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ABSTRACT. Let R be a commutative Noetherian local ring with residue field k. Let X be a resolving
subcategory of finitely generated R-modules. This paper mainly studies when X contains k or consists of
totally reflexive modules. It is proved that X does so if X is closed under cosyzygies. A conjecture of
Dao and Takahashi is also shown to hold in several cases.

1. INTRODUCTION

Throughout the paper, R is a commutative Noetherian ring and modR denotes the category of all
finitely generated R-modules. Whenever R is assumed to be local, its unique maximal ideal is denoted by
m. All subcategories are full. For a Cohen–Macaulay local ring R, we denote by CM(R) the subcategory
of modR consisting of maximal Cohen–Macaulay modules. The radius of a subcategory was defined
by Dao and Takahashi [7]. This notion is linked to both the representation theory and the singularity
of R. For example, in [7, Proposition 2.5], over a Gorenstein complete local ring R, it is shown that
the category of maximal Cohen–Macaulay modules has radius zero if and only if R has finite Cohen–
Macaulay representation type, in other words, R is a simple hypersurface singularity (when the residue
field of R is algebraically closed field of characteristic zero). In [7, Theorem II], for a Cohen–Macaulay
complete local ring R with perfect coefficient field, it is shown that CM(R) has finite radius. Dao and
Takahashi propose the following conjecture, and prove that it holds if R is a complete intersection [7,
Theorem I].

Conjecture 1.1 (Dao–Takahashi). [7, Conjecture 3.1] Let R be a Cohen–Macaulay local ring. Let X be
a resolving subcategory of modR with finite radius. Then X is contained in CM(R).

In the first part of this paper, we study the resolving subcategory with finite radius. We obtain the
following result which supports Conjecture 1.1 in several cases (see Theorem 3.5, Corollaries 3.11,
3.14).

Theorem 1.2. Let R be a Cohen–Macaulay local ring, and let X be a resolving subcategory of modR
with finite radius. Then X is contained in CM(R) (hence Conjecture 1.1 holds true) if one of the
following holds.

(i) X is closed under R-duals (i.e. X ∗ ⊆X ).
(ii) R has minimal multiplicity and infinite residue field.

(iii) R is Gorenstein with codimR≤ 4 or e(R)≤ 11 and each module in X has bounded Betti numbers.
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Here codimR denotes the codimension of R and e(R) stands for the multiplicity of R with respect to
the maximal ideal. A typical example of resolving subcategories closed under R-duals is G (R), the
subcategory of totally reflexive modules.

It is quite natural to ask when a given resolving subcategory contains (some syzygy of) the residue
field. This is closely related to the vanishing problems of Tor and Ext modules. Let M be an R-module,
and suppose that its resolving closure contains some syzygy of k. Then M is a so-called test module; an R-
module N has finite projective dimension whenever TorR

�0(M,N) = 0. This question is also related to the
radius of a resolving subcategory. For a resolving subcategory X , over a local ring of positive dimension,
if X contains the residue field, then it has infinite radius [7, Theorem 4.4] (see also Proposition 3.2 and
Lemma 3.3). In the second part of this paper, we study resolving subcategories which are closed under
cosyzygies. A typical example of such subcategories is again G (R). It is observed that, over a Cohen–
Macaulay local ring R of positive dimension, CM(R) is closed under cosyzygies if and only if R is
Gorenstein (i.e. CM(R) = G (R)). We obtain the following result, as a special case of Theorem 4.10.

Theorem 1.3. Let R be a local ring with residue field k, and let X be a resolving subcategory of modR
closed under cosyzygies. Then X either contains k or is contained in G (R). In particular, if dimR > 0
and X has finite radius, then X ⊆ G (R) and Conjecture 1.1 holds true.

Note that, by [7, Theorems I, 4.15(i)], every resolving subcategory of finite radius over a complete inter-
section local ring is closed under cosyzygies. Therefore Theorem 1.3 can be viewed as a generalization
of [7, Theorem I]. We also prove that every resolving subcategory X with X = ΩX is contained in
G (R) (see Theorem 4.5). Here, Ω stands for the syzygy functor. As a consequence of Theorem 1.3, for
a non-trivial resolving subcategory X of finite radius, over a Golod local ring R of positive dimension,
it is shown that X is closed under cosyzygies if and only if R is a hypersurface.

The organization of this paper is as follows. In section 2, we collect preliminary notions, definitions
and some known results which will be used in this paper. In section 3, we study the resolving subcategory
with finite radius. We prove our first main result, Theorem 1.2, in this section. In section 4, we study
resolving subcategories which are closed under cosyzygies. We prove Theorem 1.3 in this section.

2. NOTATIONS AND PRELIMINARY RESULTS

Throughout this paper, R denotes a commutative Noetherian ring and all R-modules are assumed to
be finitely generated. All subcategories are full and strict. (Recall that a subcategory X of a category
C is called strict provided that for objects M , N ∈ C with M ∼= N, if M is in X , then so is N.) For
a subcategory X of modR, we denote by addX the additive closure of X , namely, the subcategory
of modR consisting of direct summands of finite direct sums of modules in X . When X consists of a
single module M, we simply denote it by addM. Over a local ring R with maximal ideal m, we denote
by mod0(R) the subcategory of mod(R) consisting of modules that are locally free on the punctured
spectrum SpecR \ {m}. We say that two modules X and Y are stably isomorphic and write X ≈ Y if
X ⊕P ∼= Y ⊕Q for some projective modules P and Q. We denote by (−)∗ = HomR(−,R) the algebraic
dual. We recall the definition of an approximation with respect to a subcategory.

Definition 2.1. Let A be an additive category, and let X be a subcategory of A .

(i) A morphism f : X → M (resp. f : M → X) in A with X ∈X is called a right (resp. left) X -
approximation of M if for every morphism f ′ : X ′→M (resp. f ′ : M→ X ′) with X ′ ∈X factors
through f , that is, f ′ = f g (resp. f ′ = g f ) for some morphism g : X ′→ X (resp. g : X → X ′).
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(ii) A right (resp. left) X -approximation f : X → M (resp. f : M → X) is called minimal if every
endomorphism g : X → X with f = f g (resp. f = g f ) is an automorphism.

Remark 2.2. For A =mod(R) and X = addR one has the following.

(i) A right X -approximation (resp. a minimal right X -approximation) is nothing but a surjective
homomorphism from a projective R-module (resp. a projective cover).

(ii) Let M be an R-module. Denote by λ : M → M∗∗ the natural homomorphism. Take a surjection
π : P→M∗ with P projective. Then the composition π∗ ◦λ : M→ P∗ is a left X -approximation.

In the following we recall the definitions of the syzygy, transpose and cosyzygy of a given module,
which will be used throughout the paper.

Definition 2.3. Let M be an R-module.

(i) Assume that P0
d0→M is a right add(R)-approximation of M. Then, the kernel of d0 is called the first

syzygy of M and denoted by Ω1M (or Ω1
RM) which is unique up to projective equivalence. Induc-

tively, we define the n-th syzygy module of M, ΩnM := Ω1(Ωn−1M) for all n > 0. For convention,
we set Ω0M = M.

(ii) Let P1→ P0
d0→M→ 0 be a projective presentation of M. The cokernel of the R-dual map d∗0 : P∗0 →

P∗1 is called the (Auslander) transpose of M and denoted by TrM (or TrRM). Therefore we have the
following exact sequence:

0→M∗→ P∗0 → P∗1 → TrM→ 0.

The transpose of a module is unique up to projective equivalence.

(iii) Let M
d−1→ P−1 be a left add(R)-approximation of M. Then we call the cokernel of d−1 the first

cosyzygy of M and denote it by Ω−1M (or Ω
−1
R M). Inductively, we define the n-th cosyzygy module

of M, Ω−nM := Ω−1(Ω−(n−1)M) for all n > 0.

Whenever R is local, we define the syzygy, cosyzygy and transpose by using a minimal right add(R)-
approximation, a minimal left add(R)-approximation and a minimal projective presentation, respectively
so that they are uniquely determined up to isomorphism.

In the following, we collect some basic properties of syzygies and transposes which will be used
throughout the paper without reference.

Proposition 2.4. [6, Proposition 2.2] For an R-module M the following hold:

(i) Let 0→ L→M→ N→ 0 be an exact sequence of R-modules. Then one has exact sequences

0→ΩN→ L→M→ 0,

0→ΩL→ΩM→ΩN→ 0,

0→ N∗→M∗→ L∗→ TrN→ TrM→ TrL→ 0

of R-modules (up to projective summands).
(ii) For an integer n > 0, there exists an exact sequence

0→ Extn
R(M,R)→ TrΩn−1M→ΩTrΩnM→ 0.

(iii) There are stable isomorphisms M ≈ TrTrM, (TrM)∗ ≈Ω2M and M∗ ≈Ω2TrM.

The notion of Gorenstein dimension was introduced by Auslander [1], and deeply developed by Aus-
lander and Bridger in [2].
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Definition 2.5. A non-zero R-module M is called Gorenstein dimension zero (or totally reflexive) if
M ∼= M∗∗ (or equivalently, the canonical map M→M∗∗ is bijective) and Exti

R(M,R) = Exti
R(M

∗,R) = 0
for all i > 0. We denote by G (R) the subcategory of modR consisting of totally reflexive modules.

The Gorenstein dimension of M, denoted by G-dimR(M), is defined to be the infimum of all nonnega-
tive integers n such that there exists an exact sequence

0→ Gn→ ··· → G0→M→ 0,

where each Gi are totally reflexive. Note by definition that G-dimR(0) =−∞.
In the following, we summarize some basic facts about Gorenstein dimension (see [2]).

Proposition 2.6. For an R-module M, the following statements hold true.

(i) G-dimR(M)≤ 0 if and only if G-dimR(TrM)≤ 0;
(ii) (Auslander-Bridger formula) If R is local and M has finite Gorenstein dimension, then

G-dimR(M) = depthR−depthR(M).

(iii) If G-dimR(M) is finite, then G-dimR(M) = sup{i | Exti
R(M,R) 6= 0}.

(iv) A local ring R with residue field k is Gorenstein if and only if G-dimR(k)< ∞.

Let n be a positive integer. Recall that an R-module M is called n-torsion free if Exti
R(TrM,R) = 0 for

all 1≤ i≤ n. An R-module M is said to be an n-th syzygy if there exists an exact sequence

0→M→ P0→ ··· → Pn−1

with the P0, · · · ,Pn−1 are projective. By convention, every module is a 0-th syzygy. We denote by
Ωn(mod(R)) the full subcategory of mod(R) consisting of n-th syzygy modules. For an integer m, we
define a set Xm(R) = {p ∈ SpecR | depthRp ≤ m}.

Lemma 2.7. [13, Theorem 43] Let R be a ring and let M be an R-module. Assume that n is an integer
such that G-dimRp(Mp) < ∞ for all p ∈ Xn−2(R). Then M is n-torsion free if and only if M is an n-th
syzygy module.

The notion of a resolving subcategory has been introduced by Auslander and Bridger [2].

Definition 2.8. A subcategory X of modR is called resolving if the following hold:

(i) X contains the projective R-modules.
(ii) X is closed under direct summands (i.e. if M is an R-module in X and N is an R-module that is a

direct summand of M, then N is also in X ).
(iii) X is closed under extensions (i.e. for an exact sequence 0→ L→M→ N→ 0 of R-modules, if L,

N are in X , then so is M).
(iv) X is closed under kernels of epimorphisms (i.e. for an exact sequence 0→ L→M→ N → 0 of

R-modules, if M, N are in X , then so is L).

A subcategory X of modR is resolving if and only if X contains R and is closed under direct sum-
mands, extensions and syzygies [17, Lemma 3.2]. There are many examples of resolving subcategories
in mod(R). For example, CM(R) is a resolving subcategory of modR if R is Cohen–Macaulay. The
subcategory of modR consisting of totally reflexive R-modules is resolving by [2, 3.11] (see also [15,
Example 1.6] for more examples).

Next we recall the definition of the radius of a subcategory defined by Dao and Takahashi [7].
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Definition 2.9. Let X and Y be subcategories of mod(R).

(i) The subcategory [X ] is defined as follows:

[X ] = add{R,ΩiX | X ∈X , i≥ 0}.

When X consists of a single module X , we simply denote it by [X ].
(ii) The subcategory of modR consisting of the R-modules M which fits into an exact sequence 0→

X →M→ Y → 0 with X ∈X and Y ∈ Y is denoted by X ◦Y . We set X •Y = [[X ]◦ [Y ]] .

(iii) The ball of radius n centered at X is defined as follows:

[X ]n =

{
[X ] for n = 1 ,
[X ]n−1 • [X ] = [[X ]n−1 ◦ [X ]] for n > 1 .

If X consists of a single module X , then we simply denote [X ]n by [X ]n, and call it the ball of
radius n centered at X . We write [X ]Rn when we should specify that modR is the ground category
where the ball is defined. Note that, by [7, Proposition 2.2],

[X ]n =

n︷ ︸︸ ︷
X •· · · •X .

(iv) The radius of X , denoted by radiusX , is the infimum of the integers n≥ 0 such that there exists
a ball of radius n+1 centered at a module containing X .

The following result will be used throughout the paper.

Lemma 2.10. [7, Propsition 4.9] Let R be a local ring and let X be a resolving subcategory of mod(R).
If X contains a module M with 0 < pdR M < ∞, then radius(X ) = ∞.

3. RESOLVING SUBCATEGORIES WITH FINITE RADIUS

In this section, we study resolving subcategories with finite radius. We prove our first main result,
Theorem 1.2. For an ideal I of R and an R-module M, we denote by ai

I(M) the annihilator annR(Hi
I(M))

of the i-th local cohomology module of M. The following result is a generalization of [7, Lemma 4.2].

Lemma 3.1. Let R be a ring and let I be an ideal of R. Assume that M and C are R-modules and that n
is a positive integer. If M ∈ [C]n, then(

t

∏
i=0

ai
I(R)a

i
I(C)

)n

⊆ at
I(M) for all t ≥ 0.

Proof. We argue by induction on n. If n = 1, then M is isomorphic to a direct summand of a finite direct

sum of copies of R⊕ (
m⊕

j=0
Ω jC). Therefore Ht

I(M) is isomorphic to a direct summand of a finite direct

sum of copies of Ht
I(R)⊕ (

m⊕
j=0

Ht
I(Ω

jC)). Hence

(3.1.1) at
I(R)∩

(
m⋂

j=0

at
I(Ω

jC)

)
⊆ at

I(M).

For each j > 0 there is an exact sequence 0→ Ω jC → Pj−1 → Ω j−1C → 0, where Pj−1 is a projec-
tive R-module. This induces an exact sequence Hi−1

I (Ω j−1C)→ Hi
I(Ω

jC)→ Hi
I(Pj−1), which gives the

following inclusions

at
I(R)a

t−1
I (R) · · ·at− j+1

I (R)at− j
I (C)⊆ ·· · ⊆ at

I(R)a
t−1
I (R)at−2

I (Ω j−2C)⊆ at
I(R)a

t−1
I (Ω j−1C)⊆ at

I(Ω
jC)
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for all j ≤ t. Also

at
I(R)a

t−1
I (R) · · ·a1

I (R)a
0
I (R)⊆ at

I(R)a
t−1
I (R) · · ·a1

I (R)a
0
I (Ω

j−tC)⊆ ·· · ⊆ at
I(R)a

t−1
I (Ω j−1C)⊆ at

I(Ω
jC)

for all j > t. Therefore the assertion is clear for the case n = 1 by (3.1.1). Now let n > 1. We have M ∈
[C]n = [C]n−1 • [C], and by [7, Proposition 2.2(1)], there exists an exact sequence 0→ X → Y → Z→ 0
with X ∈ [C]n−1 and Z ∈ [C] such that M is a direct summand of Y . The induction hypothesis shows(

t

∏
i=0

ai
I(R)a

i
I(C)

)n

=

(
t

∏
i=0

ai
I(R)a

i
I(C)

)n−1( t

∏
i=0

ai
I(R)a

i
I(C)

)
⊆ at

I(X)at
I(Z)⊆ at

I(Y )⊆ at
I(M),

which completes the proof. �

The following result is a generalization of [7, Theorem 4.4].

Proposition 3.2. Let (R,m,k) be a local ring and let X be a resolving subcategory of mod(R). Assume
that radius(X )< ∞ and that Ωtk ∈X for some t ≥ 0. Then dimR≤ t.

Proof. Put n = radius(X ). By definition, there exists an R-module C such that X ⊆ [C]n+1. In par-
ticular, Ωtk ∈ [C]n+1. We claim that ΩtL ∈X for all finite length R-module L. We prove the claim by
induction on m = `(L). If m = 1, then L∼= k and so the assertion is clear. Now let m > 1 and consider the
following exact sequence 0→ L1→ L→ k→ 0, where `(L1) = m−1. From the above exact sequence
we get the following exact sequence 0→ ΩtL1 → ΩtL⊕F → Ωtk→ 0, where F is a free R-module.
It follows from the above exact sequence and the induction hypothesis that ΩtL ∈X and the claim is
proved. In particular, Ωt

R(R/m
i) ∈ [C]Rn+1 for all i > 0. Therefore Ωt

R̂
(R̂/m̂i)∼= ̂Ωt

R(R/mi) ∈ [Ĉ]R̂n+1. For

each 1≤ j≤ t, consider the exact sequence 0→Ω
j
R̂
(R̂/m̂i)→ Fj−1→Ω

j−1
R̂

(R̂/m̂i)→ 0, where Fj−1 is a
free R̂-module. Applying the functor Γm̂(−) to the above exact sequence we get the following long exact
sequence:

(3.2.1) · · · → H j−1
m̂ (Fj−1)→ H j−1

m̂ (Ω j−1
R̂

(R̂/m̂i))→ H j
m̂(Ω

j
R̂
(R̂/m̂i))→ ·· · .

Set I =
(

t
∏
i=0

ai
m̂(R̂)a

i
m̂(Ĉ)

)n+1

. By Lemma 3.1 we have

(3.2.2) I ⊆ at
m̂(Ω

t
R̂(R̂/m̂

i)).

It follows from (3.2.1) and (3.2.2) that I2 ⊆ at−1
m̂ (Ωt−1

R̂
(R̂/m̂i)). By repeating this argument we finally

get that It+1 ⊆ a0
m̂(R̂/m̂

i) = m̂i for all i > 0. Hence It+1 = 0 and so

dimR = dim R̂ = dim(R̂/It+1) = dim R̂/I ≤ t

by [5, Theorem 8.1.1]. �

Let X be a subcategory of mod(R). We denote by resX (or resR X ) the resolving closure of X ,
namely, the smallest resolving subcategory of mod(R) containing X . If X consists of a single module
M, then we simply denote it by res(M) (or resR(M)).

Lemma 3.3. Let (R,m,k) be a Cohen–Macaulay local ring of dimension d and let X be a resolving
subcategory of mod(R) with radius(X )< ∞. If Ωnk ∈X for some n≥ 0, then X ⊆ CM(R).

Proof. Assume contrarily that X * CM(R). Hence there exists an R-module M ∈X such that t =
depthR(M) < d = dimR. By [6, Proposition 4.2], Ωtk ∈ res(M⊕Ωnk) ⊆X . It follows from this and
Proposition 3.2 that d ≤ t which is a contradiction. �
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For an ideal I of R, we denote by V(I) (respectively, D(I)) the closed (respectively, open) subset of
SpecR defined by I in the Zariski topology, namely, V(I) is the set of prime ideals containing I and
D(I) = SpecR\V(I). For an R-module M, we denote by NF(M) the nonfree locus of M, that is the set
of prime ideals p of R such that the Rp-module Mp is nonfree. The following lemma plays a crucial role
in the proof of our main results.

Lemma 3.4. Let (R,m,k) be a local ring and let X be a resolving subcategory of mod(R). Assume
that Exti

R(X ,R) 6= 0 for some i > 0. Then there exists an R-module M ∈ X ∩mod0(R) such that
Exti

R(M,R) 6= 0.

Proof. Assume that Exti
R(M,R) 6= 0 for some M ∈X . If NF(M) =V(m), then we have nothing to prove.

So assume that p ∈NF(M) for some p ∈ SpecR\{m} and that x is an element in m which is not in p. By
[16, Proposition 4.2], there is a commutative diagram:

0 −−−−→ ΩM −−−−→ Rn −−−−→ M −−−−→ 0yx
y y‖

0 −−−−→ ΩM −−−−→ M1 −−−−→ M −−−−→ 0
where M1 is an R-module such that V(m)⊆NF(M1)⊆NF(M) and D((x))∩NF(M1) = /0. Hence V(m)⊆
NF(M1) ( NF(M). It follows from the above diagram that M1 ∈ res(M) ⊆ X . The above diagram
induces the following commutative diagram:

Exti−1
R (ΩM,R) −−−−→ Exti

R(M,R) −−−−→ Exti
R(M1,R)yx

y‖ y
Exti−1

R (ΩM,R) −−−−→ Exti
R(M,R) −−−−→ 0

If Exti
R(M1,R) = 0, then it follows from the above diagram and the Nakayama’s Lemma that

Exti
R(M,R) = 0 which is a contradiction. Therefore Exti

R(M1,R) is a nonzero R-module. If V(m) coin-
cides with NF(M1), then we are done. So we assume that V(m) is strictly contained in NF(M1). Then, a
similar argument to the above shows that there exists an R-module M2 ∈X which satisfies

V(m)⊆ NF(M2)( NF(M1)( NF(M),

and Exti
R(M2,R) 6= 0. By [16, Corollary 2.11(1)], all nonfree loci are closed subsets of SpecR. Since

SpecR is a Noetherian space, every descending chain of closed subsets stabilizes. This means that the
above procedure to construct modules Mi cannot be iterate infinitely many times. Hence there exists an
R-module N ∈X such that NF(N) = V(m) and Exti

R(N,R) 6= 0. �

Theorem 3.5. Let (R,m,k) be a local ring and let X be a resolving subcategory of mod(R). Assume
that radius(X )< ∞ and that X ∗ ⊆X . Then the following statements hold:

(i) If dimR≥ 3, then X ⊆ G (R).
(ii) If R is Cohen–Macaulay, then X ⊆ CM(R).

Proof. (i). First assume that Ext1
R(X ,R) = 0 and that M ∈X . As X is resolving and closed under

dual, Exti
R(M,R) = 0 = Exti

R(M
∗,R) for all i > 0. The exact sequence 0→ΩM→ F0→M→ 0 induces

the following commutative diagram with exact rows:
0 −−−−→ ΩM −−−−→ F0 −−−−→ M −−−−→ 0y f

y‖o yg

0 −−−−→ (ΩM)∗∗ −−−−→ F∗∗0 −−−−→ M∗∗ −−−−→ 0
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It follows from the above diagram and the snake Lemma that f is a monomorphism and g is an epimor-
phism. Similarly, the exact sequence 0→ Ω2M→ F1 → ΩM→ 0 induces the following commutative
diagram with exact rows:

0 −−−−→ Ω2M −−−−→ F1 −−−−→ ΩM −−−−→ 0y y‖o y f

0 −−−−→ (Ω2M)∗∗ −−−−→ F∗∗1 −−−−→ (ΩM)∗∗ −−−−→ 0

It follows from the above diagram and the snake Lemma that f is is an epimorphism. Hence f is an
isomorphism and so is g. In other words, X ⊆ G (R). Now assume that Ext1

R(X ,R) 6= 0. By Lemma
3.4 there exists an R-module M ∈X ∩mod0(R) with Ext1

R(M,R) 6= 0. Let σ ∈ soc(Ext1
R(M,R)) be a

non-zero element. It can be represented as a non-split short exact sequence σ : 0→ R→ N →M→ 0.
Applying the functor HomR(−,R) to σ , we get the following exact sequence

0→M∗→ N∗→ R h→ Ext1
R(M,R),

where h(1R) = σ . Hence we obtain the following exact sequence:

(3.5.1) 0→M∗→ N∗→ R→ k→ 0.

As X is closed under dual, M∗ and N∗ are belongs to X . It follows from the exact sequence (3.5.1) and
[15, Lemma 4.3] that Ω2k ∈X which is a contradiction by Proposition 3.2.

(ii) Assume contrarily that X *CM(R). Hence Ωnk /∈X for all n≥ 0, by Lemma 3.3. By Auslander-
Bridger formula X * G (R). Hence, by the similar argument in the proof of first part, one can show that
Ω2k ∈X which is a contradiction. �

Proposition 3.6. Let R be a local ring, and X a resolving subcategory of modR. Then X has infinite
radius if X contains a module M such that:

(i) Ext1
R(M,R) 6= 0, (ii) ΩM is reflexive, (iii) Ω−2ΩM is in X .

Proof. By the similar argument to [7, Theorem 4.10 (1)], we have the following exact sequence:

(3.6.1) 0→M→ X →Ω
−2

ΩM→ 0,

where pdR(X)≤ 1. It follows from the above exact sequence that X ∈X . Note that Exti
R(Ω

−2ΩM,R) =
0 for i = 1,2. Therefore, the exact sequence (3.6.1) induces the following isomorphism Ext1

R(X ,R) ∼=
Ext1

R(M,R) 6= 0. In other words, X contains a non-free R-module of finite projective dimension. Now
the assertion follows from Lemma 2.10. �

Remark 3.7. The above proposition recovers [7, Theorem 3.3(2)].

Let I be an ideal of R and M an R-module. We define the Loewy length of M with respect to I by
``I(M) = inf{n≥ 0 | InM = 0}. The following result is a generalization of [7, Proposition 4.3].

Lemma 3.8. Let I be an ideal of R. Let X be a resolving subcategory of modR having finite radius.
Then supM∈X {``I(ΓI(M))}< ∞.

Proof. By assumption there is an R-module C and an integer n > 0 such that X ⊆ [C]n. Choose
integers r,c > 0 such that Ir, Ic annihilate ΓI(R),ΓI(C) respectively. Fix any module M ∈ X . Ap-
plying Lemma 3.1, the ideal a0

I (M) contains (a0
I (R)a

0
I (C))n, which contains (IrIc)n = I(r+c)n. Hence

supM∈X {``I(ΓI(M))} ≤ (r+ c)n. �
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Proposition 3.9. Let R be a local ring. Let X be a resolving subcategory of modR. Suppose that there
exist an R-module M and an M-sequence x = x1, . . . ,xn such that M/xM is in X . Then X has infinite
radius.

Proof. Let I be the ideal of R generated by x. Then IM 6= M, so I is contained in m. Since x is M-
regular, there is a natural isomorphism grI(M)∼= M/IM[X1, . . . ,Xn]; see [5, Theorem 1.1.8]. This implies
that for all i > 0 the module Ii−1M/IiM is a direct sum of copies of M/IM. Since M/IM is in X ,
so is Ii−1M/IiM, and so is M/IiM. Suppose that X has finite radius. Then Lemma 3.3 implies that
` := supM∈X {``I(ΓI(M))} is finite. Hence I` annihilates ΓI(M/IiM) = M/IiM, which means that I`M
is contained in IiM. Thus I`M is contained in

⋂
i>0 IiM, which is zero by Krull’s intersection theorem. In

particular, we have x`1M = 0. This contradicts the fact that x`1 is a non-zerodivisor on M. �

Following [14], we say that an ideal I of R is quasi-decomposable if I contains an R-sequence
x = x1, . . . ,xn such that the module I/xR is decomposable. A Cohen–Macaulay non-Gorenstein local
ring with minimal multiplicity and infinite residue field has quasi-decomposable maximal ideal [14, Ex-
ample 4.7]. We denote by PD(R) the subcategory of mod(R) consisting of modules of finite projective
dimension.

Proposition 3.10. Let (R,m,k) be a Cohen–Macaulay local ring with quasi-decomposable maximal
ideal. Let X be a resolving subcategory of mod(R) with radius(X )< ∞. Then X ⊆ CM(R).

Proof. Set Y = X ∩CM(R). Note that Y is a resolving subcategory contained in CM(R). If Y 6=
add(R), then by [14, Lemma 4.4], Ωdk ∈X and so the assertion is clear by Lemma 3.3. Now assume
that Y = add(R). Hence X ⊆PD(R). As radius(X )<∞, X = add(R)⊆CM(R) by Lemma 2.10. �

Corollary 3.11. Let R be a Cohen–Macaulay local ring with minimal multiplicity and infinite residue
field. Assume that X is a resolving subcategory of modR with finite radius. Then X ⊆ CM(R).

Proof. First note that every Gorenstein ring with minimal multiplicity is a hypersurface and so the asser-
tion is clear in this case by [7, Theorem I]. The non-Gorenstein case follows from Proposition 3.10 and
[14, Example 4.7]. �

Let R be a Cohen–Macaulay local ring of dimension d. Assume that I is an m-primary ideal of R
and that grI(R) = ⊕

n≥0
In/In+1 is the associated graded ring of I. Let a(grI(R)) denote the a-invariant of

grI(R) [11, Definition 3.1.4]. Following [10], we say that I is an Ulrich ideal of R if grI(R) is a Cohen–
Macaulay ring with a(grI(R)) ≤ 1− d and I/I2 is a free R/I-module. For each R-module M ∈ CM(R),
we have µ(M) ≤ e(M), where µ(M) denotes the number of minimal generators of M and e(M) is the
multiplicity of M with respect to the maximal ideal. A maximal Cohen–Macaulay R-module M is called
Ulrich module if µ(M) = e(M) (i.e. M has the maximum number of generators with respect to the above
inequality).

Proposition 3.12. Let (R,m,k) be a Cohen–Macaulay local ring and let X be a resolving subcategory
of mod(R).

(1) If radius(X )< ∞ and X contains at least one Ulrich module, then X ⊆ CM(R).
(2) If R/I ∈X for some Ulrich ideal I, then radius(X ) = ∞.

Proof. (1) Assume that M ∈X is an Ulrich module. Then there exists a parameter ideal x of M such

that mM = xM. Therefore M/xM ∼=
n
⊕k for some n > 0. As M is Cohen–Macaulay, x is an M-regular



10 A. SADEGHI AND R. TAKAHASHI

sequence. Set t = depthR(M) and Mi = M/(x1, · · · ,xi)M for 0 ≤ i ≤ t. The exact sequence 0→Mi
xi+1→

Mi→Mi+1→ 0, induces the following exact sequence 0→ΩiMi→ΩiMi⊕Fi→ΩiMi+1→ 0, where Fi

is a free R-module. Hence, by Proposition 2.4(i), we get the following exact sequence

0→Ω
i+1Mi+1→Ω

iMi⊕F ′i →Ω
iMi⊕Fi→ 0,

where F ′i is a free R-module. Now by induction on t, one can show that Ωt(M/xM) ∈X . Therefore
Ωtk ∈X . Now the assertion follows from Lemma 3.3.

(2) Assume contrarily that radius(X )< ∞. If dimR = 1, then I2 = aI for some regular element a by
[11, Remark 3.1.6]. Therefore, I ∼= In for all n > 0. Also

Ii/Ii+1 ∼= ai−1I/ai−1I2 ∼= I/I2 ∼=⊕R/I ∈X .

It follows from the exact sequence 0→ Ii/Ii+1→ R/Ii+1→ R/Ii→ 0 that R/Ii ∈X for all i > 0. Hence,
by Lemma 3.8, there exists a positive integer n such that mn ⊆ Ii for all i > 0. In other words, mn = 0
which is a contradiction. Assume that d ≥ 2. By [10, Lemma 2.3] and [11, Remark 3.1.6], there exists
a parameter ideal Q⊆ I such that I/Q is a free R/I-module. Hence I/Q ∈X . It follows from the exact
sequence 0→ Q→ I→ I/Q→ 0 that Q ∈X . Note that pdR(Q) = pdR(R/Q)−1 = d−1 > 0 which is
a contradiction by Lemma 2.10. �

Proposition 3.13. Let R be a local ring and X a resolving subcategory of mod(R). Assume that X

contains an eventually periodic module of finite and positive G-dimension. Then radius(X ) = ∞.

Proof. Let M ∈X be an R-module as in the proposition, and set m = G-dimM. Then ΩnM ∼= Ωn+tM
for some n ≥ m and t > 0. Without loss of generality, we may assume that t > 1. Hence we have the
following isomorphisms:

(3.13.1) Ω
−2

Ω
mM ∼= Ω

−2(Ωm−n(ΩnM))∼= Ω
−2

Ω
m−n(Ωn+tM)

∼= Ω
−2

Ω
m−n

Ω
t(ΩnM)∼= Ω

t−2
Ω

m−n(ΩnM)∼= Ω
t−2(ΩmM) ∈X .

Now the assertion follows from (3.13.1) and [7, Theorem 4.10]. �

The following is a direct consequence of Proposition 3.13, [3, Theorem 1.6] and [9, Theorem 1.2].

Corollary 3.14. Let R be a Gorenstein local ring and let X be a resolving subcategory of mod(R).
Assume that X contains a module with bounded Betti numbers which is not maximal Cohen–Macaulay.
Then X has infinite radius if either codimR≤ 4 or e(R)≤ 11.

4. CLOSEDNESS UNDER COSYZYGIES

In this section, we study resolving subcategories which are closed under cosyzygies. We prove our
second main result, Theorem 1.3. We start by the following lemma, which is well-known to specialists.

Lemma 4.1. One has Ω−1M ≈ TrΩTrM for all R-modules M.

Proof. Let P1→ P0
π−→M→ 0 be a projective presentation of an R-module M. Dualizing this by R gives

an exact sequence 0→ M∗ π∗−→ P∗0 → ΩTrM → 0. Taking a surjection ε : Q→ M∗ with Q projective,

we get a projective presentation Q π∗ε−−→ P∗0 → ΩTrM→ 0, which induces an exact sequence P∗∗0
ε∗π∗∗−−−→

Q∗ → TrΩTrM → 0. For each module X , denote by λX : X → X∗∗ the natural homomorphism. As
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λP0 : P0→ P∗∗0 is an isomorphism, we have an exact sequence P0
ε∗π∗∗λP0−−−−−→ Q∗→ TrΩTrM→ 0. Thus we

get a commutative diagram

M
ε∗λM // Q∗ //

Ω−1M // 0

P0

π

OOOO

ε∗π∗∗λP0// Q∗ // TrΩTrM // 0

with exact rows. This induces an isomorphism TrΩTrM
∼=→Ω−1M. �

Remark 4.2. Let M be an R-module and let n be a positive integer. By replacing M by TrM in Proposition
2.4(ii) and using Lemma 4.1 and Proposition 2.4(iii) we obtain the following exact sequence:

(4.2.1) 0→ Extn
R(TrM,R)→Ω

−(n−1)M→ΩΩ
−nM→ 0.

Lemma 4.3. Let X be a resolving subcategory of mod(R). The following are equivalent:

(i) Ω−1 X ⊆X ⊆Ω(mod(R)).
(ii) ΩX = X .

Proof. (i)⇒(ii). As X is resolving, ΩX ⊆X . On the other hand, every module M ∈X is a syzygy
module and so Ext1

R(TrM,R) = 0. Hence, by (4.2.1), M ∼= Ω(Ω−1M). As X is closed under cosyzygies,
we have M ∈ΩX .

(ii)⇒(i). For all R-module M ∈X , there exists an R-module N ∈X such that M ∼= ΩN. By [2,
Proposition 2.21], there exists an exact sequence 0→Q→Ω−1ΩN→ N→ 0, where Q is projective. As
X is resolving, it follows from the above exact sequence that Ω−1M ∼= Ω−1ΩN ∈X . Hence Ω−1 X ⊆
X . �

Lemma 4.4. Let X be a subcategory (not necessarily resolving) of mod(R) such that the following
conditions hold:

(i) X ⊆Ω(mod(R))
(ii) X is closed under Ω−1 and kernel of epimorphisms.

(iii) X ∩PD(R) = add(R).

Then X ⊆ G (R).

Proof. By (i), (ii), for all R-module M ∈X , we obtain the following long exact sequence

(4.4.1) 0−→M
d0−→ Q0

d1−→ Q1 −→ ·· ·

where Coker(di) = Ω−i−1M for all i ≥ 0 and Qi is projective for all i. As Ext1
R(Ω

−iM,R) = 0 for all
i > 0, the exact sequence (4.4.1) induces the following exact sequence:

(4.4.2) · · · −→ (Q1)
∗ −→ (Q0)

∗ −→M∗ −→ 0.

Dualizing the exact sequence (4.4.2), we get the following commutative diagram
0 −−−−→ M −−−−→ Q0 −−−−→ Q1 −−−−→ ·· ·y y‖o y‖o
0 −−−−→ M∗∗ −−−−→ (Q0)

∗∗ −−−−→ (Q1)
∗∗ −−−−→ ·· ·

It follows from the above diagram that M ∼= M∗∗ and Exti
R(M

∗,R) = 0 for all i > 0. In other words, M
is n-torsion free for all M ∈X and n > 0. Now it is enough to show that Exti

R(M,R) = 0 for all i > 0.
First we prove the following claim.
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Claim. For every R-module N ∈X , if Extn
R(N,R) = 0 for some n > 0, then Extn+1

R (N,R) = 0.
It follows from (ii), (iii) that X is closed under syzygies. Set Y = Ωn−1N ∈X . As we have seen,

every module contained in X is n-torsion free for all n > 0. In particular, Ω2Y is 2-torsion-free. Hence,
by [2, Proposition 2.21], there exists an exact sequence

(4.4.3) σ : 0−→ Z −→Ω
−2

Ω
2Y −→ Y −→ 0,

where pdR(Z) is finite. It follows from the exact sequence (4.4.3) and (ii) that Z ∈X . Hence, by (iii),
Z is projective. As Ext1(Y,R) = 0, we have Ext1

R(Y,Z) = 0. In other words, σ is a split exact sequence
and so Y ≈ Ω−2Ω2Y . Note that Ω−1Ω2Y ∈X and so it is a first syzygy module by (i). Hence we have
the following exact sequence: 0→ Ω−1Ω2Y → P→ Ω−2Ω2Y → 0, where P is a projective R-module.
Therefore we get the following isomorphisms:

(4.4.4) Extn+1
R (N,R)∼= Ext2

R(Y,R)∼= Ext2
R(Ω

−2
Ω

2Y,R)∼= Ext1
R(Ω

−1
Ω

2Y,R) = 0,

which proves our claim. Now let M ∈X . By (i), M is a first syzygy module and we have the following
exact sequence 0→ M → Q→ Ω−1M → 0, where Q is a projective R-module. By (ii), Ω−1M ∈X .
As Ext1

R(Ω
−1M,R) = 0, we have Exti

R(M,R) ∼= Exti+1
R (Ω−1M,R) = 0 for all i > 0 by the claim. Hence

X ⊆ G (R). �

Theorem 4.5. Let X be a resolving subcategory of mod(R) with X = ΩX . Then X ⊆ G (R).

Proof. By our assumption, for every R-module M ∈X and every positive integer number n there exists
an R-module N ∈X such that M ∼= ΩnN. Therefore X ∩PD(R) = add(R) and so the assertion is clear
by Lemmas 4.3 and 4.4. �

Let R be a Golod local ring which is not a hypersurface (e.g. a Cohen-Macaulay non-Gorenstein local
ring with minimal multiplicity). In [4, Example 3.5], it is shown that add(R) = G (R). The following can
be viewed as a generalization of this result.

Corollary 4.6. Let R be a Golod local ring and let X be a non-trivial resolving subcategory of mod(R)
(i.e. add(R)( X (mod(R)). Then X = ΩX if and only if R is a hypersurface and X ⊆ G (R).

Proof. If X = ΩX , then by Theorem 4.5 add(R) ( X ⊆ G (R). Hence, by [4, Example 3.5], R is a
hypersurface. On the other hand, if R is a hypersurface and X ⊆ G (R) then Ω−1M ∼= Ω2Ω−1M ∼= ΩM
for all M ∈X by [8, Theorem 6.1]. Now the assertion follows from Lemma 4.3. �

Here is an example of a subcategory which is closed under cosyzygies.

Example 4.7. Let S be any subset of SpecR. Consider the subcategory

NF−1(S) = {M ∈modR | NF(M)⊆ S}

of modR. Then it is easy to see that NF−1(S) is a resolving subcategory closed under Tr. Hence it is
also closed under Ω−1. In particular, mod0 R = NF−1({m}) is a resolving subcategory of modR closed
under Ω−1.

Proposition 4.8. Let R be a local ring and let X be a resolving subcategory of mod(R) such that
Ω−1 X ⊆X ∩Ω(mod(R)). Then exactly one of the following holds.

(i) X ⊆ G (R).
(ii) R is a Gorenstein ring of dimension 1.
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Proof. Assume that R is not a Gorenstein ring of dimension 1. We want to show that X ⊆ G (R).
By Theorem 4.5, it is enough to show that X ⊆ ΩX . Let M ∈X and consider the following exact
sequences 0→ΩM→ F→M→ 0 and 0→ΩM→ F1→Ω−1ΩM→ 0. We make the following pushout
diagram

0 0y y
0 −−−−→ ΩM −−−−→ F −−−−→ M −−−−→ 0y y y‖
0 −−−−→ F1 −−−−→ T −−−−→ M −−−−→ 0y y

Ω−1ΩM = Ω−1ΩMy y
0 0

Note that Ext1
R(Ω

−1ΩM,R) = 0. Hence the second column in the above diagram splits, and we get an
exact sequence

0−→ F1 −→ F⊕Ω
−1

Ω
1M −→M −→ 0.

As Ω−1ΩM ∈X , it is a first syzygy module by our assumption and so we have the following exact
sequence 0→ Ω−1ΩM→ F ′ → Ω−2ΩM→ 0, which induces the following exact sequence: 0→ F ⊕
Ω−1ΩM→ F⊕F ′→Ω−2ΩM→ 0. Thus the following pushout diagram is obtained:

0 0y y
0 −−−−→ F1 −−−−→ F⊕Ω−1ΩM −−−−→ M −−−−→ 0y‖ y y
0 −−−−→ F1 −−−−→ F⊕F ′ −−−−→ X −−−−→ 0y y

Ω−2ΩM = Ω−2ΩMy y
0 0

It follows from the above diagram that X ∈ X and pdR(X) ≤ 1. Hence it is enough to show that
X is free. To do this, we prove that X ∩PD(R) ⊆ add(R). If depthR = 0, then the assertion fol-
lows from Auslander-Buchsbaum formula, so we may assume that depthR > 0. Assume contrarily that
X ∩PD(R) * add(R). Hence there exists an R-module N ∈X with pdR(N) = 1. By [7, Lemma 4.6],
we may assume that N is locally free. Therefore Ext1

R(N,R) is a nonzero R-module of finite length. Let
σ ∈ soc(Ext1

R(N,R)) be a non-zero element. Hence we have the following non-split exact sequence:

(4.8.1) σ : 0→ R→ L→ N→ 0,
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Applying the functor HomR(−,R) to σ , we get the following exact sequence: R
f→ Ext1

R(N,R) →
Ext1

R(L,R) → 0, where f (1R) = σ . Hence we obtain the following exact sequence: 0 → k →
Ext1

R(N,R)→ Ext1
R(L,R)→ 0 and so `(Ext1

R(L,R)) < `(Ext1
R(N,R)). Replacing N by L and repeat-

ing this process if `(Ext1
R(L,R))> 0, we can assume that Ext1

R(L,R) = 0. Therefore Ext1
R(N,R)∼= k. As

pdR(N) = 1, TrN ∼= k. Hence Trk∼= N ∈X . By our assumption and Lemma 4.1, TrΩik∼= TrΩiTrTrk∼=
Ω−iTrk∈X ∩Ω(mod(R)) for all i> 0. By Proposition 2.4(ii), there exists the following exact sequence:

0→ Exti
R(k,R)→ TrΩi−1k→ΩTrΩik→ 0

for each i > 0. It follows from the above exact sequence that Exti
R(k,R) ∈ Ω(mod(R)) for all i > 1. As

depthR > 0, we conclude that Exti
R(k,R) = 0 for all i > 1 which is a contradiction because R is not a

Gorenstein ring of dimension one. �

In the following example, it is shown that over a one dimensional Gorenstein local ring R there exists a
resolving subcategory of mod(R) which satisfies the assumption of Proposition 4.8, but is not contained
in G (R).

Example 4.9. Let (R,m,k) be a Gorenstein local ring of dimension 1. Set X = mod0(R). Then the
following hold.

(i) X is resolving.
(ii) Ω−1 X is contained in X ∩Ω(mod(R)).

(iii) X is not contained in G (R).

Proof. Part (i) is stated in Example 4.7. For all R-modules M, ΩTrM ∈ G (R), because R is Gorenstein
of dimension 1. Hence, by Lemma 4.1 and Proposition 2.6(i), Ω−1M = TrΩTrM ∈ G (R) and so (ii) is
clear. Also k is an element of X which is not contained in G (R). �

Now we can prove the main result of this section.

Theorem 4.10. Let (R,m,k) be a local ring and let X be a resolving subcategory of mod(R). If
Ω−n X ⊆X for some 1≤ n≤ depthR+1, then either X ⊆ G (R) or Ωn−1k ∈X holds. In particular,
if Ω−1 X ⊆X , then either X ⊆ G (R) or k ∈X holds.

Proof. We begin with the case depthR = 0; then n = 1. First we consider the case Ext1
R(X ,R) = 0.

Then Ext>0
R (X ,R) = 0. Let M ∈X and i≥ 0. By Remark 4.2, there is an exact sequence

(4.10.1) 0→ Ei→Ω
−iM→ΩΩ

−(i+1)M→ 0,

where Ei := Exti+1
R (TrM,R). As X is closed under cosyzygies, it follows from the exact sequence

(4.10.1) that Ei ∈X . Hence Ext>0
R (Ei,R) = 0. By [2, Theorem 2.8] and Lemma 4.1, there is an exact

sequence

(4.10.2) TorR
i+1(TrM,R)→ E∗i → Ext2

R(Ω
−(i+1)M,R).

As Ω−(i+1)M ∈X , we have Ext2
R(Ω

−(i+1)M,R) = 0. Hence, it follows from the exact sequence (4.10.2)
that E∗i = 0. Hence Ei has infinite grade, and Ei = 0 for all i ≥ 0. Thus Ext>0

R (TrX ,R) = 0, and X is
contained in G (R).

Next, let us consider the case Ext1
R(X ,R) 6= 0. We claim that Ext2

R(X ,R) 6= 0. Indeed, suppose
Ext2

R(X ,R) = 0. Since Ext1
R(X ,R) 6= 0, we find a module M ∈ X such that Ext1

R(M,R) 6= 0. By
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Lemma 3.4, we may assume M is locally free on the punctured spectrum. Setting M0 = M and Mi+1 =

Ext1
R(TrMi,R) for i≥ 0. By Remark 4.2, we have an exact sequence

(4.10.3) 0→Mi+1→Mi→ΩΩ
−1Mi→ 0.

Inductively, the second and third modules are in X , and so is the first. We get a descending chain
· · · ⊆M3 ⊆M2 ⊆M1 of modules in X . Since all of these are of finite length, for some n > 0 we have
Mn = Mn+1. This means that ΩΩ−1Mn = 0, and Mn = R⊕e for some e≥ 0 since depth(R) = 0. The exact
sequence (4.10.3) induces the following exact sequence:

Ext2
R(Ω

−1Mi,R)→ Ext1
R(Mi,R)→ Ext1

R(Mi+1,R),

and the first Ext module vanishes since Ext2
R(X ,R) = 0. Since Ext1

R(M0,R) 6= 0, we inductively see that
Ext1

R(Mn,R) 6= 0 which is a contradiction, because Mn is a free R-module.
Thus we find a module M ∈X with Ext2

R(M,R) 6= 0. Again, by Lemma 3.4, we may assume M is
locally free on the punctured spectrum. Hence Ext2

R(M,R) has finite length, and it contains a nonzero
socle element, which is regarded as an exact sequence σ : 0→ R→ Y → ΩM → 0. Since M ∈X , Y

is also in X . Dualizing this, we get an exact sequence 0→ (ΩM)∗→ Y ∗→ R
f→ Ext1

R(ΩM,R), where
f (1R) = σ . By [2, Lemma 3.9], we have the following exact sequence

0→ (ΩM)∗→ Y ∗→ R
g→ TrΩM→ TrY → 0.

Now it is easy to see that img∼= im f ∼= k. Hence we obtain the following short exact sequence:

(4.10.4) 0→ k→ TrΩM→ TrY → 0.

By rotating the exact sequence (4.10.4) (see Proposition 2.4(i)), we get the following exact sequence

0→ΩTrΩM→ΩTrY → k→ 0.

Dualizing the above exact sequence, we have an exact sequence

0→ k⊕r→ (ΩTrY )∗ a−→ (ΩTrΩX)∗→ Ext1
R(k,R)

b−→ Ext2
R(TrY,R),

where r = r(R), the type of R. The exact sequence (4.10.4) induces an exact sequence

0 = Ext1
R(TrΩM,R)→ Ext1

R(k,R)
b−→ Ext2

R(TrY,R),

whence the map b is injective. Therefore the map a is surjective, and we obtain an exact sequence

0→ k⊕r→ (ΩTrY )∗ a−→ (ΩTrΩM)∗→ 0.

Since the second and third modules are in X (see Proposition 2.4(iii) and Lemma 4.1), so is the first,
and so is k. Consequently, the proof of the theorem is completed in the case where depthR = 0.

Now we assume that depthR > 0. First we claim the following:
Claim I. If Ωn−1k /∈X , then Extn+1

R (X ,R) = 0.
Proof of Claim. Assume contrarily that Extn+1

R (X ,R) 6= 0. Then, by Lemma 3.4, there exists an R-
module M ∈X ∩mod0(R) such that Extn+1

R (M,R) 6= 0. Hence Extn+1
R (M,R) has finite length, and it

contains a nonzero socle element, which is regarded as an exact sequence σ : 0→ R→ N→ΩnM→ 0.

Since M ∈X , N is also in X . Dualizing σ , we get an exact sequence 0→ (ΩnM)∗ → N∗ → R
f→

Ext1
R(Ω

nM,R), where f (1R) = σ . By [2, Lemma 3.9], we have the following exact sequence

0→ (ΩnM)∗→ N∗→ R
g→ TrΩnM→ TrN→ 0.
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Now it is easy to see that img∼= im f ∼= k. Hence we obtain the following short exact sequence:

(4.10.5) 0→ k→ TrΩnM→ TrN→ 0.

By Proposition 2.4(i), the exact sequence (4.10.5), induces the following exact sequence:

(4.10.6) 0→Ω
nTrΩnM→Ω

nTrN→Ω
n−1k→ 0.

By [2, Lemma 3.9] and Lemma 4.1, the exact sequence (4.10.6) induces the following exact sequence:

(4.10.7) (ΩnTrN)∗
a−→ (ΩnTrΩnM)∗→ TrΩn−1k b−→Ω

−nN→Ω
−n

Ω
nM→ 0.

Dualizing the exact sequence (4.10.6), we have an exact sequence

(4.10.8) (ΩnTrN)∗
a−→ (ΩnTrΩnX)∗→ Extn

R(k,R)
c−→ Extn+1

R (TrN,R).

The exact sequence (4.10.5) induces an exact sequence

(4.10.9) Extn
R(TrΩ

nM,R)→ Extn
R(k,R)

c−→ Extn+1
R (TrN,R).

As M is locally free on the punctured spectrum and depthR ≥ n− 1, ΩnM is n-torsion free by Lemma
2.7. Hence, Extn

R(TrΩ
nM,R) = 0 and so the map c is injective by the exact sequence (4.10.9). Therefore

the map a is surjective by the exact sequence (4.10.8), and so the map b is injective by the exact sequence
(4.10.7). Hence, we get the following exact sequence

(4.10.10) 0→ TrΩn−1k→Ω
−nN→Ω

−n
Ω

nM→ 0.

It follows from the exact sequence (4.10.10) that TrΩn−1k ∈X . Set t = depthR ≥ n− 1 and consider
the following exact sequence (see Proposition 2.4(ii))

(4.10.11) 0→ ExttR(k,R)→ TrΩt−1k→ΩTrΩtk→ 0.

If t = n−1, then Exti
R(k,R) = 0 for all i < n−1 and it is easy to see that pdR(TrΩ

n−2k)≤ n−1. Hence,
by Proposition 2.4(i), the exact sequence (4.10.11) induces the following exact sequence

(4.10.12) 0→Ω
n−1Extn−1

R (k,R)→ F →Ω
nTrΩn−1k→ 0,

where F is free. As TrΩn−1k ∈X , it follows from the exact sequence (4.10.12) that Ωn−1k ∈X which
is a contradiction. Now let t ≥ n. As Exti

R(k,R) = 0 for i < n, it follows from Proposition 2.4(ii) that
TrΩi−1k ≈ΩTrΩik for 0 < i < n. In particular,

(4.10.13) TrΩik ≈Ω
n−i−1TrΩn−1k ∈X for 0≤ i≤ n−1.

As X is closed under Ω−n, by using Lemma 4.1 and (4.10.13), it is easy to see that TrΩik ∈X for all
i≥ 0. It follows from the exact sequence (4.10.11) that k ∈X which is a contradiction. Thus, the proof
of the claim is completed.

Next we claim the following.
Claim II. If Ωn−1k /∈X , then G-dimR(M)≤ n for all M ∈X ∩mod0(R).
Proof of Claim. Let M ∈X ∩mod0(R) and set N = ΩnM. We want to prove that G-dimR(N) = 0. By
claim I and [2, Proposition 3.8], it is enough to show that Exti

R(TrN,R) = 0 for all i > 0. As depthR ≥
n−1, Exti

R(TrN,R) = 0 for 1≤ i≤ n by Lemma 2.7. Therefore we obtain the following exact sequences:

0 −−−−→ N −−−−→ F1 −−−−→ Ω−1N −−−−→ 0

0 −−−−→ Ω−1N −−−−→ F2 −−−−→ Ω−2N −−−−→ 0
...

...
...

0 −−−−→ Ω−(n−1)N −−−−→ Fn −−−−→ Ω−nN −−−−→ 0
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As Ω−nN ∈X , it follows from the above exact sequences that Ω−iN ∈X for 1 ≤ i ≤ n. Since X is
closed under Ω−n, by using Lemma 4.1, it is easy to see that Ω−iN ∈X for all i > 0. Assume contrarily
that Exti

R(TrN,R) 6= 0 for some i > n and set t = inf{i > 0 | Exti
R(TrN,R) 6= 0}> n. By Remark 4.2, we

have the following exact sequence:

(4.10.14) 0→ ExttR(TrN,R)→Ω
−(t−1)N→ΩΩ

−tN→ 0.

The exact sequence (4.10.14) induces the following exact sequence:

(4.10.15) · · · → Ext j
R(Ω

−(t−1)N,R)→ Ext j
R(Ext

t
R(TrN,R),R)→ Ext j+2

R (Ω−tN,R)→ ·· · .

Note that N is (t−1)-torsion free. Hence, by Remark 4.2, Ω−iN ≈ΩΩ−(i+1)N for 0≤ i≤ t−2. In par-
ticular, N ≈Ωt−1Ω−(t−1)N. It follows that Exti

R(Ω
−(t−1)N,R)∼= Ext1

R(Ω
−(t−i)N,R) = 0 for 1≤ i≤ t−1.

Also, by Claim I, Exti+t−1
R (Ω−(t−1)N,R) ∼= Exti

R(N,R) = 0 for all i > 0. Hence Exti
R(Ω

−(t−1)N,R) = 0
for all i > 0. As Ω−tN ∈ X , by Claim I, Exti

R(Ω
−tN,R) = 0 for all i > n. Therefore, by the ex-

act sequence (4.10.15), we get Ext j
R(Ext

t
R(TrN,R),R) = 0 for j ≥ max{1,n− 1}. On the other hand,

ExttR(TrN,R) has finite length and so gradeR(Ext
t
R(TrN,R)) ≥ depthR ≥ max{1,n− 1}. Therefore

Ext j
R(Ext

t
R(TrN,R),R) = 0 for all j ≥ 0 and so ExttR(TrN,R) = 0 which is a contradiction. Thus, the

proof of the claim is completed.
Claim III. If Ext1

R(X ,R) = 0, then X ⊆ G (R).
Proof of Claim. Assume contrarily that there exists an R-module M ∈X which is not totally reflexive.
Hence, by [2, Proposition 3.8] ,Extm

R (TrM,R) 6= 0 for some m> 0. By Remark 4.2, we have the following
exact sequence

(4.10.16) 0→ Extm
R (TrM,R)→Ω

−(m−1)M→ΩΩ
−mM→ 0.

There exists a positive integer r such that (r− 1)n < m ≤ rn. As Exti
R(M,R) = 0 for all i > 0, by

Proposition 2.4(ii), TrΩiM ≈ΩTrΩi+1M for all i≥ 0. It follows from Lemma 4.1 that

Ω
−mM ≈Ω

−(m+1)
ΩM ≈ ·· · ≈Ω

−(rn)
Ω

rn−mM ∈X .

Similarly, one can see that Ω−(m−1)M ∈ X . It follows from the exact sequence (4.10.16) that
Extm

R (TrM,R) ∈X and so Exti
R(Ext

m
R (TrM,R),R) = 0 for all i > 0. By [2, Theorem 2.8] and Lemma

4.1, we have the following exact sequence

0 = TorR
m(TrM,R)→ (Extm

R (TrM,R))∗→ Ext2
R(Ω

−mM,R).

As Ω−mM ∈X , we have Ext2
R(Ω

−mM,R) = 0 and so (Extm
R (TrM,R))∗= 0. Therefore Extm

R (TrM,R) = 0
which is a contradiction and the proof of the claim is completed.

Now Assume contrarily that X * G (R) and Ωn−1k /∈X . By Claim III and Lemma 3.4, Ext1
R(M,R) 6=

0 for some M ∈X ∩mod0(R). It follows from the Claim II that G-dimR(M) < ∞. So we may assume
that G-dimR(M) = 1. Now Ext1

R(M,R) is a nonzero R-module of finite length, and we can choose a socle
element 0 6= σ ∈ Ext1

R(M,R). It can be represented as a short exact sequence:

σ : 0→ R→M1→M→ 0.

The module M1 belongs to X , is locally free on the punctured spectrum of R and has Gorenstein dimen-
sion at most 1. The above exact sequence induces the following exact sequence

0→ k→ Ext1
R(M,R)→ Ext1

R(M1,R)→ 0.
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This implies that `(Ext1
R(M1,R)) = `(Ext1

R(M,R))−1. Replacing M by M1 and repeating this process if
`(Ext1

R(M1,R)) > 0, we can assume that Ext1
R(M,R) ∼= k. There are exact sequences 0→ ΩM→ F →

M → 0 and 0→ ΩM → F ′ → Ω−1ΩM → 0, where the latter is possible as ΩM is a totally reflexive
module. We make the following pushout diagram.

0 0y y
0 −−−−→ ΩM −−−−→ F −−−−→ M −−−−→ 0y y y‖
0 −−−−→ F ′ −−−−→ T −−−−→ M −−−−→ 0y y

Ω−1ΩM = Ω−1ΩMy y
0 0

Note that Ext1
R(Ω

−1ΩM,R) = 0. Hence the second column in the above diagram splits, and we get an
exact sequence 0 −→ F ′ −→ F ⊕Ω−1Ω1M −→ M −→ 0. The exact sequence 0→ Ω−1ΩM → F ′′ →
Ω−2ΩM→ 0 induces the following exact sequence: 0→ F⊕Ω−1ΩM→ F⊕F ′→Ω−2ΩM→ 0. Thus
the following pushout diagram is obtained:

0 0y y
0 −−−−→ F ′ −−−−→ F⊕Ω−1ΩM −−−−→ M −−−−→ 0y‖ y y
0 −−−−→ F ′ −−−−→ F⊕F ′′ −−−−→ X −−−−→ 0y y

Ω−2ΩM = Ω−2ΩMy y
0 0

As G-dimR(ΩM) = 0 and X is closed under Ω−n, it is easy to see that Ω−2ΩM ≈ Ωn−2Ω−nΩM ∈X .
The second column shows that X ∈X and Ext1

R(X ,R) ∼= Ext1
R(M,R) ∼= k. Hence, by the second row,

we conclude that pdR(X) = 1. Therefore TrX = k and so Trk = X ∈X . In particular, by Lemma 4.1,
TrΩnk ∼= Ω−nTrk ∈X . By Claim II, G-dimR(TrΩ

nk) ≤ n. On the other hand, Exti
R(TrΩ

nk,R) = 0 for
1 ≤ i ≤ n by Lemma 2.7 and so G-dimR(TrΩ

nk) = 0 by Proposition 2.6(iii). Hence n− 1 ≤ depthR =

G-dimR(k)≤ n and R is Gorenstein by Proposition 2.6. Now consider the following exact sequence:

0→ ExttR(k,R)→ TrΩt−1k→ΩTrΩtk→ 0,

where t = depthR. The above exact sequence induces the following exact sequence

0→Ω
t−1ExttR(k,R)→ F⊕Ω

t−1TrΩt−1k→Ω
tTrΩtk→ 0,
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where F is a free R-module (see Proposition 2.4(i)). As Exti
R(k,R) = 0 for i < t, we have Ωt−1TrΩt−1k∼=

Trk ∈X by Proposition 2.4(ii). If t = n, then TrΩtk ∈X . Also if t = n−1, then Extn
R(k,R) = 0 and so

TrΩtk≈ΩTrΩnk ∈X , by Proposition 2.4(ii). Hence in both cases, by the above exact sequence we get
that Ωt−1k ∈X which is a contradiction. �

A subcategory X of G (R) is called thick if X is closed under direct summands and that for each
exact sequence 0→ L→M→ N → 0 of totally reflexive R-modules, if two of L, M, N are in X , then
so is the third. Note that a thick subcategory of G (R) containing R is a resolving subcategory of modR.
The following example should be compared with Theorem 4.10.

Example 4.11. (i) By Example 4.7, X =mod0 R is a resolving subcategory of modR with Ω−1 X ⊆
X . It is clear that k ∈X , while X * G (R) unless R is Artinian Gorenstein.

(ii) Let A be a local ring with residue field k, and let R = A[[x]]/(x2) with x an indeterminate over A.
Note that R/(x) is a totally reflexive R-module. Let X be the thick closure of R/(x), that is, the
smallest thick subcategory of G (R) containing R/(x). As there is an exact sequence 0→ R/(x)→
R→ R/(x)→ 0, X contains R. Hence X is a resolving subcategory of modR with X ⊆ G (R).
Consider the subcategory Y := {X ∈X | TrX ∈X }. This contains R/(x) as Tr(R/(x)) = R/(x).
Let 0→ L→M→ N → 0 be an exact sequence in G (R). Then Ext1

R(N,R) = 0, and the induced
sequence 0→TrN→TrM→TrL→ 0 is exact by Proposition 2.4(i). It is easy to see from this that
Y is a thick subcategory of G (R). Hence Y =X , and X is closed under Tr. Therefore we obtain
Ω−1 X ⊆X . However, k /∈X unless R is Artinian Gorenstein.

Theorem 4.10 immediately yields:

Corollary 4.12. Let R be a Cohen–Macaulay local ring of dimension d > 0. Let X ⊆ CM(R) be
a resolving subcategory closed under cosyzygies. Then X is contained in G (R). In particular, R is
Gorenstein if and only if CM(R) is closed under cosyzygies.

Corollary 4.13. Let (R,m,k) be a local ring that is not Artinian Gorenstein. Then G (R) is the maximum
resolving subcategory closed under transposes and not containing k.

Remark 4.14. In the above Corollary, the condition “not containing k” cannot be removed. In fact,
mod0 R is a resolving subcategory closed under transposes, but it is not contained in G (R).

The following is an immediate consequence of Theorem 4.10 and [7, Theorem 4.4]

Corollary 4.15. Let R be a local ring and let X (mod(R) be a resolving subcategory. Assume that X

is closed under transpose. If radius(X )< ∞, then X ⊆ G (R).

Corollary 4.16. Let R be a local ring and let X (mod(R) be a resolving subcategory of finite radius.
Assume that Ω−n X ⊆X for some n, 1≤ n≤ depthR+1. Then X ⊆ G (R).

Proof. Assume contrarily that X * G (R). By Theorem 4.10, Ωn−1k ∈X . If n = 1, then we get a
contradiction by [7, Theorem 4.4]. So assume that n> 1. It follows from Proposition 3.2 that R is Cohen–
Macaulay of dimension n−1. By Lemma 3.3, X ⊆ CM(R). Set M = Ωn−1k ∈X . If Ext1

R(M,R) = 0,
then R is Gorenstein and so X ⊆ CM(R) = G (R). So let Ext1

R(M,R) 6= 0. As M is locally free on
the punctured spectrum, ΩM is n-torsion free by Lemma 2.7. In particular, ΩM is reflexive. Also, it
follows from Remark 4.2 that Ω−iΩM ≈ ΩΩ−(i+1)ΩM for 0 ≤ i ≤ n− 1. As X is closed under Ω−n,
it is easy to see that Ω−2ΩM ∈X . It follows from Proposition 3.6 that radius(X ) = ∞, which is a
contradiction. �



20 A. SADEGHI AND R. TAKAHASHI

The following result is an immediate consequence of Theorem 4.10.

Corollary 4.17. Let R be a local ring which is not Artinian Gorenstein. Consider the following subcat-
egory of modR.

X = {M ∈mod(R) | Exti
R(M,R) = 0 for all i > 0}.

Then X is closed under cosyzygies if and only if X = G (R).

Corollary 4.18. Let (R,m,k) be a local ring and let X be a resolving subcategory of mod(R). Assume
that Ω−n X ⊆X ⊆Ωn(mod(R)) for some n, 1≤ n≤ depthR+1, then X ⊆ G (R).

Proof. If n = 1, then the assertion follows from Theorem 4.5 and Lemma 4.3. So assume that n > 1. It
follows from Theorem 4.10 that either Ωn−1k ∈X or X ⊆ G (R). Assume that Ωn−1k ∈X . Hence
Ωn−1k is an n-th syzygy module. As depthR≥ n−1, by Lemma 2.7, Ωn−1k is n-torsion free and so

(4.18.1) Ω
−i

Ω
n−1k ≈ΩΩ

−(i+1)
Ω

n−1k for 0≤ i≤ n−1.

by Remark 4.2. Since X is closed under Ω−n, by using (4.18.1), it is easy to see that Ω−iΩn−1k ∈X

for all i≥ 0. Now consider the exact sequence (4.2.1)

(4.18.2) 0→ Ext j
R(TrΩ

n−1k,R)→Ω
−( j−1)

Ω
n−1k→ΩΩ

− j
Ω

n−1k→ 0.

It follows from the exact sequence (4.18.2) that Ext j
R(TrΩ

n−1k,R) ∈X for all j > 0. Note that X ⊆
Ωn(mod(R)) for some n > 0. As `(Ext j

R(TrΩ
n−1k,R)) < ∞ for all j > 0, Ext j

R(TrΩ
n−1k,R) = 0 for all

j > 0. In other words, Ωn−1k is an i-th syzygy module for all i ≥ 0 (see for example [13, Proposition
11]). Hence depthR = depthR(Ω

n−1k) = n− 1. By Lemma 2.7, Ωnk is n-torsion free. As n > 1,
by [2, Proposition 2.21], there exists an exact sequence 0→ L→ Ω−2Ω2(Ωn−2k)→ Ωn−2k→ 0 with
pdR(L)< ∞. Rotating this gives an exact sequence

(4.18.3) 0→Ω
n−1k→ L→Ω

−2
Ω

nk→ 0,

by Proposition 2.4(i). As Ωnk is n-torsion free, by Remark 4.2, Ω−iΩnk≈ΩΩ−(i+1)Ωnk for 0≤ i≤ n−1.
Hence, since X is closed under Ω−n, it follows that Ω−iΩnk ∈X for all i≥ 0. In particular, Ω−2Ωnk ∈
X . It follows from the exact sequence (4.18.3) that L ∈X . As depthR = n−1 and X ⊆Ωn(mod(R)),
by Auslander-Buchsbaum formula, we conclude that L is free. The exact sequence (4.18.3) induces the
following isomorphisms Extn

R(k,R)∼= Ext1
R(Ω

n−1k,R)∼= Ext2
R(Ω

−2Ωnk,R). It follows from Lemmas 2.7,
4.1 that Ext2

R(Ω
−2Ωnk,R) = 0. Hence R is Gorenstein of dimension n− 1. Thus X ⊆ Ωn(mod(R)) ⊆

G (R). �

An R-module M is said to satisfy the property S̃n if depthRp
(Mp)≥min{n,depthRp} for all p∈ SpecR.

Here is an example of a resolving subcategory which is closed under Ω−n for some but not all n > 0.

Example 4.19. Let R be a Gorenstein local ring of dimension d > 1. For an integer n, 0 < n < d, set
X = {M ∈mod(R) |M satisfies S̃n}. Then X is a resolving subcategory of mod(R) and the following
statements hold.

(i) G (R)( X .
(ii) Ω−m X * X for 1≤ m≤ n.

(iii) Ω−i X ⊆X for all i≥ d.
(iv) radius(X ) = ∞.
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Proof. First note that by [13, Theorem 42], X = Ωn(mod(R)). It is easy to see that X is a resolving
subcategory of mod(R). Note that Ωnk ∈X \G (R) and so (i) is clear. For the proof of (ii), assume
contrarily that Ω−m X ⊆X for some m, 1 ≤ m ≤ n. Then by Corollary 4.18, X ⊆ G (R) which is a
contradiction. Hence, Ω−m X *X for 1≤m≤ n. As for (iii), since R is Gorenstein, ΩiTrM ∈ G (R) for
all M ∈mod(R) and i≥ d. Therefore, by Proposition 2.6 and part (i), Ω−iM ∼= TrΩiTrM ∈ G (R)⊆X .
Part (iv) follows from Corollary 4.16 and part (iii). �

The following corollary of Theorem 4.10 should be compared with Corollary 4.6.

Corollary 4.20. Let R be a Golod local ring of positive dimension and let X be a non-trivial resolv-
ing subcategory of mod(R) of finite radius. Then X is closed under cosyzygies if and only if R is a
hypersurface.

Proof. Let X be closed under cosyzygies. As X is non-trivial, by Theorem 4.10 and [7, Theorem 4.4],
add(R)( X ⊆ G (R). It follows from [4, Example 3.5] that R is hypersurface.

Now assume that R is a hypersurface. As radiusR(X )< ∞, by [7, Theorem I], X ⊆ G (R). Hence, by
[8, Theorem 6.1], Ω−1M ∼= Ω2Ω−1M ∼= ΩM for all M ∈X . Thus, X is closed under cosyzygies. �

The following is an immediate consequence of Corollary 4.18 and [7, Proposition 1.7].

Corollary 4.21. Let R be a local ring and let X be a resolving subcategory of mod(R). The following
are equivalent:

(i) Ω−n X ⊆X ⊆Ωn X for some n, 1≤ n≤ depthR+1.
(ii) X is a thick subcategory of G (R).
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