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ABSTRACT. This paper is concerned with the problem of the determination of
unknown scalars involved in the algorithm of computing the generalized Green
functions of reductive groups G over a finite field. In the previous paper, we have
treated the case where G = SL,. In this paper, we determine the scalars in the
case where G is a classical group Sps, or SOy for arbitrary characteristic.

0. INTRODUCTION

This paper is a sequel to [S2]. Our aim is to remove an ambiguity from the algo-
rithm of computing generalized Green functions of reductive groups due to Lusztig.
Let G be a connected reductive group defined over a finite field Fy, with Frobenius
map F. Let p be the characteristic of F,. In [S2], we have treated the case where
G = SL,,. In this paper we consider the case where G = Sp,,, or SOy for arbitrary
p. The case where G = Spin, will be treated in a separate paper.

In [S1] it was shown, in the case of Sps, or SOy with p # 2, that there exists
a representative in C¥ for each unipotent class C, called a distinguished element
there (in this paper we call it a split element) which behaves well with respect to
the computation of Green functions. Our result in this paper shows that the split
elements behave well for any type of generalized Green functions. We also show, in
the case where p = 2, that such a good representative (called a split element) exists
for G = Sps, or SOy,. This was not known even for the case of Green functions.

The main ingredient for the proof is a variant of the restriction theorem ([L1]) for
the generalized Springer correspondence. The restriction theorem is a powerful tool
for determining the generalized Springer correspondence, and it was used in [LS],
[Sp2] very effectively. We extend this theorem so that it involves the information
on the Frobenius action. In [S2], we have investigated the Frobenius action on the
cohomology group H®*"(P,,£). But this requires a precise information on the
geometry of P, related to the local system &. In the case of classical groups, one

can avoid to deal with P, by considering the restriction theorem as above.
1
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1. A VARIANT OF THE RESTRICTION THEOREM

1.1. We follow the notation in Section 1 in [S2]. In particular, G is a connected
reductive group over a finite field F,, with Frobenius map F'. Let k be an algebraic
closure of F; and p the characteristic of k. Let P = LUp be a parabolic subgroup of
G, with a Levi subgroup L, and let £ be a cuspidal local system on a unipotent class
C'in L. As in (1.2.2) in [S2], one can define a perverse sheaf K on G associated to
the triple (L,C,&). Then K is a semisimple perverse sheaf with End K ~ Q;[W),
where W = Ng(L)/L is a Coxeter group. Thus K is decomposed as

(1.1.1) K=& Ve Kg,
Eewn
where Kp is a simple perverse sheaf on G such that Vg = Hom(Kpg, K) is an

irreducible YW-module corresponding to £ € W”. Put d = dim Z?, where 7y, is the
center of L. Let Gy, be the unipotent variety of G, and N¢ the set of all the pairs
(C",&"), where C" is a unipotent class in G and £’ is a G-equivariant simple local
system on C’. Then it is known that K[—d]|q,,; is a semisimple perverse sheaf on
Guni, and it is decomposed as

(1.1.2) Kl-dlc..~ P Viee @ICT,E)[dimC,
(C',EeNg

where V(¢ ¢y is the multiplicity space for the simple perverse sheaf IC(U,, EN[dim ']

on Gy (cf. [S2, (1.2.4)]). Thus Kg|g,.. coincides with some IC(C', £’) up to shift,
and V(¢ gy coincides with V. It turns out that all the irreducible W-modules are
realized as V(¢ oy for some pair (C’, £’). Thus we have an injective map W — Ng
by E = Vicren — (€', '), whose image we denote by Ng(C,E). Let Mg be the
set of triples (L, C, &) up to G-conjugacy, where L is a Levi subgroup of a parabolic
subgroup of GG and £ is a cuspidal local system on a unipotent class C' of L. The
above injective maps form a bijection

(1.1.3) IT NVe)/p)®—Ne

(L’C7g)€MG

which is the so-called generalized Springer correspondence ([L1, 6.5]).

1.2. Let @ D P be a parabolic subgroup of GG with the Levi subgroup M such
that M O L. Then W, = Ny(L)/L is in a natural way a subgroup of WW. Replacing
G by M, we have a subset Ny (C, &) of Ny For each (C",E") € Ng(C,E) (resp.
(C1, &) € Ny(C,E)), we denote by E (resp. FEjp) the corresponding irreducible
representation of W (resp. Wy) under (1.1.3).

Let mg : @ — M be the natural projection. Assume that (Cy,&;) € Ny (C,¢€),
and that (C",&’) € Ng. We denote by fe, o : C1Ug N C" — C the restriction
of Tg. Then F = R*1.¢'(fo, )€ is a semisimple M-equivariant local system
on Cy, where d¢, o = (dimC” — dim C)/2. We define an integer mg, & to be the
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multiplicity of & in F. Lusztig proved the following restriction theorem on the
generalized Springer correspondence.

Theorem 1.3 (Lusztig [L1, Theorem 8.3]). Under the above setting, (C',E') €
Na(C,E) if and only if meg, & # 0. Moreover in that case we have

me, g = (Res E, E1>W17

where (, )y, 18 the inner product of two representations of Wi (regarded as charac-
ters), and Res E is the restriction of E on Wj.

1.4. Let u € C'" and v € C, and consider the component group Ag(u) and
Ap(v). The set of G-equivariant simple local systems on C” is in 1:1 correspondence
with the set Ag(u)” of irreducible characters of Ag(u), and a similar fact holds also
for M. As described in [LS], the integer mg, ¢ can be interpreted in terms of the
representations of Ag(u) and Ay (v), which we explain below. Let F, be the stalk
of F at v € ;. Then we have

(1.4.1) F, ~ HO (€' nolg, £).

Let 7 : C' = Z%(u)\G — C’, Z%u)g — g 'ug be the finite covering of C' with
group Ag(u). Let X = (C" NwolUg) x¢r C' be the fibre product of C’ NwvUg with C’
over ', and let 7 : X — C" NvUg be the base change of 7. Then we have

HO (0" N o, 7, Qu) ~ HE' O (X, Q),

and Ag(u) acts naturally on the right hand side. Now 7,Q; can be decomposed as
Q= , Vo ® E,, where p runs over all the irreducible characters of Ag(u). Here
&, is the G-equivariant simple local system on C” corresponding to p and V), is the
corresponding irreducible representation of Ag(u). It follows that

HCQdeC’(C/ m ?_]UQ7 gp) ~ (HCQdeC’ (X7 Ql) ® Vp*>AG(u),

where p* is the dual representation of p. On the other hand, the semisimple local
system F can be written as F = ) o1 MpEpy, Where £ is the irreducible local
system on C corresponding to p; € Ap(v)" and m,, is the multiplicity of £,, in F.
By taking the stalk at v, we have F, = > my, (€, ), Here (,,), is an irreducible
Ap(v)-module corresponding to p;. Note that if & = &£, and & = &,,, we have
me, & = m,, . Now Z(v) acts on C'Nwvlg by conjugation, and it induces an action

of Ap(v) on Hfdcl’cl(C’ NolUg, E"). We have
2o oy
mgl’g/ —<Hc (C ﬂ UUQ7EP>7p1>AM(”U)
2de o ~ "
_ <Hc C1,C (X, Ql) ® V*p*)AG( )7p1>AM(U)7

where (, ),, ) denotes the inner product of characters of A (v).
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2d ’ =
By Proposition 1.2 in [L1], it is known that dim X < d¢, ¢r. Thus H. (X, Q)
has a basis corresponding to the set of irreducible components of X of dimension
2d ’ = . . . .
de,.cr, and the action of Ag(u) on H, ““ (X, Q) coincides with the permutation

action of Ag(u) on those irreducible components of X. Since C' = Z%(u)\G, we
have

X ={(y, Z%(u)g) € (C"NvlUg) x C' | y = g 'ug}
={Z%(u)g | g 'ug € vUy}
= Zg(w)\{g € G | g™'ug € vUq}.

Put V,, = {g € G | gtug € vUg}. Then Zg(u) x Zy(v) acts on Yy, by (z,2) :
g 292" for z € Zg(u), 2 € Zy(v), and the projection Y, , — X = Z2(u)\Yy.
gives a bijection between the set of irreducible components of X and Y, ,, which is
compatible with the action of Ag(u) and Ay/(v). Note that

dimY,,, = dim X + dim Z2(v)
= dcl’c/ + dim Zg(U)

Let X, be the set of irreducible components of Y, , of dimension d¢, ¢ +dim Z2(u).
It follows from the above discussion, we have

Corollary 1.5 (Lusztig-Spaltenstein [LS, 0.4, (4)]). Let €y, be the permutation
representation of Ag(u) x Ap(v) on X, ,. Then we have

(Res E, E1>W1 = Mg, & = (Eup: P ® pDAG(u)XAM(v) :

1.6. We want to consider a variant of Corollary 1.5 which involves the Frobenius
action. Assume that P is F-stable, and that the triple (L,C, &) € Mg is F-stable.
We choose uy € CF and fix an isomorphism ¢q : F*€ ~ € so that the induced iso-
morphism &,, — &,, is of finite order. ¢, induces an isomorphism ¢ : F*K ~ K. For
each pair (C', &) € NE, we choose u € C'". We fix an isomorphism g : F*E’ ~E&
as follows; F' acts naturally on Ag(u), and we consider the semidirect product
Ag(u) =(1)x Ag(u), where 7 is the restriction of F' on Ag(u). Since (C', &) is F-
stable, p is F-stable. We choose an extension p of p to Ag(u) and fix an isomorphism
g so that the induced isomorphism &, — &£/ corresponds to the action of 7 on p.
Now 1) induces an isomorphism v : F*IC(C', &)[dim '] ~ IC(C, £')[dim C"].
The isomorphism ¢ also induces an isomorphism F*K[—d||q,., ~ K[—d]|q,,;, which
we also denote by ¢. Then under the decomposition of (1.1.2), ¢ induces an iso-
morphism

Viereny @ F*IC(C, €)[dim €] ~ Vigren @ IC(C, £')[dim C']
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for each pair (C",€’) € N&, and one can define a linear isomorphism o ey on
Vicr,ery such that this isomorphism can be written as o(cr gy ® g, Now F acts
naturally on W = Ng(L)/L, and o(cr ¢y becomes WW-semilinear, namely we have a
relation o gnw = F(w)o(crery on Vier ey for each w € W. Replacing G by M, we
can define a Wj-semilinear map o(c, ¢,) on V(¢ ¢, for each pair (C1, &) € Nf;. The
irreducible W-module V(¢ ¢y can be written as a VV;-module

(1.6.1) Vicren = Z Mg, ® By,

Erewy

where Mp, is the multiplicity space of the irreducible Wi-module E; and is realized
as Mg, = Homyy, (E4, Vicrgny). Suppose that £y =~ V(g ¢y under the generalized
Springer correspondence for M. If E; is F-stable, (C1,&,) € N, and we have
an isomorphism o, g) on E;. One can define a map og, ¢ : Mg, — Mg, by
froeeyofo U(_Cll,sl)' The linear map o(cr ¢y stabilizes the subspace Mg, ® E)
and we have

(1.6.2) o en|Mp 0B = 088 @ 0y &)-

On the other hand, since F(C') = C',F(Cy) = (4, the map fo, ¢ is F-
equivariant. Hence g : F*E&' ~ &’ induces an isomorphism ¢, o @ F*F ~ F,
and so a linear isomorphism F, — F, which we denote by the same symbol ¥¢, .
Now the local system F on C corresponds to a representation V' of Ay (v). V can
be decomposed as

V = Z ]\4-p1 ® p17
p1EAN (V)N

where M, = Homa,, @) (p1,V) is the multiplicity space of the irreducible represen-
tation p;. F acts on Ap(v), and as in the case of G we consider the semidirect

product Aps(v) =(7)x Ap(v), where 7 is the restriction of F' on Ay (v). For each
(C1, &) € Nij, we fix an isomorphism g, : F*& ~ & as in G by using an extension
p1 of p1 to Ay (v). Now ¢, ¢ stabilizes the subspace M, ® p; for an F-stable
p1 € Ay(v)”, and as in (1.6.2) one can define a linear map 1, , on M, such that

(163) wCLC/‘Mﬂ@Pl = wﬂhﬁ ® w‘gl'

The following result gives an F-twisted version of the restriction theorem. The
proof is done by chasing the argument in [L1].

Proposition 1.7. Under the notation as above, we have

Tr (061,€/a MEI) = q_dcl’C/—Hﬁm o Tr (wm,m Mpl)'

1.8. Let Y, , be asin 1.4. Assume that () is F-stable. Since u,v are F-stable,
Y, ., is F-stable, and so F' acts as a permutation on X, ,. On the other hand, F'

acts naturally on A(u,v) = Ag(u) x Apyr(v), and we denote by Z(m v) the semidirect



6 SHOJI

product group (1) X A(u,v). Then the permutation representation ¢,,, is extended to
a representation of A(u,v), which we denote by €,,. Now 9¢ and )¢, determines an

extension of p® pj to g(u, v), which we denote by m By chasing the argument
in 1.4, we see that

—_—

Tr (wﬂhm Mpl) = <gu,va p& pT)A(uﬂ))T’

where in general

Vi Vadaguyr = (AL 0)[ 7 Z Tr (ar, Vi) Tr ((a7) ™", V)

a€A(u,v)

for representations Vi, V5 of le(u, v). Hence combined with Proposition 1.7, we have
a variant of Corollary 1.5 involving the Frobenius action.

Corollary 1.9. Let the notations be as above. Then we have

—_——

Tr (0g, 61 Mp,) = g tercrtdimta (Eupws P ® pT)A(uﬂ))T :

1.10. We shall connect the above results to the discussion on generalized Green
functions in [S2, Section 1]. Take j = (C',&") € N& and let ¢y = e : F*E ~ &
be defined in 1.6. vy determines the G¥-invariant function on on the set G¥ . as

in [S2, 1.3]. On the other hand, let YW = W x(c) be the semidirect product, where
¢ is a Coxeter group automorphsim on W induced from the action of F. In the
decomposition in (1.1.1), one can define an isomorphism g : F*Kg ~ Kg so that
the induced map o : Vg — Vg makes the irreducible W-module Vg the preferred

extension to W (cf. [L2, IV, (17.2)]). Put

ap = —dim Z9 — dim ¢,

r=dimG — dim L + dim (C x Z9).

The we have
ap+r = (dimG — dim C") — (dim L — dim C).

We have H%(Kg)|cr = £ and we define 1 : F*E' ~ &' so that ¢(®+7)/%y) coincides
with the map defined by ¢g : F*H*(Kg) ~ Kg. The function Y; is defined as the
characteristic function of & through 1, extended by 0 to the function on GE; (see
[S2, 1.3 ]). Since &’ is a simple local system, there exists v € Q such that ¢ = vy,
and so Y, = VYJ-O. Our main objective is the determination of this scalar 7. Note
that the determination of v is equivalent to the determination of the map o ¢).
In this paper, we determine « by investigating the map o(c ¢y. The following fact
is easily verified.

Lemma 1.11. Suppose that q_(“o”)/?a(cl,gg makes the YW-module V(¢ g1y the pre-
ferred extension to W. Then we have v = 1.
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2. UNIPOTENT CLASSES OF CLASSICAL GROUPS

2.1. Let G be a connected classical group defined over F,. We consider the
following type of groups G.

(I) G = Span, p# 2,
(H) G = SOmy1, P#2,
(III) G = SO3,, p#2.
(IV) G = Span, p=2,
(V) G=80%, p=2.

These groups are realized as a group of transformations preserving the various
forms. Let V be a vector space over k with dimV = N. Assume that p # 2.
Then Spy (resp. Oy) is the subgroup of GL(V) leaving f invariant, where f is an
alternating form (resp. a symmetric bilinear form ) on V and N = 2n in the case of
Sp. SOy is the connected component of Oy, and SOZ, corresponds to two F ,-forms
of f, one is split, the other is non-split.

Assume that p = 2. Then Sp, is the subgroup of GL(V') with N = 2n leaving an
alternating form (= a symmetric bilinear form) f invariant. The quadratic form @ on
V is defined by the property that the map VxV — k, (z,y) — Q(z+y)—Q(x)—Q(y)
gives rise to a non-singular bilinear form, which we may take the alternating form f.
Let Os, be the subgroup of GL(V') leaving @) invariant. Then we have Og, C Spa,,
and let SOy, be the connected component of O,,. It is known by [D] that there
exists two F-forms of ) as follows. We regard () as the quadratic form on V = Fg”.
Then there exists a basis of V such that, for x = (z1,...,22,) € Vi with respect to
this basis, Q(z) can be expressed as

(2.1.1) Q(x) = 1Tpi1 + -+ + TpTon,

(2.1.2) Q(x) = 11Tpy1 + -+ Tp1Top1 + ozxi + TpXoy + ozx%n,

where o € F, is an element such that aX? + X + « is an irreducible polynomial
in F,[X]. We denote by O5, (resp. Os,) the group Oy, associated to the form in
(2.1.1) (resp. (2.1.2)), and let SO3, be the connected component of O,

2.2. We shall describe the unipotent classes in G. As is well-known, in the case
where p # 2, the unipotent classes of G are described by unipotent classes in GL(V)
which are parametrized by partitions of N through Jordan normal form. Let C be
the unipotent class in GL(V) corresponding to a partition A of N. We write A as
A=A <A <o < A) with D7 N = Nor A= (19,2%,...), where r = [(\) is
called the length of A\. Assume that G = Sp,,. Then C) = 5,\ N G is non-empty if
and only if ¢; is even for odd 7, and in that case C) is a single conjugacy class in G.
While for G = O N, Cy\ = C’A NG is non-empty if and only if ¢; is even for even 4, and
in that case C) form a single class in G. Now C, is already contained in G = SOy,
and so gives a unipotent class in GG in almost all cases. The exceptions are the cases
where A satisfies the condition ; ¢; = 0 if ¢ is even, and ¢; is even for all odd . In
that case, C) is divided into two classes C4 and CY in G.
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2.3. In the case where p = 2, the parametrization of unipotent classes is more
complicated. We shall describe it following Spaltenstein [Spl, 2.6]. First assume
that G = Spo, with p = 2, and let f be the associated alternating form. Then
the unipotent classes in G are parametrized by a pair (A, e), where \ is a partition
of 2n such that ¢; is even for odd 4, and ¢ is an assignment ¢ : i — ¢; € {0,1}
for even i such that ¢; # 0. Here ¢; = 1 if ¢; is odd, and ¢; = 0 or 1 if ¢; is
even. The correspondence with unipotent classes are given as follows. Let u be
a unipotent element in G. Then as an element in GL(V), u is parametrized by a
partition A of 2n, which satisfies a similar condition as in the case of p # 2. Now
take even i such that ¢; is even non-zero. We define a function h; on Ker(u —1)* by
hi(z) = f((u—1)"'2,x). Then we put

0 if h; =0,
(2.3.1) g = B
1 otherwise.

The pair (A, €) is the one corresponding to the unipotent class in G containing u. We
denote by C . the unipotent class in G corresponding to (A, e). For a convenience
sake, we extend ¢ to the function on N by € : i — &;, where ¢; = w for ¢ not appeared
above (w is a symbol not contained in {0,1}).

Next assume that G = SOy, with p = 2. We have G = Os, C Spa,. Let C)
be the unipotent class in Sps, corresponding to (A,e). Then Cy. = Cy. NG is

a unipotent class in G. Thus unipotent classes in G are 1:1 correspondence with
unipotent classes in Spy,. Now C). is contained in G if and only if I(\) is even.
Assume that I(\) is even. Then C, . forms a single unipotent class in G except for
the case where ¢; = 0 for all odd ¢, and €; = 0 for all even i such that ¢; # 0 (here ¢;
is even for even 4). In the latter case, C) . splits into two classes C} _ and Cf_ in G.

2.4. Let G be asin 2.1. For a convenience sake, we introduce a function € on N
also in the case of p # 2. Assume that p # 2. In the case of G = Sps,, we put ¢; = 1
if 7 is even and ¢; # 0, and put €; = w otherwise. In the case of Oy, we put ¢; = 1
if 7 is odd and ¢; # 0, and put €; = w otherwise. Under this convention, we denote
the class Cy in Spy, or SOy by C) .. For u € G, let Ag(u) be the component group

of Zg(u) as before. In the case of G = On, we also consider Az(u) = Z@(u)/Z%(u)

for u € G. Following [Sp1, 2.9], we shall describe the structure of Ag(u) and Az (u).

Assume that G = Spy, with p # 2. Take u € C) .. We consider the generator
a; corresponding to each A;. Then Ag(u) is an abelian group generated by a; such
that (\;) = 1 under the condition that a? = 1 and that a; = a; if \; = A;.

Next assume that G = Oy with p # 2. Take u € Cy.. Then Ag(u) is an abelian
group generated by a;, exactly by the same condition as the case of Sps,. Now
Ac(u) is the subgroup of Az(u) of index 2 generated by a;a; for each i # j.

Next assume that G = Spo,, with p = 2. Take u € C) .. Again we consider the
generators a; corresponding to ;. Then Ag(u) is an abelian group generated by a;
such that £();) # 0 under the condition that a? = 1 and that a; = a; if \; = ), or
if \; =X;+1orif \; is even and \; = \; + 2.
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Finally assume that G = Og, with p = 2, and G = SOy,. Take u € C).. Then
Ag(u) is an abelian group generated by a;, exactly by the same condition as the
case of Spa, with p = 2. Ag(u) is the subgroup of Ax(u) of index 2 generated by
a;a; for ¢ # j.

2.5. In what follows, we shall construct a normal form of unipotent elements
in GF. As a preliminary for this, we consider the case where G = SO, with
p = 2. So assume given a vector space V' over F, of dimension N = 2n with a basis
e1,...,en, endowed with an alternating form f. We define an element v € GL(V)
by (v—1)e; = e;_; (with a convention ey = 0), and assume that v leaves f invariant.
We consider the following condition on f.

(251) f(ela eN) = 17
(2.5.2) flesey) =0 fori=n+1,...,N,
(2.5.3) fleiex) + fleiz1,ex) + fleieppr) =0 for 0 <i bk < N —1.

Note that (2.5.3) is equivalent to the condition that v leaves f invariant. Also note
that the conditions (2.5.1) ~ (2.5.3) determines the alternating form f invariant by
v uniquely. In fact, it follows from (2.5.2) and (2.5.3) that

(2.5.4) flei,e;) =0 forn+4+1<ij<N.

Also it follows from (2.5.1) and (2.5.3), we have

0 ifit+j<N,
(25.5) Jeies) {1 ifitj=N4+1.

Hence it is enough to show that f(e;,e;) is determined for 1 <i <nand n+1 <
j < N. By (2.5.5) we have f(ey,ent1) =1. Since f(en+1,€;) =0 for j > n+1, we
have f(en,e;) = 1for j > n+1Dby (2.5.3). Then f(e;, e;) = f(ei,ej-1)+ f(€ir1,€j-1)
is determined for 1 < i < n by induction on j (n+1 < j < N).

We consider a quadratic form @ such that Q(z +vy) — Q(z) — Q(y) = f(z,y),
which is left invariant by v. We have the following lemma.

Lemma 2.6. Let the notations be as above. Assume that Q(ey) = 0. Then Q is
determined uniquely, which is non-degenerate of split type.

Proof. Since @ is invariant by v, it is known by [Spl, 6.10] that Q(e;) = f(ei, €it1)
fori =1,...,N — 1. Hence @ is determined uniquely by f and by the condition
Q(en) = 0. It is easy to see that this @ actually gives rise to a quadratic form

invariant by v. In order to show that () is non-degenerate of split type, it is enough
to see that there exists a basis e, ..., e}y of V satisfying the property

(2.6.1) Qe)
f(eh )

0 fori=1,...,N,
{1 ifi4j=N+1,
0

otherwise.
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We show (2.6.1). We consider the square matrix A = (f(e;, en—j+1))1<i,j<n Of degree
n. By (2.5.5) A is a lower unitriangular matrix. For k = 0,1,..., we denote by Ay
the principal minor matrix of A of degree 2F. We have Ay = (1). We show that

(2.6.2) The matrix Ay, has the following property; for k such that 2¥+1 < n, we have

A, 0
Ak—i—l = <A: Ak) .

If 28 < n < 281 Ais of the form

A, 0
a= (3 a)

where A} is the minor matrix of Ay of type (n — 2% 2%) consisting of the first
(n — 2%)-rows and all the columns, and A is the principal minor matrix of A, of
degree n — 2*.

In fact, assume that 2¥*! < n. By induction we may assume that (2.6.2) holds
for k — 1. Put A = (a;;) with a;; = f(e;,en—;j+1). Then by (2.5.3), we have

(2.6.3) Qjj = Qi1 + Q151

By induction, we see that the last row of Ay is of the form (1,...,1). Hence (2.6.3)
implies that the (2¥ + 1)-th row of A, is of the form (1,0,...,0,1,0,...,0) (1
appears in the first and the (2% 4 1)-th coordinates), which coincides with the first
row of the matrix (A, Ag). Since the (2 + 2)-th row of Ay, is determined by
(2% + 1)-th row by (2.6.3), and so on, we see that the minor matrix of Ay of type
(2%, 28+1) | consisting of the last 2*-rows and all the columns, coincides with (Ay, A).
(Note that since the last column of Ay is of the form *(0,...,0,1), the interaction
between two Ag does not occur in this computation). Thus (2.6.2) holds for the case
where 251 < n. The case where 2¥ < n < 2¥+1 is dealt similarly.

For j such that 2! < j < 2% we define a marked matrix AY) as follows. In
1
11
the (4, j)-entry corresponds to the (1, 1)-entry (resp. (2,2)-entry) of A; if j is odd

the matrix A,, the (j,7) entry is contained in a minor matrix A; = , where

(resp. even). We define a marked matrix AY) by replacing the minor matrix A4, in

A, by AS, where
.« (1°0 . (10
Ai = (1' 1’) or Ay = (1 1’)

according as (7, j) corresponds to (1,1) or (2,2) in A;. In each of the matrices the

marks e are attached to some entries in A,. For example, for 2 < j < 22, Aéj T
given as

100 0 100 0
110 0 110 0
10 1° 0 ot 101 0
11 1° 1° 111 1°
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according to the case where j = 3 or j = 4. For k > a, we define A,(g ) inductively as

in (2.6.2) by replacing Ay, by A,(j ), starting from AY). Then we define the matrix A

for 28 < n < 281 by replacing AL, A by (AYY | (AD)" which is defined similarly.
By a direct observation, we have

(2.6.4) The matrix AY) has the following properties.

(i) In each row, the number of marked 1 is even except the j-th row, where the
number is 1.

(ii) In each column containing the marked 1’s, the entries except the marked 1
are all zero.

We now define, for j = 1,...,n, the vector €}y_;,, by
! —
EN—j+1 = EN—k+1,
k

where the sum is taken over 1 < k < n such that k-th column in AY) contains a
marked 1. It follows from (2.6.4) that we have

1 ifi =7,
0 otherwise

(2.6.5) fleienjn) = {

for 1 <i,5 <n.
We now consider the values of ). Since @) satisfies the relation Q(e;) = f(e;, €i41),
it follows, by (2.5.4) and (2.5.5) together with our assumption that Q(ey) = 0, that

(2.6.6) Qler) = {O A

1 if 7 =n.

Note that we have e/, = e,41 by the previous computation. Put e}, = e, + e, 1.
Then we have

(2.6.7) Q(e,) = Qlen) + Qlensa) + flen, €ni1) =0,
flens €ni1) = flen +ent1,en) = 1.

Now put €; = ¢; for i = 1,...,n — 1. Then by (2.5.4) and (2.5.5), together with
(2.6.5) ~ (2.6.7), we see that the basis {e], ..., ey} satisfies the relation (2.6.1). The
lemma is proved. 0

2.7. Let G be as in 2.1. We assume that G is of split type. For each F-stable
unipotent class C' in GG, we shall construct a normal form u, called a split element,
in C¥. The GF-conjugacy class of u is called the split class in C*. In the case
where p = 2, we construct u following [Spl, II, 6.19]. First consider the case where
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G = Spa, with p = 2. Take a unipotent class C . of G. For each j > 1, put

)\j if 6()\j) = 1,
(271) n; = >\j +1 if 6()\]') =g,
Aj+2 if e(A;) = 0.
We consider the vector space V; over F, of dimension n; with basis e}, .. .,eilj.

Assume that a non-degenerate alternating form ( = a symmetric bilinear form) f;
on V; is given. Let H(V;) be the subgroup of GL(V;) consisting of g € GL(Vj)
which leaves the form f; invariant. Put H = Sp,, (k). Then H(V}) is regarded as a
subgroup H¥ of H under the natural F -structure F' on H.

One can construct v; € H(V;) such that (v; —1)el = ¢/ | fori=1,...,n; (under
the convention that eg) = 0) with respect to the alternating form f; satisfying the
property as given in 2.5 (with f = f;, N = n;).

We also note that

(2.7.2) The image of v; € Zy(v;) to Ap(v;) gives a generator a; of Ay (v;), where
Ap(v;) is of order 1 or 2.

For each h = \;, we shall construct a vector space M; over F, with an alternating
form f;, and u; € H(M,) as follows.

(a) €(h) = 1. In this case, h is even and ¢, is odd or even. We put M; = V; and
u;j = v;. Thus u; € H(M;) with respect to f) = f; on M;. Since f}(e], ,e1) = 1, we
see that the function x — f?((u; — 1)" 'z, z) is non-trivial on Ker(u; — 1)".

(b) e(h) = w. In this case h is odd and ¢y, is even. Assume that \; = \;_; = h,
and let (V;, f;) and (V;_1, f;—1) be as before. Note that dimV; = dimV;_; = n; =
h+1 by (2.7.1). We define an alternating form f” on V; & V;_; by the condition that
f'lv, = fis f'lv,e, = fj—1 and that V; LV;_,. Let L be a line in V; @ V;_; generated
by €l +¢]”'. Then L is an isotropic line by (2.5.5) and we put M; = L+/L. We
have dim M; = 2h. Since v;(e]) = ¢}, v;_1(e]") = ¢]7', we see that v; + v, fixes
L, and so it induces a linear transformation on M;, which we denote by w;. The
form f” induces an alternating form f]Q. We have u; € H(M;).

By (2.5.1) and (2.5.5), L* has a basis

Jj j—1 J Jj—1 Jj o J-1 _j j—1
e, +te, ,€,_1,6h_1,---,69,65 ,€1+€5 .
HenceL' /L has a basis
57 ~i—1 Zj ~j—1 5 i1 53 _ -1
6n+€n ,€n_1,€n_1,...,62,62 ’61_61 )

where &/,&/ " denote the image of ¢/, ¢~ on (V; ® V;_1)/L.

(¢) e(h) =0. In this case, h is even and ¢, is even. Assume that \; = \;_, and

consider the vector spaces V; and V;_; as before. By (2.7.1), we have n; = dim V; =
dim V;_; = h + 2. We consider the alternating form f’ on V; @& V;_; as before. Let
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N be the subspace of V; @ V,_; spanned by el +el " and e} +¢}'. Then N is
an isotropic subspace of V; @ V;_; of dimension 2, and we put M; = N+/N. We
have dim M; = 2h. The alternating form f’ induces an alternating form f]o on Mj.
Now v; +v;_; stabilized N, and so induces a linear transformation on M; which we
denote by u;. We see that u; € H(M;).

By (2.5.1) and (2.5.5), N* has a basis

j i—1 j J—1 _j J—1 J i1
e, t+e, €, 1T€,_1,6,_2,Cp_o,.-.,61,€1 .
Hence N+/N has a basis
_j _ji—1 —j _j—1 _j ~j—1 =i -1 55 _ 5i—1 55 _ -1
€n+€n 7€n—1+€n—17€n—276n—27"'7637€ € =6 6 =61,

where &, &' denotes the image of ¢/ on (V; @ V;_;)/N. The action of u; on

this basis is easily described, and by using the formulas in 2.5, one can check that
f((uj — 1) 'x, x) = 0 for all # € Ker(u; — 1)". For example,

FE et eg+e) =2/, ) =0,

and the other cases are dealt similarly.

We now define a vector space V as V = @j M; so that dimV = 2n, and let
f =@, f] be the alternating form obtained from fJ. Put @ = [[,u; € H(V). Tt
follows from the previous construction, we have

(2.7.3) H(V) can be identified with G¥, and under this isomorphism, the element
u € G corresponding to @ gives an element in C’fj .- We call u a split element in

F
C)\7g

The structure of the group Ag(u) is also described as follows (cf. [Spl, I, 6.19])
Take A; such that e()\;) # 0. We denote by a; an automorphism of ., Vi defined
by v+ v;(v) for v € V}, and v — v for v € Vj, such that k # j. Then a; induces an
automorphism on V' commuting with @, which we denote also by a;. It is checked
that a; € H(V), and so this gives an element of Zg(u). The image of a; on Ag(u)
coincides with the generator a; stated in 1.4. In particular, we see that F' acts

trivially on Ag(u). This implies, since Ag(u) is abelian, that
(2.7.4) For any u' € CY_, F acts trivially on Ag(u’).

2.8. Next we consider the case where G = SO,,, with p = 2. Take a unipotent
class Cy . of G, and let n; be as in (2.7.1). We consider the vector space V; over F,
with basis e}, ..., e{” and a unipotent element v; € GL(V;) as in 2.7. By Lemma
2.6, one can construct a split quadratic form (); on V; which is invariant by v;. Let
H(V;) be the subgroup of GL(V;) consisting of g which leaves (), invariant. Let
{[ = O@(k‘) Since @); is of split type, H(V;) can be identified with the subgroup
HF of H, where F is a split Frobenius map. Then by a similar argument as in 2.7,
we obtain u; € H(M;) for each case (a), (b) or (c), where H(M;) is the group of
invariants with respect to the induced quadratic from Q?. Note that the explicit
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computation in the proof of Lemma 2.6 shows that Q‘; is of split type. Asin 2.7, we
define a vector space V = @D, M; and Q = @, QY, and put @ = []; u; € H(V). We
have

(2.8.1) Let G = OF,. Then H(V) can be identified with G¥ with split Frobenius
map F', and under this isomorphism, the element v € GF corresponding to u gives
an element in éf .. In the ordinary case u € C’f\i .- In the exceptional case we have
u € (Cy.)" and o(u) € (C},)", where o is the graph automorphism on SOa,. We

call u and o(u) the split elements in CY .

2.9. Next we consider the case where G = Sp,,, or SOy with p # 2. We assume
that F'is a split Frobenius map. Let g be the Lie algebra of GG. Since the unipotent
classes in G are in bijection with the nilpotent orbits in g with F,-structure, we
consider the normal form of nilpotent orbits instead of unipotent classes. Let O, .
be the nilpotent orbit in g corresponding to the unipotent class C . in G. For each
Aj, we construct a vector space M; over F, and a nilpotent transformation X, on
M; as follows.

(a) e(Aj) = 1. We consider a vector space M; of dimension h = \; with basis
ef,...,e;. We define a non-degenerate alternating form (resp. a symmetric bilinear
form) f; on M; in the case where G = Spa, (resp. SOn) by

(2.9.1) filel i el) = (=1)%" fori=1,...,h,
where
Tl —1)/24+5 if G = SOy.

We put the value of f; zero for any other pair of the basis. We define a nilpotent
transformation X; on M; by X;(e]) = e!_, (under the convention that ey = 0).
Then X; € h(M;), where h(M;) is the subalgebra of gl(M;) consisting of X such
that f;(Xz,y) + fj(x,Xy) =0 for z,y € M;.

(b) e(\;) = w. In this case ¢, is even for A; = h. We assume that \; = \;_;. We

. . . . . i I | i1
consider a vector space M; of dimension 2h = 2)\; with basise], ..., e}, el ..., e

We define an alternating form (resp. a symmetric bilinear form) f; on M; in the
case where G = Sps, (resp. G = SOy) by

(2.9.2) fj(efl_iﬂ, eg_l) = 6fj(eg_1, efl_iﬂ) = (-1t fori=1,...,h,

where ¢ = —1 (resp. ¢ = 1) if G = Spa, (resp. G = SOx). We put the values of f;
ZEero for' any other pair of the basis. We deﬁne' a nilpotent transformation X; on M;
by Xjel = el |, X;el " =el7] (we put € = ¢} ~" = 0 as before). Then X; € h(M).

We define a vector space V by V = @D, M; so that dim V =N, andlet f = >l
be an alternating form (resp. a symmetric bilinear form) on V' obtained from f;.
Put X = P, X; € h(V). Then it is known by [SS],
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(2.9.3) Bh(V) can be identified with g¥. Under this correspondence X gives an
element X € Of_, which we call a split element in Of_. X also determines the

GF-class in C’f{j ., which we call the split class in C’f\i .

2.10. We consider the case where G = SO, with non-split Frobenius F' (for
arbitrary p). Let Fy be the split Frobenius map. Then one can write F' = Fyo with
the graph automorphism . We may choose s € G \ G such that o = ad s, and fix
it for all. Let u € G*° be a split element in C) .. Since Az(u) # Ag(u), there exists
a € Az(u) \ Ag(u). Let @ € Zz(u) be a representative of a. Since G:G] =2,
there exists ¢ € G such that ¢ = gs. It follows that 9"u = u. Now there exists
o € G such that a™'F(a) = g, and we have ' = aua™" € Cf_. It is easy to see
that the G*¥-conjugacy class of u’ is uniquely determined by @ € Zg(u). For the
exceptional case, we have v’ € (C} )" and o(u') € (C},)". In what follows, we fix
a split element v’ € Cf\i . as follows.

(2.10.1) Let G = SO,,. Let u be the split element in C’foe or (C4 ). We choose
a = a; € Agz(u) such that €(A;) = 1 (resp. £(\;) # 0) in the case where p # 2
(resp. p = 2) and that \; is minimal under this condition. Take a representative
a; € Zz(u) as in 2.7, and define v’ € C’fje by using ;. (In the exceptional case,
define v’ € (C4 )" and o(u') € (CY.)F.) We call v’ the split element in Cf .

Under the notation above, aFy = gF acts trivially on Ag(u) by (2.7.4). It
follows that F' acts trivially on Ag(u'). Since Ag(u’) is abelian, we have

(2.10.2) The statement (2.7.4) holds also for the case where F' is of non-split type.

Remark 2.11. The definition of the split elements for Spy, or SOy (for p # 2)
in 2.9, 2.10 is essentially the same as the one used in [S1, 3.3, 3.7] (where it is
called distinguished elements). Note that in the case where ¢ = 1 (mod 4), J; can
be removed in the formula (2.9.1) by a suitable base change. Also note that the
definition of f; involves the case where €(h) = 1 and ¢, is even, which is necessary
for later discussions, though these cases are ignored in [S1].

In the case of non-split groups with p # 2, our definition of split elements is not
the same as in [S1, 3.7], where it is defined by using a = a; corresponding to A; of
maximal length instead of minimal length. This is not essential, but the definition
here is more convenient since it produces preferred extensions of YWW-modules as will
be seen in Theorem 4.3. (The elements defined in [S1, 3.7] do not necessarily produce
them).
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3. GENERALIZED SPRINGER CORRESPONDENCE

3.1. We review here the generalized Springer correspondence for classical
groups following [L1] and [LS]. In what follows, we denote by W,, the Weyl group of
type C,,, and by W, the Weyl group of type D,,. Throughout the whole cases, for a
given (L,C, &) € Mg, the cuspidal pair (C, &) is uniquely determined. So, we just
describe L which has a cuspidal pair.

(a) Let G = Spay, with p # 2. Then (L, C, &) € Mg if and only if L is of type C,,
for some m of the form m = $d(d—1) with d > 1. We have Ng(L)/L ~ W, ~ld(d-1)-
Since the set {d(d — 1) | d > 1} coincides with the set {d(d — 1) | d € Z,d : odd},
the generalized Springer correspondence (1.1.3) is given by a bijection

NGH H ld(dl

deZ
d odd

(b) Let G = SOy with p # 2. Then (L,C, &) € Mg if and only if L is of type
By, (resp. D,,) for some m such that m = £(d® — 1) (resp. m = 3d?) and that
d =N (mod 2) in the case where N is odd (resp. N is even) with m > 0. We have
Ng(L)/L ~ Wn_aqy2 it m > 1, and Ng(L)/L ~ W, (resp. W) if m = 0, namely
if L is a maximal torus 7', in the case where N is odd (resp. N is even). Thus the
generalized Springer correspondence is given by a bijection

NG — H (W(N—dQ)/2>/\ (N Odd),

d>1
d odd
NG “— Wé H( H (W(N—dQ)/2)/\) (N even).
d>0
d even

(¢) Let G = Spo, with p =2. Then (L,C,E) € Mg if and only if L is of type
C, for some m of the form m = d(d—1) with d > 1. We have Ng(L)/L ~ W, _g4-1).
Hence as in the case (a), the generalized Springer correspondence is given by

NGHH nddl

deZ
d odd

(d) Let G = SOy, with p =2. Then (L,C, &) € Mg if and only if L is of type
D,, for some m of the form m = d? with d > 0, even. We have Ng(L)/L ~ W, _z

if d > 1 and Ng(L)/L ~ W] if d = 0, namely if L is a maximal torus of G. Hence
the generalized Springer correspondence is given by

NG — W;LH( H (Wn_dz)/\>.

d>0
d even
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3.2. The generalized Springer correspondence for classical groups is described
in terms of symbols. We review the notion of symbols following [L1], [LS]. Let

r,s € Z>1, d € Z. For each integer n > 1 let )Z'f;fi be the set of all ordered pairs
(A, B) where A = {ay,...,amsa}, B={b1,...,bn} (for some m) are subsets of Z>
satisfying the following conditions.

a; —a;_1>r+s (1<z§m+d),
b1257

Zai + Zbi =n+(r+s)(m+[d/2])(m+d—[d/2]) —r(m+ [d/2]).

(In the case where r + s = 0, A or B contains elements with multiplicities. In that
case, we regard it as a sequence of integers. )
Note that if r = s =1 and d is odd the fourth condition is written as

(3.2.2) ZaH—Zbi:n+%(2m+d)(2m—i—d—l),

and if r = 2, s = 0 it is written as
1
(3.2.3) Zai—l—Zbi:n+§((2m+d—1)2—1).

Let X% be the set of equivalence classes on )?:LZ for the equivalence relation
generated by

(A,B) ~ ({0} U (A+7+s),{s}U(B+r+s)),

where A+ r + s denotes the set {a; + (r +s),...,apn+q + (r+s)} and so on for B.
We put
X = 11 Xz
d odd

An element in X7 is called an (r, s)-symbol of rank n and defect d, which we also
denote by (A, B).

We consider the special case where s = 0. In that case, (A, B) — (B, A) defines
a bijection from X 7’;:2 to X 7’;0_ ; and so induces an involution of each of the following
sets,

Xg,oeven = H X:L:(c)l’ X:,Oodd = H X:,(gl'

d even d odd

even )

Let Y, ,4q (vesp. Y
X0 ) by this involution, with the convention that the symbol invariant by the

n, even

involution, i.e., the symbol (A, A) which we call the degenerate symbol, is counted
twice. For d > 0, the image of X;:Sl n Y, 4q0rY, is denoted by Y7 ;. One can

, even

be the set obtained as the quotient of X:;Oodd (resp.

regard the element in Y, as a symbol (A, B) in Xf;”?i considered as an unordered
pair.



18 SHOJI

3.3.  The set W/ is parametrized by ordered pairs of partitions («, 3) such
that |a| + || = n. For a fixed d € Z, one can express the partitions «,  as
arap <ay << g, B0 < By < -0 < [, for a suitable m, by allowing 0
in the entries. Then (A, B) € ngl for A={ay,...,amat, B=A{01,...,0m}, and
this induces a well-defined bijection between W' and X 0’0 The same map induces
a bijection between W and Y;), if d > 1. On the other hand, the set (W))"
parametrized by unordered pairs of partitions («, 3) such that |a| + 8| =n, under
the convention that (a, a) is counted twice. Thus in a similar way as above, we have
a natural bijection between (W;)" and Y, .

For a given 7, s, d, we define a symbol A);° = (A, B) as follows.

A={0,(r+s),....,(d=1(r+s)}, B=10 if d > 0,
A=0, B={s,s+(r+s),....,s+(=d—=1)(r+s)} if d <0,
A=0, B=10 if d=0.

It is easy to see that A;* € X,*, with ng = (r + s)[d/2](d — [d/2]) — s[d/2], and
that the set X, consists of a unique element A;°. In the case where s = 0, let Aj,

be the image of A;° under the map X;’OO 4 — Y 4 For each d € Z, one can define a
map

(3.3.1) Xl oa— Xrs A A+ A

n—ng,d

which gives a bijection X° ~ ~ X7 (Note, in general, that the sum of two

symbols A, A" with the same defect is defined by choosing representatives A =
(A,B), A" = (A", B') such that |A| + |B| = |A| + |B’|, namely of the same shape,
and then by adding entry-wise.) Similarly for each d > 0, one can define a bijection
(3.3.2) YY) a—= Y A A+ A

Combining (3.3.1) with the bijection W, =~ ngno’d above, we have a bijection
(3.3.3) Wi, — X5

n—ng

Similarly, combining (3.3.2) with the bijections W, ~~ Y;? . for d > 0 and

(W) _po)t = Y2 o, we have bijections
(3.3.4) WA =Y, (d>0),
Whono)" = Yoa (d=0).

3.4. A symbol (A, B) € X7 is said to be distinguished if d = 0 or 1, and

a1 <bp <ay <by <o <apy < by (d=0),
algblganSbQS Samgbmga’m—l—l (d 1)
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A symbol (A, B) € Y], for d > 0 is said to be distinguished if it is an image of a
distinguished symbol in X 7’;2

Assume that r > 1. The two symbols (A, B), (A, B") € X]* are said to be
similar if AUB = A/ UB’, ANB = A’'NB’, namely under some shift, AU B coincides
with A’U B’ with multiplicities. This defines an equivalence relation on the set X*,
and an equivalence class is called a similarity class in X*. A similarity class in
Y, ven OT Y, oqq is defined in a similar way. A similarity class in Y .., containing
(A, A) is called a degenerate class, which consists of two copies of (A, A). It is easy
to see that each (non-degenerate) similarity class contains a unique distinguished
symbol.

It is known by [L1], [LS] that a similarity class in X Y or Y, 4qisin

a natural way regarded as a vector space over Fy as follows. Let A = (A7, B) be a
distinguished symbol in a similarity class C in X*, V" ., or Y,/ 43. We assume
that A # B if (A,B) € Y] e, and put S = (AU B)\(AN B). Then S # 0
and it is written as S = {cy, cs,..., ¢} in an increasing order. A non-empty subset
I = {¢,cit1,...,¢;1 of Sis called an interval if ¢ji1 — ¢ < r+sfori <k < j

and it is maximal with respect to this condition. We say that ¢; is the tail of 7. An
interval is called an initial interval if ¢; < s. Hence the initial interval exists only in
the case where s > 0, and in that case, it exists uniquely after some shift. S is a
disjoint union of intervals.

Assume that C C X]*. Let I be an interval which is not initial with the tail
c. If c € A (resp. ¢ € B), then there exists a unique (A’, B’) € C such that c € B
(resp. ¢ € A) and that ANJ = A'NnJ, BNJ = B NJ for all other intervals J.
This means that (A’, B') is obtained from (A, B) by permuting the entries in the
interval /. All the symbols in C are obtained from (A, B) by permuting the entries
in certain intervals. Let Z be the set of non-initial intervals in S and P(Z) the set
of all subsets of Z. The above argument shows that C is in bijection with the set
P(Z), which has a natural structure of F5 vector space with origin A and is denoted
by V;*. In the case where C C Y, ..., or C C Y, 44 (C: non-degenerate), C is in
bijection with the quotient set of P(Z) under the relation K ~ Z\K for K € P(Z).
Hence C is identified with the Fy vector space V/’{’O /L, where L is a line generated
by Z € P(Z), which we denote by V}.

3.5.  Let G be as in 3.1. We associate the sets X1, V72 ., Y 44 for

Span, SOan, SOany1 with p # 2 and X22,Y,! ., for Spa,, SOy, with p = 2. Re-
call ng in 3.3.

(a) The case X}, We have r = s = 1, and ny =
(3.3.3) implies a bijection

d(d — 1) for odd d. Hence

1
2

1,1 A
Xn A H (Wn—%d(d—l)) :

deZ
d odd
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b) The case Y;? or Y2 ... We have r = 2,5 = 0, and ng = 2d? for even d
odd 2

n, even n,

and ng = 3(d*> — 1) for odd d. Hence (3.3.4) implies bijections

n,oddHHW d21 "

d>1
d odd
Yn2, even < (erz)/\ H( H (Wn—%dQ))/\)'
d>0
d even

(c) The case X>2. We have r = s = 2, and ng = d(d — 1) for odd d. Hence
(3.3.3) implies a bijection

2,2
XHH nddl

deZ
d odd

(d) The case Y} We have r = 4,s = 0, and nyg = d* for even d. Hence

n, even*

(3.3.4) implies a bijection

Vi en = WOMTTCTT Waea2)).

d>0
d even

3.6. Let X = Xkl?YnQ, odd?Yn2, even OT X572?Yai even according as G = Sp2na
SOs,41, SOg, with p # 2, or G = Spa,, SOs, with p = 2. In view of the bijections
in 3.5 and the discussion in 3.1, the generalized Springer correspondence can be
described by giving a bijection between Ng and X. By [L1], [LS], this bijection is
given explicitly in such a way that the set G/~ of unipotent classes in G is in
bijection with the set X/~ of similarity classes in X. In what follows, we define a
map p : Guni/~— X/~ by associating a distinguished symbol A = p(C) € X for
each unipotent class C' in G.

(a) G = Spy, with p # 2. Let C) be a unipotent class of G as in 2.2, where
A is a partition of 2n. We express A as Ay < Ay < --- < Ay, for some m, by
allowing 0 in the entries if necessary. We divide the sequence {1, Ag, ..., Ay, } into
the union of blocks as follows. If \; is even, let {\;} be a block. If \; = h is odd,
the sequence A, = {\; | \x = h} consisting of even elements, which we write as
{Aa, Aat1, -, Ap} for some b > a. Then we divide Aj into a disjoint union of two
elements blocks {Ag, Adar1} U {Aat2, Az} U+ U{ A1, o }. We define a sequence
Vi,..., Vs, as follows. Put

vi=MN/2+1 if {\;} is a block,
Vi = Vi1 = (>\2 + ].)/2 + 1 if {/\27 >\i+1} is a blOCk,

and put A = {0,v0,vy,...,v0m}, B ={v1,vs,...,v2m—1}. Then A = (A, B) gives
rise to a distinguished symbol in X! which is independent of the choice of m, and
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C — A gives the required bijection p. Actually, the map p was defined in [L1, 11.6].
Although the definition given there is not the same as ours, it is easily checked that
they coincide with each other.

(b) G = SOy with p # 2. Let C) be a unipotent class of G as in 2.2, where
A is a partition of N. We choose M such that M = N (mod 2) and express \ as
A1 < A < o0 < Ay We divide the sequence {Aq, A, ..., Ay} into the union of
blocks as follows. If \; is odd, let {\;} be a block. If \; = h is even, the sequence
Ap = { M | \x = h} consists of even elements. As in the case (a), we divide A, as
a disjoint union of two elements blocks, { Ay, Aar1} U {Aar2, Aars} U U{ A1, N}

We define a sequence vy, 1o, ..., vy as follows. Put

vi=(N—3)/2+1 if {\;} is a block,

Vi = Vi1 = ()\z — 2)/2 +1 if {/\27 )‘Z'—i-l} is a blOCk7
and put A = {v1,v3,...,Vjy1)2 } B = {ve, 4, ..., Vg ). Then A = (A, B) gives
rise to a distinguished symbol in Yn% odd OF V)2 ien according as N is odd or even,

which is independent of the choice of M. The map C) — A gives the required
bijection p. The proof follows, as in the case (a), from the discussion in [L1, 11.7].

(¢) G = Spy, with p = 2. The map p is defined in [LS, 2.1]. The following
definition is slightly modified from the original one so as to fit to the case (a). Let
Ce be a unipotent class of G as in 2.3, where A is a partition of 2n. Here A is the
same as in the case (a), and we express it as A; < -+ < Ay, for some m. We use the
convention that €(0) = 1. We divide the set {1, Ag, ..., Aoy} into a disjoint union
of blocks as follows. If ¢(\;) = 1, then {\;} is a block. If £()\;) = 0 or w for \; = h,
the sequence Ay, = {\; | Ay = h} has even cardinality, and it is divided into blocks
as in the case (a). We define a sequence vy, . .., vy, as follows.

(i) If {\;} is a block, put

(ii) If {\i, Ait1} is a block and e()\;) = w, put

v, = (>\2‘+1)/2+2i,

Vit = v+ 1
(iil) If {\;, i1} is a block and e(\;) = 0, put

Vi1 = V.

Put A ={0,v9,vy,...,v2m}, B={v1,v3,...,9m_1}. Then by [LS, 2.2], A = (A, B)
gives rise to a distinguished symbol in X2, which is independent of the choice m,

n

and C) . — A gives the required bijection

(d) G = SO, with p = 2. The map p is defined in [LS, 3.1]. Let C). be a
unipotent class in G. A is the same as in the case (c), and we define the block in the
same way as the case (c¢). However, here we use the convention that £(0) = 0. Note
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that in the sequence {1, ..., Ay, } the multiplicity of 0 is even since the number of
non-zero J\; is even (cf. 2.3). We define a sequence vy, ..., vy, as follows.
(i) If {\;} is a block, put

(ii) If {\i, Ait1} is a block and e()\;) = w, put

Vi1 = V; + 1.
(i) If {\;, \ix1} is a block and €();) = 0, put

vi= (A —4)/2+ 21,

Vit1 = V-

Put A = {v,vs,...,v0m 1}, B={vo,v4,...,0,}. Then by [LS, 3.2], A = (A, B)
gives rise to a distinguished symbol in Y which is independent of the choice of

n, even’

m, and C) . — A gives the required bijection.

3.7. We return to the setting in the beginning of 3.6, and let p : G yyi/~— X/~
be the bijection constructed in 3.6. By making use of p, we shall construct a bijection
p: Ng — X. For a unipotent class C' in G, let C be the similarity class in X
containing the distinguished symbol A = p(C). Take u € C. As discussed in 3.4, C
has a natural structure of Fao-vector space V" for X = X' or X2? with the basis
corresponding to the set of intervals. Since Ag(u) is an elementary abelian 2-group,
it has a natural structure of Fy-vector space, and so does the dual group Ag(u)”.
It was shown in [L1, 11}, [LS, 2.2] that V{® is naturally identified with Ag(u)”,
where the set of intervals is in bijection with the set of generators in Ag(u) given in
2.4; if I is an interval corresponding to the generator a; of Ag(u), we associate the
character y; of Ag(u) which takes the value —1 for a; and 1 for other generators.
Similar argument also works for the case where X = Y2 |14,V on and V! ., and
by [L1, 11], [LS, 3.2] V} is naturally identified with Ag(w)". Hence the similarity
class C can be identified with Ag(u)".

On the other hand, for a fixed C', G-equivariant simple local systems on C are
parametrized by Ag(u)”. Thus combining with the above argument, we obtain a
bijection p : Ng — X. This bijection describes combinatorially the generalized
Springer correspondence, namely,

Theorem 3.8 ([L1, 12.3,13.3], [LS, 2.4, 3.3]). Let G be as in 3.1. Then the composite
of p with the bijection in 3.5 gives the generalized Springer correspondence in 3.1.

4. MAIL RESULTS

4.1. Let G be as in 2.1 and we apply the argument in Section 1 for G. First
consider the case where GG is of split type. For each unipotent class C' in G, we
choose a split element u € C'* described in Section 2, i.e., (2.9.3) for G = Spa, or



GENERALIZED GREEN FUNCTIONS 23

SOn with p # 2, (2.7.3) for G = Spay, with p =2, (2.8.1) for G = SOy with p = 2.
For each pair (C",£") € N, we fix an isomorphism 1y = ¢g : F*E" — &' in 1.6 so
that the induced isomorphism &, — &/ is identity. (Note that F' acts trivially on
Ag(u). This is known by [SS] for the case where p # 2, and follows from (2.7.4)
for the case where p = 2.) Take (L,C,E) € ME. Then L is of the same type as G
of split type. Thus we choose the split element uy € C¥. We fix an isomorphism
o : F*€ — £ in 1.6 so that the induced isomorphism &,, — &,, is identity. Let
V(cr g1y be the irreducible WW-module and o(cr 1) be the isomorphism on Vicr g1y given
in 1.6. Since F'is of split type, F' acts trivially on W and so o(cr ¢y commutes with
the action of W. It follows that o ¢ is a scalar map.

Next consider the case where G = SO,, with F' = Fyo of non-split type. We
choose the split elements v’ € €' and up € CT as in 2.10, and fix 1y = e/, @
as above. (Again F' acts trivially on Ag(u') by (2.10.2).) Let (L,C,&) € ME. If
L # T, W is a Weyl group of type B and so F' acts trivially on WW. Hence o ¢/
is a scalar map. While if L = T, W = W) is the Weyl group of type D, and
F' acts non-trivially on W. Note that o acts on W) and the semidirect product
W), x (o) is isomorphic to W,. Assume that Vicr gy = E is F-stable. Then E can

be extended to an irreducible representation E of W, via the map o ¢). Since
o lo o(c ¢y commutes with the action of W, it acts as a scalar on . Thus in order

to describe the map o (¢ ¢y, we have only to determine this scalar together with the

representation F. N

We recall the preferred extension E of W, due to [L2, IV, 17.2]. An F-stable
irreducible representation E of W) is parametrized by an unordered pair («; ) of
partitions such that |a| + |3] = n and that « # 5. We write o : oy < -+ <
G0 < --- < B, and define a symbol Ag associated to E by an unordered pair
(A p) with \; = o +i—1, pu; = B+ 7 — 1. (This is a different type of symbols from
those appeared in Section 3.) Irreducible representations of W,, are parametrized in
a similar way, but by using an ordered pair (a; 3) and its associated symbol (A; p).
For an F-stable irreducible representation E, there exists two extensions to Wy,
which correspond to two symbols (A; i) and (u; A) for W,,. An extension E of E' is
called the preferred extension of £ if in the symbol Az, the smallest number which
does not appear in both entries appears in the second entry. For example, (n;0) is
the symbol associated to the unit representation of W/ and it is extended to the
unit representation (n;0) or the long sigh representation (0;n) of W,,. In this case,
(n;0) is the preferred extension.

We can state our main results.

Theorem 4.2. Let G = Spa,, SOn with F of split type (N is even if p=2). Then
o(cr gy 1S q\@*/2 times identity.
Theorem 4.3. Let G = SO,, with F' of non-split type.
(i) Suppose L #T. Then o(cr ey is q\F/2 times identity. B
(ii) Suppose L = T. Then ocrgr = ¢/ 20, and W/ {o)-module E coincides
with the preferred extension of E.

In view of Lemma 1.11, we have the following corollary.
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Corollary 4.4. Let G be as in 2.1. For each (C',&') € NE, choose 1y : F*E' ~ &'

by choosing a split element u € C'F. Let ~ be the constant as in 1.10. Then we have
v =1, namely we have Y; = on forj=(C"&").

4.5. We prove the theorem by making use of the restriction formula in Corol-
lary 1.9. We choose a standard parabolic subgroup ) = MUg such that the Levi
subgroup M of () is of the same type as G with semisimple rank n — 1. Take
(L,C,&) € ME and let P be the F-stable standard parabolic subgroup of G' whose
Levi subgroup is L. Then we have P C @ and L C M. Take (C’,&') € NE, and
take a split element u € C'*. Also take (C1, &) € N, and choose a split element
v € CF. Let p (resp. p1) be the irreducible representation of Ag(u) (resp. Apr(v))
corresponding to & (resp. &;). Since F' acts trivially on Ag(u) and Aps(v), the

extension p ® pi to A(u,v) in 1.8 is just the trivial extension of p @ p. Then we
have the following lemma.

Lemma 4.6. Assume that F acts trivially on W and on Wy. Let E € W" (resp.
E; € W)) be corresponding to (C',E") € Ng (resp. (C1,&1) € Nur), and assume
that Ey occurs in the restriction of E to Wi. Suppose that the theorem holds for
oren- If Xuw # 0 and F acts trivially on X, then the theorem holds for o(cs en.

Proof. We follow the notation in Section 1. Since Ej occurs in the restriction of F
to Wi, Mg, # 01in (1.6.1). Since o(cr ¢y and o(c, ¢, is a scalar map, og, ¢ is also
a non-zero scalar map by (1.6.2). Since F' acts trivially on X, ,, €,, is the trivial
extension of e,, to A(u,v) = (1) xA(u,v). It follows that

<gU,U7 p& pT>A(u,U)T = <€“,U7 p& pT>A(u,v) :
Then Corollary 1.9 together with Corollary 1.5 implies that

—d +dim U, .
Tr (0g,.61, Mp,) = q “1:¢ @ dim Mp,,

and we see that og, ¢ is a scalar map by g tcrortdimUo By gur assumption, T(Ch 1)
is a scalar map by ¢(@*7)/2 where ag, v’ are as in 1.10 with respect to M. Thus
again by (1.6.2), we see that o(cr g is a scalar map by ¢(@0+7)/2. O

4.7. In view of Lemma 4.6, it is important to know the Frobenius action on
Xy We note that
(4.7.1) Zg(u) x Zp(v)Ug acts transitively on the set Y, ,.

In fact, put Quc, = {9Q € G/Q | g 'ug € C1Ug}. Quc, is a locally closed
subvariety of G/Q). We have a surjective morphism Y, , — Q. ¢, 9 — ¢(@Q, which
induces an isomorphism Y, ,/Zy(v)Ug =~ Q.. It is known by [Spl, II, 6.7] that
Za(u) acts transitively on Q, ¢,. (4.7.1) follows from this.

Lemma 4.8. If Y[, # 0, then F acts trivially on X, .

Proof. By (4.7.1), the closure of Z&(u)gZ%;(v)Uq in Yy, (g € Yu.») gives an element
r € Xy, and Ag(u)zAp(v) gives all the irreducible components in Y, ,. We can
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choose g € Y[, Hence Zg(u)gZ;(v)Uq is F-stable, and so is x. Since F acts
trivially on Ag(u) and Ay(v), F stabilizes all the irreducible components in Y,,,,. O

4.9. Assume that F is of split type. For each v € GF', we shall give v € M¥
such that Y,/ # 0. Let V and f be as in 2.1. Note that G/Q can be identified
with the subvariety of P(V') consisting of (x) for isotropic vectors = with respect to
f ((z) denotes the line spanned by x). Under the setting in 2.7, 2.9, we consider
the vector space V = @@ M which is identified with V. In the following cases, we
can find g € G¥ such that g~'ug € Q and that v = w(g~lug) is a split element in
M (7 : Q — M is the natural projection). In particular, we have g € Y/, In the
discussion below, we identify the partitions with the corresponding Young diagrams.

First we consider the case where G = Sps, or SOy with p # 2.

(i) Take M; such that £(\;) = 1. Let ¢}, ..., e} be the basis of M; with h = \;
given in 2.9 (a). The stabilizer of (¢]) in G is a parabolic subgroup gQg " with
some g € GF. The nilpotent transformation X; on M; induces a map X; on M; =
(elY- /(€]), and one can define a nilpotent element X on M, @ ®,..; M;. This
determines a unipotent element 7(¢~'ug) = v in M¥ which is a split element. In
this case v is of type X, where )\ is obtained from A by replacing one row h such
that e(h) =1 by h — 2.

(ii) Take M; such that ()\;) = 1 and that ¢, is even for h = A;. We choose j
such that A\; = A\;_; = h and consider N; = M; © M, with f; = f; + f;—1. Thus

1

7 c e L .
Nj; has a basis e],...,e,, el ,...,er . By our construction, we have

filel en) = —fia(el e ) = £1.

We consider N; = (zY" /() for z = ¢} +¢l~". The nilpotent transformation X;+X;_;
on M; @ M;_; induces a linear map X ;j on Nj, and one can define a nilpotent element
X on N; ®@ M. This determines a unipotent element (g~'ug) = v in M of type
A, where ) is obtained from A by replacing two rows of length A by two rows of
length h — 1. It is easy to see that v is a split element in M*.

(iii) Take M; such that e()\;) = w. Put h = A;. We choose a basis of M; as in
2.9 (b). Let x = ¢} +¢}~'. Then  is an isotropic vector with respect to f;. Now
X; induces X; on M; = (z)" /(z), and one can define X on M; & @, M;. This

3£
determines a unipotent element v = 7(g~'ug) € M¥. In this case, v is of type X,
where )\ is obtained from A by replacing two rows of length h by two rows of length

h — 1. It is easy to see that v is a split element in MF.

It is known (cf. [S1]) that if Y, , # 0, for u € Cy,v € C)y, then X is obtained
from A by the procedure described above. Hence if v is split, it coincides with one
of the above cases. It follows that

Proposition 4.10. Let G = Sps, or SOxn with p # 2. Assume that F is of split
type. Let uw € GF and v € M¥ be such that Y,, # 0. Assume that u,v are split
elements. Then F' acts trivially on X, ,.
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4.11. Next we consider the case where G = Sp,, with p = 2. We keep the
setting in 4.9, in particular assume that F' is of split type.

(i) Choose M; as in 2.7 (a), i.e., the case where e(h) =1 for h = A;. v; induces
a linear map 7; on M; = (el}" /(e]) and one can define o on M; @ ®D,.; My This
determines a unipotent element 7(g~'ug) = v € M for some g € G¥. v is contained
in the class Cy o in M, where )’ is obtained from A by replacing one row of length
h by a row of length h — 2, and ¢’ is given by ¢'(h —2) = 1 and £'(\}) = e(\g) if
M), # h—2. By our construction of the form f; in 2.5, we see that v is a split element
if h — 2 does not occur in the row of A\, nor h — 2 occurs and e(h — 2) = 1.

(ii) Assume that ¢, > 2 and e(h) = 1 for h = );, and take \; = \;_; = h.
We consider M; = V; @ V;_y with f; = f) + f) |, where f?,V; are as in 2.7. Let
x=¢ +el7. Put M; = ()" /(z). Then v;+v,_; induces a unipotent element #; on
M;. This determines 7(g~'ug) = v of M as before. This construction is exactly
the same as the one in 2.7 (b). Hence v is contained in Cy . in M, where X is
obtained from A by removing two rows of length h by two rows of length h — 1, and
g'(h—1)=w, e'(h') =¢e(l) for all A’ # h. In this case, v is a split element without
any condition.

(iii) Choose M; as in 2.7 (b), i.e., the case where ¢(h) = w. The basis of M;
is given in 2.7 (b). Then M; = (&Y /(¢]) has a basis & &\ ... &, & " (we
use the same notation for the image on M; as the one in M;). Thus the induced
linear map ¥; on M; is just a sum of two copies of nilpotent elements as given in
2.7 (a) with respect to the induced form f; on M;. It follows that © determines a
unipotent element 7(g~'ug) = v € M. v is contained in Cf, _,, where X is obtained
from A\ by replacing two rows of length A by two rows of length h — 1. ¢’ is given
by €'(h — 1) = 1, and is the same as ¢ for all other A’ # h. In particular, v is a split
element if A — 1 does not occur in the rows of A nor e(h — 1) = 1.

(iv) Choose M; as in (iii). Under the notation there, put 2 = &, + & . Then
M, = (z)" /{z) has a basis exactly the same as the basis of N*/N in 2.7 (c). Thus
the induced map ¥; on M; determines a unipotent element (g 'ug) = v of M in
the same way as above. v is a split element in M and is contained in C)y ., where
A is obtained from A by replacing two rows of length h by two rows of length h — 1,
and ¢'(h — 1) =0 if h — 1 does not occur in A nor if e(h — 1) = 0.

(v) Choose M; as in 2.7 (c), i.e., the case where €(h) = 0. The basis of M, is
given in 2.7 (c). Then M; =(&]y" /(& has a basis &, ,+& ' & , &}, ... & & "
&), = & '. Thus the induced linear map v; on M; is the same as the case (b) as
above with respect to the induced form f] It follows that v determines a unipotent
element m(g~'ug) = v € M. v is contained in C)y . where X is obtained from A
by replacing two rows of length h by two rows of length h — 1, and &’ is given by
g'(h —1) = w if h — 1 does not occur in the rows of A. In this case, v is a split

element without any condition.

Finally, we consider the case where G = SO,,, with p = 2. The argument in the
case of G = Spg, with p = 2 works well for this case under a suitable modification,
since in each case of (II), the induced quadratic form is of the same type as the
original one, and so one can check easily that v is a split element.
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4.12. We consider the counter part of Proposition 4.10 and 4.11 for the case
where F' = Fyo is of non-split type. We assume that G = SOy, (p : arbitrary) and
G =0,,. Letu e C’f% and v € C’f,fe, be split elements as in 4.9 or 4.11, and assume
that Y,/ # 0. Take g € Y,/5. Then g 'ug € vUy. By replacing u by g 'ug (an
element in the split class) we may assume that v € vUq. Let a = a; € Zz(u) be as
in (2.10.1) and @ € Zz(u) be its representative. Let a’ € Ag7(v) be defined similar to
a. We assume that a and o’ are both related to the row of the same length in A and
X'. By the explicit description of the element & € Z5(u) (see 2.7 ~ 2.10), we see that
a normalizes Q. It follows that @ € Z37(v), which gives a representative of a’. Let
us write @ = zs and let a ' F(a) = x be as in (2.10.1). Since we may take s € M,
we have 2 € M, and so & € M also. Let v/ = aua™" € Cf, v/ = awa™" € C_ be
split elements as given in (2.10.1). We have the following lemma.

Lemma 4.13. Let the notations be as above, and u,v (resp. u',v') be split elements
with respect to Fy (resp. F). Then under the assumption in Proposition 4.10 or
4.11, F acts trivially on the set Xy .

Proof. Since a € M, ad o maps Y,,, onto Y,/ .+, and so induces a bijection between
Xy and X,y . Since aFy = o F, ad o maps aFpy-stable elements of X, , to F-stable
elements of X,/ /. In view of Proposition 4.10 and 4.11, we may assume that Fj acts
trivially on the set X, ,. Hence in order to prove the lemma, it is enough to show
that any element in X, , is stable by ad @. Now an irreducible component of Y, , is
expressed as the closure of Zg(u)gZ3;(v)Ug for some g € Y,, ,. By our choice of u, v,
we may take g = 1. Then Z2(u)Zy(v)°Ug is stable by ad a, and so there exists an
irreducible component stable by ad a. Since Ag(u) x Apr(v) acts transitively on the
set X, ., and a commutes with Ag(u) and Ay/(v), we conclude that ad @ stabilizes
cach element in X, ,. This proves the lemma. O

4.14. In order to apply Lemma 4.6, we need first to know the condition
for X, # 0. By the isomorphism Y, ,/Zn(v)Ug ~ Quc, in 4.7, the elements in
Xy.» corresponds to the irreducible components of @, ¢, of dimension (dim Zg(u) —
dim Zps(v))/2. The condition for Cy for the existence of such an irreducible compo-
nent in @, ¢, is described in [Spl, II, 6.7]. By making use of 3.6, it is interpreted in
terms of the symbols (cf. [LS, 2.6]);

(4.14.1) Let A = pg(u), A" = pp(v) be the distinguished symbols associated to u
and v. Then X, , # 0 if and only if A’ is obtained from A by decreasing one of the
entries of A by 1.

Let E € WM E; € WY be as in Lemma 4.6. In applying the lemma, we also
need to know when FE; appears in the restriction of . This is given as follows (cf.
[LS, 2.8]).

(4.14.2) Let X be the set of symbols as in 3.6. Let (A, B) € X corresponding to
E € W". Then E; € W} appears in the restriction of E if and only if the symbol
(A’, B') corresponding to E is obtained from (A, B) by decreasing one of the entries
in A or B by 1. (This holds also for the case of degenerate symbols. If E, E’ € W"
are corresponding to the degenerate symbol (A, A) and its copy, £ and E’ have the
same restriction on W, and its components are parametrized by symbols obtained



28 SHOJI

by decreasing one of the entries in (A, A) by 1.) In particular, if F; appears in the
restriction of F, we have X, , # 0.

4.15. We are now ready to prove Theorem 4.2. So, assume that F' is of split
type. First consider the case where G = Spy, or SOx with p # 2. By induction
on the rank of G, we may assume that the theorem holds for Sps, o or SOxN_s.
Let (C",&") € Ng be corresponding to E € W". Let E; € W) be an irreducible
component of the restriction of E, and (C4, &) € Ny be the corresponding element.
We choose the split elements u € C'F and v € Cf. Then X, , # 0 by (4.14.2), and
F acts trivially on X,,,, by Proposition 4.10. Thus the assertion holds for o(cr ¢y by
Lemma 4.6, and the theorem follows.

Next we consider the case where G = Sp»,, or SO,, with p = 2. Since the result
in 4.11 is somewhat weaker than Proposition 4.10, we need a more precise argument.
Let A1 < Ay < --- < Ay, be the sequence of A as in 3.6, and A be the distinguished
symbol associated to A. For a given integer h, let A = {\;, A\j+1,..., Ax} be the
subsequence consisting of \; = h. We say that I = {a,...,b} (a < b) is a semi-
interval if I corresponds to the sequence A, under the construction of A in 3.6 (c),
(d). The element a is called the tail of the semi-interval I. They have the following

forms. We denote by [;(h) the semi-interval corresponding to h and e(h).

{a,a+2,a+4,a+6,...} if e(h) =1,
(4151) L™ ={{a,a,a+4,a+4,a+8,a+8, -} if e(h) =0,
{a,a+1,a+4,a+5a+8a+09, -} if e(h) = w.
For two semi-intervals I = {a,...,b},I' = {d’,...,b'} with ¥’ < a, the distance of

I, I’ is defined by a — b'. It is easy to see that the distance of two semi-intervals is
always > 3. The case where the distance is 3 occurs in the following three cases;

(IilLa[f1L+2)> (Iilwl;:j—i-l)a (IZJ?I}L—H)

The semi-interval [ is a part of an interval unless I = I, and if the distance of I
and I’ is equal to 3, they are joined to be a part of one big interval. This explains
the condition of generators of Ag(u) in 2.4.

By induction, we may assume that the theorem holds for the smaller rank case.
Let £ € W" corresponding to (C',&") € Ng. Let A be the distinguished symbol
associated to C’. We write C' = (.. Suppose that there exist two semi-intervals
I =A{a,....b},I' ={d,...,b'} such that the distance a — & > 5. Then a is also
a tail of an interval, and it is easy to check that one can decrease a by a — 1 in
/A to obtain a new symbol A’. This procedure is also valid for a symbol similar to
A. Moreover if a corresponds to h, and a — 1 corresponds to h' = h —1 or h — 2
under C) . < A, then we have ¢,y = 0. Let Cy o < A" with v € Cie,. There exists
(C1, &) € Ny (Cr = Cy o) corresponding to E; € W) such that E; occurs in the
restriction of E. By making use of 4.11, we see that Y,”, # 0 for a split element
v € Cy o, and so F' acts trivially on X, , by Lemma 4.8. Now Lemma 4.6 can be
applied to show that the theorem holds for o(cr g1y.
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Thus it is enough to consider the case where the distance of I,1’ is < 4. Let
I = I¢. There are three possibilities for I’ with distance <4, ie., I' =17 ,, I} | or
I)_,. For each case, one can find (C1, ;) < Ey with a split element v € Cf = Cf _,,
to which Lemma 4.6 can be applied. For example consider the case where I' = I .
Then by (4.15.1),

I'={..,a—4,a—-4}, I={a,a+1,...,}

for some a. It follows that a is the tail of an interval. One can replace I by
J ={a,a, ...} which produces a new symbol A" corresponding to Cy . This works
also for a symbol (A, B) similar to A, where (A, B) <> E. Now )’ is obtained from
A by replacing two rows of length i by two rows of length A — 1. Since e(h —1) = 0,
we have ¢/(h — 1) = 0 and 4.11 can be applied to show that Y[, # 0 for a split
element v € CY, ., and we get the assertion in a similar way as above. The other
cases are dealt similarly.

Now we may assume that A\ consists of even rows. Assume that there exists h
such that (h) = 0, and consider a semi-interval I = I}. There are two possibilities
for I’ whose distance is < 4, i.e., I’ = I} , or I} ,. First assume that I' = I} ,.
Then I, I’ is written as

I'={..,a—6,a—4}, I={a,a,a+4,a+4,...}

by (4.15.1). Then one can replace the tail a of I by a — 1, which divide I into two
semi-intervals
Ji={a—-1,a}, Jo={a+4,a+4,...},

and I'UJ; form a part of some interval. The situation is the same for a symbol (A, B)
similar to A. This produces a new symbol A" < Cy o where X is obtained from A
by replacing two rows of length A by two rows of length h — 1 where &'(h — 1) = w.
Hence by 4.11, we have Y,[, # () for a split element v € Cy . Another case is dealt
similarly.

Finally we may assume that A consists of even rows h with e(h) = 1. We consider
I=1;,I'=1I_,. Then we have

I'={..,a-5a-3}, I={a,a+2,a+4,...}.

Note that I, 1" are a part of a common interval. By replacing a by a — 1, we have
new semi-intervals

J={..,a-5a-3,a—1}, J={a+2,a+4,...}.

This produces a new symbol A" <= Cy o, where X" is obtained from X by replacing
one row of length h by one row of length h — 2. Since ¢(h —2) = 1, the argument in
4.11 can be applied, and we get the assertion of the theorem. Theorem 4.2 is now
proved.

4.16. We shall prove Theorem 4.3. So assume that F' is of non-split type.
First consider the case where L # T'. In this case the proof is done almost similar
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to the proof of Theorem 4.2, by using Lemma 4.13 instead of Proposition 4.10 and
4.11. However, we have to be careful for the choice of v (cf. the condition of a and
a’ in 4.12) in applying Lemma 4.13. In the case where p = 2, this is done along
the line in 4.15, by choosing the decreasing number suitably. In the case where
p # 2, Proposition 4.10 cannot be applied directly, and we have to apply a similar
argument as in 4.15. But this is easier than the case of p = 2; the semi-intervals are
of the form I} = {a,a+1,a+2,...} or IV = {a,a,a+2,a+2,...}, and only I}
gives an interval. The distance of two semi-intervals I, I’ is > 2. If the distance is
> 3, no interaction occurs for I, I’ in decreasing one entry. Then the assertion (i) of
the theorem is obtained by considering the following (I, I’).

(]:715—2)7 (IfvafIL—l)v (]}17]}(};—1)7 (I}lwlflt—2)‘

The details are omitted.

Next we consider the case where L = T. Hence W = W/, and we regard it as a
subgroup of W,, = W/ (o). We consider the decomposition of E = V{¢v ¢y in (1.6.1).
Assume that E is F-stable, and let E be the extension of £ by o ¢. Let E) be
the extension of E; = V¢, ¢,) through o(c, ¢,). Note that in our case dim Mg, =1,
and so ogr ¢ is a scalar map. By multiplying o~! on the both side of (1.6.2), one can
write

—1
g o 0-(0178,)‘ME1®E1 =0g.6 @0 " 00(C,&)-

e~

Since I acts trivially on Ag(u) and Ay (v), the extension p ® pj is the trivial ex-
tension. Thus if F' acts trivially on X, ., then Corollary 1.9 implies that o¢ ¢, is
a scalar map by ¢ %1/ TmYVe - Now assume that E corresponds to the symbol A
and F, is an irreducible component of E corresponding to the symbol A’, where
A" is obtained from A by decreasing an entry by 1, under the condition in 4.12.
(Note that A is not a degenerate symbol since F is F-stable.) Let E and E; be the
preferred extensions of F, E, respectively. Then it is easy to check that F; occurs
in the restriction of F on W, _;. Thus again by using the arguments in 4.15 (see
also the remark for the case where L # T with non-split case), thanks to Lemma
4.13, the verification of Theorem 4.3 (ii) is reduced to the case where n = 2, namely
G ~ G x G, where G is of type Ay, and F acts as a permutation of two factors.
This case is checked as follows (cf. [S1, Lemma 3.11]). Since the class C” is F-stable,
u' is the product of two regular elements in GGy or the product of two identity ele-
ments in G1. Let B, be the variety of Borel subgroups of G containing u'. Then F
acts trivially on the one dimensional W’-module H?% (B,), where d,, = dim B,,.
Hence W,,-module H?%(B,) coincides with the identity representation or the long
sign representation 7 (i.e., takes the value n(r,) = 1, n(rg) = —1, where r, (resp.
rg) is the reflection with respect to the short root « (resp. long root 3) of the root
system of type Bs.) according to the cases where u' is regular or identity. The
corresponding symbol is (2;0) for the former, and (12;01) for the latter. The both
are preferred extensions, and the theorem follows.
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