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Abstract. Let R be a commutative noetherian henselian non-Gorenstein lo-
cal ring of depth zero. Denote by modR the category of all finitely gener-
ated R-modules, and by G(R) the full subcategory of modR consisting of all
modules of Gorenstein dimension zero. We prove in this paper that if G(R)
contains a non-free module, then it is not precovering in modR, in particular,
there exist infinitely many isomorphism classes of indecomposable R-modules
of Gorenstein dimension zero.

1. Introduction

Throughout this paper, we assume that all rings are commutative and noether-
ian, and that all modules are finitely generated.

Gorenstein dimension (abbr. G-dimension), which is a homological invariant
for modules, was defined by Auslander [1], and was deeply studied by Auslander
and Bridger [2]. With that as a start, G-dimension has been studied by a lot
of algebraists so far. The notion of modules of finite G-dimension is a common
generalization of that of modules of finite projective dimension and that of modules
over Gorenstein rings: All modules of finite projective dimension are also of finite
G-dimension, and all modules over a Gorenstein ring are of finite G-dimension.

On the other hand, Cohen-Macaulay local rings of finite Cohen-Macaulay rep-
resentation type (i.e. there are only finitely many isomorphism classes of indecom-
posable maximal Cohen-Macaulay modules) have been well researched for a long
time. In several cases, all indecomposable maximal Cohen-Macaulay modules have
already been classified completely.

Over a Gorenstein local ring, the category of modules of G-dimension zero coin-
sides with that of maximal Cohen-Macaulay modules. Thus we are interested in
observing the category of modules of G-dimension zero over a non-Gorenstein local
ring, and we should begin with observing it in the case that there are only finitely
many isomorphism classes of indecomposable modules of G-dimension zero.

However, in that case, the category of modules of G-dimension zero seems to
consist just of free modules. In other words, the following seems to hold:
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Conjecture 1.1. Let R be a non-Gorenstein local ring. Suppose that there ex-
ists a non-free R-module of G-dimension zero. Then there exist infinitely many
isomorphism classes of indecomposable R-modules of G-dimension zero.

Indeed, over a certain artinian local ring having a non-free module of G-dimension
zero, Yoshino [14] actually constructed a family of modules of G-dimension zero
with continuous parameters.

For a ring R, let us denote by modR the category of all finitely generated R-
modules, and by G(R) the full subcategory of modR consisting of all R-modules of
G-dimension zero. The main result of this paper is the following theorem, which
extends [14, Theorem 6.1].

Theorem 1.2. Let R be a henselian non-Gorenstein local ring of depth zero. Sup-
pose that there exists a non-free module in G(R). Then the residue class field of R
does not admit a G(R)-precover as an R-module. In particular, the category G(R)
is not precovering in modR.

Remark 1.3. In contrast to Theorem 1.2, Jørgensen [7] recently proved that if R is
a ring possessing a dualizing complex, then the category of all Gorenstein projective
R-modules is precovering in the category of all R-modules. (A finitely generated
R-module is Gorenstein projective if and only if it has G-dimension zero.)

Theorem 1.2 gives as a corollary a positive answer for Conjecture 1.1 if the depth
of the local ring R is zero:

Theorem 1.4. Let R be a henselian non-Gorenstein local ring of depth zero. Sup-
pose that there exists a non-free R-module of G-dimension zero. Then there exist
infinitely many isomorphism classes of indecomposable R-modules of G-dimension
zero.

We should remark that the above theorem especially asserts that Conjecture 1.1
holds if R is artinian.

In the next section, we start by recalling the definitions of G-dimension and a
(pre)cover, give several preliminary lemmas involving the Wakamatsu’s Lemma,
and finally prove the above theorems.

2. Proof of the Theorems

Throughout this section, R is always a commutative noetherian local ring with
maximal ideal m and residue class field k. All R-modules considered in this section
are finitely generated.

We define (−)∗ to be the dual functor HomR(−, R) from modR to itself, and
denote by Ωn

RM the nth syzygy module of an R-module M . (Note that Ωn
RM is

not uniquely defined.) To begin with, we recall the definition of G-dimension.

Definition 2.1. Let M be an R-module.
(1) If the following conditions hold, then we say that M has G-dimension zero,

and write G-dimRM = 0.
i) The natural homomorphism M → M∗∗ is an isomorphism.
ii) Exti

R(M, R) = 0 for every i > 0.
iii) Exti

R(M∗, R) = 0 for every i > 0.
(2) If G-dimR(Ωn

RM) = 0 for a non-negative integer n, then we say that M has G-
dimension at most n, and write G-dimRM ≤ n. If there is no such an integer
n, then we say that M has infinite G-dimension, and write G-dimRM = ∞.
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If an R-module M has G-dimension at most n but does not have G-dimension
at most n− 1, then we say that M has G-dimension n and write G-dimRM = n.

Here we state several properties of G-dimension for later use. For the proofs, we
refer to [2], [5], [8], and [11].

Proposition 2.2. (1) The following conditions are equivalent.
i) R is Gorenstein.
ii) G-dimRM < ∞ for any R-module M .
iii) G-dimRk < ∞.

(2) Let M be an R-module with G-dimRM < ∞. Then G-dimRM = depthR −
depthRM .

(3) Let 0 → L → M → N → 0 be a short exact sequence of R-modules. If two
of L, M, N have finite G-dimension, then so does the third.

(4) Let M be an R-module, and n a non-negative integer. Then
G-dimR(Ωn

RM) = sup{G-dimRM − n, 0}.
(5) Let M, N be R-modules. Then G-dimR(M⊕N) = sup{G-dimRM, G-dimRN}.
Now we introduce the notion of a cover of a module. Let X be a full subcategory

of modR.

Definition 2.3. Let φ : X → M be a homomorphism from X ∈ X to M ∈ modR.
(1) We call φ an X -precover (or a right X -approximation) of M if for any ho-

momorphism φ′ : X ′ → M with X ′ ∈ X there exists a homomorphism
f : X ′ → X such that φ′ = φf .

(2) Assume that φ is an X -precover of M . We call φ an X -cover (or a right
minimal X -approximation) of M if any endomorphism f of X with φ = φf is
an automorphism.

The category X is said to be precovering (or contravariantly finite) in modR if
every M ∈ modR has an X -precover.

The following proposition helps us to see whether a given X -precover is an X -
cover or not.

Proposition 2.4. [13, Lemma (2.2)] Let X be a full subcategory of modR, and

let 0 → N
ψ→ X

φ→ M be an exact sequence in modR where φ is an X -precover.
Suppose that R is henselian. Then the following conditions are equivalent.

i) φ is not an X -cover.
ii) There exists a non-zero submodule L of N such that ψ(L) is a direct summand

of X.

Proof. ii) =⇒ i): Let X ′ be the complement of ψ(L) in X. Let θ : X ′ → X (resp.
π : X → X ′) be the natural inclusion (resp. the natural projection), and set f = θπ.
We easily see that φ = φf . Since L 6= 0, we have 0 6= ψ(L) ⊆ Kerπ = Ker f . Hence
f is a non-isomorphism with φ = φf so φ cannot be an X -cover.

i) =⇒ ii): There exists a non-isomorphism f ∈ EndRX such that φ = φf . Let
S = R[f ] be the subalgebra of EndRX generated by f over R. Note that S is
commutative.

Assume that S is a local ring. Let n be the unique maximal ideal of S. Noting
that S is a finitely generated R-module, we see that the factor ring S/mS is an
artinian local ring with maximal ideal n/mS. Hence nr ⊆ mS for some integer r.
Since f ∈ n, we have

fr = a0 + a1f + · · ·+ asf
s
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with ai ∈ m, 0 ≤ i ≤ s. Noting that φ = φf , we get φ = φfr = (a0+a1+· · ·+as)φ ∈
mφ. It follows from Nakayama’s Lemma that φ = 0, i.e., the homomorphism
ψ : N → X is isomorphic. Since f is not an isomorphism, we especially have
X 6= 0, and hence N 6= 0. The module L := N satisfies the condition ii).

Thus, it is enough to consider the case that S is not a local ring. Since R is
henselian, the finite R-algebra S is a product of local rings, and hence there is a
non-trivial idempotent e in S. Write

e = b0 + b1f + · · ·+ btf
t

with bi ∈ R, 0 ≤ i ≤ t, and put b = b0 + b1 + · · · + bt. Taking 1 − e instead of e
when b is an element in m, we may assume that b is not an element in m, i.e., b is
a unit of R.

It is easy to see that we have a direct sum decomposition

X = Ker e⊕ Im e.

Since e is not an isomorphism, we have Ker e 6= 0. Noting that φe = bφ and that b
is a unit of R, we obtain Ker e ⊆ Im ψ. Thus L := ψ−1(Ker e) satisfies the condition
ii).

We say that the category X is closed under direct summands if any direct sum-
mand of any R-module belonging to X also belongs to X . Note by Proposition
2.2.5 that G(R) is closed under direct summands. Using the above proposition, we
can easily prove that the existence of an X -precover in fact implies the existence of
an X -cover if X is closed under direct summands. Hence we have the following.

Corollary 2.5. Suppose that R is henselian and X is closed under direct sum-
mands. Then an R-module admits an X -cover if and only if it admits an X -
precover.

We say that X is closed under extensions provided that for any short exact
sequence 0 → L → M → N → 0 in modR, if L,N ∈ X then M ∈ X . Note by
Proposition 2.2.2 and 2.2.3 that G(R) is closed under extensions. The lemma below
is the so-called Wakamatsu’s Lemma, which plays an important role in the notion
of a cover. For the proof, see [9] or [10, Lemma 2.1.1].

Lemma 2.6 (Wakamatsu). Let 0 → N → X
φ→ M be an exact sequence in modR

where φ is an X -cover of M . Suppose that X is closed under extensions. Then
Ext1R(X ′, N) = 0 for any X ′ ∈ X .

Let M be an R-module. For an R-module N , we define a homomorphism
λM (N) : M ⊗R N → HomR(M∗, N) of R-modules by λM (N)(m⊗n)(f) = f(m) ·n
for m ⊗ n ∈ M ⊗R N and f ∈ M∗. Then we obtain a natural transformation
λM (−) : M ⊗R − → HomR(M∗,−) of functors from modR to itself.

On the other hand, let F1
δ→ F0 → M → 0 be a finite presentation of M by

free R-modules. Then we define by trRM the cokernel of the dual homomorphism
δ∗ : F ∗0 → F ∗1 and call it the Auslander transpose (or the Auslander dual) of M .
The module trRM depends on the choice of a presentation of M , but is uniquely
determined up to free summands. (See [2] or [8] for the details.)

Proposition 2.7. [2, Proposition 2.6, 3.8] Let M be an R-module.
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(1) There is an exact sequence

0 −−−−→ Ext1R(trRM,−) −−−−→ M ⊗R − λM (−)−−−−→ HomR(M∗,−)

−−−−→ Ext2R(trRM,−) −−−−→ 0

of functors from modR to itself.
(2) M ∈ G(R) if and only if trRM ∈ G(R).

Now the time has come when we can prove our theorems.

Proof of Theorem 1.2. Suppose that the residue field k of R has a G(R)-
precover as an R-module. We want to derive a contradiction. By Corollary 2.5,
there exists a short exact sequence

0 → L
θ→ Z

π→ k → 0

of R-modules such that π is a G(R)-cover. Dualizing this sequence, we obtain an
exact sequence

0 → k∗ π∗→ Z∗ θ∗→ L∗.

Set C = Im(θ∗), and let α : Z∗ → C be the map induced by θ∗ and β : C → L∗ be
the natural embedding.

We shall show that the surjective homomorphism α : Z∗ → C is a G(R)-cover
of C. Fix X ∈ G(R). To prove that any homomorphism X → C is factored as
X → Z∗ α→ C, we may assume that X is non-free and indecomposable. Applying
the functor HomR(X,−) to the above exact sequence, we get an exact sequence

0 −−−−→ HomR(X, k∗)
HomR(X,π∗)−−−−−−−−→ HomR(X, Z∗)

HomR(X,θ∗)−−−−−−−−→ HomR(X, L∗).

Here we establish a claim.

Claim. The homomorphism HomR(X, θ∗) is a split epimorphism.

Proof. Note from Proposition 2.7.2 and 2.2.4 that trRX and Ω1
RtrRX belong to

G(R). Applying Lemma 2.6, we see that Ext1R(trRX,L) = 0 and Ext2R(trRX,L) ∼=
Ext1R(Ω1

RtrRX, L) = 0. Hence Proposition 2.7.1 shows that λX(L) is an isomor-
phism. On the other hand, noting that X is non-free and indecomposable, we easily
see that λX(k) is the zero map. Thus we obtain a commutative diagram

0
y

X ⊗R L
λX(L)−−−−→∼= HomR(X∗, L)

X⊗Rθ

y HomR(X∗,θ)

y

X ⊗R Z
λX(Z)−−−−→ HomR(X∗, Z)

X⊗Rπ

y HomR(X∗,π)

y

X ⊗R k
λX(k)−−−−→

0
HomR(X∗, k)

y
0
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with exact columns.
Since HomR(X∗, π) · λX(Z) = 0, there exists a homomorphism ρ : X ⊗R Z →

HomR(X∗, L) such that HomR(X∗, θ)·ρ = λX(Z). Therefore we have ρ·(X⊗Rθ) =
λX(L) because HomR(X∗, θ) is an injection. Since λX(L) is an isomorphism, X⊗Rθ
is a split monomorphism, and hence (X ⊗R θ)∗ : (X ⊗R Z)∗ → (X ⊗R L)∗ is a split
epimorphism. There is a commutative diagram

(X ⊗R Z)∗
(X⊗Rθ)∗−−−−−−→ (X ⊗R L)∗

y∼=
y∼=

HomR(X, Z∗)
HomR(X,θ∗)−−−−−−−−→ HomR(X,L∗),

where the vertical maps are natural isomorphisms. It follows that HomR(X, θ∗) is
also a split epimorphism, and the claim is proved.

Now we continue the proof of Theorem 1.2. Since HomR(X, θ∗) = HomR(X, β) ·
HomR(X,α) and HomR(X, β) is an injection, the above claim implies that
HomR(X,β) is an isomorphism. Therefore HomR(X, α) is a split epimorphism, and
hence it is especially a surjection. This means that the homomorphism α : Z∗ → C
is a G(R)-precover of C. Assume that α is not a G(R)-cover. Then Proposition
2.4 shows that k∗ and Z∗ have some common non-zero summand. Since k∗ is a
k-vector space, the R-module Z∗ has a summand isomorphic to the R-module k,
and hence k ∈ G(R) by Proposition 2.2.5. It follows from Proposition 2.2.1 that R
is Gorenstein, which contradicts the assumption of the theorem. Therefore α must
be a G(R)-cover of C.

Thus we can apply Lemma 2.6, and get Ext1R(Y, k∗) = 0 for every Y ∈ G(R).
Since depthR = 0 i.e. k∗ is a non-zero k-vector space, every module in G(R) is free,
contrary to the assumption of the theorem. This contradiction completes the proof
of the theorem.

We can easily prove Theorem 1.4 by using Theorem 1.2 and the idea of the proof
of [4, Proposition 4.2].

Proof of Theorem 1.4. Suppose that there exist only finitely many isomor-
phism classes of indecomposable R-modules of G-dimension zero. Let M be an
R-module, and let X be the direct sum of the complete representatives of the iso-
morphism classes of indecomposable R-modules of G-dimension zero. Note that
the R-module X is finitely generated. Take a system of generators φ1, φ2, · · · , φn

of the R-module HomR(X, M). Then it is easy to see that the homomorphism
(φ1, φ2, · · · , φn) : Xn → M is actually a G(R)-precover of M . This means that
G(R) is a precovering subcategory of modR, which contradicts Theorem 1.2.
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1967.

[2] M. Auslander and M. Bridger, Stable module theory, Memoirs of the American Mathe-
matical Society, No. 94, American Mathematical Society, Providence, R.I. 1969.

[3] M. Auslander and R. -O. Buchweitz, The homological theory of maximal Cohen-Macaulay
approximations, Mem. Soc. Math. France (N.S.) No. 38 (1989), 5–37.

[4] M. Auslander and S. O. Smalø, Preprojective modules over Artin algebras, J. Algebra 66
(1980), no. 1, 61–122.

[5] L. W. Christensen, Gorenstein dimensions, Lecture Notes in Mathematics 1747, Springer-
Verlag, Berlin, 2000.

[6] P. Jørgensen, Spectra of modules, J. Algebra 244 (2001), no. 2, 744–784.
[7] P. Jørgensen, Existence of Gorenstein projective resolutions, preprint (2004).
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