = 0 < ∞.
Applying Theorem 4.3, we deduce that the Cohen–Macaulay local ring R has an isolated
singularity.

Corollary 4.5 improves the following celebrated theorem [34].

Corollary 4.6 (Auslander–Huneke–Leuschke–Wiegand). Let R be a Cohen–Macaulay
local ring. Suppose that R has finite representation type. Then R is of an isolated singu-
larity.

Recall that a Cohen–Macaulay ring R is said to have finite representation type provided
that there exist only a finite number of isomorphism classes of indecomposable maximal
Cohen–Macaulay modules over R.

Concerning the radius of a resolving subcategory, we have the following conjecture.

Conjecture 4.7. Let R be a Cohen–Macaulay local ring. Let X be a resolving subcate-
gory of modR. Suppose that X has finite radius. Then X is contained in the subcategory
MCM(R) of maximal Cohen–Macaulay modules.

This conjecture holds true in the case where R is a complete intersection.

Theorem 4.8 ([23, Theorem I]). Let R be a local complete intersection. Let X be a
resolving subcategory of modR. If X has finite radius, then all the modules belonging to
X are maximal Cohen–Macaulay.

The proof of this theorem is long and contains a lot of ideas. Here we would like to
explain roughly how the theorem is proved. Recall that the (Auslander) transpose of an
R-module M , which is denoted by TrM , is defined as follows. Take an exact sequence

P1
f−→ P0 →M → 0

with P0, P1 ∈ projR. Then TrM is by definition the cokernel of the R-dual f ∗ of the map
f . Hence there is an exact sequence

0→M∗ → P ∗
0

f∗
−→ P ∗

1 → TrM → 0.

Sketch of Proof of Theorem 4.8. Let (R,m) be a complete intersection local ring of di-
mension d. We may assume d > 0. Suppose that X contains an R-module M which is
not maximal Cohen–Macaulay. It follows from [18] that M has reducible complexity, and
using this, we observe that the resolving closure of M contains an R-module N such that

0 < pdR N <∞.

Hence N belongs to X . Using a technique given in [56], we may assume that N is locally
free on the punctured spectrum of R. Further replacing it with a syzygy, we may assume
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pdR N = 1. Note that Ext1R(N,R) is a nonzero R-module with finite length. We find a
nonzero element σ in the socle of Ext1R(N,R). We get a short exact sequence

σ : 0→ R→ L→ N → 0.

Since X is resolving, it contains L. An exact sequence

0→ k → Ext1R(N,R)→ Ext1R(L,R)→ 0

is induced, which shows

ℓR(Ext
1
R(L,R)) = ℓR(Ext

1
R(N,R))− 1.

It is observed that one may assume Ext1R(N,R) ∼= k. There are isomorphisms TrN ∼=
Ext1R(N,R) ∼= k, and hence Tr k = N ∈ X . Therefore TrK belongs to X for all R-modules
K of finite length. In particular,

Tr(R/mi) ∈ X

for all i > 0.
Suppose that X has finite radius. Then there exist an R-module G and an integer

n > 0 such that X ⊆ [G]n. The module Tr(R/mi) belongs to [G]n for all i > 0. We may
assume that R is complete. We see that

mi = AnnR R/mi

= AnnR Ext1R(TrR/mi, R)

⊇
∩
t>0

AnnR ExttR(Tr(R/mi), R)

⊇ (AnnR ExtjR(G,R))n for all 1 ≤ j ≤ d.

Applying Krull’s intersection theorem, we observe that AnnR ExtjR(G,R) is nilpotent, and

contained in every minimal prime ideal p of R. It follows that ExtjRp
(Gp, Rp) ̸= 0 for all

1 ≤ j ≤ d. This contradicts the fact that Rp is an artinian Gorenstein ring. ■

The above proof actually shows that Theorem 4.8 holds for every local ring R and an
R-module M of finite complete intersection dimension. As a corollary of this statement,
we get the following result.

Corollary 4.9. Let R be a Gorenstein local ring. Consider the following six conditions.

(1) The ring R is a hypersurface.
(2) The ring R is a complete intersection.
(3) Every resolving subcategory in MCM(R) is closed under R-duals.
(4) Every resolving subcategory in MCM(R) is closed under cosyzygies.
(5) The ring R is AB.
(6) The ring R satisfies Conjecture 4.7.
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Then the implications
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hold true.

Here, a local ring R is called AB if there exists a constant C, depending only on R,
such that if Exti(M,N) = 0 for all i≫ 0, then Exti(M,N) = 0 for all i > C. This notion
is introduced by Huneke and Jorgensen [33]. The (first) cosyzygy Ω−1M of a maximal
Cohen–Macaulay module M over a Gorenstein local ring R is defined by a short exact
sequence

0→M → F → Ω−1M → 0

of maximal Cohen–Macaulay R-modules with F free. For each n ≥ 0, the nth cosyzygy
Ω−nM is defined similarly to the nth syzygy. For each maximal Cohen–Macaulay R-
module M and each integer n ≥ 0, the nth cosyzygy Ω−nM is uniquely determined up to
free summands.

Applying the theorem of Rouquier [50] stated before to an affine scheme implies that
Db(R) has finite dimension if R is essentially of finite type over a perfect field. The author
[1] proved that the same statement holds true for a complete local ring R over a perfect
field. The following theorem improves this.

Theorem 4.10 ([37, Theorem 1.4]). Let R be either

(i) an equicharacteristic excellent local ring, or
(ii) a ring that is essentially of finite type over a field.

Then Db(R) has finite dimension.

Theorem 4.10 is, as far as the author knows, the strongest result on finite dimension of
the derived category of a local ring containing a field.

To prove the above theorem, first we need to make a simplified version of Definition
4.2.

Definition 4.11. Let A be an abelian category.

(1) For a subcategory X of A, we denote by |X | the smallest subcategory of A containing
X and closed under finite direct sums and direct summands. That is,

|X | = addX .

When X consists of a single object X, we simply write |X|.
(2) For two subcategories X ,Y of A, we put X ∗ Y = ||X | ◦ |Y||.
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(3) Let C be a subcategory of A, and put

|C|r =


0 (r = 0),

|C| (r = 1),

|C|r−1 ∗ C = ||C|r−1 ◦ |C|| (r ≥ 2).

When C consists of a single object C, we simply write |C|r.

Next, we need to introduce the notion of a cohomology annihilator.

Definition 4.12. For an integer n ≥ 0 we set

can(R) = {a ∈ R | aExtnR(M,N) = 0 for all M,N ∈ modR}
and call this the nth cohomology annihilator of R.

Also, we need the following two technical lemmas. For an integer n ≥ 0 we denote by
Ωn(modR) the subcategory of modR consisting of nth syzygies of R-modules.

Lemma 4.13 ([37, Theorem 4.3]). Let R have Krull dimension d. Suppose that there
exist an R-module G and integers s, n ≥ 0 such that Ωs(modR) ⊆ |G|n. Then there is an
equality

SingR = V(cas+d+1(R)).

In particular, SingR is closed.

Lemma 4.14 ([37, Theorems 5.1 and 5.2]). Let R have Krull dimension d.

(1) Suppose that there exists aninteger s > 0 such that cas(R/p) ̸= 0 for all prime ideals
p of R. Then there exist an R-module G and an integer n ≥ 0 such that

Ωs+d−1(modR) ⊆ |G|n.
(2) Suppose that for all prime ideals p of R there exists an integer s ≤ dimR/p+ 1 such

that cas(R/p) ̸= 0. Then there exist an R-module G and an integer n ≥ 0 such that

Ωd(modR) ⊆ |G|n.

Using the above two lemmas, we can show the following proposition.

Proposition 4.15 ([37, Theorem 5.3]). Let R be a d-dimensional excellent equicharac-
teristic local ring.

(1) There is an equality

SingR = V(ca2d+1(R)).

(2) There exist an R-module G and an integer n ≥ 0 such that

Ω3d+1(modR) ⊆ |G|n.

Proof of Proposition 4.15. (1) First we consider the case where R is complete. Fix a
prime ideal p of R. By virtue of a result of Gabber [36, IV, Théorème 2.1.1], the integral
domain R/p admits a separable Noether normalization. Then it follows from [58] that
cadimR/p+1(R/p) ̸= 0, which is shown by using the sum of the Noether differents of R/p.
Lemma 4.14(2) yields Ωd(modR) ⊆ |G|n for some R-module G and some integer n ≥ 0.
It follows from Lemma 4.13 that SingR = V(ca2d+1(R)).
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Next we consider the case where R is excellent. By the definition of excellence, there
exists an ideal I of R such that SingR = V(I). Then

IR̂ ⊆ P ⇐⇒ I ⊆ P ∩R ⇐⇒ P ∩R ∈ SingR ⇐⇒ P ∈ SingR

as formal fibers are regular. Hence

V(IR̂) = Sing R̂ = V(ca2d+1(R̂))

by the complete case. Since R̂ is faithfully flat over R, we obtain V(I) = V(ca2d+1(R)).
(2) Fix a prime ideal p of R. By (1), we have

0 /∈ SingR/p = V(ca2 dimR/p+1(R/p)).

Hence ca2 dimR/p+1(R/p) ̸= 0. Then it is easy to see that ca2d+1(R/p) ̸= 0. Lemma 4.14(1)
yields Ω3d(modR) ⊆ |G|n for some R-module G and an integer n. ■
Proof of Theorem 4.10. Using Proposition 4.15(2), we easily see that the derived category
Db(R) has finite dimension. ■

So far, we have stated results on finiteness of the dimension and radius. The following
theorem concretely gives an upper bound by using well-known invariants. For a complete
local ring

R =
k[[x1, . . . , xn]]

(f1, . . . , ft)
over a field k, the Jabobian ideal of R is by definition the ideal of R generated by the
c-minors of the Jacobian matrix of f1, . . . , ft, where c = codimR.

Theorem 4.16 ([26, Theorem 1.1]). Let R be a complete equicharacteristic Cohen–
Macaulay local ring with an isolated singularity. Let J be the Jacobian ideal of R. Then
there is an inequality

dimDsg(R) < (µ(J)− dimR + 1) · ℓℓ(R/J).

If the residue field of R is infinite, the inequality

dimDsg(R) < e(J).

holds as well.

In the above theorem, one can replace J with any m-primary ideal of R contained in
the sum of the Noether differents of R.

The first inequality of Theorem 4.16 immediately recovers the following result due to
Ballard, Favero and Katzarkov [8, Proposition 4.11].

Corollary 4.17 (Ballard, Favero and Katzarkov, [26, Corollary 1.4]). Let k be a field,
and let R = k[[x1, . . . , xn]]/(f) be a hypersurface complete local ring. Suppose that R has
an isolated singularity. Let

J =

(
∂f

∂x1

, . . . ,
∂f

∂xn

)
R

be the Jacobian ideal of R. Then the inequality

dimDsg(R) < 2 ℓℓ(R/J)

holds true.
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We end this article by giving an outline of the proof of Theorem 4.16.

Sketch of Proof of Theorem 4.16. We can show the following statements.

(a) Let R be a local ring with maximal ideal m and residue field k. Let I = (x1, . . . , xn) be
an m-primary ideal of R. Let M be an R-module. Set t = depthR and l = ℓℓ(R/I).
Then the Koszul complex K(x,M) belongs to ⟨k⟩(n−t+1)l in Db(R).

(b) Let x = x1, . . . , xn be a sequence of elements of R. Let M be an R-module. Suppose

that for all 1 ≤ i ≤ n the multiplication map M
xi−→M is zero in Dsg(R). Then M is

a direct summand of the Koszul complex K(x,M) in Dsg(R).
(c) Let R be a complete equicharacteristic Cohen–Macaulay local ring. Let x be an ele-

ment in J . Let M be a maximal Cohen–Macaulay R-module. Then the multiplication
map M

x−→M is zero in Dsg(R).
(d) Suppose that the residue field of R is infinite. Then one can choose a minimal reduc-

tion Q of J as a parameter ideal of R. It holds that

(ν(Q)− d+ 1) · ℓℓ(R/Q) = ℓℓ(R/Q) ≤ ℓ(R/Q) = e(J).

The first inequality in the theorem follows from (a), (b) and (c), while the second one is
obtained by (d). ■
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