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ABSTRACT. In this paper, we prove Lusztig’s conjecture for G = SL,,(F,), i.e., we
show that characteristic functions of character sheaves of G¥ coincide with almost
characters of GI" up to scalar constants, assuming that chF, is not too small. We
determine these scalars explicitly. Our result gives a method of computing irreducible
characters of G¥'.

0. INTRODUCTION

Let G = SL,, defined over a finite field F;, with the standard Frobenius map F’, and
G = SL,(F,) the finite special linear group. In [S2], a parametrization of irreducible
characters of G¥ was given by making use of modified generalized Gelfand-Graev
characters. Also the almost characters of G was defined, and it was shown that the
Shintani descent of irreducible characters of G, for sufficiently divisible m, coincides
with almost characters up to scalar. However as explained in the remark of the last
part of [S2], the relationship of our parametrization of irreducible characters and the
parametrization in terms of the Harish-Chandra induction was not so clear. Now
Lusztig’s conjecture is formulated in the form that almost characters coincide with the
characteristic functions of character sheaves of G under a suitable parametrization.

In this paper we prove that Lusztig’s conjecture holds for G¥, assuming that
ch F, is not too small so that Lusztig’s results ([L7]) for generalized Gelfand-Graev
characters are applicable. In the course of the proof, it is shown that almost characters
of G are parametrized in terms of the twisted induction, which is compatible with
the parametrization of F-stable irreducible characters of Gf™ in terms of the Harish-
Chandra induction for sufficiently divisible m. Thus giving the relationship between
two parametrizations of F-stable irreducible characters of GF™ is equivalent to giving
the relationship between two parametrizations of almost characters of GF'.

We give a complete description of the relationship between those two parametriza-
tions of almost characters, by computing the inner products of the characteristic func-
tions of characters sheaves with various modified generalized Gelfand-Graev characters.
Note that the inner product of characteristic functions with generalized Gelfand-Graev
characters can be computed by using Lusztig’s formula without difficulty. However
the computation in the case of modified generalized Gelfand-Graev characters is much
more complicated since it involves non-uni potent supports. Through this computa-
tion, we can describe the scalar constants appearing in Lusztig’s conjecture. Although

the expression of such scalars are not so simple, they are explicitly computable. (Here
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we need a result of Digne-Lehrer-Michel [DLM1] that the fourth root of unity occurring
in the Lusztig’s theory in [L7] is explicitly determined in the case of SL,,).

The computation of irreducible characters of G is reduced to the computation
of characteristic functions of character sheaves. In turn, the computation of those
characteristic functions is reduced to the computation of generalized Green functions.
Lusztig’s algorithm of computing generalized Green functions contains certain un-
known constants. In the case of SL,, we can determine such scalars, which will be
discussed in [S3]. Thus our result makes it possible to compute the character table of
SL,(F,).

Some notations. For a finite group I', we denote by Irr I" or I'" the set of irreducible
characters of I over Q. If F': I’ — I is an automorphism on I", we denote by I'/~p
the set of F-twisted conjugacy classes in I', where z,y € I is F-twisted conjugate if
there exists z € I" such that y = z7'2F(z). In the case where I" is abelian, I'/~p is
naturally identified with the largest quotient of I" on which F' acts trivially, which we
denote by Ip.

For a reductive group H, we denote by Zg the center of H, and denote by ZY% the
identity component of Zg.
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1. PARAMETRIZATION OF IRREDUCIBLE CHARACTERS

1.1. Let k be an algebraic closure of a finite field F, with ch £ = p. In this and
next section, we review the parametrization of irreducible characters of SL,(F,) (or
more generally, its Levi subgroups) following [S2]. we assume that p is large enough so
that the Dynkin-Kostant theory on Lie algebras can be applied. For example, p > 2n
is enough for G = SL,, (See the remark in 2.1).

Let G = GLy, X ---x GL,, . We regard G as a subgroup of GL, (k) with n = > n;
in a natural way, and put G = G N SL,. Thus G is a Levi subgroup of a parabolic
subgroup of SL,. We consider a Frobenius map F' on G of the form F = o Fy,
where Fj is the split Frobenius map on G with respect to the F-structure, and ¢ is a
permutation of the factors in G.

Put CN}'Z = GL,,. We choose an Fpy-split maximal torus YN’Z in CN}'Z so that T =
ﬁ X - x T, » is an F-stable maximal torus in é, which is maximally split with respect
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to F. Let W = Ng (T )/T be the Weyl group of G. Then W ~ W; x - -+ x W, where
W; = Ng ( )/T is the Weyl group of Gi.
Let G* o~ G* - X G* be the dual group of G over F,, and G* the dual group

of G. We denote also by F' the corresponding Frobenius actions on G* and G*. The
natural inclusion map G — G induces a map T : G — G*, which is identified with
the projection G — G* /71, where Z; is the center of GL,, under the identification

of G* with the subgroup of GL, = GL,. Then Zz. and Zg- are connected, and
Zew = Zg./Z1. We have natural inclusions and projections

CN; — G« CTYder = édera
é* -G — G*/Zg* = CN;*/Z@*,

where the dual group of Gy, (resp. éder) is identified with G*/Zg« (resp. G* /7).
We note that, for a connected reductive group H defined over F, with Frobenius
map F', there exists an isomorphism of abelian groups

(1.1.1) fo(Zg)" = (H"/Hig,)",

where HI means (Hder) Returning to the or1g1nal setting, let S = TﬂGder be an F'-
stable maximal torus of Gder We have G = Z~ Gder, T = 258, and Zg ﬂGder =ZzNS
is finite. It follows that GF/GE ~ TF/ SF and we have a natural inclusion map
ZFSF/SF < TF/SF which induces a surjective map (GF/Gder) (ZgSF/SF)/\.
Then we have the following lemma.

Lemma 1.2. Assume that ny = --- =n, =d, and put (Zz.)a ={z € Zz. | 2% = 1}.
Then there exists an isomorphism fy : Zg*/(Zé*)g — (ZF ST /STYN which makes the
following diagram commutative.

Zg* T) (GF/Gder)

(1.2.1) l l

2525}l —— (ZEST/SP),
where the vertical maps are natural surjections.

Proof. By the isomorphism f, the subgroup (Z@*)g of 7 g is mapped onto the sub-
group A = {0 € (TF/ST)" | % = 1} of (TF/ST)*. We want to show that

(1.2.2) A={0e(TF/S" | 0l 7z 5r /50 =1}

Let B be the right hand side of (1.2.2). Note that 7' = ZzS, and Z5 N S consists

of elements 2z such that 2% = 1 since CN}'der ~ SLg % ---x SLyg. It follows that for
v € (ZzS)F with 2z € Zz,v € S, we have 2¢ € Zg,vd e S¥. Hence for § € B,
we have 0%(zv) = 6(z%?) = 1. This implies that § € A, and we have B C A.
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Here |A] = |(Zz.)E|. On the other hand, |B| = ]TVF\/|ZgSF| = \Zg N S| since
ITF| = |ZENIST| (cf. [C, Prop. 3.3.7]). Under the identification ZZ =~ ZZ, we have
(Zz)f =~ Zg N SE. It follows that A = B, and (1.2.2) follows.

Now we have natural isomorphisms

ZE)(Zg. )] = (TF[S") A= (TF/S")\ B ~ (255" /S,

which makes the diagram (1.2.1) commutative. This proves the lemma. U

1.3. We fix a dual torus 7* of T’ over F,in G*. Then the Weyl group Np. (TV*)/TV*
may be identified with 1. For any semisimple element s € 7™ such that the conjugacy
class {$} of § in G* is F-stable, put

Wy={weW|w(s) = s}
Zy={weW| Fw(s) = s}.

We fix an F-stable Borel subgroup B of G containing T'. Let X (resp. X'T) be a root
system (resp. positive root system) with respect to the pair (E,T) Then Z; may
be written as Z; = w;W; for some w; € W. The element w; is determined uniquely
by the condition that w; maps X into X*, where X is the subroot system of X
corresponding to s. N

Put T =T NG and B = BNG. Then T is the maximally split maximal torus of
G, and B is an F-stable Borel subgroup of G' containing 7. We identify W with the
Weyl group N¢(T')/T of G.

1.4. The element w; induces an automorphism v : Wy, — W; by y(w) =
F(wyww; ). Let Wi(vy) be the semidirect product of W; with the cyclic group (v)
generated by . We denote by (W/{')? the set of v-stable irreducible characters of
Ws. Each E € (W{)" is extendable to an irreducible character of W(vy). We fix the

preferred extension E of E (see [L3, 17.2]).

Let T, be an F-stable maximal torus of G obtained from T by twisting by w € W.
Then to any w € Z;, one can attach an irreducible character 6,, of TF® ~ va (see e.g.,
[S2, 2]). Let R% (6,,) be the Deligne-Lusztig character of GF associated to 6, € (TF).

For cach E € (W), put

Pip = (=)W ST T (yw, )RS (Guyu)-

T’U)lw
weWj

Then p; g gives rise to an irreducible character of GF. The set Irr GF is decomposed
as

e G = [[£(GF, {s}),
{5}
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where {$} runs over all the F-stable semisimple classes in G*. The Lusztig series
E(GF, {s}) associated to the F-stable class {s} is given as

E(G" {8)) = {pes | E € (W),

1.5.  We now describe the irreducible characters of G following [S2]. Let
7 : G — G* be as in 1.1. Let T* = 7(T*) be the maximal torus of G*. Then
W = Ng. (T*)/T* is naturally identified with Ng«(7%)/T*. As in the case of GF, the
set Irr G is partitioned as

Irr GF = HS (GF, {s}),

where {s} runs over all the F-stable semisimple classes in G*. We fix s € T* for a
given F-stable class {s} C G*. There exists § € T* such that m($) = s and that the
class {$} is F-stable. One can find w; € Z; and an isomorphism v = Fw; : Wy — W;
as in 1.4.

Put Wy = {w € W | w(s) = s}. Then Wy is naturally regarded as a sub-
group of Wy, and we have W, ~ W; x €, where () is a cyclic group isomorphic
to Zg(s)/Z2.(s). Wy is characterized as the largest reflection subgroup of W, and
sometimes we denote it by W?2. Let F’ = F1i, where 1 is the representative of w;
in Nz (T*). Then m is F'-equivariant, and s € (7). So F' acts naturally on Wi,
leaving W; and ) invariant. We consider the set Q;/~p of F'-twisted classes in (2.
Since €, is abelian, €, /~p is identified with (£25)g, the largest quotient on which F”
acts trivially. For each z € (€,)p, one can choose §, € (T*)*F" such that m(s,) = s,
and obtain an isomorphism v, = xF’" : W; — W;. To each ’yx—stablg irreducible char-
acter £ of W;, one can attach the irreducible character pg, g of GT as before. We

denote by 7;, g the set of irreducible characters of G occurring in the restriction of
ps,.e on GF. Then by [L5], we can decompose E(GF, {s}) as

(1.5.1) E(GF {s}) = ]_[ T:. B,

where the pair (z, E) runs over all z € (Q,)p and E € (W) /QF (the set of Q-
orbits in (W)").

1.6. Following [S2], we shall modify the partition in (1.5.1). For E € W/, let
Qs g be the stabilizer of £ in Q. (In [S2], the notation Q,(E) is used instead of € ).
If the Qs-orbit of E in W' is F'-stable, then € g is F'-stable, and one can consider

the largest quotient (Q g)p as before. If we put (NZ&E = {2 € Q,|*F"E = E}, then
Qs # 0, and one can write it as Q; g = Qg pap for some ag € Q. It follows that
Qs g/~p can be identified with the set (Qg g/~p )agr and with (Q, g)rrag. We denote



6

this set by (s g)r. By (4.4.2) in [S2], we have the following natural bijection

(1.6.1) H (QS,E)Ffﬁ H (WS.A)%/QE/,

Ec(W)/Q6)F 2€(Qs) pr

where (W' /Q,)F" denotes the set of F'-stable Q,-orbits in W{. (In [S2], Qs is used
instead of SNIS, g- This is justified since we have a bijection SNIS, g =~ Q, g. However this
bijection depends on the choice of ag, and so the form as in (1.6.1) is more convenient
for our later purpose.)

Let E € (W) /Q,), ie., the Q,-orbit of E is F'-stable. Then for each y € (Qy 5) 5,
one can associate the pair (x, E'), where x € (Q)p and B/ € (W)= /QF by (1.6.1).
We denote by 7 g the union of various 7;, g where (x, E') runs over all the pairs in
the image of (€25 g)r under the bijection in (1.6.1). Thus we can rewrite (1.5.1) as

(1.6.2) G {sh= [ T

Ec(W) /)
For a pair (s, E) with E € (W}'/Q,)", put
(1.6.3) M= Q)" % (Qup)p,

where QF is the F'-fixed subgroup of € p.

It is known by [L5] that 7;, g is in bijection with the set (Qg’:g)’\ = (Qfg)’\ Hence
by (1.5.1), £(G¥,{s}) is parametrized by various (Q2£;)". However, this parametriza-
tion of 7;, p is not canonical. It depends on the choice of an irreducible character
po € Irr G occurring in the decomposition of p;, . In [S2], a bijective correspondence
Top < ms, g was constructed by making use of generalized Gelfand-Graev characters.
This bijection is determined uniquely once we fix a representative u € CF for each
F-stable unipotent class C' in GG. Thus we have a parametrization of £(G¥, {s}) as

(1.6.4) G {sh= ] M.e

Ee(W) /Qs)F!

In the next section, we shall explain this parametrization in details.

2. GENERALIZED GELFAND-GRAEV CHARACTERS

2.1. In order to explain the bijection 755 « H&E, we shall review results on
generalized Gelfand-Graev characters following [S2]. (Although no restriction on p was
assumed in [S2], this must be changed. In fact Kawanaka’s construction of generalized
Gelfand-Graev characters of GL,, or SL, requires no assumption on p. However, our
construction ([S2, 2.3]) relies on the Dynkin-Kostant theory, which requires that p is
not too small). We also prove a character formula for modified generalized Gelfand-
Graev characters, which will play an essential role in later sections.
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Let g be the Lie algebra of G with Frobenius map F' = ¢Fy. Let Gy (resp. gni) be
the set of unipotent elements in G (resp. nilpotent elements in g). We have a bijection
log : Guni — gni, v — v — 1. Let O be an F-stable nilpotent orbit in g, and choose
a representative N € g. Correspondingly, we consider an F-stable unipotent class
C containing u = log™* N € C¥. By Dynkin-Kostant theory, there exists a natural
grading g = @;ez g; associated to N. Let u; = @,>;9; for 7 > 1. Then u; is a nilpotent
subalgebra of g, and there exists a connected unipotent subgroup U; of G defined over
F, such that log(U;) = u;. Also one can find a parabolic subgroup P = Py and its
Levi subgroup L = Ly such that P = LU;, where L is an F-stable Levi subgroup of
P with Lie(L) = go and U, is the unipotent radical of P. Moreover, we have N € gs.

Let N* € g%, be the element such that {N, N*, H} gives a TDS triple for some
semisimple element H € go. We define a linear map A : uy — k by A(z) = (N*, z) |
where(, ) is a fixed G-invariant non-degenerate bilinear form on g. It is known that the
map (z,y) — A([z,y]) defines a symplectic form on g;, and according to [S2, 2.3] one
can find an F-stable Lagrangian subspace s of g; satisfying the following properties.
Put u = s + uy (u = uy 5 in the notation in [S2]). Then u is a subalgebra of u;, and
we obtain an F-stable closed subgroup U of U; such that log(U) = u. U is a normal
subgroup of U;. Moreover, U is stable by the conjugation action of L. (Note that the
last property does not hold for a general Lagrangian subspace (see [S2, 2.6]).) Now the
map Ao log: U — k turns out to be an F-stable homomorphism from U to k. Thus
we obtain a linear character Ay on UY by Ay = 1 o Ao log, where ¢ : F, — Qj is
a fixed non-trivial additive character of F;. The generalized Gelfand-Graev character
I'y on G¥ associated to N is defined as I'y = Indgi An.

Following [K3], we construct modified generalized Gelfand-Graev characters. Let
Ay =Zp(\)/Z2%(\) for X : u— k. Then by [S2, 2.7] we have

(2.1.1) Ay~ Ag(N) = Zg(N)/Z%(N).

Since the latter group is abelian, A, is an abelian group. Moreover, we have a surjective
map Zg — Ay. Put

(2.1.2) M = (Ay)p x (A"

For each (c,&) € M, one can construct a character . on G as follows; for ¢ € Ay,
we choose a representative ¢ € Z()\). Then we find o, € L such that o' F(a,) = ¢.
Let us define a linear map A\, : u — k by A, = Ao Ada !, where Ad is the adjoint
action of L on u. We define a linear character A, on U¥ by A, = ¢ o A, o log. If we
notice that Zp(\.)f" coincides with Z;r(/.), the linear character A, can be extended
to the character of Zr(\.)¥ UY so that it is trivial on Z7(\.)¥, which we denote by the

same symbol A.. On the other hand, by the isomorphism
ZL(A)"/Z5(A)" = Ze (N ZE (N = AT = Af,

the linear character ¢ € (AF)" determines a linear character &% on Zp(\.)¥ which is
trivial on Z9 ().



Let P and L be the parabolic subgroup of G and its Levi subgroup associated to
N € § =LieG. Then we have P = PNG and L = LN G, and so Z,(\) C Zz(A). Let
us take a linear character 6 of Zp(A\)¥ of the following type.

(2.1.3) 6 is the restriction to Z1(\)" of a linear character of Z7(\)* which is trivial
on (Z7(N)der)”

Since ¢ € Z1()), we have (Z7(\)/Z7 (Naer)' = (Z7(N)/Z7 (N aer)F. Tt follows that
0 is regarded as a linear character of Z;(\)¢F, and it determines a linear character of
Z1 (M) via the isomorphism ad o™t : Zp(\.)F =~ Zp (AN, which we denote also by 6.
Then 0¢" gives rise to a character on Zp(A\.)f'U* under the surjective homomorphism
Zr(A)FUY — Zp(A\)F, which we denote also by 0¢%. Under this setting, we define a
modified generalized Gelfand-Graev character I ¢ g by

(2.1.4) Teep=dg, o rpr (06 ® A.).

In the case where 6 = 1, we simply write I, ¢ as I¢g.

For later use, we also define a generalized Gelfand-Graev character I, associated
toce Ay by I, = Indgi A.. Under the isomorphism Ay ~ Ag(N) (2.1.1), one can
construct a nilpotent element N, € gi twisted by c. I, is nothing but the generalized
Gelfand-Graev character I'y, associated to N.. We remark that I ¢ occurs as a direct
summand of I7.

2.2. We choose m large enough so that F'™ acts trivially on A,. Replacing F' by
F™ we have a modified generalized Gelfand-Graev character I’ (m 5)9 on G, Now the
parameter set M is replaced by Ay x AY. We denote by M the subset of Ay x A}
defined by

M = A7 x (AD",

where (A) is the set of F-stable irreducible characters of Ay. We now construct, for
a certain linear character 6 of Zr(\.)¥™, and for each (c,£) € M, an F-stable modified
generalized Gelfand-Graev character I’ (m gé, and its extension to G (o), where o =
F|grm. The case where 6§ = 1 is discussed in [S2, 1.8]. For ¢ € A%, we choose ¢ € L.
We construct the linear character AT of UF™ as in 2.1, i.e., we choose 8. € L such
that 871 F™(8,) = ¢, and define A\. by A\, = Ao Ad 5!, and put AT =4, 0 A\ o log,
where ¢, = ¢ o Tr g ./, Put ¢ = .F(6;"') € L. Then AU turns out to be
¢F-stable. (Note that it is possible to choose ¢ € T*. Then we can choose 3, € T'.)

On the other hand, it can be checked that ¢F acts on Zp(\.) commuting with £,
and that under the isomorphism

ad 0711 Zu(A)"" JZE(A)" = Zu (N ZEN)TT > Ay,

the action of ¢F on Zp(\.)f" is transferred to the action of F' on A,. Hence if we take
¢ € (AMT it produces a ¢F-stable linear character &% on Zp(\.)™".
Furthermore, we take a linear character 6 of Z5(A\)¥" of the following type.

(2.2.1) 6 is the restriction to Z,(\)" of an F-stable linear character of Zz(\)¥" as
in (2.1.3) by replacing F' by F"™.
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Then 6 is regarded as an F-stable linear character of Z; ()™, It follows, under
the isomorphsim ad 3.1 : Zp(A\)F" ~ Zp (N, that 0 determines a ¢F-stable linear
character of Z; ()™, which we denote also by 6. Thus 6¢* ® AY™ is éF-stable for
(¢, &) € M, and we conclude that I’ 5)9 is F-stable.

Put ¢o = (¢o)™ € L¥". Then we have

¢ = BF"(B) = ¢

since 3. and Fm(ﬁc) commutes. We note that ¢y € Zp(A)F" = Z(A™)F". In
fact, since A{™ is éF-stable, it is stable by (¢0)™ = &. Put M, = Z,(A.)"" and
M? = Z2(A\.)F". We consider a subgroup M. U (¢o) of G (5) generated by M U™
and éo. Since 0c% € M” is éo-stable, and (é0)™ = ¢y € M., H¢* may be extended to a
linear character 6’N§h of M.(¢o) in m distinct way. The extension «9~§h is determined by
the value &“h(éa) = lcge, Where fi.ge is any m-th root of O&3(¢™1) = (¢~ 1)E(c™).

We fix an extension 9~§h of 0¢% to M(¢o). Since M UF"(éo) is the semidirect

product of M.(¢o) with UF™, 8~§h may be regarded as a character of M. U™ (¢o). On

the other hand, since AE"” is co-stable, it can be extended to a linear character /Tﬁm)

on M.UT" (¢a) by Al (é0) = 1. Thus we have a character 9~£h ® AT of MUF" (¢0)
which is an extension of 0¢% @ A" on M.UF™. We put

r, =md§, ), (06" @ AL,

Then I 5)9 gives rise to an extension of ch)e to G (o). Note that u;égfc(z)ebpma
depends only on the choice of (¢, ) and 6.

2.3. In [L1], Lusztig defined, for a connected reductive group H with connected
center, a map from the set of irreducible characters of H¥ to the set of F-stable
unipotent classes in H. It is shown in [L7] that this map coincides with the map
defined by Kawanaka [K1, K2, K3] in terms of generalized Gelfand-Graev characters.
We denote by C, (resp. O, ) the unipotent class in H (resp. the nilpotent orbit in
Lie H) corresponding to p € Irr H under this map. We call C, the unipotent class
associated to p (the wave front set associated to p in the sense of Kawanaka)

In the case of G, this map is given as follows. Let p = psp € E(GF,{s}). Put
E' = E®e for the sign character € of W;. Then IndW5 E’ contains a unique irreducible
character £ of W such that bgr = bp. C% is defined as the unipotent class in G
corresponding to E under the Springer correspondence. More precisely, we have the
following. Assume that G = GL,. Then W; is a product of various symmetric groups.
Accordingly, E € W{* is parametrized by a multipartition 5 = (f1,..., ) of n. By
mixing and rearranging the parts in 1, ..., B, we regard (3 as a partition of n which
we denote by 3. Let 3* be the dual partition of 3. Then (5 is the unipotent class in G
corresponding to 3* through Jordan’s normal form. For general CN}', the description of
(5 is reduced to the case of GL,, through the decomposition G =GLy, X x GLy,,
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2.4. Let g = Lie G. For a nilpotent element N € g, we denote by Oy the
nilpotent orbit in g containing N. Let P = LU; be as in 2.1, and let L C P be as
before. For each irreducible character 6" of Z7(A\)¥, the modified generalized Gelfand-
Grave character Iy is defined as Iy g = InngF(A)FUF (0’ ® An).

Let p = p; g be an irreducible character of GF , such that O; = Oy. Then it is
known by [S2, Prop. 2.14] that there exists a unique linear character ¢ of Z7(\)* such
that

~ 1 if 0 =
Ing,pYar = '
o Pgr {o it 6 + .

We denote by A(p) the linear character ¢ determined as above. We note that
(2.4.1) A(p) is a linear character of Z7(A)¥ which is trivial on (Z7(A)ger)”

In fact, by [S2, 2.13], ¢ = A(p) is determined in the following way. There exists
an F-stable Levi subgroup M of a parabolic subgroup of G such that Z- 7(A) C M

and that s € Zg;., where M* C G* is the dual group of M. We choose an integer
m > 0 such that 5 € Z]@*, and let ¢ be a linear character of Z;(\)™ obtained by

restricting the linear character of ME" corresponding to §. Then @ is F-stable, and
the Shintani descent Shpm, p(®) coincides with A(,Bj Since the linear character of

MF™ corresponding to § has a trivial restriction on ME" we see that @ has a trivial
restriction on (Z7(N)aer), and so ¢ is trivial on (Z7(A)ger)?. This shows (2.4.1).

In view of (2.4.1), the restriction 6 of A(p) to Zp(\)F satisfies the property in
(2.1.3). Hnece we can consider [ ¢ as in 2.1, which tursn out to be a direct summand

of FN,G/ ‘GF.

2.5. Let (s,E) be as in 1.6. Then § € G* = GLy, x -+ x GL,, is written
as § = ($1,...,8,) with §; € GL,,, and we have Wy = Wy x --- x W,.;.. We now
consider the following special setting for the pair (s, F).

(2.5.1) Let t be a common divisor of ny, ..., n, which is prime to p. We have Q ~ (wy),
where wy € W is an element of order ¢ permuting the factors of W, ;, transitively, and
Wi, is isomorphic to &, x - -+ x &, (¢ times) with b; = n;/t. Moreover, E € (W/')F"
is of the form

E=ER---KE, where E,~E/X---RE ¢ W/, with E| € &.

Assume that the pair (s, F) satisfies the condition (2.5.1). Then E is {,-stable,
and in particular, v,-stable for # € Q,. Since E is Q,-stable, we have E € (W /Q)"
and (Qu ) = (Q)p with ag = 1. Hence the bijection in (1.6.1) leaves the pair
(x, E) invariant for x € () p. It follows that the set 7,  coincides with the disjoint
union of 73, g for x € (Qy)p.

Let p = p; p. It is known that p|gr is multiplicity free. Let 7; = 7; g be as in 1.5.
Then 7; consists of ¢’ elements, where ¢’ is the order of QF = QF. It follows from
[S2] that (A))p acts transitively on the set 7;. Thus there exists a quotient (A))% of
(A))F such that (A,)% is in bijection with 7. (A,)% can be written also as (A))r
with some quotient Ay of Ay, where A, is a cyclic group of order ¢ (see [S2, 2.19]). It
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can be checked from the proof in [S2, 2.21] that the map AP — AF is surjective. Let
us define a set M, y by

(2.5.2) MS,N = (A\)r X (Af)A-

The set (AF)" is regarded as a subset of (A¥)" through the map AY — AF. Also
we have a surjective map (A))r — (Ax)r. We define a subset My of M by My =
(A))r x (ALY, Thus we have a natural surjective map f : My — M&N. The
following result, which gives a parametrization of 7, g in terms of generalized Gelfand-
Graev characters, is a generalization of the results 2.16 and 2.21 in [S2]. The proof is
done in a similar way as in [S2].

Theorem 2.6. Assume that the pair (s, E) satisfies (2.5.1). Let p = psp € Ir GF
Let Oy be the nilpotent orbit in g containing N. Let 0 be a linear character of Zp(\)F
as in (2.1.8), and 0y the restriction of 6 to Z%(\)E. Then for each pair (c,£) € M,
the following holds.

(i) (I, Plar)gr = 0 unless On C O.
(i) Assume that O5 = On, and let A(p) be as in 2.4.
(&) If A(p)|zo (ayr # bo. then(Iieo, plar)gr = 0.
(b) If A(ﬁﬂzg()\)F = Oy, then there exists a bijection T, p < Mg N satisfying
the following; Let p.e € Ty g be the character corresponding to (¢,§) €
M, . For each pair (c',&') € My we have

i) = (9,
<Fc/,§’,0aPC,E>GF - {0 Zf f((C/,gl)) 7é (C, 5)

We have (I ¢r.9, p1)gr = 0 for any pr € Ty i, if the pair (¢,&') € M is
not contained in M.
Furthermore, A(p)|z,(nr is evpressed as 0" for a character & of AL

Then &, is contained in (AY)", and we have

ﬁ‘GF: Z Peér-

ce(AN)F

2.7. The above parametrization of 7y is also interpreted in terms of (not
modified) generalized Gelfand-Graev characters of G as follows.

(2.7.1) For each z € (Qy)p and ¢ € (Ay)p, we have (I, ps, gler)qr = 1, i.e., there
exists a unique irreducible character of G which occurs both in the decomposition of
s, Elgr and of I'.. Under the parametrization in Theorem 2.6, this character is given
by pee, for some &, € (AF)". In particular, we have

i, Elar = Z Pega-
c€(AN)r
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By using (2.7.1) we can identify M,y with M, g in (1.6.3). Note that in this
case, M,  is nothing but the set (QF)" x (€,)r. Also note that the map x — &,
gives a bijection & : () — (AX)", where &, is given by A(ps, £)|z,00r = 0&. By
the discussion in 2.4, we can choose ¢ such that A(p; )|z, ) = 6. Then & (the case
where z = 1) is the trivial character of /_lf . Let us write 3, = $z, with z, € Z3..
Since $, is xF’-stable, we have

(2.7.2) s'asi ! = 2, F(z) 7t

where & € Ng«(T™*) is a representative of x € (£25) . We may assume that z, € ng

for a large m. Let ¢ be the linear character of G*F" corresponding to z,. Since
$,,8 € T* and $, is xF'-stable, $ is F’-stable, we see that W is also F'-stable. As
explained in [S2, 2.13], there exists an F-stable Levi subgroup M of G containing T
such that M contains Z7(A) and that $ is contained in the center of the dual group of
M. This implies that the restriction ¢, of QZ; on Zz(A\)F" is F-stable (cf. [S2, Prop.
2.14]). We define a linear character ¢, of Zz(\)* by ¢, = Shpm/p(’ljb\x). Since & =1,
we see that &, is obtained from the restriction of ¥, to Z(\)T.

Next, we shall describe the bijection between (Ay)r and (QF)". There exists a
surjective homomorphism f; : GF/GF — (A,)p defined as follows (cf. [S2, 2.19]).
For g € GF, we can write g = g1z, with ¢, € G,z € Zg. Then gy 'F(g1) € Zg, and
it determines an element in Ay = Z;(\)/Z%(\), and so an element in Ay, which is
unique up to F-conjugacy. On the other hand, we construct fo : GF/GF — (QF)"
follows. From (2.7.2), we have §~'#$2~! € ZL (we may choose & € Ng+(T*)"), and

this defines a well-defined injective homomorphism f; : QF — ZE v s lash

Since ZEL, ~ (GF /GT)", we have a surjective map f, as the transpose of f;. Then
Ker f; = Ker f,, and these maps induce the bijection f : (QF)" — (Ay)p.

Now the parametrization is given as follows. There exists a unique py € Irr G¥ such
that py occurs in p;, p|lgr and in I'y. In our parametrization, then py = p1e, = p1o
((1,&) € My, (1,2) € Myg). Then any p contained in p;, g|gr is obtained as 9p,
with g € G /GF. We then have p = Peg, = Pne With ¢ = fi(g) and n = fa(g).

By summing up the above argument, we obtain a bijection

()" % () — (A)r x (AD)" (n,2) = (£(n), &).

This gives the required bijection ﬂ& Jola ﬂ& N-

2.8. Slightly modifying the arguments in [S2, 4.5], (see the remark below), we
establish a parametrization of £(G*, {s}) as in (1.6.4). We give a bijection 7, g «
M, for each pair (s, E) such that E € (W /Q,)"".

(a) First we consider the case where the pair (s, E) satisfies the property (2.5.1).
If we put 0 = A(ps )|z, (nr, then 0 satisfies the property (2.1.3). Hence we have a
natural bijection 7, p < ﬂ&N — ﬂst by Theorem 2.6 (ii), (b) together with the
argument in 2.7.
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(b) Next we consider the case where W, satisfies the same assumption as in

(2.5.1), but E is not of the form there. So we assume that Q(E) # €, and put

= |Qs(F)|. Replacing (s, E) by a certain Ny (W;)-conjugate, we may assume that
E can be written as E ~ E, W --- K E,, (E; € W) with

where Ej,..., Ey, are distinct irreducible characters of &, with k = t/t/, and Ej;
appears t' times in the components of E;. Moreover, Q(E) acts transitively on the
factors Ey;. Since E € (W7 /€ )F', there exists ap € Q such that E € (WA) with
F" = agF'. Let L = Ly x -+ x L, be an F-stable Levi subgroup of G according
to the decomposition of E, where L = Lzl X - X le with L;; ~ GLy,». Then W;
coincides with W7, ;, the stabilizer of s in WE*, and F” can be written as F" = Fw,
with wy € W;.. Moreover, we have (2(E) = €, 1, a similar group as Q, for L = EOG,
and the pair (s, F') satisfies the condition in (2.5.1) with respect to L. Hence by (a),

the set 7 is parametrized by ./\/ls g (the super script L denotes the correspondmg
object in L). Let P be the standard parabolic subgroup of G containing L and put

P = PNG. Then by Lemma 4.2 in [S2], the map py +— Indgi po gives a bijection
between 7. and 7, . Since

My o= QL))" % (ur)pr = ()" X (p)r = Mg,
this gives a bijection 7 g < M, g.

(c) We consider the general case. Let Wy =Wy x -+ x W, , and Wy = W,
Here we assume that there exists ¢ such that €2, acts non-transitively on W, ;,. In this
case, there exists a proper Levi subgroup L* of G* such that Wy is contained in Wp-
and that L* is both F-stable and F’-stable. Then Zg-(s) is contained in L*. Under
this condition, it is known that the twisted induction RY(uy) (see, e.g., [S2, 3.1])
induces a bijection between (L, {s}) and £(G¥, {s}). By induction hypothesis, we

may assume that there exists a bijection 7.5, < Mf g Since Q4(F) = Qs 1, MSL g is
identified with MS, g. Hence we have a bijection 7, p < m& g as asserted.

Remark 2.9. In [S2], 4.5, the parametrization is done through three steps as above.
However, in the step (a), only the pair (s, E') such that A(pg g) = 1 is treated, and it is
stated that other cases are reduced to this the case by considering the linear character
0 of G corresponding to the central element z € Zk.. But this is not true in general.
In fact, if the F-stable class {$'} in G* satisfies the property in (2.5.1), then &' can
be written as §' = Zs for an F-stable class {s} such that A(p; g) = 1 with 2 € Zg-.
However, it occurs that z ¢ ZL. even if the classes {s} and {Z$} are F-stable. In
that case one cannot find a linear character 6 of G corresponding to z. Hence the
step (a) in [S2] does not cover all the cases, and one needs to consider the cases where
A(ps.g) # 1 discussed as in 2.8.
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3. CHARACTER FORMULA FOR GENERALIZED GELFAND-GRAEV CHARACTERS

3.1. For later use, we shall prove a character formula for I, ¢, which is a variant of
the formula given in [K3]. Note that I ¢ is constructed by using a specific Lagrangian
subspace s of u;. Following [S2, 2.3], we recall the construction of 5. Assume, for
simplicity, that G = SL,,. The weighted Dynkin diagram of N is given as follows. Let
IT C X" be the set of simple roots and the set of positive roots of G, which is written
in the form Xt = {¢; —¢; | 1 < i < j < n} for certain basis vectors €, ...,&, of
R™ and II = {ay,...,a,_1} with a; = &; — g;41. Assume that N corresponds to a
partition p = (3 > pe > --+ > p. > 0) of n via Jordan’s normal form. For each p;,
put

consisting of p; integers. Then Y = [, Y] is a set of n integers (with multiplicities),
and we arrange its elements in a decreasing order,

(3.1.1) Y={n>wn>->u}

The weighted Dynkin diagram h : IT — Z is given by h(q;) = v;—vq for 1 <@ <n-—1.
Let IT; (resp. Xi) be the set of a € II (resp. o € X7T) such that h(a) = 1. Clearly
we have g; = @aé 5, Ba- The set X is described as follows. For a given «; € Ily, let
J be the smallest integer such that j > ¢ and that h(«;) > 0, and let k be the largest
integer such that k& < ¢ and that h(ay) > 0. We define a subset ¥; of X by

Uy={e,—g, | k+1<p<ii+1<gq<j}.

(If 7 or k does not exist, we put £k = 0 or j = n.) Then it is easy to see that U; are
mutually disjoint and that
=11 w

a; eIl

For a;,c; € II; such that ¢ < j, we say that U; and U; are adjacent if oy, ¢ 1I; for
1 < k < j. There exists a subset W of Y satisfying the following properties; ¥ is a
union of the ¥; which are not adjacent each other, and ¥y = V][] o(¥), where o is
the permutation of X induced from the graph automorphism of II. Note that ¥ is
uniquely determined up to the action of 0. Put s = €.y go- Then it was shown in
[S2, 2.3] that s is a Lagrangian subspace in g;, stable by the action of L.

In the discussion below, we follow the notation in 2.1. Let V' be an n-dimensional
vector space over k on which G acts naturally. We can find a basis {N7v; | 1 <
i <1,0<j < p}of Vsuch that N*¥v; = 0 and that H acts on NJv; by a scalar
multiplication —pu; + 1 + 25.

Put M = Zp()\). Take t € M such that t stabilizes each basis vector N7v; up
to scalar. It follows that ¢t € T3, where T} is a maximal torus in L related to the
weighted Dynkin diagram of N. Since G is simply connected, Z¢(t) is connected. Put
3: = Lie Zg(t). Since M = Z(N) N Zg(N*), 3 contains N, N*, and so it contains H.
If we put (3:); = 9, N3, 3 = D,;(3:); gives the grading of 3, associated to N € ;.
Put (w); = @,:5;(3:);- Then we have (u;); = u; N 3. In particular, P, = P N Zg(t)

j
(resp. Ly = L N Zg(t)) is the parabolic subgroup of Z;(t) (resp. its Levi subgroup)
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associated to N. Moreover, the restriction of A : u; — k to (u;); coincides with the
corresponding linear map \; with respect to N. We have the following lemma.

Lemma 3.2. s, = s N 3; is a Lagrangian subspace of (3;)1, which is stable by L.

Proof. From the above discussion, the symplectic form on (3;); is obtained as the
restriction to (3;); of the symplectic form on g;. Hence sN3, is an anisotropic subspace
of (3¢)1. Also it is clear that s N 3, is stable by L;. Note that 77 is a maximal torus
on which the root system Y is defined. Then the subroot system X; of 3 associated
to the group Zg(t) consists of roots ¢, — ¢, € X such that the corresponding basis
vectors N*¥u; and N*vy in V have the eigenvalue 0 for t. (We identify the basis {¢;}
and {NJv;} via the total order vy,...,v, in (3.1.1)). Since t € M, N’v; have the
same eigenvalue for all 1 < j < p; — 1 (i is fixed). It follows that the subroot system
X, is invariant under the action of 0. Hence X7 N X} is also o-invariant. If we put
U, = ¥ N XY, then we have Xy N Y, = U, [[o(V,). In particular, |¥,| = | X N Xy /2.
Since s N3y = @D, ey, Ja, We see that 51 3, is a Lagrangian subspace of (3;);. The
lemma is proved. 0

3.3. For c € Ay, we choose ¢ € Z;, C Ty, and take . € Ty such that o, 'F(a,) =
¢. We consider the c-twisted version of the previous results. In the following, we denote
by X. the object obtained from X related to G or g by the conjugation or adjoint
action by a.. Then M, = a.Ma_ ' coincides with Z1().), and we have M, = Zg(N,)N
Za(N?F), where N, N, H, are F-stable TDS-triple. Since a, € L, we have s, = s and
Ug. = Uy. It follows that u, = u for u = s + 1y, and so U. = U. Let ¢ be a semisimple
element in M. Put 3, = Lie Zg(t), etc., as before. If we put ¢ = a_ta. € M,
is conjugate to an element in Ty under M° C L (since M, = M?Zz). Tt follows that
s N3y is a Lagrangian subspace of (3)1, and so s N3, = (s N (3»)1) is a Lagrangian
subspace of (3;)1, which is stable by F. We put s, = s N 3;. Let u; = s; + (u;)2. Then
we have an F-stable subgroup U; of Zg(t) such that Lie U, = u;, which is stable by L.
Moreover, u; = u N 3. It follows from this that

(3.3.1) UNZa(t) = U,

Now A, : u; — k is the linear map defined as A, by using N, instead of N. Then
Aet = Ae|u), is the linear map on (u;); defined by N, € 3. It follows that the
restriction of A, : U¥ — Qj on UF coincides with the linear character of U} defined
in terms of N., which we denote by A.;.

3.4. Take a semisimple element s € G¥', and assume that there exists g € GF
such that g7'sg € M. (Do not confuse s with an element in the dual group G*).
By fixing s, we put P, = gPg~' N Zg(s) and L, = gLg~' N Zg(s). We apply the
previous argument for ¢t = g~'sg. Then N, = 9N, is an F-stable nilpotent element in
Lie Zg(s), and U, = gU;g~! is the unipotent subgroup of Z;(s) associated to N,. We
have P, = gP,g ! and L, = gL;g~". Moreover \;, = Adg o \.; is the linear map of
9(uy); = (ug)1, and A, = ad go A, coincides with the linear character of U, gF associated

to N,. We define a modified generalized Gelfand-Grave character I ﬁﬂs) of Za(s) by

S S F
(3.4.1) rget) = mdgjg(&g)wu ® A,)
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associated to N, € Lie Zg(s).

The following result gives a description of modified generalized Gelfand-Graev
characters in terms of various modified generalized Gelfand-Graev characters of smaller
groups, which is an extended version of the formula stated in [K3, Lemma 2.3.5].

Proposition 3.5. Assume that s,v € G such that sv = vs, where s is semisimple
and v is unipotent. Then we have

r (3’0) _ 1 Z |ZLg ()‘Q)F| Qéu(g_ng)FZG(S) (’U)
ST ZG A A0 e
gflngZL()\c)F
Proof. By definition,
(3.5.1) Loeo(sv) = (Ind§eyr 067 ® Ac)(s0)
= MIUTITE ) (0@ A (g svg).
geGF

g lsvgeMFUF
Here the condition g~'svg € MFUY in the sum is equivalent to the condition that
g 'vg € MFUT and g~'sg € MFUY. We note that

(3.5.2) Any semisimple element in MFU* is contained in J, pr aME 2zt

In fact, let 77 be an F-stable maximal torus in L as in 3.1. Then T, = T1 N M
is a maximal torus in M. Since we can choose ¢ € Ti, T5 is also contained in M.,.
Thus T» is a maximal torus in M.U. We have Ny, (T3) ~ Ny (T2) Zy(Ts). Since U
is a product of one parameter subgroups U, associated to roots a with respect to T,
Zy(Ty) is a product of U, such that a|r, = Id. It follows that Zy(73) is connected,
and NMCU(TQ)O = TQZU(TQ). We see that NMCU(T2)/NMCU(T2)O ~ NMC(TQ)/TQ This
implies that any F-stable maximal torus in M,U is taken from M, up to U"-conjugate.
Since any semisimple element in M U? is contained in an F-stable maximal torus,
we obtain (3.5.2).

It follows from (3.5.2) that g~tsg € xMF 2! for some x € UY, i.e., (gz) 's(gz) €
MF. Tt is easy to see that the set {z; € UF | (gx1) 's(gx;) € MI} is given by
v Zy((gz)~ts(gz))t for some z € UF such that (gz)~'s(gz) € M. Hence the last
formula in (3.5.1) implies that

Logo(sv) = IMFUPITY 3T Zul(g2) s(g2))F |71 (66 © Al) (97 svg).
geGF xeUF
g tvgeMFUF
g tsgeaMIz~1
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By replacing gz by g, we have

Focolsv) = |MII™ > 120 (g7 sg)|70¢" (g s9) (667 @ Ac) (g vg)

geGF
g tvgeMFUF
g tsgeMF

= MY D 120008 () (068 @ Ay uiy),

yeZa(t)”
y toyeMFUF

where in the first sum in the last formula, ¢ runs over all the semisimple element in M*
such that t = g~ 'sg for some g € G¥. We fix such ¢ for each ¢, and put v; = g"'vg.
Hence we have v; € Zg(t)F. Since t normalizes M and U¥', we have

Za)F N MFUT = (Za(t)F 0 Zr (M) ) (Za(t)F nUT)
= Zu (t)"Uf

by (3.3.1). Also we have Zy(t) = U; by (3.3.1). It follows that we have

o) = 3 2 gerr)

tEMCF ‘ (& |
g lsg=t

x{|ZMc<t>F|-l|UtFrl 5 <egh®Ac><y—luly>}.
yeZa(t)F
y loryeZn, FUF

(3.5.3)

Here we note that y~'v,y is unipotent. Hence the component of y~tvy in Zy (¢)F is
unipotent. Since &% is a character of MF which is trivial on M%F it is trivial on the
set of unipotent elements in MF. Also by (2.1.3) @ is trivial on the set of unipotent

elements in M. Tt follows that

(0" @ Ao)(y ory) = (1© A)(y 'ory).

Then the expression in the parenthesis in (3.5.3) coincides with
)F

Z Za(s
W7o (19 Ao) (1) = T (0)

under the conjugation by g € G¥. Substituting this into (3.5.3) we obtain the propo-
sition. ]

4. SHINTANI DESCENT AND ALMOST CHARACTERS

4.1. We consider the group G¥™ for a positive integer m. We denote by G¥" /~p
the set of F-twisted conjugacy classes in G, (In the case where m = 1, the set of
F-twisted classes coincides with the set of conjugacy classes, which we denote simply
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by G¥'/~.) A norm map

NF’"/F : GFm/NF — GF/N
is defined by attaching z = F™(a)a™! to & = a ' F(a) where z € G, € GI™ and
a € G. Let C(G'™ /~F) (resp. C(G*/~)) be the space of F-twisted class functions
on G (resp. class functions on G¥'). A Shintani descent map

Sth/F . C(GFm NF) — C(GF/N>

is given by Shpm/p = (Njm / )1, which is a linear isomorphism of vector spaces.

Let 0 = F|grm. We consider the semidirect product G (o) of GI™ with the
cyclic group (o) of order m generated by o. Then the coset GI'" ¢ is invariant under the
conjugation action of G, and the set G o/~ is identified with the set G /~p via
the map xo <> x. Now each F-stable irreducible character p of G can be extended to
an irreducible character p of G (o) (in m-distinct way), and the restriction p|grm, to
the coset G o determines an element in C(G*" /~p) under the above bijection. The
function p|grm, does not depend on the choice of the extension up to a scalar multiple,
and the collection of those p|grm, for p € (Irr GF™)F gives a basis of C(GF" /~p). In
what follows, we often regard a character f of GI" (o) as an element in C(GF" /~p)
by considering its restriction to G¥" ¢, if there is no fear of confusion.

4.2. We shall describe the Shintani descent of the modified generalized Gelfand-
Graev characters. We follow the setting in 2.2. Recall the set M in (2.1.2) and M in
2.2. Let 6 be as in (2.2.1). Hence it is the restriction to Z;(\)!™ of an F-stable linear
character 6’ of Zz(A\)*™. We denote by 6 the linear character of Z;(A)¥ obtained by
restricting the linear character Shpm, r(0') of Zz(A)¥. Hence 6 satisfies the condition

in (2.1.3). We consider the modified generalized Gelfand-Graev characters I’ C(?)@ and

Fcl £1,00 for ( 5) € M and (01,51) € m

Let us CODSlder an extension 1" 5)9 as in 2.2, which is determined by the choice of

an extension 85 of 0% to M,(¢o). Since ¢ € AL, we may choose ¢ € Z;(\)F. Note
that, under the isomorphism ad 3! : Zp(A)™ ~ Z,(A\)¥F™, the linear character 6¢°

corresponds to a linear character 6¢ of Zp(\)*™, and 92 corresponds to its extension

0¢ to Z (A" (o). Take ¢; € (Ay)p. As Ay = AF™ we may choose an element

é1 € Zp(\)F" whose image on A, gives a representatlve of ¢; € (A))p. Now the
following proposition describes the Shintani descent of r 5)9 in terms of I, ¢, 4,- The
proof is done in a similar way as in [S2]. In fact, Theorem 1.10 in [S2] can be extended
to our setting, and the proposition is the direct consequence of the theorem (cf. [S2,

4.11]).

Proposition 4.3. Let the notations be as above. Assume that m is sufficiently divis-
wle. Then we have

ShFW/F(Mcach(?a) AN K Z §(e1)§1(e) e, .00
(c1,61)EM

4.4. We shall describe the set of F-stable irreducible characters of G in the
case where m is sufficiently divisible. Let {s} be an F-stable class in G*, and we
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assume that s € T*. As in the case of GF, one can find § € T* such that w(s) = s
and that the class {s} is F-stable. Hence F'($) = § for F' = Fw;. We choose m

large enough so that § € T*F™ and that F™ acts trivially on . For each E € W,
we denote by ﬂi"};) and 7;(}1}) the set M, g and 7, g as given in 1.4, but replacing F’
by F™. Then S(GFm {s}) is a disjoint union of various 7, g : and the latter set is in
bijection with ./\/ls E By our assumptlon on m, we have ./\/lS E = Q0 p x Qs p. Let us
define a subset M, g of ./\/l ) by Mg = ()" x QY where (Q) 5)F" means the
set of F'-stable irreducible Characters of Qg g. Then by [S2, (4.6.1)], the set (’Z;(g))p of

F-stable irreducible characters in Ts(g) is parametrized by M, g, and so (G, {s})"
can be described as

(4.4.1) G {sH = [ M.

Ec(W)/Qs)F!

In the case where (s, E) is of the form 2.8 (a), the set 7 g is also parametrized in
terms of M, y. Since m is large enough, 7;(? is parametrized by Min}\a = Ay x A}.

Then under this parametrization, (7;(2}))1” is parametrized by AL x (A

4.5. We define a pairing { , } : My x M, g — Qf as follows. For x = (1, z) €
Mg and y=(,2) € Myp,

(4.5.1) {z,y} = Q761 (' (2).

(Note that 1 € (2 5)"" can be viewed as a character of the group (Qyx)p.)
We define a function R, € C(G* /~) for each x € M, by

(45.2) Ro= 3 {z.y}n,

yems,E

In the case where (s, E) satisfies the property in 2.8 (a), the set 75 is also
parametrized by M, n = (A\)r x (A})", and we have a bijection between M, g
and M n by 2.7. Put M,y = AL x (A{)F. Then the set (T;?)F is parametrized by
M, . By modifying the argument in 2.7 appropriately to the situation in G, we
have a bijection between M, r and M, y. Let 6y be the linear character of Zp(\)F
obtained by restricting A(ps g) to Zr(A\)¥. The linear character 6 of Zp(A\)™ is also
defined by using the Shintani descent of Z3(\) (cf. 4.2). We say that 6 (resp. 6y) is
the linear character associated to M, y (resp. M, N)-

We define a pairing { , } : Myn X M,y — Qj for v = (¢,&) € M,y and
y=(c,¢) e M,

(4.5.3) {z,y} = 43[7€()E (c)-
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Then the bijections M, p ~ M, y, etc., are compatible with those pairings. This
property was used in [S2, 4.11] to connect almost characters defined in terms of M, y
to that of M, (in the case where § = 1, but the proof was omitted there). We give
a proof of this property.

Lemma 4.6. Assume that (s, E) is as in 2.8 (a). Then under the bijections M, g ~
Ms,]\/a (7]7 Z) « (075) and MS,E = MS,N; (77,7 Z,) A (Clu £,>; we have

[l (' (2) = JAT] ()€ ().

Proof. By our assumption, we have Q' = Q. It follows from the parametrization

of Irr G¥ in 1.6 and 2.7, we see that |QF"| = | AL'|, which coincides with the number of
irreducible components in p; g|gr. Thus, in order to prove the lemma, it is enough to
show that

(4.6.1) n(z') =¢&c), n'(2) =&().

We recall the bijection M p ~ M,y given by h: (Q)p — (A)" and f: (QF)"
(A))F in 2.7. A similar construction gives bijections

R Qg — ALY, W ()T — (ANF,
[ — A,, ' (QQ)F, — flf,

and B x f": (Q)F x QF — AL x (A))F gives the bijection M, p — M, . We have
inclusions (Q,)F" — Q, ()F < Q) and natural surjections Q, — (Q)p, Q) —
(QFN. Also we have inclusions (A))F — A}, A¥ < A, and natural surjections
(A" = (AN Ay = (A

We want to show that the maps h, h', h” and f, f’, f” are compatible with various
inclusions and surjections given above. First we note that the map h : (Q,)p — (AD)"
is compatible with the extension of the filed, i.e., the following diagram commutes.

Q) —— (Af)"

(4.6.2) T T

() " (AL,

where F* is the map such that F*($) = $ and that F* acts trivially on Q,, and on Aj.
h® is a similar map as h defined by replacing F’ by F*.
We show (4.6.2). We choose m large enough so that m is divisible by k. Let

wm,zzx, A;, be the maps given in 2.7 with respect to F’. Let y € () g+ such that its
canonical image in (€2,)p coincides with z. We may assume that @ = § € N« (7).

We denote by wy,zﬁy,w similar maps constructed by using F* instead of F’. In
partlcular w’ is the linear character of G corresponding to z, € ZL" 5. such that
§7lisi™t = 2,F*(z,71). Since z,F*(z,7') = 2,F(2;'), one can choose z, and z, so
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that they satisfy the relation
Ze = 2,F(2,) - F*1(2,).

It follows that
Yy = ¢y (¢y) k+1(¢y)
Put ¢, = Shpm g (@m) Since ¥, = Shpmpr (wy), we have

w:/c = Q/Jy (Q/’y) kH(Q/’y)

and v, = Shpr,p(),). We shall compute the value 1, (t) for t € TF. Take a € T such
that t = F¥(a)a~!, and put { = a ' F(«). Then £ € T**, and we have

Po(t) = Yo (E) = Yy (EF(E) - - F*H (1)) = by (a7 F¥(ar)) = 1, (t)

since a1 F*(a) = FF(a)a™t = t. It follows that

(4.6.3) Valrr = 1y|pr.

Now for ¢ € AY one can choose a representative ¢ € Z1 (M) of ¢ so that ¢ € TF. Then
by (4.6.3), we have

h(z)(c) = ¥a(¢) = ¥y (&) = h°(y)(c).
This proves the commutativity of (4.6.2).

Next we show that the map f : (€2,) — (A))r is compatible with the extension
of the field, i.e., the following diagram commutes.

@y Lo

AF
(4.6.4) T T
@) L (A)m

where fO is a similar map as f defined by replacing F’ by F*.
In fact, we consider the following diagram

GF/GF T Zp

(4.6.5) NFk/FT T T

7'(0
GFk/GFk O Ze 2 (Ay) pr

where Ty 0 = fo, ) o) = f2 and the second and the third vertical maps are
natural surjections. This diagram turns out to be commutative. In order to show
this, it is enough to see the commutativity of the left square. Take g € G¥ and write
it as g = g1z with gy € G,z € Zgz. Then one can find 8 € G,y € Zz such that
g1 = FHB)B7, 2 = FF(y)y™'. Put gy = B1F(6),2 = v 'F(y). Since y € Zg, we
see that § = g2 satisfies the condition that Ngx p(g) = g. Hence we have m (g) =
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g1 F(g1) = 2F(z7Y) and 79(9) = 2F*(27'). But by using 2 = 7' F(7), we see easily
that zF(271) = 2F*(271). This shows that the diagram (4.6.5) is commutative.
On the other hand, since the map f; : Q" — Z£_is compatible with the inclusions

/ k k . .
QO — Qf ,Zg* — 7 g , we have the commutative diagram

GrjGr —— (@l
(4.6.6) NFk/FT T
GG —— (QF)N

The commutativity of the diagram (4.6.4) follows from (4.6.5) and (4.6.6).

Finally, it is easy to check that the maps A’, h” are compatible with (€,)F" < Q,
and (A{)F — A% and the corresponding results hold also for f, f”.

Now by using the commutativity of h, h’, h” and f, f’, f”, one can check that (4.6.1)
is reduced to showing that

(4.6.7) Assume that F'(s) = s, and that F" acts trivially on €, and on A,. Then, for
(n,z) € Q) x Qs and (¢, &) € Ay x A}, we have n(z) = £(c).

But (4.6.7) is proved in a similar way as the proof of Lemma 3.16 in [ShS], where
a similar problem for (7;“;9)1” * is discussed. Thus Lemma 4.6 is proved. O

The following result gives a description of the Shintani descent of G in the case
where m is sufficiently divisible. In the following, we denote by p;m) the F-stable
irreducible character of G belonging to the set (’];(Tg))F corresponding to x € M g.

Theorem 4.7 ([S2, Theorem 4.7]). Assume that m is sufficiently divisible. For each

p;m) € (Irr GF™)F corresponding to x = (n, z) € M, g, we fix an extension ﬁ;m) ofp;m)
to G (a). Then we have

Sth/F(ﬁgcm) ‘GFT”0> = g Ry,

where [, is a certain rot of unity. In the case where (s, E) is in (a) of 2.8, p, is given
by an m-th root of unity of (¢=1)&(c™1) under the correspondence (n, z) < (¢, &) (see
2.2 and 4.5 for the notation).

Remark 4.8.  p, is not given explicitly in [S2]. But the determination of pu, is
reduced to the case where (s, F) is in (a) of 2.8. In this case the extension o of
pi™ is determined by the extension I C(?é of I C(?é for v = (¢,§) € M, n, which is
determined by the choice of p. ¢ as in 2.2. Then the argument in 4.11 in [S2] gives
the description of p, = pic ge.

4.9. Let L be a Levi subgroup of a standard parabolic subgroup P of G containing
T. Let 6 = 6™ be an irreducible cuspidal character of L. Let W = Ng(L)/L, and
put
Ws={weW|"¥ =6},
Z(g:{wEW|Fw(5:5}.



23

W; is naturally regarded as a subgroup of W, and according to Howlett and Lehrer
[HL], W5 can be decomposed as Ws = W5, where WY is a normal subgroup of W;
which is a reflection group with a set of simple reflections associated to some root
system [ C X and (s is given by

Qs ={weWs [w(I™) C I},

where I't = I'N X is the set of positive roots of I'". Assume that Zs # (). Then Z;
can be written as Z5 = wsW; for some ws € W. We choose ws so that Fws(I'T) C I't,
and let ws; € Ng(L) be a representative of ws. Note that this condition determines
ws only up to the coset of €25. Let 75 : W5 — W; be the automorphism induced by
the map Fws. Then 5 stabilizes WY. Let Ws = W;{7s) be the semidirect product of
W; with the cyclic group generated by 5. We denote by (W5')" the set of 7s-stable
irreducible characters of W.

Let Ps = IndPFm 0 be the Harish-Chandra induction of §. We review the results
from [S2, 3.5, 3.6]. The irreducible characters of G'" appearing in the decomposition

of Ps are parametrized by W;'. We denote by pg = pgn) the irreducible character of
G corresponding to E € W{. Let M be the subgroup of Ng(L) generated by L and

w € Ws. Then it is known ([G], [Le]) that 6 can be extended to a representation ¢
of MF™" . Fis stabilizes M " and the restriction of Fig on M is written as os.
Fs stablhzes 8, and one can extend & to a representation of M*™ (ows). We fix such

an extension of 6 and denote it also by 5.
Now we have an action of F' on Ps. pp is F-stable if and only if £ € (W;')*. The

choice of an extension E of E to Ws-module (and of 5) determines an extension of pg
to GF" (o), which we denote by pz. We consider the Shintani descent of pz. Then by
Theorem 3.4, one can write Shpm/p(pglorm,) = 1zRE, where Rp is a certain almost

character of G, and pz is a root of unity depending on the choice of E. Slmllarly,

for each y € Wj, 0 is a character of LT (ctbgs). Hence the Shintani descent of & can
be written as

Shprpisg (0| Lrm gusg) = 15, Roy
where R;, is the almost character of L%, and y;  is a root of unity depending on

the choice of § and on y.

Now the twisted induction Rg(w) : C(LF?Y/~) — C(GF/~) is defined as in [S2,
3.1]. By using the specialization argument of the Shintani descent identity (see [S2,
Remark 4.13]), we obtain the following.

Proposition 4.10. For each w = wsy € Z5, we have

Rg(lb)(/*l’g’yRé,y) = Z Tr (%y, E)MERE.
Ec(W{)s

Remark 4.11. The formula in [S2, Remark 4.13] contains a linear character ¢ :
Ws — {£1},y — ¢, which is trivial on Q5. However, we have ¢ = 1 in our case. In
fact, since € is a character of WY, ¢ is determined by the corresponding formula for

RG w1th y € WY. In that case, the formula is nothing but the decomposition of the
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Deligne-Lusztig character Rf; (f) into irreducible characters for some 6 € (Tf )", and
the assertion is verified by using the explicit description in 1.4.

5. UNIPOTENTLY SUPPORTED FUNCTIONS

5.1. Let Gy be the unipotent variety of G. Let Zg be the set of all pairs (C, €)
where C' is a unipotent class in G and £ is an irreducible G-equivariant local system
on C. If we fix u € C, the set of G-equivariant local systems on C' is in bijection with
Ag(u)”. Thus the pair (C, &) is represented by the pair (u,7) for 7 € Ag(u)". Let
Mg be the set of triples (L, Cy, &), up to G-conjugacy, where L is a Levi subgroup
of some parabolic subgroup P of GG, and & is a cuspidal local system on a unipotent
class Cy in L. It is known by Lusztig [L.2, 6.5] that there exists a natural bijection

(5.1.1) o~ [ We@)/L),

(L,Co,E0)EM G

which is called the generalized Springer correspondence between unipotent classes in
G and irreducible characters of various Coxeter groups. (Note that Ng(L)/L is a
Coxeter group for any (L,Cy, &) € Mg.) The set Mg gives a partition of Zg. A
subset of Zg corresponding to some triple (L, Cy, &) € Mg is called a block. The
correspondence in (5.1.1) is given more precisely as follows. For each triple (L, Cy, &),
one can associate a semisimple perverse sheaf K on G such that End K ~ Q;[W] with
W = Ng(L)/L. Let Kg be the simple component of K corresponding to E € W.
Then

(5.1.2) Kglg,,, = 1C(C, &)[dim C + dim Z}]

uni

for some pair (C, E) € Zg. The correspondence (C, £) < E gives the required bijection.

Now F' acts naturally on Zg and Mg by (C, &) — (F7YC), F*€), (L, Cy, &) —
(F~Y(L), F~1(Cy), F*&). Let (L,Cy, &) € ME and T, the block corresponding to it.
Then one can choose L an F-stable Levi subgroup of an F-stable parabolic subgroup
P of G. In that case, (g is an F-stable unipotent class and & is an F-stable local
system. Then F acts on W, and we consider the semidirect product W = W(c) ,
where ¢ is the automorphism on W induced by F. For each « = (C, &) € Z,, we put
K, = Kg if « = (C,€&) corresponds to £ € W” under (5.1.1). Then K, is F-stable if
and only if £ is F-stable. We choose an isomorphism ¢ : F*& ~ & so that it induces
a map of finite order at the stalk of each point in C{". Then it induces an isomorphism
F*K ~ K, and by choosing a preferred extension of E to W, induces an isomorphism
¢p : F*Kg ~ Kg. Since H*(Kg)|c = € with ag = —dim C' — dim Z?, ¢ induces
an isomorphism F*£ ~ £. We define v, : F*€ ~ & by the condition that ¢(@+7)/2,
coincides with the map ¢g : F*H*(Kg) ~ H*(KEg), where r = dimsupp Kg. Note
that we have

ap+r = (dimG — dim C) — (dim L — dim Cy).

Then by [L3, 24.2], v, induces a map of finite order at the stalk of each point in C*".

5.2. Let Vg = C(GY /~) be the space of GF-invariant functions on G, and Vyy
the subspace of Vg consisting of functions whose supports lie in GZ .. For each pair

uni*
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L= (C,€) € Ig, we define Y, € VE . by
- F
V() = {Tr (., &) ifved

0 otherwise,

where &, is the stalk of £ at v. Then {)), | « € Zg} gives rise to a basis of V. We
have a natural decomposition

(5.2.1) Vuni = P Vi,
Zo

where Zy runs over all the F-sable blocks, and Vz, is the subspace of V,,; spanned by
Y, for v € I,.

Let Zy be an F-stable block associated to the triple (L, Cy, &). We assume that L
is an F-stable Levi subgroup of an F-stable parabolic subgroup of G. We denote by L,,
an F-stable Levi subgroup twisted by w € W = Ng(L)/L. For a pair . = (C,€) € Ig,
we put supp (¢) = C. For each ¢,/ € ZI', put

_ —1 _—(codim C+codim C’)/2+dim Z9
w =W )/ L

(5.2.2) < |GE[ 1298 T (w, B,) Tr (w, By),

weWw

where C' = supp (¢),C" = supp (¢/), and E,, E, € W" are the ones corresponding to
1,/ via the generalized Springer correspondence. If +,// € Ik are not in the same
block, we put w,,, = 0.

For K, = Kg, put ¢, = ¢5. We define X, € V,,,; by

X(g) = (=1 Tr (¢, He(K))g (g€ Ghy).

a

We define an equivalence relation ~ in Zg by ¢ ~ ¢/ if supp ¢ = supp /. Also we
define a partial order on Zg by « < ¢/ if supp ¢ C supp /. Assume that ¢ € ZI". Then
it is known that X, can be written as

(523) XL - Z PL’,LyL’a

VETIy

where Py, € Z. Actually there exists a polynomial P, ,(t) € Z[t] such that P,, =
P,.(q). Moreover, P,, = 0if / £ vorif // ~ ¢,)/ # . P,, = 1. In particular,
{X, | € ZL'} gives rise to a basis of Vz,. Moreover, we have

(524) <-Xu XL’>GF = ‘GF‘_IWL,L"

5.3. Take (L,Cy, &) € ME. In our case (i.e., G is given as in 1.1), Cj is the
regular unipotent class in Ly. We choose ug € C¥" as Jordan’s normal form, and define
oo+ F*E ~ & by the condition that it induces the identity map on the stalk at wug.
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Let Zy be the block corresponding to (L, Cy, &). For v = (C,&) € I, we fix u; € CF
in Jordan’s normal form. Ag(uy) is abelian, on which F' acts naturally. The set of
GF-conjugacy classes in C'* is in bijective correspondence with the group Ag(u1)p. We
denote by u, a representative of the G¥-class in CF corresponding to a € Ag(u;)p.
Assume that € corresponds to an F-stable irreducible character 7 € Ag(up)”. We
define a function x,, » € Vuni by

) 7(ua) if g ~ar ug,

The following result determines the function ), explicitly.

Proposition 5.4 ([S3]). Assume that v = (C, &) is represented by (u1,7) as above.
Then we have Y, = Xu, +-

5.5. By making use of the map log : Giuni — guit (see 2.1), we identify V,,; the
space of Gf-invariant functions g;,. Then the function )), can be regarded as a function
on OF, where O is the nilpotent orbit corresponding to C such that C' = supp (¢).
For each F-stable nilpotent orbit O, we choose a representative N € OF via Jordan’s
normal form corresponding to u; € C¥. Let {N, N*, H} be the TDS-triple. Then
the associated parabolic subgroup Py and its Levi subgroup Ly are defined, and we
have the group Ay = Zp,(\)/Z} ()) as in 2.1. For ¢ € (Ay)p, we consider the
twisted element N.. Then the generalized Gelfand-Graev character I, associated to
N, is defined as in 2.1, which gives an element of V,,;. Now Lusztig gave a formula
expressing [, in terms of the linear combination of X, as follows.

Theorem 5.6 ([L7, Theorem 7.3]). Let Z, be an F-stable block corresponding to
(L, Cy, &). Let (It.)7, be the projection of I, onto the subspace Vg, in (5.2.1). Then

(M) =Y "G Y Tr(w,E)Tr (w,E, ®¢)
(561) Lt 11 €Zo weEW

X |25 Py (g )V (N2 X,
where

f(¢y01) = — dimsupp (¢1)/2 + dim supp (¢)/2
—dim Oy /2 + dim(G/ZY) /2,

and Cz, is a fourth root of unity attached to the block Iy. € is the sign representation

of W (c¢f. [L7, 5.5]).

Remark 5.7. The restriction of the Fourier transform of X, (v € Zy) on gy; coincides
with &, up to scalar. The fourth root of unity (z, occurs in the description of this scalar
([L7, Proposition 7.2]). (z, depends only on the pair (Cy, &) and does not depend on
G. In our case, Zj is always a regular block, i.e., Cj is the regular unipotent class in
L. In such a case, Digne, Lehrer and Michel [DLM1, Proposition 2.8] determined the
value (7, explicitly.
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5.8. In order to apply the formula (5.6.1), we need to describe — N for a nilpotent
element N € g¥. Since —N* € gl is G-conjugate to N, one can write —N* = N,,
for some ¢y € (A)p, ie., Noy = Ad(ag,)N with o' F(ag,) = ¢p. We consider N, for
c € (Ay)r. Then N, = Ad(a,.)N with a_'F(a.) = ¢. Since Zg — A, is surjective, we
may choose ¢ € Zg. Now —N? is obtained as —Nf = Ad(a.)(—N*). Hence —N} is

GF-conjugate to Ad(aeae,)N. But since ¢ € Zg, we have
(Qtetrey) " Faeor,) = a ' ¢F(ae,) = éc,
It follows that —N* is GF-conjugate to Nee,.

5.9. Following [L2, LS], we describe the generalized Springer correspondence
for G explicitly. Let n’ be the largest common divisor of nq,...,n, which is prime to
p. Then Zg is the cyclic group of order n’. Let u = w, be a unipotent element in
G corresponding to g = (pi1, ..., i), where p; = (1 > pg, > ---) is a partition of
n;. Put n), be the greatest common divisor of n’ and {j;;}. Then Ag(u) is a cyclic
group of order nj,. For each 7 € Ag(u)", Zg /Z2 acts on the representation space V;
of 7 via the homomorphism Zg/Z% — Ag(u). For each n € (Z¢/Z2)", we denote by
Ag(u);) the set of irreducible characters 7 € Ag(u)" such that Zg/Zg acts on V, via
the character . We have

1 if d|n’
5.9.1 A NN = o
( ) [Aa(u),| {O otherwise,
where d is the order of . Now the generalized Springer correspondence in (5.1.1) is
described as follows: We have a partition

o= [ @
ne(Zg/Z&)"

where (Zg), is the set of pairs (u,7) with 7 € Ag(u);. Note that 7 is uniquely
determined by w if (u,7) € (Zg), by (5.9.1), which we denote by 7(u). For each
n € (Zg/Z2)" of order d, there exists a unique Levi subgroup up to conjugacy such
that the type of L is Ag1 + -+ 4+ Ag_1, and a unique cuspidal pair (L, Cy, &). Here
Cp is regular unipotent in L and for ug € Cy, Ar(ug) ~ Zp/Z%. & is the unique
local system on Cj corresponding to ng € (Z1/Z%)" such that g o f = n for a natural
homomorphism f : Zg/Z% — Z1/Z). Then Ng(L)/L ~ &,y /q X - -+ X &, /4, and the
map E, — (Uau, T(uq,)) (dp = (dpgj) for p = (pij)) gives the generalized Springer
correspondence

(5.9.2) (Na(L)/L)" ~ (Za)y-

5.10. Assume that G = Gy X -+ x G, with ny = --- = n, = ¢. In this case, n’
is the largest divisor of ¢ which is prime to p. From the description of the generalized

Springer correspondence, the partition of Z; into blocks is nothing but the partition
of Z¢ into (Zg),. Assume that Zy = (Zg), with n € (Zg/Z2)" of order d. We shall
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make the formula (5.6.1) more explicit in the case where N is regular nilpotent, i.e.,
where I, is the modified Gelfand-Graev characters.

Lemma 5.11. Let G be as before. Assume that N is reqular nilpotent. Then for any
L€ Io = (Ig)n,

qim Z-eodimawp O)/2¢ A (cc) L if B, =<,

<(FC)IO’ XL)GF = {0

otherwise.

Proof. We apply the formula (5.6.1). Since —N7 is regular nilpotent, the non-zero
contribution of Y, (—N;) occurs only when supp (/) = Op, the regular nilpotent
orbit. By 5.8, —N} is G'-conjugate to N,,. Since Ag(N) ~ Zg/Z2, we see that
' = (N,n) under the identification n € Ag(NN)". This implies that Y, (—NJ) = n(cco)
by Proposition 5.4. On the other hand, since supp (¢') = Oy, Ps, = 0 unless ¢ = ¢/,
and we have P, = 1 by the property in 5.2. Moreover, under the generalized Springer
correspondence, F, is the identity character of WW. Thus (5.6.1) can be written as

(I%)z, = n(cco)™ Z qf(b/’Ll)CI_O1|W|_1 Z ‘Zgi‘ Tr (w, E,, ®€)X,,.

11€Zo weW

Now by (5.2.2) and (5.2.4), we have

()20, X)gr = (7 mleco) T W2~ gldim Zimeodimsupp ()72

11€Zo
x > |2z | le(w) Tr (w, E,,) Tr (w', E,,) Tr (w', E,)
w,w' eW
_ q(dimZg—codimsupp(L))/Zgz—()ln(cc())—l‘w‘—l Z 6(11)) Tr (QU?EL).
wew
The lemma follows from this. O

For later applications, we also consider the general case where N is arbitrary.

Lemma 5.12. Assume that N is an arbitrary nilpotent element.

(i) For any v € IE', we have
(T, X)or = "G P (a7 )V (= N7),
where
g(¢';1) = (= codimg supp (') + dim Z1) /2 + (dim supp (¢) — dim Oy) /2
and ' € Iy is such that E, = E, ® ¢, /" is the unique element in Ty such that

supp (1) = On. )
(ii) ¢(dimsupp (W)=dimsupp ())/2P , ,(+=1) 4s a polynomial in t. It is divisible by t if

FE
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(iii) There exists the ring of integers A of some fixed cyclotomic field independent
of the field ¥, such that

<F07X>GF c q(dlmZL codimg supp (¢ /2./4

Proof. First we show (i). By applying Theorem 5.6, we have

(T, X)) er = (L)1, X or = Z ¢/ IW| X

x Y Tr(w, E,)Tr (w,EL1)€(w)|Zgﬁ\Pw, (4 )V (=N X, X o
wew

Substituting (5.2.4) into (X,,, X,),r, we have

<Fc> XL>GF = qu(L/7L)<lel|W|—2

S 2N (T B T (0 ) )

w,w'eEW L1

e(w) Tr (w, E,) Tr (w,a EL)PL”,L/(q_l)yL”(_Nc*)

_Z a0 (\W\ IZTeruQ@a)Tr(wE))

Vo wew

X Py (q_l)yL” (—Ny)

with ¢g(¢/,¢) as in (i). Hence in the sum, the only ¢/ such that E, = E, ® ¢ gives the
contribution. On the other hand, the condition },»(—N}) # 0 implies that supp (¢") =
Op. It follows that

<FC> XL>GF = qg(Ll’L)CI_OlPL”,L’(q_l)yt”(_Nc*)>

where ¢ is the unique elements in (Zy)¥ such that supp (/") = Oy. This proves the
first statement.

Next we show (ii). We may assume that G = SL,. By the generalized Springer
correspondence (Zg), < &,/4, we have supp (/') = Oy and supp (") = O,, where
A, i are partitions of n such that each part is divisible by d. Put J/ = y,/" = ¢,.
We denote by A/d, 1/d the partitions of n/d obtained from A, u by dividing each part
by d. We consider the group GL, /4 and nilpotent orbits Oy/q,O,/q of gl,q. We
have a polynomial PLH Jartasd associated to G'Ly4, defined in a similar way as P, ,,,
where ¢4, tx/q4 are elements in Zgy,, Ja corresponding to O) /4, O,/¢ under the Springer
correspondence. Then it is known by [DLM2, Theorem 8.1] that

t(dlm(’)u—dlmOA /QPLu L/\( ) t(dimOu/d—dimOA/d)/2PLM/d’LA/d(t>‘
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It follows that

t(dlm (9>\—d1m(9,t)/2]_:)LmLA (t_l) _ t(dlm Ok/d—dlmOu/d)/QPLu/mLA/d (t_l).
But the right hand side of this formula coincides with the Kostka polynomial K /q,,,/4(t)
associated to partitions A/d, p/d of n/d (cf. [M, III]), hence it is a polynomial in ¢.
Then the second assertion of the lemma follows from the well-known properties of
Kostka polynomials.

Finally we show (iii). We may assume that (7, € A and V,»(—Ny) € A. Thus (iii)
follows from (i) and (ii). The lemma is proved. O]

6. CHARACTER SHEAVES

6.1. Following [L3, IV], we review the classification of character sheaves in the

case of type A. So let G be as before, and we denote by G the set of character sheaves
on G. Let S(T') be the set of local systems of rank 1 on T such that £%™ ~ Q; for

some m prime to p. Then for each £ € S(T'), the subset Gr of G is defined, and we

have
a= I é-
LeS(T)

For each £ € S(T), we put Wy, = {w € W | w*L ~ L}. Then there exists a
subroot system X of ¥, and W, can be written as W, = Q x W2, where W2 is the
reflection group associated to the root system X, and Qp = {w € W, | w(X}) =
Xt} If £ € S(T) is F™-stable for some integer m > 0, we fix an isomorphism
¢ : (F™)*L ~ L so that it induces an identity map on £; (the stalk at 1 € 7). Then
the characteristic function x . 4 gives rise to a character 8 € (T*")", which induces an
isomorphism between S(T)*" and (TF")". Thus we have S(T)" ~ (T*)™. Since
this isomorphism is compatible with the extension of the filed F m, we can identify
S(T) with T* in this way. Now assume that £ € S(T") corresponds to s € T*. Then
we have W, = W,, W2 =W? and Q, = €, in the notation of Section 1.

In [L3, 17], families in (W2)" and in W) were introduced. In our case, W2 is
a product of symmetric groups and a family F in (W2)" is of the form F = {E}
with E € (W2)". Let Qg x be the stabilizer of £ in Qz. Then F can be extended
to a character £ on QL,EWE. (We choose a canonical extension so that for each

o € Qpp, E gives the preferred extension of E to (o) W2). For each 0 € Qp g, put
E@ = Indg‘; VEV‘%VO (0 ® E) Then Eg is irreducible, and the family F’ in W, associated
> L

to F consists of {Ey | 0 € Qp gt Put
M[;,E = QC,E X QQ\Z,E

We have an embedding F' — M, g by E@ — (1,0).

6.2. For each £ € §(T') and w € W, we choose a representative w € Ng(T'). By
[L3, 2.4], a complex K% € DG is defined. The set G is defined as the set of character
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sheaves A such that A is a consistuent of PH {K%) for some w € W, and some i € Z.
Let E € (W and Ey € W/ be as in 6.1. We define

RE = We| ' Y Tr(y ' Ey) Y (—1)M ™ OPHI(K ),

yeW, 7

which is an element of the subgroup of the Grothendieck group of the perverse sheaves
on GG spanned by the character sheaves of G.

By [L3, Corollary 16.7], a natural map from Gr to the set of two sided cells of
W, was constructed. We denote by G c.7 the set of character sheaves A € G £ such
that the corresponding two sided cell coincides with F’. In our case, the family F' is
determined by the choice of E € (W2)". Thus we write G cF as G c.5- We have the

following partition of G .
Ge= I Gee

Ee(W2)N/Qc
The following result gives a parametrization of G.

Proposition 6.3 (|3, Proposition 18.5]). There exists a bijection @E,E = Mep, A
(z4,04) satisfying the following property: for any 0 € Qp 5,

(A: R%e) = Qe teab(za) 7Y,
where €4 = (—1)!@4) . (1 is the restriction of the length function of W to Qr.p).

6.4. Let @0 be the set of cuspidal character sheaves on GG. We shall describe tlle
set Gy explicitly. By Lemma 18.4 and by the proof of Proposition 18.5 in [L3], G
contains a cuspidal character sheaf if and only if W2 = {1} and Q, = W, is a cyclic
group generated by a Coxeter element in W, which is isomorphic to Zg/Z2. They
are indexed by the pair (z,z) where x is a generator of {1, and z is a representative
of Zg/Z%. In particular, G is of the form G = Gy X -+ - x CN}'T, where G; ~ GL, with
t = n/r. Also we note that the character sheaf A, , corresponding to the pair (z, 2)
has its support in 2Z2 X G- Under the parametrization in Proposition 6.3, this is
also given in the following form.

(6.4.1) Let G be as above. Assume that WQ = {1} and that Q is a cyclic group
generated by a Coxeter element, which is isomorphic to Zg/Z2. Hence My p =

Qp x Q3. Let (@ £)o be the set of cuspidal character sheaves in G . Then we have
(@5)0 = {Amﬂ | T € 9570,6 - 92},

where (. is the set of x € € such that x is a generator of {2..

6.5. The set (@5)0 is also given in terms of intersection cohomology complexes
as follows. Let C be the regular unipotent class in G, and we choose a representative
u; € GF. For each z € Zg/Z2, we choose a representative 7 € Zg. Then 2C is a
conjugacy class of G containing Zu; and the component group Ag(Zu;) coincides with
Ac(uy) ~ Zg/Z2. We denote by &, the irreducible local system on 2C' corresponding
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ton € Ag(2up)". Put ¥ = 222C = Z2 x 2C, and consider a local system Q; X &, on
Y associated to (z,7) € Zg/Z% x Ag(Zui)". We define a perverse sheaf A, , on X by

(6.5.1) A, =102, QK E)[dim Y] = QKIC(ZC, &,)[dim Z2 + dim C.

Then A, , € G. Let & be a local system of G of rank 1 obtained as the inverse image

under the map G — G/Gye of a local system £ € S(G/Gaer). We have EQ A, , € G.
Let Ag(Zuy)y be the subset of Ag(Zu;)”" consisting of faithful characters of Ag(Zuq).
Then we have

(6.5.2) Go={E®A., | 2€ Za/Z0% n e Agzun)), E' € S(G)Gau)}.

We now consider the F-structure of GG, and let GF (resp. @OF ) be the set of F-
stable character sheaves (resp. F-stable cuspidal character sheaves ) of G. The regular
unipotent class C'is F-stable, and we choose u; € CF such that u, is given by Jordan’s

normal form. Also we can choose a representative 2 € Z%. Then @g is given as
(6.5.3) GI' ={e® Aplz€(Za)Z2)F e (Ag(z'ul)Q)F,S\ZLZg :F-stable}.

Put y = (2,n), and assume that A, = A, , is F-stable. We have F*E, ~ &,, and
choose an isomorphism ¢, : F*&, ~ &, by the requirement that ¢, induces an iden-
tity map on the stalk at zu; € (2C)F. ¢y induces an isomorphism @y : F*A, ~ A,.
Note that H‘d(Ay)|zz%C = QX &, where d = dim Z + dim C. Then we define
¢, : F*A, ~ A, by the condition that ¢, = ¢@mG-d/2g5, = glcodimC-dimZg)/25 " o
H,4(Ay) (g € (222C)F). We denote by x, the characteristic function y 4,4, associated
to A, and ¢,. Now, for each z € Z%, the left multiplication z : C'— 2C induces, un-
der the identification Ag(2u;) ~ Ag(u1), the isomorphism *IC(2C, &) ~ IC(C,&,)
compatible with the Fy-structure. Recall that for the cuspidal pair ¢y = (C,&,) € Zg,
one can attach the function X,, € V,y; as in 5.2. Then we see easily that

gleodim C—dim Z8) /2 () if g=zzv with z; € Z2F v € GF,

0 otherwise.

(6.5.4)  xy(g) = {

More generally, we consider £ @ A, with £ € S(G/Gyer) such that E;z is F-
stable. Put & = &| 220, The isomorphism ¢ : F*& ~ & is described as follows.

Put & = &|r. There exists an integer m > 0 such that &, is F™-stable. We choose
@9+ (F™)*Ey ™ &y s0 that it induces the identity map on the stalk at 1 € T¥™. Then
the characteristic function ye, ,, coincides with a linear character ¢ € (T*")". Let V

be a one dimensional TF"-module affording 1. We consider the quotient T xT" Y of
T xV by TF™ under the action t; : (t,v) — (tt;*,t1v). Then &, is realized as the local

system associated to the locally trivial fibration f : Tx™" V — T, (t,v) — t7" 1. For
2 € TF, one can choose o € T such that a?"~! = 2. Now f~1(2Z2) can be identified

with aZ2, x 2"V and & is the local system associated to f; : aZ2 <2V o 27
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with f; = f|f71(7;zg)- Since 5|z'zg is F-stable, the restriction of v on 2Z2™ is F-
stable. Since z € Z%, 9| ZoFm 18 also F-stable. Hence we may assume that V' satisfies
the property that F(t)v = tv for t € Z%™ v € V. Moreover, since 2 € T, we have
2 = a'F(a) € TF". It follows that we have a well-defined automorphism £ on
aZd, x 2"V given by

(6.5.5) F(at,v) = (F(at),v) = (aF(t), 2v)

for (at,v) € aZd x2¢" V. The map f, is compatible with the actions of F on

aZO Z¢™ V and on 3Z% (the natural action). Hence F defines an isomorphism
cFrE > &
We define a character 6y € (Z2)" by 6y = Shpmr(¢| zorm). Then the previous
argument implies, in view of (6.5.5), that

(6.5.6) Xevon(221) = 0(9)0o(21) (21 € Z).

We now define an isomorphism ¢q : F*(& ® A,) ~ & ® A, by ¢ = p1 ® ¢, which is
regarded as an isomorphism F*(E®A,) ~ E®A,. We denote by x¢ , the characteristic
function xgga,.g,- It follows from (6.5.6) that we have

(6.5.7) Xew(219) = V(2)06(z1)xy(9) (21 € 20 g € 207).

6.6.  We consider the map f : Z2 — G — G/Gger. Then f(Z2) can be
identified with Z2/Z2 N Gaer, and 28 — Z2/Z2 N Gyer is a finite étale covering. Tt
follows that we have an isomorphism S(Z2) ~ S(Z2/Z2 N Gqer) and a surjective map
S(G/Gaer) — S(Z2/Z2% N Gyer). This implies that all the tame local systems (resp.
F-stable tame local systems) on Z2 are obtained as the pull back from tame local
systems on G/Gge (resp. tame local systems on G/Gqe such that its restriction on
7% is F-stable) by the map f.

This fact can be explained in the following way from a view point of Shintani
descent. We consider a map f : Z¥" — GF" — GF"/GY. for sufficiently divisible
integer m. Let 6’ be a linear character of GF" /G4, Then 6, = ¢ o f is a linear
character of ZY™ whose restriction to ZY " NGE" is trivial, and all such characters of
ZA™ are obtalned by the pull back by f from a linear character of GI™ /GL.. We now
con51der the norm map Npm/p : : ZU™ — Z | which is a surjective homomorphism
with kernel K = {2z € Z%™ | 2F(z)--- F™"1(2) = 1}. Now the Shintani descent gives
a bijection between the set of irreducible characters of Z& and the set of irreducible
characters of Z™ whose restriction on K is trivial. Since Z% N Gyer is an F-stable
finite set, we see that Z& N Gaer C K if m is chosen large enough. In particular, any
irreducible character 6y of Z& can be obtained as Shpm/p(6;) with 6; = 6’ o f, where
¢’ is a linear character of G /GE™" such that 6, is F-stable.

er

6.7. Let L be a Levi subgroup of the standard parabolic subgroup P of G
containing 7', and put L = G L. Assume that L contains a cuspidal character sheaf.
Then by 6.4, L is of the form L = L1 X oo X LT, where L ~ GLyx -+ xGLy (n;/d-
times) for a ﬁxed d. Under the notation of 6.5 applied to L, let Ay = 5 ® A, be the
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cuspidal character sheaf on L, where z € Z;/Z? and n € Ar(2u;)" with u; € C (C'is
the regular unipotent class in L), and & € S(L/Lqe:). Let K = ind$ Ay be the induced
complex of G. Then K is a semisimple perverse sheaf whose simple components are
character sheaves on G. All the characters sheaves on G are obtained in this way
by decomposing a suitable K. Let £ be the tame local system on 2Z? obtained by
restricting € on 2Z9. Let Wy be the Weyl subgroup of W corresponding to L, and
put
ng = {’LU € Nw(WL) ‘ w*é’l ~ gl}/WL

Let End K be the endomorphism algebra of K in MG, and Q;[Wg,] be the group
algebra of We, over Q;. We note that

(6.7.1) End K ~ Q[Ws,|.

In fact it is known by [L3, 10.2] that End K is isomorphic to the twisted group algebra
of Wg,. By a general principle, we have only to show that K contains a character
sheaf with multiplicity one. Let A; = & ® Ay, be the cuspidal character sheaf in the
case where z = 1, and put K; = indg A;. We may choose a representative 2 of Zy/Z9
so that Z2 € Zg. Then we have 2*K ~ K;, and it is enough to consider the case where
z=1,ie., K = K;. But in this case, it is known by [L4, 2.4] that End K ~ Q;[Wg,].
This shows (6.7.1).

In view of the discussion in 6.6, (6.7.1) is interpreted also in the following form.
Take m large enough so that &' is F™-stable. Let ¢ be the linear character of
(L/Lgexr)™™ corresponding to &', and 6 the linear character of L obtained by the
pull back of #'. Let ; be the restriction of # on ZY™ and put

W91 = {’LU € Nw(WL) | Yh, = 91}/WL
Then we have

(672) ng >~ W91'

6.8. We keep the notation in 6.7. We denote by Ag the character sheaf occurring
as the simple component in K corresponding to F € End K. For each Ay € GF', we
shall determine ¢4, : F*Ap ~ Ap. Assume that A, , is F-stable, and put

Ze, = {w € Ny (W) | (Fw) &, ~ &Y/ Wr.
By [L3, 11, 10.2], we see that
Zgl ~ {w < NW(WL) | (F’LU)*AQ ~ AQ}/WL

Now any w € Zg can be written as w = wgy with y € We,. Fwg, induces
an automorphism g, : We, — Weg,. For each w € Zg¢, let LY C P" be the F-
stable Levi, and parabolic subgroup of GG obtained from L C P by twisting w, so that
(LY)F ~ LF% etc. (Note that this definition of LY etc. is not the same as LY given
in [L3, I1, 10.6]. L defined there coincides with our L with w’ = F~'(w™"). The
formulas below are derived from [L3, II} under a suitable modification.) We denote by
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Ay, K" the corresponding cuspidal character sheaf on L* and the induced complex on
G. Then we have K* = ind%, Ay. By applying the arguments in 6.5 to the Fw-stable
subgroups LY C P%, one can construct ¢f = ¢V ® ¢f : F*Ay ~ Ay, where oY, oy
are constructed from ¢y : (Fw)*& ~ &, @o @ (Fw)F*A, ~ A, as in 6.5 (replacing F

by Fw). Put ¢¥ = ¢ ¥, where
bo = (codimy Cy — dim Z?)/2

with the regular unpotent class Cp in L. Now ¢f : F*Ay ~ Ay induces an isomorphism
¥ F*KY ~ K",

We look at the special case where w = wg,. Then Ag occurring in K" is F-stable
if and only if £ € Wk, is g -stable. We fix a preferred extension E of E for each
E € Wg)“a. Then ¢* : F*K" ~ K" induces an isomorphism ¢4, : F*Ag ~ Ag
satisfying the following formula (cf. [L3, 10.4, 10.6]). For each w = wgy € Z¢,, we
have

(6.8.1) XKw,pv = Z Tl"(%ly,E)XAE,cpAE,
Be(Wp) 81

We define a normalized isomorphism ¢4, : F*Ag ~ Ag by ¢a, = qbocpAE. In
general, for an F-stable character sheaf A = Ap, we put ¢4 = ¢4, and we denote by
xa the characteristic function x44, for A € G

7. LUSZTIG’S CONJECTURE

7.1. We give a description of cuspidal irreducible characters of GF. Assume that
M, g contains a cuspidal character. Then there exists §, € T such that 7(5,) = s,
S, is a regular semisimple element such that Z; consists of a Coxeter element in W.
W, = {1}, and p;, g gives a cuspidal character of G¥', where F is the trivial character
of Wy, = W2 We assume further that the pair (s, E) = (s,1) is of the form as in
(2.5.1). Then W, = €, and € is a cyclic group generated by wg. G is of the form
G = Gy x---xG,, where G; = GL; with t = n/r for an integer ¢ prime to p. Moreover,
wo = (W, ..., w.) with a cyclic permutation w. = (1,2,...,t) € &;. Then {s} is an
F-stable regular semisimple class in G* such that Qg ~ Z/tZ, which is unique modulo
Za+. We make the following specific choice of s.

(7.1.1) Let $ = ($1,...,8,) € T* =T} x --- x T, such that ; = Diag(1,(,..., ("),
where ( is a primitive ¢-th root of unity in F,. Put s = 7 (3).

Let s’ be a regular semisimple element such that {s'} is F-stable and that Qg ~
Z/tZ. Since they are unique modulo Zg«, s’ can be written as s = zs with z € Zg-. If
z € ZL., then 2z determines a linear character 6 of G under the natural isomorphism
ZE. ~ (GF/GE,)". The parameter set M, g and My, g are then naturally identified,
and we have a bijection 7y p ~ 7, g via p, < 0 ® p, with y € H&E.

Assume that $ is as in (7.1.1). We assume further that F' acts trivially on Zg/Zg.
Since Zg/Z2 ~ Z/tZ, F stabilizes (. Hence F(3) = $ and so F’ = F. Moreover, F’
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acts trivially on €2, and we have
Mg = Q) x Q.

By 2.8 (a), Ms g 1s in bijection with ﬂs ~- Since s is regular semisimple, O3 for
p = ps g is the regular nllpotent orbit. So we assume that N is regular mlpotent

In this case, Py = B and Ly = T and A, ~ Zg/Z2. Since AL ~ Z/tZ, we have
Ay = Ay, and so M,y = Ay x A}. Let (A))) be the set of faithful characters of A,.
We show

Lemma 7.2. Let s and s = 7($) be as in (7.1.1). Assume that F acts trivially on
26/ 20.
(i) For each x € Q, we have A(ps, )| z0r = 1.
(i) Assume further that ¢ = 1 (mod 4) if t = 2. Then for each (¢,§) € M,
pee € T g is cuspidal if and only if € € (Ay)].

Proof. For each x € (,)p = Q,, we consider p;, g € Irr GF. A(ps, ) is determined
from $, as in 2.4 by using an F-stable Levi subgroup M of an F-stable parabolic
subgroup of ( G. Assume that Sp €T T*F for x € Q. In the case where N is regular

nilpotent, M coincides with 7. We now choose m > 1 such that $, € T*F™ and
that (zF)™ = F™. Then by the duality of the torus, there exists an xF-stable linear

character © of TF™ corresponding to $,. The Shintani descent Shpm 12F(0) = 6

gives rise to a linear character of T°F. The restriction of O on Z& = ZE gives the
character A(pz, g).

Following the arguments in [S2, Corollary 2.21], we give a more precise description
of © and 6. Since m(s,) = 7(8) = s, there exists z, € (kerm)™ C ZL such

that s, = $z,. Hence there exists an F —stAable linear character © of TF™ and a
linear character w, of Gr™" such that © = Gw,. Now there exists a decomposition
T =T, x---x T, such that T, are all F-stable, and = permutes the factors T} .

According to this decomposition of T, w, can be written as
Wy |7rm = wglc X--- &w;,

where w! is a linear character of T, ~ TiH™ . Here w! is expressed as wl(y;) =
Ty(detyy) for y; € T, where @, is a homomorphism Fom — Q;. Under the

decomposition of T into T;", Z% can be identified with the set of y = (y1,y1, ..., y1)
(t-times) such that dety; = 1. It follows that wx\ngm = 1. On the other hand, our

choice of § implies that © is written on TF" as
O=1RaK-- K"

with a! = 1. We may assume that the generator wg € ) permutes the factors Tf
by wo(T;") = Tjt, for i € Z/tZ. Put x = wy. Since O is F-stable and Ow, is xF-
stable, we see that a = (w}) ' F(w?l) = (wl)?!. This implies that é|Z%pm = 1. Hence
O|zorm =1, and we see that Og|zr = 1. This proves the first assertion.
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By the previous argument, the restriction of Oy on Z& gives rise to a character
& € ALY, We know that pg, g is cuspidal if and only if 2 is a generator of €2, and that all
the cuspidal irreducible characters in 7, i are obtained as the irreducible components
Pee, i ps, plgr. Hence in order to prove the second assertion, we have only to show
that &, € (Ay){ if x is a generator of ;. First we show the following.

(7.2.1) Assume that x = wy. Then &, is a faithful character.

It is easy to see that w,|yrm is F-stable. Put wy = Shpm/p(wg|zrm). Let us
G G

choose y € Zk such that the image of y in Zg/Z2 = A, is a generator of Ay. Then
y=(y1,...,71) € ZE with det y; a primitive t-th root of unity. By a similar argument
as in [S2, p.208 - p.209], we see that wy(y) is a primitive ¢-th root of unity. On the
other hand, put ©; = Sth/F(é|ng). Any element z € ng can be written as

z=(21,...,21) with z; € T1+Fm and
@(z) _ at(t—l)/Z(Zl) _ (w;)t(t—l)(q—l)/Z(Zl)‘

Since a' = 1, we have (w!)!@ 1) = 1. It follows that ©2|,rm = 1 and so O2 = 1.
G
Since Ol r = Oqwy, we see that &, is a faithful character if ¢ > 2. So assume that
G
t=2 Lety= (y1,11) € Zg be such that dety; = —1. We have only to show that

O1(y) = 1. Take z = (21,21) € ng such that Ngm/p(2) = y. Then it is easy to see
that Npm/p(det z;) = det y; = —1. Then we have
O1(y) = 6(2) = (w3) (1) =@ (det ).

xT

Since (wl)*@=Y) = 1, we may assume that (w!)?~! is a character of order 2. Hence
W, )91 is the unique character of order 2 of F%,., and one can write as (0,)? ! =
q

¢ o Npmp, where 0 is the unique character of order 2 of F, i.e., 0(z) = z(@=D/2 for
r € F;. It follows that

we 7 (det 1) = 0(—1) = (—1) D2 =1

since ¢ = 1 (mod 4) by our assumption. Hence we have ©1(y) = 1, and &, is faithful
in this case also. Thus (7.2.1) is proved. '
If we replace x by 7 for some j, then we have Shpm/p(wyi|zrm) = wj and the
G

previous argument shows that Shym /,ip (0| rm) = O1w). Since wj(y’) are all distinct
G

fort =1,...,tif j is prime to t, we see that &,; is faithful if j is a generator of €.
This proves the second assertion, and the lemma follows. U

7.3.  We preserve the setting in 7.1. Removing the assumption on F', we consider
the sets My = (A))r X (AD)" and M,y = ALY x (AY)F, which are in bijection with

M, g and M, p. Since Ay = Ay, we have My = M, y. Applying Lemma 7.2 to the
situation in GF™, we have the following corollary.
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Corollary 7.4. Assume that m is sufficiently divisible so that F™ satisfies the as-
sumption in Lemma 7.2 with respect to F. Let s' be a regular semisimple element in
G* such that My g contains an F-stable cuspidal irreducible character of GF™. Then

(i) The pair (s', E) is of the from as in 2.8 (a), and G ~ Gy X --- x G,, where
G; ~ GLy witht =n/r, and {s'} is the unique reqular semisimple class modulo
Zg+ such that Wy = Qg ~ Z/tZ. In particular, (TSST%))F is parametrized by

Mg N, where N is a reqular nilpotent element in g .

(ii) Let (AY)L be the set of F-stable, faithful characters of Ay = Zg/Z%. Then
under the parametrization (’Z;EHB)F — Mgy N, pﬁ? is cuspidal if and only if

£ e (AE.

Proof. Since s’ is regular semisimple, the pair (', F) is of type (a) or (c) in 2.8. But it
is easy to see that in case (c), M g does not contain a cuspidal irreducible character.
(Note that by the Shintani descent theory, Lusztig induction RY(w;) corresponds to
the Harish-Chandra induction from L™ to G''™). Hence (s', E) is of type (a), and (i)
follows from 7.1. Now by 7.1, s’ can be written as s’ = zs, where s is as in (7.1.1) and
2z € Zg-. We may assume that z € Z5." by choosing m large enough. Thus we have
a natural bijection TSST%) o~ 'z;(;”) by 7.1 under the identification ./\/lgn])v = Mg"]l\% Since
F™ acts trivially on A,, (ii) follows from Lemma 7.2. O

We note the following lemma.

Lemma 7.5. Let s be as in 7.1 and § = A(pyp)|zz the linear character of ZE. Let

R.,, be the almost character of G for (z,m) € Mgy n under the bijection My y ~
Mgy . Let It¢ . be the modified generalized Gelfand-Graev character associated to

(c,€) € Mo = Mgy n and to a linear character 0" of ZE. Then we have

0\F|—-1 vy -
(T Rer = 4 NN Za/Za) #1250 = Ol
0 Zf6|Z%F7é6‘Z(C);F.

Proof. In our case, Ay = Ay = Zg/Z2. Thus by applying (4.5.2) and (4.5.3), one can

write as
Rey = (Za/Z&)T |7 Y n(e)é(2)per -
(e1,€1)
Then by Theorem 2.6, (ii)-(b), we have

(Legos Remdar = [(Za/28)" |7 '0(0)€(2)

if 0’| jor = 6| zor. This proves the first formula. The second formula also follows from
Theorem 2.6, (ii)-(a) together wit