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GAP

GAP (Group, Algorithm and Programming) ,
GAP4 . GAP

GAP )

http://www-gap. dcs.st-a nd.ac.uk/ gap
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http://www.ccs.  neu.e du/ mirr ors /GAP
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1 GAP World

1.1 GAP
GAP gap
% gap
return key , GAP
gap>
GAP , quit; . )

: . GAP return key ,

gap> quit;
%



, GAP . , quit; ctl-D (

1.2 GAP

GAP
, GAP

gap> SizeScreen( [ 72, 1 ); LogTo( "sample.log" );

, ; . , 72
, , sample.log

, quit; GAP sample.log . GAP

, GAP

1.3 GAP

, , . , (9 7 B+6) (-7
. GAP

gap>(9 - 7) * (5 + 6);
22
gap>

, return key GAP >

gap>(9 - 7) * (5 + 6)
>,
22

gap> (9 - 7)*(5 + 6
Syntax error: ) expected
9 - N*G + 6

AN

* (5 +6)

. GAP

. GAP



) , . Syntax error

, . GAP
, . (break loop)
, ?? , brk> . ,
, brk_02>, brk_03>

brk> quit;

ctl-D . GAP gap>

, GAP . )
GAP ; . )

gap> 12345/25;

2469/5

gap> 123/4567 + 234/5678;
883536/12965713

, 332 3732

gap> 3"132;
95500495079682236893190701774414011919935138974343129836853841

mod .17 3 2

gap> 17 mod 3;
2

, GAP (true ), (false )

gap> (9 - 7)*5 =9 - 7*5;
false

=, <>, <, <=, > >= . a = ba 6 b

a<ba ba>ba b . )

gap> 105 < 1074,
false



gap> not true; true and false; true or false;
false
false
true

gap> not true or false and not not false or true and false;

GAP ,
a ‘a’ *
gap> ‘a’;
-
gap> ™
et
‘ab’ , . GAP
14
Sh In=112:::;ng
- 1 2 n
o @ (n)
ZSn
1 2 3 45
5 45 1 3 = (124)(35):
(124) 1! 2! 4! 1
GAP , - (1,2,3)
= (123) . ! (132)

gap> (1,2,3)-1;
(1,3,2)

GAP N1 1,

2 = (123) , (=3 , GAP

gap> 2(1,2,3);
3

, GAP
, GAP

Ss3



) =3 2 =3 . , 2=3

1 1 1 Sn II"I
’ Sn
gap> (1,2)*(2,3);
(1,3,2)
(12)(23) = (123)
: ®23) =12 :
(1:23) =(@Q); @; ®) =13 , GAP
gap> (1,2,3)(1,2);
(2,1,3)
15
GAP , ( ) . ,
. , a , a=
. (a = . D= , ).
gap>a:= (9 - 7)*5 + 6);
22
gap> a;
22
gap> a*(a+1);
506
gap> a = 10;
false
gap> a:= 10;
10
gap> a*(a+1);
110
, a , 9 7)) (6+6)=22 .2
, a , GAP 22 .3 ,a= 22 a(a+ 1) ,
506 . a 10 ,a= 10 . a =10
. GAP =
4 , a 22 ,a=10 , GAP  false
GAP ,
gap> w:= 2;



gap> w:= 2;;
gap> w*(w+2);
8
GAP , , . abc
albcl. , GAP ,al Al . 1234
1234 ,
quit .
\ " . , GAP ,
. , GAP
, Factorial, Gced, Print ). , GAP
1.6.
GAP . GAP ,
. GAP
, Factorial( ) . Factorial(n) n n

n!.:12 (n 2)(n 1)n

gap> Factorial(50);
3041409320171338043612608166064768844377641568960512000000000000

50! . () ;
, ( . , Ged(, )

gap> Gcd(1234, 5678);
2

, Print( )

gap> Print(1234, "\n");
1234

Il\nll
gap>

gap> Print(1234);
1234gap>



->
f(x)=x3 f = cubed , cubed:= x -> x3;
(\cub ed" ).

gap> cubed:= x -> x"3;
function( x ) .. end

GAP function( x ) . ( ). ., 3 cubed(x)

gap> cubed(5);

125

gap> cubed(37);

50653
2

. GAP )
2.1
1 4 L
10 primes

gap> primes:= [2, 3, 5, 7, 11, 13, 17, 19, 23, 29];
[ 2, 3, 5 7, 11, 13, 17, 19, 23, 29]

2 . Append
, 29 31 37 , primes [31, 37] ,

gap> Append(primes, [31, 37]);
gap> primes;
[ 2, 3, 5 7, 11, 13, 17, 19, 23, 29, 31, 37 ]

Append primes 31,37 primes
, , Add



gap> Add(primes, 41);
gap> primes;

[ 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41 ]

primes primes[n] ,
, primes

gap> primes[7];
17

. primes[7]

gap> primes[7]*3;

51

gap> Factorial(prime s[7]) ;
355687428096000

primes[ ] ,
, 43

gap> Length(primes);
13

gap> primes[14]:= 43;
43

gap> primes;

43

1;2;::0:n; 00

17

Length

[ 2, 3, 5 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43]

primes[20] 71

gap> primes[20]:= 71;
71
gap> primes;

[ 2, 3, 5 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43,,,,

gap> Length(primes);
20

CAP

primes [15]

, primes

(Arrayy)

20

primes[ ]

, 41

20

71 ]

primes[19]

primes[n]

71

43



gap> llI[1]:= 2;
Variable: llI must have a value

I .
[] Il . 0

gap>1llk= [
[ ]
gap> Length(lll);
0

gap> ll[1]:= 2,
2

gap> lll.= [true, "This is a String",,, 3;
[ true, "This is a String",, 3]

gap> ll[3]:= [4,5,6];; I;

[ true, "This is a String", [ 4, 5, 6], 3]
gap> ll[4]:= I,

[ true, "This is a String", [ 4, 5 6], ~, 3]

2 Il 4 Il
4 tilde ~

"This is a String"
H ( il
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gap>sl= [H, ‘'a, T,
"Hallo world"

gap> sl = "Hallo world";
true

gap> s1[7];

w

gap> sl := II[1,2,3]}

[ true, "This is a String",
gap> s1{[2,3]} := ['New String",

[ "New String", false ]
gap> sl;

[ true, "New String", false ]

, M
sl 3

2.2

gap> numbers := primes;;
true

numbers
numbers
- ( inseparable=
, numbers

gap> numbers[3]:= 100;;
true

gap> primes[3];

100

numbers primes
, humbers

{}

[ 4,5 611

false];

sl ,

numbers = primes;

, primes
primes ,
= ) . primes
, numbers primes
numbers = primes
primes
(primes , primes

, numbers := primes ,
, 2
primes

ShallowCopy



gap> primes[3]:=

5;; primes;

[ 2, 3, 5 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43,,,, 71]

gap> numbers:= ShallowCopy(prime s); ; numbers = primes;

true

gap> numbers[3] :

false
gap> primes[3];
5

ShallowCopy
. primes

2.3

GAP ,

(strictly sorted list)

= 100;; numbers = primes;
numbers ,
( 1
L] [2! 31 21 55 4]
[2, 3, 4, 5] . GAP ,
IsSSortedList
Set

gap> number:= [ 2, 3, 2, 5, 4];

gap> IsSSortedList(n

false

gap> number := Set(number);

[ 2, 3, 4, 5]

gap> IsSSortedList(n  umier);

true

Set(humber) number

gap> animals := ["tiger", "puma”, "giraffe", "panther”,
[ "tiger", "puma", "giraffe", "panther", "tiger" ]

gap> animals :
"panther",

[ "giraffe",

umker);

Set(animals);
"puma”, "tiger" ]

gap>IsSSortedLi st;

true

. Set number

"tiger" ];

11
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gap> "giraffe"  in animals;
true
gap> "jackal" in animals;
false

, AddSet . AddSet

gap> AddSet(animals, “jackal);

gap> animals;

[ "giraffe", "jackal",  "panther", "puma", "tiger" ]

gap> AddSet(animals, "panther");

gap> animals;

[ "giraffe", "jackal",  "panther", "puma", "tiger" ]
"jackal" 2 .3 , "panther"

animals
, . GAP . GAP Intersection

( ) Union( )

gap> wildcats = ["tiger", "panther", "lion", "cheetah" ],

[ “tiger", "panther”, "lion", "cheetah" ]

gap> Intersection(an imals , wildcats);

[ "panther", "tiger" ]

gap> Union(animals, wildcats);

[ "cheetah", "giraffe", "jackal",  "lion",  "panther", "puma", "tiger" ]
wildcats , Intersection

Union )
2.4
GAP , (Range) ( ) ,
’ 1 [ 1 2 ]
, , 1,2, ;1000 1 , 1000

, [1..1000]



2.5 For

for
for

gap> [1..99999];

[ 1. 99999 ]

gap> [1,3..99999];)

[ 1, 3 .. 99999 ]
gap> Length (last);
50000

gap> [99999,99997..1 |;
[ 99999, 99997 .. 1]

, 2
, (=last)

21
Length

[1.9999]
.GAP

a= [-2,-1,
-1, 0, 1, 2, 3, 4, 5]
IsRange(a);

gap>
[ -2,
gap>
true
gap> ConvertToRangeRp( a );;
[ -2 .. 5]
gap> a[1]
false

= 0;; IsRange(a );

While

While

- PP
. GAP

pp:= [(1,3,2,6,8)(4,5,
(1,8,9)(2,3,5,6,
gap> prod:= ();

9,
4),

gap>
>

0

gap> for p in pp do
> prod:= prod*p;
> od;

gap> prod,;

(11814721316151 9)

Oy 11 21 31 41 5]1

a;

for

(1,6)(2,7,8),
(1,9,8,6,3,4,7,2

13

, Length(last)

1, 2, 3.

(15,7)(2,3,86)
)

999]
IsRange
ConvertToRangekep
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1 pp : , return key

, GAP >
prod . () .5 7
for . p , pp '
prod . do , do od;
do od; p )
For )
for in do od,;
. for , (
1 L] )-
, for )
: -> p, -> pp, -> prod := prod*p;
, prod
, for
for from to do od;
GAP , .24 ,
for in [ . ] do od;
, 50! for
gap> ff.=  1;
1
gap>for i in [1..50] do
> ff:=  ff*;
> od;
gap> ff;

3041409320171338043612608166064768844377641568960512000000000000
, for 1000 primes

gap> primes := [];;
gap> numbers := [2 .. 1000];;
gap> for p in numbers do
Add(primes, p);
for n in numbers do
if n modp = 0 then
Unbind(numbers[n- 1]) ;
fi;

>
>
>
>
>
> od;



2 , primes
2 3.
. numbers
primes
fi: if
while . while
while do od;
. While ,

while od;
primes . for while

gap> n = 1333;;

gap> factors = [J;;

gap> for p in primes do

> while n modp = 0 do

> n = n/p;

> Add(factors, p);

> od;

> od;

gap> factors;

[ 31, 43]

gap> n;

1

,h = 1333
p , p
(pipt 2)
gap> twins = [];;
gap> for p in primes do
if p+2in primes then

> Add(twins, [p, p+2));

> fi;

> od;

3

15

.2 1000 numbers
numbers 2
primes , humbers 3
5. 5 primes ) e
if '
if 3.2
. for
n . while
n p
.p pt2
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15

2.6

2.5

gap> twins;

[[3 5] [5 7]

[ 59, 61], [ 71,

gap> Length(twins);
15

73],

[ 11, 13], [ 17, 191, [ 29, 31],

[ 41, 43,

[ 101, 103], [ 107, 109 ], [ 137, 139 ],
[ 149, 151, [ 179, 181],

[ 191, 193], [ 197, 1997 ]

, twins [P, p+2]
, primes 200 » twins
. p;p+ 6;p+ 12 , (pip+ 6;p+ 12)
gap> trios = [];;
gap> for p in primes do
> if p+6in primes then
> if p+12in primes then
> Add(trios, [p, p+6, p+12]);
> fi;
> fi;
>  od;
gap> trios;

. 200

[[5 11, 17], [ 7, 13, 19, [ 11, 17, 23], [ 17, 23, 29],
[ 31, 37, 43], [ 41, 47, 53], [ 47, 53, 59], [ 61, 67, 73],
[ 67, 73, 79], [ 97, 103, 109], [ 101, 107, 113 ],
[ 167, 173, 179] ]

[ 151, 157, 163 ],
gap> Length(trios);
13

gap> Product(pp);
(1,8,4,2,36,5, 9)
gap> Product([1..15]
1307674368000

pp

» PP

Product

);

[1..15]
Product

Product

GAP ,

, 151= 1307674368000



, , Sum

gap> Sum([1..100]);
5050

List ) List
F(x) = X
gap> cubed:= x -> x"3;;
gap> List([2..10], cubed);

[ 8 27, 64, 125, 216, 343, 512, 729, 1000 ]

, 2 10 X , X3
, [2..10] cubed

gap> Product([2..10] , cubed);

4778472583987200000
gap> Sum([2..10], cubed);
3024
, cubed [ 8, 27, ..,
primes 1000
Filtered , ,

, X -> x < 30

gap> Filtered(primes , x -> x < 30);
[ 2, 8 5, 7, 11, 13, 17, 19, 23, 29]

{1}

gap> primes{[1..10]}
[ 2, 3, 5 7, 11, 13, 17, 19, 23, 29]

2.7

GAP ,

gap>v = [3, 6, 2, 5/2];; IsRowVector(v);
true

729, 1000 ]

17

,1+ 2+ + 100= 5050

cubed

Product Sum

Filtered
, 30
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IsRowVector( )

m2J[1] =2 : : ,

gap>u = [1, 3, -2, 4];
gap>vVv + U,

[ 4, 9, 0, 13/2 ]
gap>2 * v; v * 1/3;

[ 6, 12, 4, 5]

[ 1, 2, 2/13, 5/6 ]
gap>v * u;

27

. GAP

gap> m:= [[1,-1, 1],

> [2, 0,-1],

> 1, 1, 1]

[[2 -1 1], [ 2,0, -1 1] [1, 1, 1]]
gap> m[2][1];

2

m - (i;]) m[i][i] : : m = (mj)

gap>n = [[3, 4, 6],

> [0,-2, 1],
> [2, 4, 1],
> [1, O, 1]}

[[3 461 [0 -2 1], [ 2, 4 1] [1, 0 171
gap>n * m;

[[ 217, 3, 5], [ -3, 1, 8], [ 11, -1, -1 1, [ 2,0, 2] ]
gap> m* n;

Vector *: <right> must have the samelength as <left> (3)

gap>[1,0,0] * m;
[ 1, -1, 1]
gap> m* [1, 0, O];
[ 1, 2, 1]

. GAP

(2,1)

Moy



).

GAP
Z=pZ . ,
CAP GF(p) . GF (Galois Filed)
f0;1;2;3;4g mod 5
) q=p" GF(q)
qg 1 , GAP
p )
GF(q)

2
GAP [1, 0, 0]

gap> m* One(GF(5));
[ [ Z(3"0, Z(5)"2, Z(3)0 ], [ Z(5),
[ 2(5)"0, Zz(5)"0, Z(5)"0 ] ]

One(GF(5)) GF(5) 1
, , Z Z=57
Z(5) =2 . f0;1;2;3;4g

gap> Display(m * One(GF(5));
141
2.4
111

m mod5
)- 2(2)  Z(4)

gap> Display(m"2 * Z(2) + m* Z(4));
z = Z(4)
M M z72
1 1272
M M z72

, Z(4) z , Z

0*Z(5),

GF (q)
Z(q)

Z(q)™

. GF(5) = f0;1;2;3;4g
. 5 2

GF(5)

Z(5)"2 |,

19

GAP
p Z pZ
, GF(5) 5
GF(p) n
GF(q flg= GF(q
p » Z(a)

Display
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gap>sm:= m{[1, 2]{[2, 3}
[[-1 1] [0 -1]]
gap>sm{ [1, 2]{[2]} := [[-2],
[[-1 2] [0 0]]

, 3 m 1 , 2

sm

, GAP

gap> Order(m * One(GF(5)));
8

gap> Order(m);

infinity

A = m* One(GF(5))
m

gap> TransposedMat( [[ 1, 2],
[[ 1L 3] [2 4]]

gap> TransposedMat ( [ [1..5]]);
(01, [2) [3] [4]

 [[1..5]]
5 1

In IdentityMat(n)

gap> IdentityMat(3);

[[1, 0, 0] [0 1, 0]
gap> NullMat(2,3);
[[0 0 0] [0 0 0711

A= (%)

gap> TraceMat([[1,2, 3],
15

gap> I:= IdentityMat(3);;
gap> TraceMat(l);

3

[1, 2, 3, 4, 5]

P
yTrA= g

[4,5,6],

sm;

2 , 3 2 sm

sm 2 ([-2],  [O]]

Order( )

TransposedMat

(3, 4l

NullMat(m,n)

[ 0,0, 2]]

(trace) .TrA TraceMat

[7.8,9]]);



A detA A r(A) DeterminantMat , RankMat

gap> a:= [[1,2,-1], [2, 5, 0], [3, 3, 1]}
[[2 2 1], [2 5 0], [ 3 3 1]]
gap> DeterminantMat( a);

10

gap> b:= [[4,1,2], [3,-1,4], [-1,-2,2]1;;
gap> RankMat(b);

2

A A Al

gap> a-1;
[ [ 12, 12, 121 [ -15 25 -1/5 1 [ -9/10, 3/10, 1/10 ] ]

2.8

GAP , « )

primes[1], primes[2] ,

gap> date := rec(year := 2003,

> month := "June”,
> day = 14);
rec( year := 2003, month := "June", day := 14 )

, year, month, day

gap> date.year; date.month; date.day;
2003

"June"

14

gap> date.time := rec(hour:= 19, minute := 23, second := 12);
rec( hour := 19, minute := 23, second := 12 )
gap> date;
rec( year := 2003, month := "June", day := 14,
time rec( hour := 19, minute := 23, second := 12 ) )
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, RecNames

gap> RecNames(date);

[ "year", "month", "day", "time" ]
3
3.1
hello, world.
gap> sayhello:= function()
> Print("hello, world. \n" );
> end;
function () .. end
GAP ,
. , Print
2 hello world , \\n"
function ( ) end
, function , () ,
0 , . function( )
end; . sayhello
gap> Print(sayhello, "\n");
function ( )
Print(  "hello world. \n" );
return;
end
sayhello “\n" , endgap> , end GAP
gap>

sayhello sayhello();

gap> sayhello();
hello world.



3.2 If

gap> sign := function (n)

> if n <0 then

> return -1,

> elif n = 0 then

> return 0O;

> else

> return 1

> fi;

> end;

function( n) .. end

gap> sign(0); sign(-99);  sign(11);

0

-1

1

sign(n) n , 0 1

if f ,

if then elif then else
elif else if ,

, 2.5 elif else
31 y ’
. function(a, b, ¢)
a, b, c . end
-1, 0, 1

2.1 , CAP

1;0

fi

, else

return )

23
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gap> fib:=  function(n)

> if nin [1,2] then
> return 1,
> else
> return fib(n-1) + fib(n-2);
> fi;
> end;
function( n) .. end
gap> fib(15); fib(20); fib(30);
610
6765
832040
, fib(1) =1,fib(2) =1 5 )
fib(n) . ,
3.3
2 a, b gcd(a,b)

gap> gcd:= function(a,b)

> local c;
> while b <> 0 do
> c:= b;
> b:= a modb;
> a= ¢
> od;
> return c;
> end;
function( a, b) .. end
gap> gcd (30,63);
3
a b . (ab) a =b a b b (@, b)
o) b
, b , c
. local c; , ,
gcd(a,b) ) c

, function
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gap>c:= 7;;

gap> gcd(30,63);

3

gap> c;

7

gap> fib := function (n)

> local f1, f2, 13, i
> fi =1, f2 := 1,
> for i in [3.n] do
> f3 = f1 + 2
> fl = f2;

> f2 = f3;

> od;

> return f2;

> end;

function( n) .. end

gap> List([1..10], fib);
[ 1, 1, 2, 3, 5 8, 13, 21, 34, 55]

4
GAP , GAP
GAP , GAP
4.1 Read
3 2.5 . 1
, myfile.g - ( g ).

s myfile.q  ##H

primes = [];

numbers := [2 .. 5000];

for p in numbersdo ### prime numbersless than 5000



26

Add(primes, p);
for n in numbers do
if n modp = 0 then
Unbind(numbers[n -1] );
fi;
od;
od;

GAP #

gap> Read("'myfile.g" );

, myfile.g GAP

myfile.g . GAP

, myfile.g GAP

.gaprc ,
. GAP
GAP

Read("myfile.g" );

a= [[1,2,-1], [2, 5, 0], [3, 3, 1]
b:= [[4,1,2], [3,-1,4], [-1,-2,2]];
4.2 Prin tT o
4.1 5000
Print ,
PrintTo

PrintTo( lename, objl, obj2 ...)

. obj1, obj2, ...

gap> PrintTo("primel ist .g", primes);

, primes ,
AppendTo , PrintTo
, AppendTo

4.3 App endT o

AppendTo

.gaprc

primelist.g

primes = [];; 2

. , primes 5000
5,000 10,000

, PrintTo .16
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AppendTo( lename, objl, obj2 ...)

5
51
. GAP
gap> s8 := Group((1,2), (1,234,567, 8));
Group( (1,2), (1,2,3,4,5,6,7,8) )
, GAP (1,2) 1,2,3,4,5,6,7,8) (Sn;n 1
) s8 . (1,2 (1,2,3,45,6,7,8) 8 Ss ,Sg GAP
) Sg , s8
GAP s8 . s8 ,
Size . jSgj = 8!'= 40320
gap> Size(s8);
40320
Ag Sg , Sg (derived subgroup) .
( .G ,xyx y 1(x;y 2 G) G G .) GAP

DerivedSubgroup
a8

gap> a8 := DerivedSubgroup( s8);

Group([ (1,2,3), (2,3,4), (2,4)(3,5), (2,6,4), (2,4(5.7),
(28,64)35) ]

gap> Size(a8); IsAbelian(a8);

20160

false

Asg (1;2;3);(2;3;4); (2;4)(3;5); , a8
2 , , a8
. Ag 20160

Elemnts( )
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, Elements s8 a8

gap> s3:= Group((1,2), (1,2,3));

Group( (1.2), (1.23) )

gap> Elements(s3);

[0 23, 12, 123, @32, (13 ]

GAP s3 ,S3 , 1, 2, 3
GAP , IsAbelian
Asg , (false )
s8 a8 , ,
. , a8 as 20160 , ,
s8 , a8
G : p , G p p" . G p"
, G . G (p) (Sylow
subgroup) . GAP . Ag 2-
(p=2
gap> syl2 := SylowSubgroup(a8, 2);
Group([ (1,8)(5,7), (2,6)(5,7), (3,4)(5,7), (3,5)(4,7),
(1,2)(6,8), (1,3)(2,54.8)(@6 7))
gap> Size(syl2);
64
syl2 Ag 2 . , as 2
G = Ag;P = syl2 .G 2 X .2
G , X G . P G
iGj5NG(P)j : :
Ne(P)=fg2GjgPg *= Pg
P2X . Ng(P) P G (normalizer)

,G 2 X : IGj=NG (P)]

GAP H G , Ng(H) Normalizer(G,H)
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gap> norm := Normalizer(a8, syl2);

Group([ (1.8)3.4). (26)3B4). (GBAEG7), (B7N)4)5),
(1.6)28), @7NE2AHEBE)E .8) ]

gap> Size(norm);

64

As 2 ,iGjFNG(P)j = 20160G=64= 315

Ne(P) P G : iNg(P)j = jPj= 64 .
Ng(P)=P . , horm= syl2 . , GAP

gap> norm = syl2;

true
. ,
) )
. H G
Ce(H)=fg2Gjghg *=hforanyh2Hg
H G (centralizer) . Cs(H) Ng(H) . GAP
cent(G,H) . G (centre)
Z(G)=fg2Gjgxg = xforany x 2 Gg
Centre(G)

gap> Centre(syl2);

Group([ ( 1, 8)( 2, 6)( 3, 4)( 5 7) ]

gap> Size(last);

2

gap> cent := Centralizer(a8, Centre(syl2));

Group([ (3.4)(5,7), (35)47), (23)46), (1.2)(68) ]
gap> Size(cent);

192

G , G [G;G] . G
G=Gy G Gn

Gn = [Gnh 1;Gn 1] , G (derived series)

flg , n 1 Gn = flg , G
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GAP DerivedSeries( )

gap> DerivedSeries(c ent);

[ Group([ (3,5)(4,7), (2,5,3)(4,6,7), (1,3)(2,5)(4,8)( 6,7),
(1,2)3954, N6 ,8), (34)(57), (26)34,
(1,8)26)@E4H5 7)) D,

Group([ (2,5,3)(4,6,7), (1,3)(2,5)(4,8)( 6,7),
(1,2)3,5)@4, N6  .8),
B4H(6B.7), (26)34), (18)(26)@34) (6,.7)]
Group([ (1,3)2,9)@4,8)6 7)., (1L.2)B5@47N6 .8,
@B4H(B,7), (26)34), (1.8)(26)34) (6,7 D
Group([ (1,8)(2,6)34)(5 ,7) D), Group(()) 1
gap> List(last, Size);
[ 192, 96, 32, 2, 1]

cent
G =cent
G= Go G, G, G3 Gy = flg
jGoj = 192 [Gi1j = 96, [Goj= 32 [Gsj= 2jGsj=1
, G =cent . as
gap> DerivedSeries(a 8); ; List(last, Size);
[ 20160 ]
,G=Ag Ag
G= Go = G]_ = Gz =
flg ’ G = AS
n 5 An ,
( )
p (Z=p2)" (p) (elemertary abelian group) . (Z=pz)"
Z=pZ n . a8

. GAP
IsElementaruAbel ian( )

gap> elab := Group((1,2)(3,4)( 5,6)(7,8), (1,3)(2,4)5,7) (6, 8),
> 1.526)BN(  4,8) 5

gap> Size(elab);

8

gap> IsElementaryAbe lia n(el ab);



true

elab  (z=22)3

SetName

gap> SetName(elab, "273");

2”3

, elab
, GAP

G =a8, H =elab

gap> norm := Normalizer(a8,
Group([ (1.5)(2,6)3,7)(4  .8),

, G H
(identi er)

elab;

, GAP
, 23
2”3
identi er (elab), GAP

Ng(H)

elab);
(1,3)(2,4)(5,7)(6

(1.2)@4)G.6)(7  .8),

(5,6)(7.8),

(3,5)(4.6),
gap> Size(norm);
1344

, elab

(5,7)(6,8),
23)6,7) 1)

(3,4)(7.8),

1344 norm

H N = Ng(H) H

:N! N=H;g7! gH
. GAP

,H
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GAP )
a8 elab ,
GAP
, elab

elab

, 273
identi er elab

(273),

H G ,
( ) N=H :
(natural homomorphism)

gap> hom:= Natural[Homomorphis mBNamal Sulkgroup(norm, elab);
<action homomorphism>

gap> f := Image(hom);
Group( 0. 0. 0. 1.2)(GE4), (1.3)(24),
@aHG7 D
gap> Size(f);
168
hom
.By B
: (image)

(1,2)(5,6),

(3,5)(4.6),

(kernel)
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gap> ker := Kernel(hom);
Group([ (1,2)(3,4)(5,6)(7 ,8), (1,3)(2,4)(5,7)(6 ,8),
(1.526)@ N4  .8) )

X2 N ' (x) ,y2N=H My
gap> x = (1,8,3,5,7,6,2);; Image(hom, x);
(1,5,6,3,7,2,4)
gap> coset := Prelmages(hom, last);

RightCoset(2"3, (2, 8,6,7,3,4,5))

Image(hom,x) " (X) .y="(x)2 N=H Prelmages(hom, y)
":N! N=H V() =y X1=(2;8,6,7;3;4,5 2 N
(H , GAP
» X1 X
X X1 H
gap> rep = Representative( coset );

(2, 8 6, 7, 3, 4, 5
gap> x * rep™1 in ker
true

xx; 12 H GAP :

. GAP

gap> IsSimple(f);

true
gap> IsomorphismTypeFinit eSmple Group( f );
rec( series := "L", parameter = [ 2, 7],

name:= "A(1,7) =L(2,7)0 ~B(1,7) =0(3,7) ~C@1,7) = S(2,7)
~ 2A(1,7) =U(2,7) ~A(22) =1L(32" )
gap> SetName(f, "L_3(2)");

IsomorphismTypeFn ite SimpleGoup( f ) f

f , ,
f =L _3(2) (F; 3 ,
H =elab N =norm , H H 8
N 8 , N

Y(y)
Hy) = x1H
GAP

, GAP

; SL3(F2)
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(Elements(s3) ), H 8 Sg

8 . H Ker » ( 1:N=H! Sg
. N=H = L_3(2) vl

1 K=1Im ;4 Action

gap> op := Action (norm, elab);

Group([ O, O, 0, (56)7.8), (57)68), ((B4(78), (35)46),
23)67) 1

gap> IsSubgroup(a8, op);

true
gap> IsSubgroup(horm, op);
true
K=op Sg . , norm Sg= s8
K a8, norm . norm
a8 , IsSubgroup( , op)
N = norm K = op . H\ K =flg
gap> IsTrivial( Intersection  (elab, op));
true

gap> SetName(norm, "2"3:L_3(2)");

Intersection(ela b, op) H\ K
IsTrivial () ; flg

N=H"' K; K N; H\ K = fig:

, N H K H o K - ( . N H K
HoK N=HK,H/N,H\ K =1flg . ,
N'" H K , N g g=hk;h2H;k2K J)
5.2
G 9:¢° h ‘gh=¢° h2G : g ¢ .9 ¢
, (conjugacy class) X gx g . g2 G
g® = fx gxjx2 Gg . G (disjoint
union)
a
G-= g®
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X
(5.2.1) iGj = ig°]
g2G=
02 G ,Zc(@)=fx2Gjx gx=9g9 g (centralizer)
g2G
iGi = ig%iiZc (9)j
. (6.2.1)
X
(5.2.2) 1= = L -
2o 126(9)]
. (6.2.1) (5.2.2) G
G=Ag ccl
gap> ccl := ConjugacyClasses( a8 );

[ 0"G, (1.2)BA)G, (1.2)(34)5.6) (7.8 "G (1.2.3)"G,
(1,2,3)(4,5)(6,7 )G, (1,2,3)(4,56)"G , (1,2,3,4)(56) G,
(1,2,3,4)(5,6,7, 8)"G, (1,2,3,45"G, (1,2,3,45)(6,7,8 )"G,
(1,2,3,4,5)(6,8, "G, (1,2,3,456)(7 ,8) "G
(1,2,3,45,6,7 G, (1,2,3,4,56,8 G]

gap> Length (ccl);

14
G 14 . GAP : ,9% = (1,2)(3;4)° =
(1,2)3.4)"G : , Representative( )
gap>rep := List (ccl, c -> Representative (c));

[ 0. 12EB4, @12ABHGBE(T .8) (123),
(1,2,3)4,5)6,7 ), (1,23)(456),  (1,2,34)(56),
(1,2,34)(5,6,7, 8), (1,2,345), (12345)678 ),
(1,2,34,5)68, 7)., (1,2,3456)(7 ,8),
(1,2,34,56,7), (1234568 |

.1 , ccl c Representative(c )

gap> List(ccl, Size);
[ 1, 210, 105, 112, 1680, 1120, 2520, 1260, 1344, 1344,
1344, 3360, 2880, 2880 ]

List(ccl, Size) ccl ,
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gap> Sum(List(ccl,Si ze)) = Size(a8);
true

(5.2.1) . 3 , 105

gap> Elements(ccl[3] );

GAP 9= (1;2)(3:4) Zs(9)

gap> Centralizer(a8,  (1,2)(3,4));

Group([ (6,7.8), (56)(7.8), (34)(7.8), (1L2)(7.8), (13)24)
gap> Size(Centralize r(a 8, (1,2)(3,4)));

96

gap> 96 * 210 = Size(a8);

true

. j9%1iZc(9)j = iGj : g2 G= 15Z6(9)]

gap> inv:i= List(rep, ¢ -> 1/Size(Centraliz er(a8,c))) ;
[ 1/20160, 1/96, 1/192, 1/180, 1/12, 1/18, 1/8, 1/16,
1/15, 1/15, 1/15, 1/6, 1/7, 1/7 ]

(5.2.2)

gap> Sum(inv);

1
1 1 1 1 1 1 1 1 1 1 1 1 1 1
1= —/——+ —+ — + —+ —+ —+ —+ —+ —+ —+ —+ —+ =+ =
20160 96 192 180 12 18 8 16 15 15 15 6 7 7
, . 1=20160
1=N (N 20160 )
G g ,g"=1 n g (order) . g g

G . GAP ,0=(1,2,3)(2;3,4,5)

gap> Order((1,2,3)*( 2,3,4,5));
6
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gap> List(ccl, ¢ -> Order(Representat iv e(c)) );
[ 1, 2, 2, 3, 6, 3, 4 4, 5, 15, 15, 6, 7, 7]

10 , 12 )
gap> Representative( ccl [10]); Representative(cc I[ 12]);

(1,2,3,4,5)(6,7 ,8)
(1,2,3,456)(7 ,8)

) ) 151 6
, Order, Size, Length . GAP , Order
Size . G
, GAP Size . Length
5.3
class 112 Ag . , ccl 4
gap> class := ccl[4];
(1,2,3)"G
gap> Size(class);
112
X = class 112 ,G=Ag X .G 112
"Gl S . G Sh
G ,n . ,G=Ag 112
. Ag ! .G'" Im’ Ag Si10
. GAP op=1Im'
gap> op := Action(a8, AsList( class ));
<permutation group with 6 generators>
gap> Size(op);
20160
Si112 , 0p .
, Action(norm, elab) AslList(class)
class , Action
, GAP , ( )



GAP

G X . Xj=n , G n
. X , g2G
g = g\ =
X 1< j<X] (
1 G 1 1
G , 9 f 9jg2Gg X
(X
a
(5.3.1) X = (disjoint union)
g2Stg( )nG
Ste( )=fg2Gj 9= ¢ ( 926G )
Y=f 9jg2 Sts( )nGg G Y
. G iYi<iXj , m
(m = jYj).
x2 X Stg(x) H , G X (G
HnG . , X 2 Stg(x) Stg(
( , 92 Stg(x) X2 \ 9 = 9.VY Stg( )nG
, G , Ste(x) = fg2 Gjx9 = xg
G . (H G . H G G
H )
a8 X =class op . GAP
. op f1,2;:::;11y
Group((2,3,4)) [1..4] =11,2;3;4g , {2..4] . op
[1..113] , 113 a8
GAP
gap> IsPrimitive(op, 1 .. 112));
false
[1 .. 112] op 112 ,
, class
GAP \ class (5.3.1)
gap> blocks := Blocks( op, [1 .. 112));
[[ 2 7] [8 214], [ 15 21], [ 10, 26], [ 24, 40],
[ 2,13], [ 3, 19], [ 49, 541, [ 5 311, [ 4, 25],
[ 16, 27 ], [ 22, 28], [ 57, 70], [ 12, 381, [ 36, 42],

37

)
)
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43, 48], 6, 37 ], [ 44, 53] [ 9, 20], [ 17, 33],

111, 112], [ 98, 103], [ 62, 71], [ 56, 651,
105, 107 ], [ 79, 861] ]

[ [

[ 73, 771, [ 55 601, [ 51, 641 [ 47, 68], [ 46, 63 ],

[ 11, 32], [ 29, 35], [ 45, 581 [ 18, 39], [ 50, 59 ],

[ 80, 90], [ 76, 891 [ 106, 109], [ 101, 104], [ 84, 91],
[ 67, 721, [ 30, 41], [ 78, 821 [ 75 85] [ 74, 81],

[ 93, 96], [ 97, 100], [ 61, 66], [ 95 1021 [ 94, 99 ],

[ 83, 87 ] [ 108, 110], [ 23, 341, [ 52, 691 [ 88, 921,

[

[

blocks class . 2
, blocks[1] =11, 7]
[8,14], [15, 21] , 9(g2G) . GAP

gap> Length(blocks[1 1]); Length(blocks);

2
56
, Class 2 56 .
op Y ( = blocks) , "1:0p! Ssp
.Im*' g Opl , G=Ag Ss6 as' Opl Ss6

gap> opl := Action(op, blocks, OnSets);
<permutation group with 6 generators>

, blocks ( ) ;
op . OnSets
opl

gap> IsPrimitive( opl, [1 .. 56]);

true
,opl M, . opl As
A8 M . Opl SS6
, Ag ' :AS! Opl '
M=, LMy . G=AgH=o0p S Hi=o0pl Ss
"G U H M Hy
o= '"1:G'" H, ( )

GAP

gap> ophom:= ActionHomomorphisn{a8, op);
<action homomorphism>

gap> ophoml1:= ActionHomomorphism(gp, opl);
<action homomorphism>



39

ActionHomomorplism a8 ' =ophomop ' 1 =ophom1l

.2:| 'l

gap> composition := ophom*ophom1;;
, ' 2 =composition . H, Xx=2 M, = Stg(x) stab

gap> stab := Stabilizer(op2, 2);
<permutation group of size 360 with 5 generators>

Hip 360 M M=, (My)

gap> preim := Prelmages( composition, stab);
Group([ (2,57), @427, (267, (@357, (687 1

, Ag M =preim . Ag 20160 , 360
M , .M As
’ A8 . Ag
)
class cl ,cl XX . a8 XX
a8 K = sgp . K 360 , M
, g '’Kg=M g2G
gap> cl := Representative(cl ass);
(1,2,3)
gap> xx := Group((cl));

Group([ (1.2,3) )

gap> sgp = Normalizer(a8, xx);

Group([ (1,2,3), (5,6,7), (5,8)(6,7), (4,5,7,6,8), (2,3)(5,7,6,8) )
gap> Size(sgp);

360
gap> RepresentativeAc tio n(a8, sgp, preim);
(2,4)(7.8)
RepresentativeAc ti on(a8, sgp, preim) g2 G
g = (2,4)(7,8) . , K

gap> sgp”(2,4)(7,8) = preim;
true
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,K9=M
6
6.1
9 26
, ., ,  (Green), (Red),
(Blue), (Yellow), (Pink), (White) . , ,
Gy R1 81 Y1 W1 P . 1 1
1 GY L R, 1 81 L W1 L PY 1 Y
(
)
20 . 8 , 12
R
B
G
Figure 1. 3 3 3
, 90 . , X; X%y y%z; 20
XX G , X0 x (Y
( - xx%y;y%2;2°
20 1
48 A 48 . x; X% y;y%; z°

848 .
x1 x2, vy1l vy2 z1, 22 G Y BWR,P 90



1 2 3
4 R 5
6 7 8
9 10 11 17 18 19 | 25 26 27 | 33 34 35
12 w 13| 20 G 21| 28 B 29| 36 Y 37
14 15 16 | 22 23 24 | 30 31 32 38 39 40
41 42 43
44 P 45
46 47 48
Figure 2.
gap> x_1 = (17, 19, 24, 22)(18, 21, 23, 20)(6, 25, 43, 16)
(7, 28, 42, 13)(8, 30, 41, 11);
gap> x_2 = (33, 35, 40, 38)(34, 37, 39, 36)(3, 9, 46, 32)
(2, 12, 47, 29)(1, 14, 48, 27);
gap>y_1 := (25, 27, 32, 30)(26, 29, 31, 28)(3, 38, 43, 19)
(5, 36, 45, 21)(8, 33, 48, 24);
gap>y_2 = (9, 11, 16, 14)(10, 13, 15, 12)(1, 17, 41, 40)
(4, 20, 44, 37)(6, 22, 46, 35);
gap>z_1:= (1, 3, 8, 6)(2, 5, 7, 49, 33, 25, 17)
(10, 34, 26, 18)(11, 35, 27, 19);
gap>z 2 := (41, 43, 48,46)(42, 45, 47, 44)(14, 22, 30, 38)
(15, 23, 31, 39)(16, 24, 32, 40);
gap> cube := Group(x_1, x 2, vy 1, y 2, z 1, z_2);
gap> Size(cube);
4325200327448985000
H =cube 43252003274489000  Sug

gap> Collected(Facto rs( la st));

[ [ 2 27]

[ 3, 144], [ 5 31 [7,2] [ 11, 1] ]

JjHj= 277 314 88 72 11,

41



42

,  H=cube 48 ( )

gap> orbits := Orbits(cube, [1..48]);
[ [ 1, 14, 17, 3, 48, 9, 22, 19, 41, 38, 8, 27, 24, 46,
11, 33, 30, 40, 43, 6, 32, 35, 16, 25],
[ 2, 12, 5, 47, 10, 36, 7, 29, 44, 13, 34, 45, 28, 4,
31, 37, 42, 15, 26, 21, 20, 39, 23, 18] ]
gap> List(orbits, c -> Size(c));
[ 24, 24 ]

cube

6.2

, cube orbits[1] .fviH 1 Sy
, Hy = Im(fy) =cubel, fy =homl . Hy

gap> cubel := Action(cube, orbits[1]);
<permutation group with 6 generators>

gap> Size(cubel);

88179840

gap> homl:= ActionHomomorphism(cube, orbits[1]);
<action homomorphism>

, Hy = cubel Sy fyv = homl:H ! Hy

H Hy ) ,
cube ,

gap> IsTransitive(cu  be, orbits[1]);
true

cubel

gap> IsTransitive(cu bel, orbits[1]);
false

cube

H =cube

orbits[1]

. orbits[1]
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, . cubel
[1..24] . orbits[1] , [1..48]

gap> IsTransitive(cu  bel, [1..24]);
true

, cubel

cubel [1..24]

gap> corners := Blocks(cubel, [1..24]);
[ [ 2 6, 22], [ 2, 14, 18], [ 3, 15, 20, [ 4, 12, 16 ],
[ 5 10, 21], [ 7,9, 23], [ 8, 11, 24], [ 13, 17, 19] ]

, cubel 3 . orbits[1] [1..24]

1 14 17 3 48 9 22 19 41 38 8 27 24 46 11 33 30 40 43 6 32 35 16 25
1 2 34 56 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

, block [1, 6, 22] [1, 9, 35] ,[2, 14, 18] [14, 46, 40]
, 8 8 ( 4 ).
) cubel
,2 2 2
Hy =cubel
. Hy ap;ag; bybpicr 0 , , , , , 90
Figure 3. 2 2 2

orbits[1] [1..24]

ag;axiiii;C
Hy =cubel v iHy ! Sg Im*'y =cubelb
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20 11

24 12 | 16 22

17 21 | 10 18

14 5

Figure 4.

gap> cubelb := Action(cubel, corners,
Group([ (3,7,8,6), (1,2,5,4), (4,58,7),
gap> Size(cubelb);

40320

cubelb Sy . , GAP

gap> Factorial(8);
40320

, Sg 40320 cubelb
v i:Hy ! Sg . Ker' v

OnSets);

(1,3,6,2), 1,4,7,3), (2,6,8,5)

. Hy '

Sg

' v =blockhom1

gap> blockhoml := ActionHomomorphism(cubel, cubelb);

<action homomorphism>

Ky = Ker'y =kerl

gap> kerl := Kernel(blockhoml) ;
<permutation group with 7 generators>
gap> Size(elab);

2187

gap> Factors(Size(ke rl));

[ 3, 3,3 3,3, 3, 3]

gap> IsElementaryAbe lia n(kerl) ;

true

)

GAP
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, kerl 3 Ky = Ker'y ' (2=3z)'
(6.2.1) 1 | (z=32)7 I Hy “!I Sg 11
Ky v Ky = Ker' y
Kv (2=32)8 Ky ' (Z=3Z)'
(2=32)8 , 8
[1,6,22], [4,12,16], [8,11,24], [3,15,20],
[7,9,23], [13,17,19], [5,10,21], [2,14,18]
i 120 i "1;000 s (Z2=32)8 ."1=(1,6,22)
"2 =(4,16,12)
gap> (1,6,22) in cubel;
false
gap> (1,6,22)(4,12,1 6) in cubel;
true
, "1 cubel ,"1",1  cubel , "1, 2 Ky
w1 n 1 K
2.3 1, 78 \Vi
gap> (4,16,12)(11,8, 24) in cubel;
true
gap> (11,24,8)(20,15 ,3) in cubel;
true
gap> (7,9,23)(3,20,1 5) in cubel;
true
gap> (13,17,19)(7,23 ,9) in cubel,
true
gap> (19,13,17)(5,10 ,21) in cubel;
true
gap> (5,21,10)(14,2, 18) in cubel;
true
1"1"2 ;"2"3 ; ’ 7"81 KV ’
x8
(6.2.2) Ky = (";%::5;"g%) 2 (2=82)8] i 0 (mod 3)

i=1
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(6.2.1) , Hy (Z=32)" Sg Sgn (2=32)"
yHy  Sg ,
( ) : 8
[1,2,3,4,5,7,8, 13] Hy =cubel compl
compl ,[1,2,3,45,7,8,13 ]

gap> compl:= Stabilizer(cubel , [1,2,3,4,5,7,8,13 ], OnSets);
<permutation group of size 40320 with 8 generators>

, Sg cubel compl .'viHy! Sg compl

gap> Action(compl, corners, OnSets) = cubelb;
true

,'v compl compl, Sg , (6.2.1)
, ,compl Ky =1 ,Hy Ky compl

gap> Size(Intersecti  on(comg, kerl));
1
gap> Closure(compl, kerl) = cubel;

true
,Hy ' Sgn (2:32)7
. S, Z=rZ , Sh (Z=rz)" Shn (Z=rz)"
(S (Z=rz)" ) G(r;1;n) ( ). (Z=rz)"
" "n Shn E; G(r;r;n) . E,
X
Er= ("5 2 (Z=r2)" 1 i 0 (modr)
i=1
(Z=rz)" . G(r;r;n) nt "1
,Hv ' G(3;3;8)
6.3
cube orbits[2] .fe:H! Spy H =cube orbits[2]

, He = Im(fg) =cube2, fg =hom2 . He
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gap> cube2 := Action(cube, orbits[2]);
<permutation group with 6 generators>

gap> Size(cube2);

980995276800

gap> hom2:= ActionHomomorphism(cube, orbits[2]);
<action homomorphism>

He 980995276800 . He =cube2 oribts[2]
gap> edges := Blocks(cube2, [1..24]);
[[1 11], [ 2, 1611, [ 3, 19], [ 4, 22], [ 5, 14],
[ 6,81 [7,24], [ 9 18], [ 10, 21], [ 12, 15],
[ 13, 20], [ 17, 23] ]
orbits[2] [1..24]

2 12 5 47 10 36 7 29 44 13 34 45 28 4 31 37 42 15 26 21 20 39 23 18

1 23 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

14 3
7

18

10

21

24

23

20

13

19

15

11

22

16

9

17

12

4

Figure 5.

, 12

Hg =cube2 "eE:Hg! Spp Im' g =cube2b

gap> cube2b =
Group([ ( 7,11,12, 9),

(2,5 9 8),
gap> Size(cube2b);
479001600

Action(cube2, edges, OnSets);
(1, 2, 4, 6), ( 3, 610,11),
(1, 3 7, 5), (4 81210) ]
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cube2b S, , 12!

gap> Factorial(12);
479001600

cube2b' Sp» . ,E tHE ! Spo . ' g =blockhom2, Ker' g =
Ky =ker2 . Ke =ker2

gap> blockhom2 := ActionHomomorphism(cube2, cube2b);
<action homomorphism>

gap> ker2 := Kernel(blockhom2) ;

<permutation group with 11 generators>

gap> Size(ker2);

2048

gap> Factors(Size(ke r2));

[ 2,2 2 2 2 2 2 2 2 2 2]

gap> IsElementaryAbe lia n(ker2) ;

true
, ker2 211 . Keg ' (z=22)" ,
(6.3.2) 1 @Z=2)% 1 He %1 s, 11
Ke ' (z=22)% . JKe  (z=22)*?
7=27 180 . 12

[1,11], [3,19], [7.24], [5,14], [2,16], [9.18],
[10,21], [17,23], [13, 20], [12,15], [6,8], [4,22]

180 " it (2=22)12 "= (111), 2 = (35 19)

gap> (1,11) in cube2;

false

gap> (1,11)(3,19) in cube2;
true



,"12Kg,"1"2 2 Kg

Vit

(6.3.2)

gap> comp2:= Stabilizer(cube2

<permutation group of
gap> Action(comp2,
true

49

R M A N TR P
2Ke (L i 11) ,
32
()2 @2)2) 0 (mod 2)
i=1
, He S (Z=22)"
. [1,2,3,45,6,7,9, 10,1213,17], OnSets):

size 479001600 with 8 generators>

edges, OnSets) = cube2b;

, cube?2 Sz comp?2 ,' e ‘Hg!
Si»  comp2 comp2; Sy ,HE ' Sipn (z=27)1
. He ' G(2;2,12)
6.4
H 48 , 48 orbits[1] orbits[2]
. H orbits[1] Hy , orbits[2] He
.f\/:H! Hv,fE:H! He f:H! Hy HE;g7!
(fv(9):fe(9) v Hv! Sg,'"e:He! Sp
(6.4.1) :H "1t Hy He VY F S5 Sp
Sg f1,2;:::;80, Si2 f9,;10;:::;21g Ss Sip Sy;p
A(Sg S12) = (Ss S12)\ Az Ay 21 )- A(Se S12) Ss S
2
(6.4.2) fH) A(Ss Siw):
0= X1;X2;:1152p Vv fv(o) 4 fv
gap> hom11:= homl*blockhom1;;

gap> Image(hom11, x_1);
(3,7,8,6)
(1,2,5,4)
gap> Image(hom11, y 1);
(4,5,8,7)

Image(hom11, x_2);

Image(hom11l, y_2);
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(1,3,6,2)
gap> Image(hom11, z_1); Image(homll, z_2);
(1,4,7,3)
(2,6,8,5)

e fe(9) 4

gap> hom22:= hom2*blockhom2;;

gap> Image(hom22, x_1); Image(hom22, x_2);
(7,11,12,9)

(1,2,4,6)

gap> Image(hom22, y_1); Image(hom22,y 2);
(3,6,10,11)

(2,5,9,8)

gap> Image(hom22, z_1); Image(hom22, z_2);
(1,3,7,5)

S12) n ((Z2=32)"

(4,8,12,10)
9= X1;X2;110522 o) = (v fv(a)
Q) 2 A(Ss Si2). XiiXziiiiize
(6.4.2)
(6.4.3) H' f(H)=A(Ss Si)n ((2=32)7
H (6.4.3)
642 ,H' f(H) (v ') YA(Ss Swn).
(v "e) "(A(Ss Si2)' A(Ss
Hy He 2 : , H =cube

gap> Size(cube) = Size(cubel)*Size( cube2)/ 2;

true

f(H)=(Cv "e) YA(Ss S1)) , (6.4.3)

H

gap> Center(cube);

Group([ ( 2,34)( 4,10)( 5,26)( 7,18)(12,37)(13, 20)
(15,44)(21,28)(23 4 2)( 29,36 )( 31,45)( 39, 47) ])

E

fe(9) 2Ss Sz 4

(z=22)")

Hy

(z=22)")

Heg = cubel cube2
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. H f1;99
g = (2;34)(4; 10)(5; 26)(7; 18)(12; 37)(13; 20)(15; 44)(21; 28)(23; 42)(29; 36)(31; 45)(39; 47)

, 12 180 2

6.5

H  X1;X2;Y1,Y2: 21,22 . H

.H X1;X2;Y1;Y2;21;Z2  Hy ap; ap; br; by;
C1;C2

gap> a_1:= Image(homl, x_1); a_2 := Image(homl, x_2);
( 3, 813, 7)( 9,15,11,17)(19,23 ,20,24)
(1, 2, 512)( 4, 6,14,21)(10,16,22 ,18)
gap> b_1 := Image(homl, y_1); b_2 := Image(homl, y_2);
( 4,10,19, 8)( 5,13,11,16)(12,21 ,17,24)
(1, 3, 9,18)( 2, 6,15,23)( 7,14,22,20)
gap> c_1 := Image(homl, z_1); c_2 := Image(homl, z_2);
(1, 4,11,20)( 3, 6,16,24)( 8,15,22,12)
( 2, 7,17,10)( 5,14, 9,19)(13,21,18,2 3)

Hy q= aia; !, r = ¢; b teihy
gap>q = a_l*b 1*a_1"-1;
( 3, 4,10,24)( 5, 8,15,16)(11,20,12 ,21)
gap>r = c_1M1*b_1M1*c_1 *b_1;

( 3,24,20,11,15, 8)( 4,10,16, 5,12,21)

q;r2HV IV:Hvl Sg s

gap> qq := Image(blockhoml, Qq);
(3,4,5,7)

gap> rr := Image(blockhom1, r);
(3,7)(4,5)

gap> rr'qq;

4.7)

rq Sg . rq . rq
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gap> rq;
( 424,12,11,16, 8)( 5,21,10)

rq [4,12,16]  [8,11,24] , [5,10,21]
. Figure 4 , 1= (¢, 'b, tery)(arbya, 1)
. ap; by
2
g2 Hy .'v(9) 2 Sg . g rq
g°2 Ky = kerl - ( , rq
) ( ) )
g2 Ky . v(ro) , (rg)2 2 Ky

gap> (rg)*2 in kerl;
true

gap> (r“q)"2;
( 4,12,16)( 5,10,21)( 8,24,11)

(rqp2 3 [4,12,16], [5,10,21], [8,24,11] 120 } ,
ai;bi;cr cpbsap ,

gap>r_1 = a 2"1*p_1M1*a _2*b 1;

( 1,12,22,16, 6, 4)( 5,13,21,17,10,19 )
gap>qg_1 = c_1*b_1*c_1n-1;

( 1,10,19,22)( 4, 6, 5,13)(16,22,21,1 7)
gap> r_1*q_1;

( 4,20,12,21,16, 5)(13,17,19)

gap> (r_1*q_1)"2;

( 4,12,16)( 5,10,21)(13,19, 17)

. (ricn) 2(rg)?

gap> (r_1*q_1)"-2*(r  *q) "2,
( 8,24,11)(13,17,1 9)

, 2 [8,11,24], [13,17,19] 120 , 120 .
L 2 1 L L
Kv : g2 Ky ,(rion) %(ro)? : (
)
Pv tH! HV H\/ HE H\/ H . Kerp\/ = H\ HE ' Alzn

(2=27)% . g2 Kerpy ( ) cu= (xiyg)®
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gap> u = (X_1"2*y 1/2)"3;

( 545)( 7,42)(18,23)(26, 31)
gap> Image(hom2, u);

( 3,12)( 7,17)(15,19)(23, 24)

,u Figure 5 [7,24] [17,23] , [3,19] [12,15]
, -IE fE(U)ZSj_z 2 -IE fE:H! S]_z
] A8 u ( ) * g u
e fe(9) =1, g2 (z=22)"
, (Z=22)" H Vi =y ey, tys ) Lu

wy = v, tuvg

gap>v_1 = y 1M1*(x_2*y 1 *x_2~-1*y 1M-1)

( 3,27,33)( 5,21,45)( 8,24,46,32,25,3 0,40,38,19,43,14,48)
(26,28,31)(29,4 7)( 36,39)

gap>w_1:= v_1M1*u*v_1;

( 5,21)( 7,42)(18,23)(26, 28)

gap> Image(hom2, v_1);

( 3,20,12)( 4, 8)( 6,22)(13,15,19)

gap> Image(hom2, w_1);

( 3,20)( 7,17)(13,19)(23, 24

wi  fe , [7.24]  [17,23] J[319]  [20,13]
Vo = Xq tzy Saydx, by, t ,u W2 = v, tuvy

gap>v_2 = x_1M1*z 1M-1*x _1*y 172*x_2M-1*y 1M1,

( 1,46, 9,40,3514)( 2, 4,47,12)( 3,25,33,19,27, 8)( 5,26)(10,39,37, 34)
(21,29,31,28,36 ,45)( 24,32,30,38,43,48)

gap> Image(hom2, v_2);

( 1,24, 4, 2)( 3,19)( 5,22,16,11)( 6,12,20, 8,15,13)

gap> w_2:= v_2"1*u*v_2;

( 5,28)( 7,42)(18,23)(21, 26)

gap> Image(hom2, w_2);

( 3,13)( 7,17)(19,20)(23, 24)

wo  fe , [7,24]  [17,23] ,[3,19]  [13,20]

gap> w_1nN-1*w_2;

( 5,26)(21,28)

gap> Image(hom2, w_1/-1*w_2);
( 3,19)(13,20)
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w; two 2 180
w, twp 2 (2=22)1

( ) . (z=22)"
: ( )
g2H )
6.6 (3 3 3
Figure 6. (3 3 3
90 ,
. , 6 , 90
,149,50;:::;72g , S7o 9
H X1;:0022
18 XX 1, xx 2, yy 1, yy 2, zz 1, zz 2

gap> xx_1 := x_1*49,50,51,52) ;;
gap> xx_2 := x_2*53,54,55,56) ;;
gap>yy 1 := y 1*%57,58,59,60) ;;
gap>yy 2 = y 2*%61,62,63,64) ;;
gap> zz_1 := z_1%65,66,67,68) ;;
gap> zz_2 := z_2*69,70,71,72) ;;

¥ = excube

gap> excube := Group(xx_1, xx_2, yy 1, yy 2, zz 1, zz_2),
<permutation group with 6 generators>

gap> Size(excube);

8858010270615525088000

Sus
24
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H (z=42)® [ .p:&! H H (z=42)*!' H 18
. p(xx1) = X150 p(222) = 22 ] . € = Kerp

(6.6.1) 1 IR I19 I H o1

1€ = 18\ (z=42)° ,

gap> Size(excube)/Si ze(cube);

2048
gap> 4"6;
4096
R (Z=42)° 2 R . (z=42)% 90
6 : "1
"1 = (49,50,51,52) X1 , "2 = (57;58,59,60) vy

gap> (49,50,51,52) in excube;

false
gap> (49,50,51,52)(5 7,58,59,60) in excube;
true
gap> (49, 50,51,52)*2 in excube;
true
V22 R 2 R
X6
(6.6.2) = ("55:00"%) 2 (2=42)8 | i 0 (mod?2)
i=1
[ , (6.6.1) , (6.6.1)
H (2=42)° ]
(6.6.3) (2=32)" (z=22)* W:
, (11;24;8);(20;15;3) 2 Hy  [1..24] , orbits[1] (25;19;8); (11;17,6) 2 Sp4
,(7;24);(14;5) 2 He  [1..24] , orbits[2] (7;18); (4; 10)

gap> (25,19,8)(11,17 ,6) in cube;
true

gap> (25,19,8)(11,17 ,6) in excube;
true

gap> (7,18)(4,10) in cube;

true
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gap> (7,18)(4,10) in excube;

true
, (25;19;8)(11;17;6); (7;18)(4;10)2 14 : , (z=32)7,
(z=22)1 1 . (6.6.3)
(6.6.3)
(6.6.4) B Bin ((2=82)" (z=22)')):
1= 18\ (A(Ss S12) (Z=42)%) A(Ss Sw2) (Z=42)° 2 (
(2=42)® ). 18 18, . As A
A(Ss Si2)
(665) Ag A ﬁ]_:

A(Ss S1) H

gap> Orbits(compl, [1..24]);

[[1 2, 3, 4 5, 13, 7, 8], [ 6, 14, 15, 16, 21, 17, 9, 11],
[ 10, 18, 20, 12, 19, 23, 24, 22 ]

gap> Orbits(comp2, [1..24]);

[ [ 1, 2 3, 4 5 6 17, 13, 9, 12, 10, 7],
[ 8 16, 18, 19, 22, 14, 23, 20, 15, 21, 11, 24 ]

Sg compl Hy . , Sg s 8

[1;6;22], [2;14;18], [3;15;20];, [4;16;12], [5;21;10], [13;,17;19], [7;9; 23], [8;11; 24]

orbits[1]
[1;9; 35], [14;46;40]; [17;11;6]; [3;33;27], [48;32, 38];, [24;30;43], [22,41;16]; [19;8;25]

S12  comp2 He , S12 12

[1;11] [216] [3;19] [4;22] [5;14] [6;8]; [17;23] [13;20] [9;18] [12 15] [10;21] [7;24]
orbits[2]

[2,34], [12,37], [5;26] [47,39] [10,4]; [36;29] [42 23] [28;21] [44;15] [45,31] [13,20] [7;18]
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, 3 [1,9,35], [14,46,40], [17,11,6] 3
H (1;14; 17)(9; 46; 11)(35; 40; 6)

gap> (1,14,17)(9,46, 11)(35,40,6) in cube;

true
gap> (1,14,17)(9,46, 11)(35,40,6) in excube;
true
3 [2,34], [12,37], [5,26] 3 H

(2;12;5)(34; 37, 26)

gap> (2,12,5)(34,37, 26) in cube;

true
gap> (2,12,5)(34,37, 26) in excube;
true
Ss Sz ( ) 3 14 : ,
A(Ss S12) (2=42)° ' Sg Si2 .81 A(Sg S1) (Z=4zZ)®
2 , Sg Si12 . Sg 3
'y $12 3 191 . 3
, (6.6.5)
(6.6.1) (6.6.5) VB (As Ap) € 2
g= (1;14)(9;46)(35,40) (2;12)(34;37) (49;50;51;52)
.1 [1,9,35] [14,46,40] .2 [2,34]
[12,37] , 3 90 : :
[
(6.6.6) 1= Asg Ap) K (As A) K g
1:A(Sg S12)! A(Sg Si2)=(As Ap)' f 1g;
2:(2=42)% 1 (z=42)°= ' fg
1 2 : tA(Ss S12) (Z=42)°! f 1g (&b = 1(a) 2(b
, 191 = Ker ) ,
(6.6.7) 18

18 18,0 ((2=32)7 (z=22)'Y)
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ﬁl = Ker A(Sg S]_z) (Z=42)6 2

j|j= 2—14(8! 12! 3% 212 45) = 8858010270615525088000:

1 z(8)

gap> Center(excube);
<permutation group of size 4096 with 10 generators>

Z(18) 4096 g H

(6.6.8) Z(19)' hgi K

gap> g in Center(excube);

true
gap> (49,50,51,52)(5 7,58,59,60) in Center(excube);
true
gap> (49,50,51,52)2 in Center(excube);
true
2 3 , (6.6.2) K Z(9)

Z(19) (6.6.8)



