
DIMENSIONS OF TRIANGULATED CATEGORIES
WITH RESPECT TO SUBCATEGORIES

TAKUMA AIHARA, TOKUJI ARAYA, OSAMU IYAMA, RYO TAKAHASHI,
AND MICHIO YOSHIWAKI

Abstract. This paper introduces a concept of dimension of a triangulated category
with respect to a fixed full subcategory. For the bounded derived category of an abelian
category, upper bounds of the dimension with respect to a contravariantly finite subcat-
egory and a resolving subcategory are given. Our methods not only recover some known
results on the dimensions of derived categories in the sense of Rouquier, but also apply
to various commutative and non-commutative noetherian rings.

1. Introduction

The notion of dimension of a triangulated category was introduced by Rouquier [32]
based on work of Bondal and Van den Bergh [15] on Brown representability. It measures
how many extensions are needed to build the triangulated category out of a single object,
up to finite direct sum, direct summand and shift. For results on the dimensions of
triangulated categories, we refer to [1, 14, 18, 27, 36] for instance.

It is still a hard problem in general to give a precise value of the dimension of a
given triangulated category. The aim of this paper is to provide new information on this
problem. We give upper bounds of the dimensions of derived categories in terms of global
dimensions. A prototype of our approach is given by the inequality

(1.0.1) tri. dim Db(mod Λ) ≤ gl. dim EndΛ(M)

for a noetherian algebra Λ and a generator M of Λ [27, (3.4)], where tri. dim T denotes
the dimension of a triangulated category T . This observation was applied to study rep-
resentation dimension [23, 27, 29, 31].

Let T be a triangulated category and X a full subcategory. This paper introduces and
studies the dimension

X - tri. dim T
of T with respect to X , which measures how many extensions are needed to build T out
of X , up to finite direct sum, direct summand and shift. A similar notion called level was
studied by Avramov, Buchweitz, Iyengar and Miller [12]; it is defined for each object of
T .
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In this paper, first we generalize the inequality (1.0.1) by replacing the right hand side
with the global dimension of a functor category. In representation theory, to study a
category X of representations of Λ such as mod Λ, CM(Λ) and Db(mod Λ), the functor
category modX plays a crucial role [9]. For example, it follows from a basic observation in
Auslander-Reiten theory that projective resolutions of simple objects in modX correspond
to almost split sequences in X [4, 35]. Our first main result is the following theorem.

Theorem 1.1. Let A be an abelian category, and X a contravariantly finite subcategory
that generates A. Then

X - tri. dim Db(A) ≤ gl. dim(modX ).

One can recover (1.0.1) by letting X = add M . For a cotilting module T we apply this
result to the full subcategory XT of mod Λ consisting of modules X with Ext>0

Λ (X, T ) = 0
to get:

Corollary 1.2. Let Λ be a noetherian ring and T a cotilting module. Then it holds that
XT - tri. dim Db(mod Λ) ≤ max{1, inj. dim T}.
For example, when R is a Cohen-Macaulay local ring with a canonical module, the above
result induces an inequality

(1.2.1) CM(R)- tri. dim Db(mod R) ≤ max{1, dim R}.
In particular, if R has finite Cohen-Macaulay representation type, then the inequality
tri. dim Db(mod R) ≤ max{1, dim R} holds.

Next, we give another approach based on Cartan-Eilenberg resolutions in derived cat-
egories. We prove the following theorem as our second main result.

Theorem 1.3. Let A be an abelian category with enough projective objects. Let d ≥ 0
be an integer, and X a resolving subcategory containing the d-th syzygies of objects in A.
Then one has

X - tri. dim Db(A) ≤ max{1, d}.
This result also recovers the inequality (1.2.1), removing the assumption that R possesses a
canonical module. Furthermore, for a reduced affine algebra it enables us to reproduce the
Krull dimension from the dimension of a derived category with respect to a subcategory:

Corollary 1.4. Let R be a finitely generated reduced commutative algebra over a field.
Then there is an equality

dim R = FR(R)- tri. dim Db(mod R),

where FR(R) denotes the full subcategory of mod R consisting of modules that are locally
free on the regular locus of R.

This corollary recovers a result of Rouquier [32]: if R is a polynomial ring over a field, then
dim R = tri. dim Db(mod R) holds. The notion of dimension of a triangulated category
has been introduced as an attempt to formulate the Krull dimensions of rings and schemes
in terms of the triangulated structure of their derived categories. However, it turned out
that the dimension of a derived category is often different from the Krull dimension. We
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hope that the notion of dimension with respect to a subcategory which we introduce in
this paper can achieve that goal. However the above result is itself still insufficient since
the definition of FR(R) requires information on localizations of R-modules.

This paper is organized as follows. In Section 2, we give preliminary results. In Section
3, we recall basic properties of functor categories and give our first main Theorem 1.1. In
Section 4, we give an approach based on Cartan-Eilenberg resolutions in derived categories
and prove our second main Theorem 1.3. In Section 5, we give several applications
for Iwanaga-Gorenstein rings, commutative Cohen-Macaulay rings and finitely generated
commutative algebras over fields.

2. Preliminaries

This section is devoted to stating some basic definitions and preliminary results.
Throughout this paper, we assume that all rings are associative, noetherian and with
identity, and that all subcategories are full and closed under isomorphisms. A triangle in
a triangulated category always means an exact triangle. The following notation will be
used.

Notation 2.1. Let A be an additive category. We denote by projA the subcategory of
A consisting of projective objects of A. For a subcategory X of A, we denote by addX
the smallest subcategory of A containing X that is closed under finite direct sums and
direct summands. We denote by Cb(A) the category of bounded complexes of objects of
A. When A is abelian, the bounded derived category of A is denoted by Db(A). For a
ring Λ, let mod Λ denote the category of finitely generated right Λ-modules. We simply
write proj Λ instead of proj(mod Λ). For a commutative Cohen-Macaulay local ring R,
we denote the category of (maximal) Cohen-Macaulay R-modules by CM(R).

Let T be a triangulated category and X ,Y be subcategoies of T . We denote by X ∗ Y
the subcategory of T consisting of objects M that admit triangles X → M → Y → X[1]
with X ∈ X and Y ∈ Y . Then (X ∗Y) ∗Z = X ∗ (Y ∗Z) holds by octahedral axiom. Set
〈X 〉 := add{X[i] | X ∈ X , i ∈ Z}. For a positive integer n, let

〈X 〉Tn = 〈X 〉n := add(〈X 〉 ∗ 〈X 〉 ∗ · · · ∗ 〈X 〉︸ ︷︷ ︸
n

).

Clearly 〈X 〉n is closed under shifts.
The concept of dimension of a triangulated category was introduced by Rouquier [32].

Now we define a version of Rouquier’s dimension relative to a fixed full subcategory.

Definition 2.2. For a subcategory X of T , we define

X - tri. dim T := inf{n ≥ 0 | T = 〈X 〉n+1}.
Remark 2.3. (1) Our relative dimension has the following relationship with the no-

tion of level, defined in [12]:

X - tri. dim T = sup
M∈T

{
levelXT (M)

}− 1.
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(2) The (triangle) dimension tri. dim T defined by Rouquier is described in terms of
our relative dimension, as follows:

tri. dim T = inf
M∈T

{(add M)- tri. dim T }.

It is often that tri. dim Db(A) is called the derived dimension of A. For a ring Λ, we
call the dimension tri. dim Db(mod Λ) the derived dimension of Λ.

The following easy observation will be used later.

Lemma 2.4. Let F : T → T ′ be a dense triangle functor of triangulated categories. Let
X be a subcategory of T and n ≥ 0. If T = 〈X 〉n, then T ′ = 〈FX〉n.

Let A be an abelian category with enough projective objects. As usual, the projective
dimension of an object M ∈ A is the infimum of the integers d such that there exists an
exact sequence 0 → Pd → Pd−1 → · · · → P0 → M → 0 with Pi ∈ projA for all i. We
denote by gl. dimA the supremum of the projective dimensions of objects of A and call
it the global dimension of A.

The result below gives a relationship between global dimension and derived dimension,
which follows from [27, (2.4) and (2.5)].

Proposition 2.5. Let A be an abelian category with enough projective objects. Then one
has (projA)- tri. dim Db(A) = gl. dimA.

We end this section with a useful information that sharpens a result in [21]. Let A
be an abelian category with enough projective objects and C a subcategory of A. For a
positive integer n, we denote by ΩnC the subcategory of A which consists of objects X

admitting an exact sequence 0 → X → Pn−1 → · · · → P0 → C → 0 with C ∈ C and
Pi ∈ projA for all i. Note that ΩnC contains projA.

Proposition 2.6. Let A be an abelian category with enough projective objects. For every
M ∈ Db(A), there exists a triangle Z → M → B → K[1] with Z ∈ 〈Ω2A〉 and B ∈ 〈ΩA〉.
In particular, one has Db(A) = 〈ΩA〉2.
Proof. Let M be an object of Db(A). We can regard M as a right bounded complex

(· · · → P i di−→ · · · db−1−−→ P b db−→ 0) of objects in projA. There exists an integer a such that
HiM = 0 for all i ≤ a. For each i ∈ Z, let Zi be the kernel of di. Using truncation, we
can assume M = (0 → Za → P a → · · · → P b → 0). Consider the monomorphism

Z

f

��

(0 // Za = //

=

��

Za 0 //

��

Za+1 0 //

��

· · · 0 // Zb−1
0 //

��

Zb //

=

��

0)

M (0 // Za // P a da
// P a+1 da+1

// · · · db−2
// P b−1

db−1
// P b

db
// 0)

in Cb(A). The cokernel of f in Cb(A) has the form

B := (0 → Ba 0−→ Ba+1 0−→ · · · 0−→ Bb−1 → 0),

where Bi+1 is the image of di for all i. Therefore we get a triangle

Z
f−→ M → B → Z[1]
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in Db(A). We observe that Z ∼= ⊕b
i=a+1 Zi[−i] and B ∼= ⊕b−1

i=a Bi[−i] in Db(A), and that
Zi ∈ Ω2A and Bi ∈ ΩA for all i. Now the proof is completed. ¤

3. Functor categories

In this section, an upper bound of triangulated dimension is given in terms of the global
dimension of a functor category.

Let X be an additive category. An X -module is an additive contravariant functor
from X to the category of abelian groups. A morphism between X -modules is a natural
transformation. For any object X ∈ X , the functor HomX (−, X) is an X -module. We say
that an X -module F is finitely presented if there is an exact sequence HomX (−, X1) →
HomX (−, X0) → F → 0 with X0, X1 ∈ X [4, 35]. The category of finitely presented X -
modules is denoted by modX . The assignment X 7→ HomX (−, X) makes a fully faithful
functor X → modX , called the Yoneda embedding of X .

We recall here a well-known criterion for modX to be abelian. Let X be an additive
category and f : X → Y be a morphism in X . A morphism g : Z → X in X is called a
pseudo-kernel if HomX (−, Z) → HomX (−, X) → HomX (−, Y ) is exact on X . We say that
X has pseudo-kernels if all morphisms in X have pseudo-kernels. The category modX is
an abelian category if and only if X has pseudo-kernels [5].

Now we describe a class of additive categories having pseudo-kernels. We say that a
subcategory X of an additive category A is contravariantly finite if for any object M ∈ A
there exist X ∈ X and a morphism f : X → M such that HomA(X ′, f) is surjective for
all X ′ ∈ X [11]. Dually, we define a covariantly finite subcategory. A covariantly and
contravariantly finite subcategory is called a functorially finite subcategory.

Example 3.1. Let A be an additive category and X be a contravariantly finite subcat-
egory of A. If A has pseudo-kernels, then X also has pseudo-kernels. Hence if A is an
abelian category, then so is modX .

Let A be an abelian category and X be a subcategory of A. We say that X generates
A if for any object M of A there is an epimorphism X → M with X ∈ X .

Definition 3.2. Let A be an abelian category and X be a contravariantly finite sub-
category of A. We denote by Ψ : A → modX the functor which sends M ∈ A to
HomA(−,M). For any F ∈ modX , take a projective presentation

(3.2.1) Ψ(X1)
Ψ(α)−−→ Ψ(X0) → F → 0

of F with X0, X1 ∈ X . Then define Φ(F ) by an exact sequence

(3.2.2) X1
α−→ X0 → Φ(F ) → 0

in A. This makes a functor Φ : modX → A.

Remark 3.3. Note that Φ(F ) does not depend on the choice of projective presentations
of F . Indeed, take another projective presentation

Ψ(Y1)
Ψ(β)−−→ Ψ(Y0) → F → 0
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of F with Y0, Y1 ∈ X . Since Ψ(X0), Ψ(X1), Ψ(Y0) and Ψ(Y1) are projective, there is a
commutative diagram

Ψ(X1)
Ψ(α)

//

��

Ψ(X0)

Ψ(γ)
��

Ψ(Y1)
Ψ(β)

//

��

Ψ(Y0)

Ψ(γ′)
��

Ψ(X1)
Ψ(α)

// Ψ(X0)

of morphisms in modX . It is easy to see that Ψ(1X0 − γ′γ) factors through Ψ(α). We
have a commutative diagram

X1 α
//

��

X0

γ

��

π
// Φ(F ) //

f

��

0

Y1
β

//

��

Y0

γ′

��

// M //

g

��

0

X1 α
// X0 π

// Φ(F ) // 0

of morphisms in A with exact rows. By Yoneda’s lemma, 1X0 − γ′γ factors through α.
This implies 0 = π(1X0 − γ′γ) = (1Φ(F ) − gf)π. Since π is an epimorphism, we observe
gf = 1Φ(F ). A similar argument shows that M is isomorphic to Φ(F ).

The following theorem is crucial to prove the main result of this section.

Theorem 3.4. Let A be an abelian category, and let X be a contravariantly finite sub-
category of A. Then the following hold.

(1) (Φ, Ψ) is an adjoint pair. In particular, Φ is right exact and Ψ is left exact.
(2) If X generates A, then Φ is dense and exact, and ΦΨ is isomorphic to the identity

functor.

Proof. (1) The second statement is a general property of adjoint pairs. Let F ∈ modX and
M ∈ A. Applying HomA(−,M) to (3.2.2) and Hommod A(−, Ψ(M)) to (3.2.1) respectively,
we have a commutative diagram

0 // HomA(Φ(F ),M) // HomA(X0,M) //

Ψ
��

HomA(X1,M)

Ψ
��

0 // HommodX (F, Ψ(M)) // HommodX (Ψ(X0), Ψ(M)) // HommodX (Ψ(X1), Ψ(M))

such that the vertical arrows are isomorphisms by Yoneda’s lemma. Now the desired
isomorphism HomA(Φ(F ),M) ∼= HommodX (F, Ψ(M)) is obtained. It shows that (Φ, Ψ) is
an adjoint pair.

(2) (i) We show that the counit ΦΨ → 1A is an isomorphism if X generates A. Fix any

M ∈ A. By our assumptions on X , there exists an exact sequence X1
α−→ X0 → M → 0
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with X0, X1 ∈ X such that Ψ(X1)
Ψ(α)−−→ Ψ(X0) → Ψ(M) → 0 is exact. Then this gives

the sequence (3.2.1) for F := Ψ(M), and it follows that ΦΨ(M) ∼= M .

(ii) Let L
f−→ M

g−→ N be a complex of objects of A. If the complex Ψ(L)
Ψ(f)−−→

Ψ(M)
Ψ(g)−−→ Ψ(N) is exact, then so is L

f−→ M
g−→ N .

Indeed, since Ψ is left exact, the kernel of Ψ(g) coincides with Ψ(Ker g). There is a
morphism h : L → Ker g, and the assumption implies that Ψ(h) : Ψ(L) → Ψ(Ker g) is an
epimorphism. Thus any morphism from X to Ker g factors thorugh h. Since X generates
A, it follows that h is an epimorphism.

(iii) We show that Φ is exact if X generates A. Since Φ is right exact, we have only to
prove that Φ preserves monomorphisms. Let f : F → G be a monomorphism in modX .

Take projective resolutions (3.2.1) of F and Ψ(Y2)
Ψ(γ)−−→ Ψ(Y1)

Ψ(β)−−→ Ψ(Y0) → G → 0 of
G. Since Ψ(X0) and Ψ(X1) are projective in modX , there is a commutative diagram

Ψ(X1)
Ψ(α)

//

Ψ(h)
��

Ψ(X0) //

Ψ(g)
��

F //

f

��

0

Ψ(Y2)
Ψ(γ)

// Ψ(Y1)
Ψ(β)

// Ψ(Y0) // G // 0

of morphisms in modX with exact rows. Since f is a monomorphism, the sequence

Ψ(X1 ⊕ Y2)

»
Ψ(α) 0
−Ψ(h) Ψ(γ)

–

−−−−−−−−→ Ψ(X0 ⊕ Y1)
[ Ψ(g) Ψ(β) ]−−−−−−−→ Ψ(Y0)

is exact in modX . By (ii) we get an exact sequence

(3.4.1) X1 ⊕ Y2

h
α 0
−h γ

i

−−−−→ X0 ⊕ Y1
[ g β ]−−−→ Y0

in A. There is a commutative diagram of morphisms in A

X1
α //

h

��

X0
//

g

��

Φ(F ) //

Φ(f)
��

0

Y2 γ
// Y1

β
// Y0

// Φ(G) // 0

with exact rows, and we see by (3.4.1) that Φ(f) is a monomorphism. ¤

Now we can prove the main result of this section.

Theorem 3.5. Let A be an abelian category and X a contravariantly finite subcategory
that generates A. Then there is an inequality X - tri. dim Db(A) ≤ gl. dim(modX ).

Proof. We may assume d := gl. dim(modX ) < ∞. Since modX has enough projective
objects with proj(modX ) = add Ψ(X ), it holds that Db(modX ) = 〈Ψ(X )〉d+1 by Propo-

sition 2.5. Using the dense triangle functor Db(modX ) → Db(A) given in Theorem 3.4,
we have Db(A) = 〈ΦΨ(X )〉d+1 = 〈X 〉d+1 by Lemma 2.4. ¤
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4. Resolving subcategories

In this section, we give another approach to give upper bounds of dimensions of derived
categories by using classical Cartan-Eilenberg resolutions. Our result Theorem 4.1 gives
a generalization of the inequality in Propositon 2.5 due to Krause and Kussin [27]. Note
that Assadollahi and Hafezi gave a different generalization in [3, Lemma 3.3].

LetA be an abelian category with enough projective objects. We say that a subcategory
F of A is resolving if

• F contains projA,
• F is closed under direct summands, and
• for every exact sequence 0 → L → M → N → 0 in A with N ∈ F one has L ∈ F

if and only if M ∈ F .

For a full subcategory C of A, we denote by res C the smallest resolving subcategory of A
containing C.

The main result of this section is the following.

Theorem 4.1. Let A be an abelian category with enough projective objects and F a
resolving subcategory. Let d ≥ 0 and M ∈ Db(A) with Ωd(HiM) ∈ F for all i ∈ Z. Then
M belongs to 〈F〉max{2,d+1}. In particular, one has res(ΩdA)- tri. dim Db(A) ≤ max{1, d}.

Proof. (i) Let d ≤ 1. We show that M is in 〈F〉2. We use the same notation as in the
proof of Proposition 2.6. Let us inductively prove that Bi ∈ F and Zi ∈ F for any i.
Clearly, this is the case for sufficiently large i.

(1) We have an exact sequence 0 → Zi−1 → P i−1 → Bi → 0. Hence Bi ∈ F implies
Zi−1 ∈ F .

(2) There exists an exact sequence 0 → Bi → Zi → HiM → 0. Taking the pull-back
diagram of Zi → HiM and a surjection Qi → HiM with Qi projective, we get an exact
sequence 0 → Ω(HiM) → Bi ⊕ Q → Zi → 0. Since Ω(HiM) belongs to F , it holds that
Zi ∈ F implies Bi ∈ F .

Thus, Z and B belong to 〈F〉. Since there exists a triangle Z
f−→ M → B → Z[1], the

object M is in 〈F〉2.
(ii) We obtain a triangle N → P → M → N [1] in Db(A) with P ∈ 〈projA〉 and

HiN ∼= Ω(HiM) for all i ∈ Z, by observing classical Cartan-Eilenberg resolutions (see
also [27, Lemma 2.5] and [1, Proposition 3.2]).

Thus, the assertion follows inductively from (i) and (ii). ¤

Example 4.2. Consider one of the following two situations.

(1) Let R be a commutative Cohen-Macaulay local ring of Krull-dimension d, Λ be an
R-order (i.e., Λ is an R-algebra and Λ ∈ CM(R) [6, 19]), and CM(Λ) := {X ∈ mod Λ |
X ∈ CM(R)} be the category of (maximal) Cohen-Macaulay Λ-modules.

(2) Let Λ be an Iwanaga-Gorenstein ring with self-injective dimension d (i.e. Λ is a
noetherian ring satisfying inj. dimΛ Λ = d = inj. dimΛop Λ [26]), and CM(Λ) := {X ∈
mod Λ | Exti

Λ(X, Λ) = 0 for any i > 0} be the category of (maximal) Cohen-Macaulay
Λ-modules.
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Then one has

(4.2.1) CM(Λ)- tri. dim Db(mod Λ) ≤ max{1, d}.
In particular, if Λ is representation-finite (i.e. CM(Λ) has an additive generator), then it
holds that tri. dim Db(mod Λ) ≤ max{1, d}.

Note that if Λ is a Gorenstein R-order (i.e., HomR(Λ, ωR) is a projective Λ-module,
where ωR is a canonical module of R), then Λ is an Iwanaga-Gorenstein ring and the
categories CM(Λ) defined in Example 4.2(1) and (2) are the same.

5. Applications

In this section, we give several applications for Iwanaga-Gorenstein rings, commutative
Cohen-Macaulay rings and finitely generated commutative algebras over fields. Through-
out this section, let Λ be a ring.

5.1. Cotilting modules. In representation theory, the notion of tilting mod-
ules/complexes plays an important role to control derived categories [30]. Its dual notion
of cotilting modules was studied by Auslander and Reiten as a non-commutative general-
ization of canonical modules over commutative rings [7, 8, 10]. In this section, we apply
the results in the previous section to rings admitting cotilting modules. Let us begin with
recalling the definition of a cotilting module.

Definition 5.1. Let T be a finitely generated Λ-module. Denote by XT the subcategory
of mod Λ consisting of modules X with Exti

Λ(X, T ) = 0 for all i > 0. We call T cotilting
if it satisfies the following three conditions.

(1) The injective dimension of the Λ-module T is finite.
(2) Exti

Λ(T, T ) = 0 for all i > 0 (i.e., T ∈ XT ).
(3) For any X ∈ XT , there exists an exact sequence 0 → X → T ′ → X ′ → 0 in mod Λ

with T ′ ∈ add T and X ′ ∈ XT .

Example 5.2. (1) Let R be a commutative Cohen-Macaulay local ring with a canonical
module ωR. Then ωR is a cotilting module over R and XωR

= CM(R) holds. Let
Λ be an R-order. For any tilting Λop-module T in the sense of Miyashita [28] with
T ∈ CM(R), the Λ-module HomR(T, ωR) is cotilting. For the cotilting Λ-module
ωΛ := HomR(Λ, ωR) it holds that XωΛ

= CM(Λ).
(2) Let Λ be an Iwanaga-Gorenstein ring. Then Λ is a cotilting module over Λ, and hence

XΛ = CM(Λ).

Let T be a cotilting module over Λ. For any M ∈ mod Λ, we define dM to be the
minimum integer n satisfying Exti

Λ(M,T ) = 0 for any i > n. Clearly, dM ≤ inj. dim T .
Now the result below is obtained.

Theorem 5.3. Let T be a cotilting module over Λ. Then one has

XT - tri. dim Db(mod Λ) ≤ max{1, inj. dim T}.
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Proof. It is known by Auslander-Buchweitz approximation theory [7] that XT is a con-
travariantly finite subcategory of mod Λ generating mod Λ. As a special case of [25,
(2.6.1)], we have the inequality gl. dim(modXT ) ≤ max{2, inj. dim T}. Thus, the inequal-
ity XT - tri. dim Db(mod Λ) ≤ max{2, inj. dim T} holds by Theorem 3.5. If inj. dim T ≤ 1,
then Ω(mod Λ) is contained in XT , and XT - tri. dim Db(mod Λ) ≤ 1 by Proposition 2.6. ¤

Remark 5.4. If inj. dim T = 0, then the inequality XT - tri. dim Db(mod Λ) ≤ inj. dim T

does not necessarily hold. Let Λ be a finite dimensional non-semisimple self-injective
algebra over a field. Then the Λ-module Λ is a cotilting module with inj. dim Λ = 0 and
XΛ = mod Λ. However, 〈mod Λ〉 is different from Db(mod Λ).

We close this subsection by giving more general upper bounds for the derived dimen-
sions. Let Λ be a ring and T a cotilting Λ-module. Recall that a subcategory C of XT

is n-cluster tilting (or maximal (n − 1)-orthogonal) [24, 25] if C is a functorially finite
subcategory of XT and

C = {X ∈ XT | Exti
Λ(C, X) = 0 for any 0 < i < n}

= {X ∈ XT | Exti
Λ(X, C) = 0 for any 0 < i < n}.

The following result holds, where the case n = 1 is an analogue of Theorem 5.3.

Proposition 5.5. There is an inequality C- tri. dim Db(mod Λ) ≤ max{n + 1, inj. dim T}.
Proof. It is shown in [25, (2.6.1)] that gl. dim(mod C) ≤ max{n + 1, inj. dim T}. Thus the
assertion immediately follows from Theorem 3.5. ¤

5.2. Krull dimension in terms of triagle dimension. The purpose of this subsection
is to show that our triangle dimension with respect to a subcategory gives a formulation
of the Krull dimensions of rings in terms of the triangulated structure of their derived
categories.

Let R be a commutative ring, and let Λ be an R-algebra which is a finitely generated
faithful R-module. We define the singular locus by

SingR Λ := {p ∈ Spec R | gl. dim Λp > dim Rp}.
When Λ = R, this gives the usual singular locus Sing R of R, that is, the set of prime
ideals p of R such that the local ring Rp is not regular. For a subset W of Spec R, let
NP−1(W ) be the subcategory of mod Λ consisting of modules X such that Xp ∈ proj Λp

for all p ∈ Spec R \W . We start by making a lemma.

Lemma 5.6. Let R be a commutative ring and and Λ be an R-algebra that is a finitely
generated R-module. Then the following hold.

(1) NP−1(SingR Λ)- tri. dim Db(mod Λ) ≤ max{1, dim R}.
(2) NP−1(Spec R \ {p})- tri. dim Db(mod Λ) ≥ gl. dim Λp for every p ∈ Spec R.

Proof. (1) Let d = dim R. For a prime ideal p of R which is not in SingR Λ, we
have (Ωd(mod Λ))p ⊆ Ωd(mod Λp) ⊆ proj Λp, as gl. dim Λp = dim Rp ≤ d. Hence
Ωd(mod Λ) is contained in NP−1(SingR Λ), and the assertion follows from Theorem 4.1,
since NP−1(SingR Λ) is a resolving subcategory of mod Λ.
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(2) Let d = gl. dim Λp. Assume that the left hand side is at most d− 1. Then we have
Db(mod Λ) = 〈NP−1(Spec R \ {p})〉d. Localizing this at p, we see that Db(mod Λp) =
〈NP−1(Spec R \ {p})p〉d ⊆ 〈proj Λp〉d. This contradicts Proposition 2.5. ¤

The proposition below immediately follows from Lemma 5.6.

Proposition 5.7. Let R be a commutative ring of positive Krull dimension. Let Λ be an
R-algebra that is a finitely generated R-module. Assume that there exists a maximal ideal
m of R such that gl. dim Λm = dim Rm = dim R. Then one has

dim R = NP−1(SingR Λ)- tri. dim Db(mod Λ).

Proof. Since SingR Λ is contained in Spec R \ {m}, we have

NP−1(SingR Λ)- tri. dim Db(mod Λ) ≥ gl. dim Λm = dim R

by Lemma 5.6(2). The converse inequality follows from Lemma 5.6(1). ¤

Now we can realize the goal for this subsection.

Theorem 5.8. Let R be a finitely generated commutative algebra over a field. Suppose
that Rp is a field for some p ∈ Spec R with dim R/p = dim R (e.g. R is reduced). Then
there is an equality

dim R = NP−1(Sing R)- tri. dim Db(mod R).

Proof. We find an ideal J of R such that Sing R = V (J). By assumption, (J + p)/p is
a nonzero ideal of the integral domain R/p that is finitely generated over a field. Hence
there exists a maximal ideal m/p of R/p which does not contain (J + p)/p. Note that
dim Rm = dim R and that Rm is regular. The equality in the theorem follows from
Proposition 5.7. ¤

We should remark that the right hand side of the equality in the Theorem 5.8 is in-
dependent of the Krull dimension of R. So, in the case where R is a finitely generated
reduced commutative algebra over a field, the Krull dimension of R is determined by the
triangulated structure of Db(mod R) and the singular locus of R.

5.3. Derived dimensions and stable dimensions. In this subsection, we investigate
the relationship between derived dimensions and stable dimensions.

Let Λ be an Iwanaga-Gorenstein ring. Let CM(Λ) denote the stable category of CM(Λ).
This category is defined as follows: the objects of CM(Λ) are the same as those of CM(Λ),
and the hom-set HomCM(Λ)(M,N) is the quotient group of HomΛ(M,N) by the subgroup
consisting of morphisms factoring through projective modules. This is usually denoted
by HomΛ(M, N). It is known that CM(Λ) is a triangulated category [17, 22], and its
triangle dimension tri. dim CM(Λ) is called the stable dimension of Λ. Since there is a
dense triangle functor Db(mod Λ) → CM(Λ) [17], the stable dimension is bounded above
by the derived dimension:

tri. dim CM(Λ) ≤ tri. dim Db(mod Λ)

holds by Lemma 2.4.
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Let C be a subcategory of CM(Λ) and n a positive integer. Then we denote by Ω−nC
the subcategory of CM(Λ) consisting of objects X that admits an exact sequence 0 →
C → P 0 → · · · → P n−1 → X → 0 in CM(Λ) with each P i projective and C ∈ C. Note
that Ω−nC contains proj Λ.

Lemma 5.9. Let Λ be an Iwanaga-Gorenstein ring of self-injective dimension d. If there
exists a subcategory X of CM(Λ) such that CM(Λ) = 〈X 〉n+1 for some non-negative integer
n, then we have

Db(mod Λ) = 〈XΩ〉max{2,d+1}·(n+1)

where XΩ =
⋃

i∈ZΩiX .

Proof. In view of (4.2.1), it suffices to show that if M ∈ CM(Λ) belongs to 〈X 〉CM(Λ)
m+1 , then

it is in 〈XΩ〉Db(mod Λ)
m+1 . We use induction on m. It is clear when m = 0, so assume m > 0.

Then there is a triangle

X → M ⊕M ′ → Y → X[1]

in CM(Λ) with X ∈ 〈X〉CM(Λ) and Y ∈ 〈X〉CM(Λ)
m . This gives rise to an exact sequence

0 → X → M ⊕M ′ ⊕ P → Y → 0

in mod Λ for some P ∈ proj Λ. The basis and hypothesis of the induction show that

X ∈ 〈XΩ〉Db(modΛ) and Y ∈ 〈XΩ〉Db(mod Λ)
m . It follows that M is in 〈XΩ〉Db(modΛ)

m+1 . ¤

The following inequality is obtained by using Lemma 5.9.

Proposition 5.10. Let R be a d-dimensional hypersurface. Then one has

tri. dim Db(mod R) + 1

tri. dim CM(R) + 1
≤ max{2, d + 1}.

Proof. Putting n = tri. dim CM(R), we have CM(R) = 〈G〉CM(R)
n+1 for some G ∈ CM(R).

Since R is a hypersurface, any M ∈ CM(R) is isomorphic to Ω2M in CM(R) (cf. [35]).
It now follows from Lemma 5.9 that

Db(mod R) = 〈G⊕ ΩG⊕R〉Db(mod R)
max{2,d+1}·(n+1),

which yields the inequality in the proposition. ¤

Example 5.11. Let k be a field of characteristic zero and let R = k[[x0, · · · , xd]]/(f)
with f ∈ (x0, · · · , xd)

2. Then one has

tri. dim Db(mod R) ≤ 2 max{2, d + 1} ``(R/(∂f))− 1,

where (∂f) = ( ∂f
∂x0

, · · · , ∂f
∂xd

)R is the Jacobian ideal (see also the next subsection) and

``(−) denotes the Loewy length.
Indeed, by [13, Proposition 4.11], we have tri. dim CM(R) ≤ 2 ``(R/(∂f)) − 1. Hence

the assertion follows from Proposition 5.10.

Example 5.12. Let R be a d-dimensional complete local hypersurface over an alge-
braically closed field of characteristic not two. Suppose that R has countable Cohen-
Macaulay representation type (i.e., there exist countably many isomorphism classes of
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indecomposable Cohen-Macaulay R-modules). Then there exists G ∈ CM(R) such that
Db(mod R) = 〈G⊕ ΩG⊕R〉2·max{2,d+1}. Hence one has

tri. dim Db(mod R) ≤ max{3, 2d + 1}.
In fact, by [2, Theorem 1.1] there exists G ∈ CM(R) such that any Cohen-Macaulay R-

module X admits an exact sequence 0 → G1 → X⊕R′ → G2 → 0 with G1, G2 ∈ {G, ΩG}
and R′ ∈ proj R. Therefore CM(R) is contained in 〈G ⊕ ΩG ⊕ R〉Db(mod R)

2 , and the
inequality is obtained by (4.2.1).

5.4. Upper bounds by Noether differents. In the recent work [20], Dao and Taka-
hashi have obtained some upper bounds for the triangle dimension of the singularity
category of a commutative Cohen-Macaulay local ring with an isolated singularity, by
using Noether differents and Jacobian ideals. In this subsection, we obtain similar upper
bounds for the derived dimensions, taking advantage of our inequality (4.2.1).

Let (R, m, k) be a d-dimensional commutative complete local ring containing a field. Let
A be a Noether normalization of R, that is, a formal power series subring k[[x1, . . . , xd]],
where x1, . . . , xd is a system of parameters of R. Let Re = R ⊗A R be the enveloping
algebra of R over A. Define a map µ : Re → R by µ(a ⊗ b) = ab for a, b ∈ R. Then the
ideal NR

A = µ(AnnRe Ker µ) of R is called the Noether different of R over A. We denote
by NR the sum of NR

A, where A runs through the Noether normalizations of R.
Cohen’s structure theorem yields an isomorphism

R ∼= k[[x1, . . . , xn]]/(f1, . . . , fm).

Identifying R with this quotient ring, we define the Jacobian ideal J as the ideal of R

generated by the h-minors of the Jacobian matrix ( ∂fi

∂xj
), where h is the height of the ideal

(f1, . . . , fm) of k[[x1, . . . , xn]].
For an m-primary ideal I of R, we denote by e(I) the multiplicity of I, i.e., e(I) =

limn→∞ d!
nd `R(R/In+1). Recall that R is said to be an isolated singularity if the local ring

Rp is regular for every nonmaximal prime ideal p of R.

Proposition 5.13. Let (R, m, k) be a d-dimensional Cohen-Macaulay complete local ring
containing a field, with k infinite and perfect. Suppose that R is an isolated singularity.
Then one has inequalities

tri. dim Db(mod R) < max{2, d + 1} · e(NR) ≤ max{2, d + 1} · e(J).

Proof. We see from [34, Lemmas 4.3, 5.8 and Propositions 4.4, 4.5] and [35, Lemma (6.12)]
that NR and J are m-primary ideals with J ⊆ NR. The second inequality immediately
follows from this.

Let us prove the first inequality. Since k is an infinite field, we can choose a parameter
ideal Q of R contained in NR such that e(NR) = `R(R/Q); see [16, Corollary 4.6.10 and
Theorems 4.7.6, 4.7.10]. Let M be a Cohen-Macaulay R-module. Using [34, Corollary
5.13], we have QExti

R(M, ΩjM) = 0 for 1 ≤ i, j ≤ d. By [33, Proposition 2.2] the module
M is isomorphic to a direct summand of Ωd(M/QM). Note that R/Q is an artinian ring.
Consider the composition series of R/Q:

R/Q = I0 ) I1 ) · · · ) Il = 0,
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where l = `R(R/Q). There is a filtration

M/QM = I0(M/QM) ⊇ I1(M/QM) ⊇ · · · ⊇ Il(M/QM) = 0

whose subquotients are k-vector spaces. Decomposing this into short exact sequences and

taking the d-th syzygies, we observe that M belongs to 〈Ωdk〉Db(mod R)
l . Hence we obtain

CM(R) ⊆ 〈Ωdk〉Db(mod R)
l , and (4.2.1) yields equalities Db(mod R) = 〈Ωdk〉max{2,d+1}·l =

〈Ωdk〉max{2,d+1}·e(NR). ¤
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