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Introduction  – Observation-

• Progress of observational technology
 Precision cosmology Precision cosmology

We can determine/constrain possible models/theories We can determine/constrain possible models/theories 
of the early universe from observations.of the early universe from observations.

COBE(1993)
PLANCK (2009‐?)

WMAP(2003,2006,2008)

( )

3(PLANCK team)



Introduction  – CMB observation-
 Cosmic Microwave Background (CMB) Anisotropy

I f ti b t

••Information aboutInformation about

•Information about 
the evolution of perturbations

+
Information aboutInformation about
the primordial perturbations the primordial perturbations 
•• amplitudeamplitudeamplitudeamplitude

•• spectral index spectral index 
ø 10à5

(WMAP Five year data (WMAP team)) ••statisticsstatistics
Almost scale-inv.

Almost GaussianAlmost Gaussian
••statistical isotropy statistical isotropy 

T t f th h i f ti i di l t b ti

Almost GaussianAlmost Gaussian

SY and Soda (2008)

Test of the mechanism of generating primordial perturbations
(Inflation model)



Introduction  – Inflation -
V(þ)S-dimensional assisted inflation     

assisted brane inflation
l i d d i fl ti

dual inflation 
dynamical inflation
dynamical SUSY inflation

@ Paul Shellard

 Inflation
anomoly-induced inflation
assisted inflation
assisted chaotic inflation
b d i fl ti

dynamical SUSY inflation
eternal inflation
extended inflation
extended open inflation

Exponentially accelerating expansion in the early universe

Zero-th order þ
boundary inflation
brane inflation
brane-assisted inflation
b i fl ti

extended open inflation
extended warm inflation
extra dimensional inflation
F term inflationExponentially accelerating expansion in the early universe

A mechanism to solve the shortcomings of standard Big Bang model
(flatness horizon)

brane gas inflation
brane-antibrane inflation
braneworld inflation
B Di k h ti i fl ti

F-term inflation
F-term hybrid inflation
false-vacuum inflation
false vacuum chaotic inflation(flatness, horizon)Brans-Dicke chaotic inflation

Brans-Dicke inflation
bulky brane inflation
h ti i fl ti

false-vacuum chaotic inflation
fast-roll inflation
first-order  inflation
gauged inflation

I d i h li h l fi ld ll d I fl

First order (perturbation)
chaotic inflation
chaotic hybrid inflation
chaotic new inflation
D b i fl ti

gauged inflation
Hagedorn  inflation
higher-curvature inflation
hybrid inflationIntroducing the light scalar field, so-called Inflaton 

Quantum fluctuation of the inflaton  Primordial perturbations

D-brane inflation
D-term inflation
dilaton-driven inflation
dil t d i b i fl ti

hybrid inflation
hyperextended inflation
induced gravity inflation
intermediate inflation

5

dilaton-driven brane inflation
double inflation
double D-term inflation

intermediate inflation
inverted hybrid inflation
isocurvature inflation......................



Introduction  – WMAP constraint -

(WMAP 5 year data)



Introduction  – WMAP constraint - (WMAP+BAO+SN)( )

(WMAP 5 year data)

n à 1 ñ d ln Pð ; spectral index

PT

ns 1 ñ
d ln k

; spectral index

r ñ Pð

T
; tensor to scalar ratio



Introduction - construction of  realistic inflation models -

Constructing realistic models based on SUGRA or string theory

 the scalar field may have multi-components during inflation
(Multi scalar inflation)

the energy scale of inflation is much lower

(Multi-scalar inflation)

Tensor perturbation
The discrimination of the simplest single-field model
from the other low energy models will be mostly clearly done 
b h f b i f CMB B d l i i

p

by the future observation of CMB B-mode polarization.
(Primordial tensor perturbation)

Second order perturbation
Recently, the non-linearity (non-Gaussianity) of the primordial 
perturbations also has been a focus of constant attention

Second order perturbation

perturbations also has been a focus of constant attention 
by many authors. (Komatsu & Spergel (2001), ……….)



Introduction – Planck era -

• PLANCK (2009 April) (PLANCK team)

power spectrum
small scale

9



Introduction – Planck era -

• PLANCK (2009 April)
probability of detecting B-mode polarization



Introduction – B-mode polarization -

CMBPol mission (0811.3919[astro-ph])

tensor mode vs lensing

(submitted to Astro 2010)Space mission



Introduction – tensor mode –direct detection- -

/DECIGO?

/DECIGO corr?/DECIGO corr?

CMBPol webpageGravitational wave background



NonNon--GaussianityGaussianityNonNon GaussianityGaussianity



NonNon--linearity parameter  linearity parameter  
 Non-linear parameter 

C t t b ti if d it li i ( i i t i bl )Curvature perturbation on uniform density slicing (a gauge invariant variable);
Komatsu and Spergel (2001)

Non-linear parameterGaussian statistics
The power spectrum of curvature perturbation is leadingly identical toThe power spectrum of curvature perturbation is leadingly identical to 
that of Gaussian part, while the three point correlation function is affected
by the non-linear part.by the non linear part.

:bispectrum

CWMAP
:power spectrum

PLANCKWMAP 
(current obs.)



NonNon--linearity in cosmological perturbation linearity in cosmological perturbation 

 Einstein equation …….

Gö÷ = 8ùGTö÷ : nonlinear differential equation: nonlinear differential equation

Primordial perturbation

Quantum fluctuation of Inflaton（scalar field）

If free field, the fluctuation is Gaussian

Through the interactions, the deviation from g ,
Gaussian (non‐Gaussianity) can be generated.



Theoretical predictionsTheoretical predictions
 non‐linear parameter

St d d i l l l ll i fl ti•Standard single‐scalar slow‐roll inflation

(Maldacena (2003), Lyth & Rodoriguez (2005), …)

•Curvaton scenario Modulated reheating scenario•Curvaton scenario, Modulated reheating scenario

•(DBI inflation (non-slow-roll model))
(Lyth et al (2003), Sasaki et al (2006), Dvali et al (2004)…)

(Alishahisa et al (2004), …)

Detectable by the future experiments (PLANCK,….)!!

We cannot distinguish  these scenario at the linear (power spectrum) 
level.  (tensor mode?)

is expected as a new cosmological parameter, which brings us valuable information. 



Theoretical predictionsTheoretical predictions
How to generate the non‐linearity？

１） “scalar field –scalar field” coupling during inflation１）.  scalar field  scalar field  coupling during inflation

（self‐interaction term in potential)

Standard single slow roll model coupling potentialの傾き slow roll parameterStandard single slow‐roll model ;  coupling           potentialの傾き slow‐roll parameter

DBI inflation  – (fast roll inflation ) ‐
(equilateral type)

２）. “curvature‐scalar field” coupling

(c f “curvature ‐ iso‐curvature mode” coupling)

(equilateral type)
(k1 = k2 = k3)

(c.f.  curvature ‐ iso‐curvature mode  coupling)

Curvaton model ;  coupling
an extra light scalar field, so-called, “curvaton”, density / radiation density(local type)

 Multi-scalar inflation Multi-scalar inflation
(k1 = k2 ý k3)

３）.  Non‐linearity in the transfer functions of temperature anisotropies



higher higher order correlation order correlation functionfunction
 The deviation from the pure Gaussian affects also higher      

order correlation functions (higher order spectrum).
ðð : primordial curvature perturbation

Bispectrum (connected part)

Trispectrum (connected part)

；power spectrumNon-linear parameters

Can we detect？ (Komatsu & Spergel(2001), Kogo & Komatsu 2006)

üNL > 560If fNL > 5 we can detect the NG 
in future experiments (Planck(2009))or



higher higher order correlation order correlation functionfunction
Roughly speaking,

 the leading order of n-point function is O(Pnà1) P ø O(10à10)
à á

 If the non-Gaussianity large, we can estimate O(fnà2

NL
Pnà1)

( )
 The number of argument wavenumbers of the n-point

function is n-1. Naively, the number increases as

fNL < O(100)( )

`2(nà1)y `max

where              is the maximum angular momentum of CMB observations`max

 This large number enhances the detectability of n-point functions
to O(fà1

NL
Pà1/2(fNL`max P

√
)nà1)

 Hence, if                              exceeds unity, in principle the higher order 
correlation functions are measurable.

fNL`max P
√

 For Planck,                                  , and hence if                              then we can. `max ø O(2000) fNL ø O(50)

(Kogo and Komatsu (2006))



Motivation
 How is the primordial non-Gaussianity in Multi-scalar inflation ?

Multi-scalar models  ;

• a lot of inflatons (c.f. curvaton scenario) single field casemulti-field casea lot of inflatons (c.f.  curvaton scenario)
• a lot of dynamical degree of freedom 

during inflation ð = const.

g

ð 6=const.
• the effects of the iso-curvature mode 
• the violation of the slow-roll conditions on super-horizon scales



Local type nonLocal type non--GaussianityGaussianity

physical scale

• without slow-roll condition on super-horizon scales
•The slow-roll conditions are satisfied for all directions on sub-horizon scales

 current observations

a/k

physical scale

a/k
Cosmological scale

?
1/H :Hubble scale

ln a = N
: e-folding number

Nã Nend

slow roll

Inflation 
- scalar filed-dominated -

radiation-dominated

: e folding  numberslow-roll



δN formalism for the δN formalism for the 
primordial nonprimordial non GaussianityGaussianityprimordial nonprimordial non--GaussianityGaussianity



 Second order CPT；

For example {00} Einstein tensorFor example, {00}‐Einstein tensor;

It seemes complicated to solve fully…  delta N



Formulation  – δN formalism- (Sasaki & Tanaka(1998),Lyth et al.(2005)) 

•Focus on the Super‐horizon fluctuations ú L•Focus on the Super‐horizon fluctuations
•Smoothing on  sub‐horizon scales
•Locally, the universe seems FRW. x

ú L
1/H

1/H

ds2 = à dt2 + a2e2ðîijdx
idxj

Naively,
1/H

Friedmann Friedmannds = dt + a e îijdx dx

2 N+îN( )

íij = O((
LH
1 )2)

î

final 
hypersurface

t = tF

e‐folding number ;
t

e2 N+îN( ) N + îN
Initial flat
hypersurface

N

N(tF, tã) ñ
R
tã

tFHdt
L; super horizon scale

ð(tF) ' îN(tF, þ
I(tã, x~))

; supe o o sca e

Taking Final hypersurface to be uniform energy density one
and Initial hypersurface to be flat one



Formulation  – δN formalism-

δN formalism (Sasaki & Tanaka (1998)) (separte universe)

Super‐horizon scale curvature perturbation is given bytF

tF uniform energy density slicing

Super horizon scale curvature perturbation is given by  
the perturbation of the background e‐folding number

tF

tF

physical 
scale

Hubble
scale

Friedmann Friedmann

t tscale

scale of interest
N + îN

final 
hypersurface

t = tF

N N + îN
Initial flat
hypersurface

N

timet = tF
super horizon scale



Formulation  – δN formalism-

physical 
scale

Hubble
scale

Friedmann Friedmann

scale of interest

N + îN

final 
hypersurface

t = tF

timet = tF

N + îN
Initial flat
hypersurface

N

t t
If,
tF > tc ：a time when the background trajectory has converged.

 pure adiabatic perturbation (no‐iso‐curvature)

hthen,

ð(tF) = const (Lyth Malik and Sasaki (2005))ð(tF) = const. (Lyth, Malik, and Sasaki (2005))



Formulation  – Non-Gaussianity -

δＮ can be expanded up to the second order as
t th d d

(Lyth & Rodriguez, 2005)

to the second order 

Bispectrum is leadingly given by 

①

②②

① 1) ; “field‐field” coupling suppressed by slow‐roll para under the slow‐roll approx① 1) ;   field‐field  coupling  suppressed by slow‐roll para. under the slow‐roll approx.
(Seery & Lidsey (2005))

② 2) ; the non‐linearity of the “curvature‐field” coupling



Non-linearity parameter
Neglecting the contribution of ①,
we have,we have,

This represents the non‐linearity which is generated 
on  the super‐horizon scales evolution.
（② term） “curvature ‐ field” coupling (“curvature – iso‐curvature”)

What we need to calculate is only the evolution 
of background e-folding numberg g



-- Higher order correlation Higher order correlation funcfunc..--

(Seery and Lidsey(2006,2007))is almost Gaussian (slow-roll inflation)

gNL =
54
25

(NLN
L)3

NIJKN
INJNK

(Byrnes, Sasaki & Wands(2006))
called as “local type ” spectrum

We have presented an efficient method for computing the p p g
non‐linear parameters of the higher order correlation functions of 
local type curvature perturbations (SY, T. Suyama and T. Tanaka (2009))

delta N + Diagrammatic Approach (Byrnes Koyama Sasaki and Wands(2007))delta N + Diagrammatic Approach (Byrnes, Koyama, Sasaki and Wands(2007))



-- Diagrammatic approach Diagrammatic approach --
Byrnes, Koyama, Sasaki and Wands (2007)
SY, Suyama and Tanaka (2009)

=

25
54gNL =

(NLN
L)3

NIJKN
INJNK

The number of the diagrams which have mutually different topology 
are corresponding to the number of parameters for n-point functions. 



–– the number of parameters for nthe number of parameters for n--point functions point functions ----

The number of parameters for each correlation func. and diagram

(From Fry “Galaxy correlation” (1984))



Several examplesSeveral examples



Example 1Example 1pp

Non-Gaussianity in slow-roll phasey p

(Analytic estimation)(Analytic estimation)



Multi-scalar slow-roll
(SY, T. Suyama and T. Tanaka (2007))without specifying the form of potential

assumption
:derivatives of potential

:duration of inflation

 loop hole ??

Naively,   Next slide



Large nonLarge non--GaussianityGaussianity in slowin slow--roll inflationroll inflation
(Alabidi (2006), Byrnes, Choi and Hall(2008))Potential;

potential form for ñϕϕ, ñÿÿ < 0
ñϕϕ| | , ñÿÿ| | ü 1 ; slow-roll condition

The non-linearity of 
curvature perturbation 
h b l t d thas been evaluated at 
V = const. hypersurface.

ϕÿ ϕ
ÿ

ϕ

V = const.
ÿã << MPBlack line; trajectory

ϕ

N = 60 Small field model



Large nonLarge non--GaussianityGaussianity in slowin slow--roll inflationroll inflation
(Alabidi (2006), Byrnes, Choi and Hall(2008))

potential form for ñϕϕ > 0, ñÿÿ < 0potential form for ñϕϕ , ñÿÿ

ϕϕ

V = const.

ϕÿ ÿ
N = 60

black line;   trajectoryÿã << MP

saddle point model



Large nonLarge non--GaussianityGaussianity in slowin slow--roll inflationroll inflation
(Alabidi (2006), Byrnes, Choi and Hall(2008))

ÿ

ϕ

V = const.

ϕ

N = 60

black line;   trajectoryÿã << MP

chaotic type



Large nonLarge non--GaussianityGaussianity in slowin slow--roll inflationroll inflation

Results;   various potential parameters and initial conditions
(Alabidi (2006), Byrnes, Choi and Hall(2008))

ñϕϕ ñÿÿ ÿã/Mp

à 0 01 à 0 09 1 0 3 0 â 10à6

fNL

à 132 small field model

ϕã/Mp

0.04

à 0.01 à 0.09

à 0.04

1.0 3.0 â 10 132 small field model

à 0 040 04
1.0
1 0

6.8 â 10à5

1 5 â 10à4

à 123
à 68

saddle modelà 0.040.04 1.0 1.5 â 10 68

0.08 0.01 1.0 1.8 â 10à3 9.3 chaotic type

Note thatNote that
(from Byrnes, Choi and Hall (2008))

ÿã/Mp ü 1the important point for generating large non-Gaussianity is

î /th li it f th l G i itîÿã/ÿãthe non-linearity of the large non-Gaussianity
of curvature perturbation 



Large nonLarge non--GaussianityGaussianity in multiin multi--bridbrid inflationinflation
(Lyth(2006) Naruko and Sasaki (2008) )

Next, let me review a hybrid inflation type model, which have the possibility of 
generating large non-Gaussianity.

(Lyth(2006), Naruko and Sasaki (2008), …)

þ
g g g y

Ordinary hybrid inflation model,
þ : inflaton

ÿ : waterfall field

The effective mass of the waterfall field is

m2
ÿ = à õv2 + g2þ2

The effective mass of the waterfall field is

Inflation ends at m2
ÿ = 0

þ = þe = õ
√

v/g ÿ
þ tachyonic instability of the waterfall field þ

the end of inflation hypersurface hypersurfacem2
ÿ = 0

In the previous models, the authors have considered the non-Gaussianity of the 
curvature perturbation on the V=constant hypersurface.

the end of inflation hypersurface hypersurfaceÿ



Large nonLarge non--GaussianityGaussianity in multiin multi--bridbrid inflationinflation

Hybrid inflation  - generating curvature perturbation -

At the initial time (horizon crossing time) χ field is massiveAt the initial time (horizon crossing time), χ field is massive.

 The perturbation of χ field  is suppressed.

 The perturbation of χ field does not contribute to generating the 
curvature perturbations. (almost single slow-roll inflation)

Modification of the hybrid inflation models 
so that large non-Gaussianity can be generated

Hybrid inflation + light scalar field (curvaton like)

so that large non Gaussianity can be generated

 Lyth (2005) Lyth and Alabidi (2006) Lyth (2005), Lyth and Alabidi (2006)
 Matsuda (2008)
 Sasaki, Naruko and Sasaki (2008)



 t t b ti t d t th d f i fl ti

Large nonLarge non--GaussianityGaussianity in multiin multi--bridbrid inflationinflation
 curvature perturbation generated at the end of inflation

V õ 2 2
à á2 1 2þ2 gþ2 2 f 2 2 V( )V =

4
õ v2 à ÿ2
à á2

+
2
1m2

þ
þ2 +

2
gþ2ÿ2 +

2
fû2ÿ2 + V(û)

Ordinary hybrid inflation + light field

ordinary hybrid inflation
þ

+ a light field another d.o.f.û

Ordinary hybrid inflation  light field

0

þþã
þe N

þã + îþãN + îN

 a light field
coupling with
waterfall field

þN

N + îN

îþã + îûã

Critical value       which decides the
end of inflation is fixed.

+ î

þe The end of inflation can be described 
as a ellipsoid in field space.

þN
û

Effectively, the critical value fluctuates 
due to the perturbation of a light field !!single field

îþe



U i δN f li

Large nonLarge non--GaussianityGaussianity in multiin multi--bridbrid inflationinflation

ð(te) = îN = îNã(þã) + îNe(ûã)

Using δN formalism, 

þ0 = ∂þ/∂û
Leadingly the powerspectrum is given byLeadingly, the powerspectrum is given by

hîþ2
ãi = hîû2

ãi = 2ù

Hã
ð ñ2ë

assuming
ð ñ

ë = the contribution from σ (light field)

the contribution from Φ (inflaton)( )

(cf. Mixed inflaton and curvaton model, mixed inflaton and modulated reheating scenario,
Ichikawa , et al.(2008), Ichikawa et al. (2008))



Large nonLarge non--GaussianityGaussianity in multiin multi--bridbrid inflationinflation

Non-linearity parameters are given by

ë ë ë

ñ =
Vþþ

ë ë ë

ñ =
V

If one neglect the slow-roll parameters, we have

ë

ë

ë

ë

The non-linearity is generated from the light field σ



Large nonLarge non--GaussianityGaussianity in multiin multi--bridbrid inflationinflation

Relation between trispectrum and bispectrum ;ð ñð ñ2
üNL =

ë
1+ë

ð ñ
5
6fNL

ð ñ2

；The contribution from the fluctuation of σ dominates
the curvature perturbation

ë

the curvature perturbation.

Consistency relation;y ;

üNL =
5
6fNL

ð ñ2

+ O(slow-roll parameter)NL 5
fNL

ð ñ
( p )



Large nonLarge non--GaussianityGaussianity in multiin multi--bridbrid inflationinflation

；The contribution from the fluctuation of Φ dominates
the curvature perturbation

ë ü 1
the curvature perturbation.

Modified consistency relation ;

üNL = 1 6fNL

ð ñ2

Modified consistency relation ;

üNL =
ë 5

fNL

ð ñ
There is a possibility of generating small bispectrum but

large trispectrum.

 one of the importance of investigating the higher order correlation function



Large nonLarge non--GaussianityGaussianity in multiin multi--bridbrid inflationinflation
Lyth (2006)

Simple model

V õ 2 2
à á2 1 2þ2 gþ2 2

Lyth (2006)

V =
4
õ v2 à ÿ2
à á2

+
2
1m2

þ
þ2 +

2
gþ2ÿ2

+ f 2ÿ2 + 1m2 2+
2
fû2ÿ2 +

2
mûû

2

parameter;

5
6fNL ' 1.734

ë ' 5.25 â 10à3 üNL ' 569



f
Large nonLarge non--GaussianityGaussianity in multiin multi--bridbrid inflationinflation

fNL vs ûã

Observable

ë < 1 ë > 1
N t th tN t th tNote thatNote that

ûã/Mp ü 1the important point for generating large non-Gaussianity is



Large nonLarge non--GaussianityGaussianity in multiin multi--bridbrid inflationinflation

üNL vs ûã

Observabale

1 1ë < 1 ë > 1



Large nonLarge non--GaussianityGaussianity in multiin multi--bridbrid inflationinflation

One loop effect ;One loop effect ; “Ungaussiton”;Suyama and Takahashi(2008), Cogollo et al.(2008)

ð

Nû Nûû

ûã = 0For               ,

û ûû

For the bispectrum (3 point function)
Nû=0 

For the bispectrum (3-point function), 
the leading term comes from 2 x 2 x 2.

5
6fNL =

Nþ
4

Nûû
3Pð ln(kL)

box size

There seem to be various types of non-Gaussianity. One loop



Example 2Example 2pp
The model in which the slowThe model in which the slow--roll conditions are temporarily roll conditions are temporarily 
i l t d ft th h i i tii l t d ft th h i i tiviolated after the horizon crossing timeviolated after the horizon crossing time

(Numerical calculation)



Double inflation, NDouble inflation, N--flationflation type (large field model)type (large field model)

Two fields chaotic inflation (double inflation)   (Silk(1986))

(SY, T. Suyama and T.Tanaka (2008))

Simple situation

Background trajectoryg j y

Field evolution



Two fields chaotic inflation – slow-roll parameters -

ï ñ à
H2
Hç

ñ1 ñ V

Vþþ ñ2 ñ V

Vÿÿ

The slow-roll conditions are violated 
(t il ) !!(temporarily) !!
 large non-Gaussianity?



- non-linear parameter -
f f (N ) NfNL = fNL(NF) : function of NF

Slow-roll condition
is temporarily violated.

NF > Nc

ð(NF) = const.

fNL(NF) = const.
Nc

; the time when the complete 
convergence of the trajectories

f ( )

Nc

At the end of inflation,

convergence of the trajectories   
occurs

fNL = 0.0108 ü 1

,
small non-Gaussianity

means that horizon crossing approximation is valid.



Two fields chaotic inflation – non-linear parameter -

Background trajectory
H i iHorizon crossing

First slow-roll phasep

Slow-roll violation phase 
(no effect for )îN

fie
ld Second slow-roll phase

(no effect for          )îN

H
ea

vy
 

l ll l llslow-roll + slow-roll

Light field large fNL



Example 3Example 3pp
The nonThe non--GaussianityGaussianity after the slowafter the slow--roll phase / around the roll phase / around the 

d f i fl tid f i fl tiend of inflation end of inflation 

(numerical calculation)



In the estimation of the non-Gaussianity generated in the slow-roll phase,
the authors have evaluated the curvature perturbation on the V=constant 
h f th f th t f ll fi ld t t h fhypersurface or the mass of the waterfall field=constant hypersurface. 

However, the curvature perturbation still evolve even on the super-
horizon scales until the complete convergence of the trajectory in the 
field space has occurred.

Here, we calculate the curvature perturbation on uniform energy density 
hypersurface using the δN formalism and check the convergence of the 
trajectory (ζ constant)trajectory (ζ  constant)

Then, we evaluate the amplitude of the non-Gaussianity.

Two models;
Small field hybrid model (modular inflation)Small field-hybrid model (modular inflation) 
Multi-brid model



Small field Small field –– hybrid type model hybrid type model 
2

(work in progress)

Ref.) Kadota and Stewart (2003)

V = V0 àm2Φ2 + 1Am2 Φ| |3

χ M2

Pl
= 1

１ V = V0 m
0
Φ +

3
Am

0
Φ| |

+
2
1÷(÷ + 1)Am2

0
Φ4

０

１

Φ =
2

√1 (þ + iÿ) ; complex scalar field

０

=
2

√1 úeiò (radial + angular component)

０ １ φ

: maximum ; eternal inflation  generating perturbation (horizon crossing)

０ １

: saddle point ; waterfall phase  inflation ends

: minimum ; inflation ends  oscillation phase

 saddle point model ? 



Small field Small field –– hybrid type model hybrid type model 

Originally, this model is motivated by supergravity/string theory.

 problemñ m2/H2 ø m2/V0 = O(1)

Ref.) Kadota and Stewart (2003)

 - problemñ m
0
/H m

0
/V0 = O(1)

 Introducing Qantum correction term (renormalized mass)

Vloop1 = à ì1m
2

0
Φ2 log Φ| | à

2
1

h i
2 | |2 l Φ Φ| | 1

h i: effective around maximum point

Vloop2 = ì2m
2

0
Φ à Φs| |2 log Φ à Φs| | à

2
1

h i
: effective around saddle point

Φ = Φs ; saddle point

Around top ø V0 à 2
1ì1m

2

0
ú2 ln(ú2/ú2

t
) +V

flatteningflattening
ring maximumú = út ø e

à
ì1

1

Radius;

Due to the coupling parameter β,
we can obtain enough e-folding number and scale-invariant perturbation



Small field Small field –– hybrid type model hybrid type model 
Background dynamicsBackground dynamics
● around the top ( Due to U(1) symmetry, consider only radius component. )

e-folding number as a time coordinate
( dN = H dt )

slow-roll
: initial value (at the horizon crossing)

úc = ú(Nc) ø ús, úã ø út

Nc is a time when the U(1) symmetry is broken.
 close to the saddle point

total e-folding number can be 
obtained in this phase and

 close to the saddle point

úobtained in this phase and 

The perturbation of φ,χ field are not suppressed and hold the scale invariance

ús



Small field Small field –– hybrid type model hybrid type model 
● around the saddle point

χ

th l f Φ d：the value of Φ measured 
from the saddle point

φú

The  dynamics of angular component = χ direction

φús
ÿc ' úsòã ø út

úsÿã

ÿe ø úsÿe ús



Small field Small field –– hybrid type model hybrid type model 
From the δN formalism, 
ð = Nþîþã +Nÿîÿã +

2
1Nþþîþ

2
ã + 2

1Nÿÿîÿ
2
ãð þ þã + ÿ ÿã +

2 þþ þã + 2 ÿÿ ÿã

If the contribution from the fluctuation of the waterfall direction
(angular component) dominates then we have(angular component) dominates, then we have

5
6fNL =

N 2

Nÿÿ 'O
V0

m2
ð ñ

= O(1) ; detectable level !?
5
f

Nÿ
2 V0

ð ñ
 Numerical result

For



Small field Small field –– hybrid type model hybrid type model 
Curved Trajectory = waterfall

The evolution of non-linear parameter

fNL

NF m2/V = 1 ì = 0 1

fNL ' 1.5

At the end of inflation, we have
F


Possible models of 
generating large ( means O(1) ) non-Gaussianity ?

m
þ
/V0 = 1, ì = 0.1

g g g ( ( ) ) y

6=O(ïã, ñã)



Small field Small field –– hybrid type model hybrid type model 
Dependence Dependence on on ParametersParameters
Initial angle

１.６

１.０

large fNL
5
6fNL

０

large fNL

log10 òã

０-５ -２.５ small angle is necessary.

g10 ã
through the saddle point



Small field Small field –– hybrid type model hybrid type model 

mass parameter
Dependence Dependence on on ParametersParameters

ì1m2

0 1 i fi d (t t l f ldi b i l fi d );
V0

ì1m = 0.1 is fixed (total e-folding number is also fixed.)

F t i t
6f õ 3 5

ð ñ2

Future experiments ; 5
fNL õ 3 à 5

üNL '
5
6fNL

ð ñ2

Trispectrum ;



Small field Small field –– hybrid type model hybrid type model 
-- Probability Distribution Function of Initial Angle  Probability Distribution Function of Initial Angle  --

Preferred initial angle？？

：Probability distribution function

Avoid             (topological defect)

Large volume is preferable

òã = 0

０ ＝０ ,１

: maximal at 

From the analysis of e-folding numberFrom the analysis of e-folding number

ln òm ø à 1/ì2 small angle is preferable!!



Small field Small field –– hybrid type model hybrid type model 
DiscussionDiscussion
: maximal at 

０ ＝０ ,１

In order for the maximal value to exist, the necessary condition is 

V0

m2

0 ø O(1)

：If we consider the large mass parameter,
The angular dependence of the total e-foldings becomes small
Hence the PDF is ∝ òãHence,  the PDF is
and the trajectories which close the saddle point are not preferable
 Thus, f_NL seems also to be ~ 1 at the most ??  Can we detect ??

∝ òã



Small field Small field –– hybrid type model hybrid type model 

Discussion Discussion 

Another model parameter ν
÷ = 5

 displace the saddle point

The dependence on the non-linear parameter seems to be weak.p p



Small field Small field –– hybrid type model hybrid type model 

P b bili Di ib i F i f I i i l A l

Discussion Discussion 

Probability Distribution Function of Initial Angle



MultiMulti--bridbrid typetype
work in progress

In order to realize the tachyonic instability in the 

p g

classical background level, 
we introduce the artificial potential tem as;

V =
4
õ v2 à ÿ2
à á2

+
2
1m2

þ
þ2 +

2
gþ2ÿ2

4
ÿ

à á
2 þ

þ
2

+ fû2ÿ2 + 1m2û2 + V dd

; conventional hybrid model

+
2
û ÿ +

2
mûû + Vadd

; artificial term; “iso-curvature” field

à 22



MultiMulti--bridbrid typetype
evolution of scalar fields blue; û/10ûã

red; þ

green; ÿ

time

m2

ÿ,eff
= 0

a few e-folds ï = 1



MultiMulti--bridbrid typetype

Numerical results
ë = N2

û/N
2

þ
ûã = 4.0 â 10à7For

6f ' 1 26 üNL ' 377

û þ

5
6fNL ' 1.26

ë ' 4.26 â 10à3

üNL ' 377

We can obtain the relation as '

ûã = 4.0 â 10à5For
6f ' 6 71
5
fNL ' 6.71

ë ' 43.0
üNL ' 46.0

üNL '
5
6fNL

ð ñ2



MultiMulti--bridbrid typetype

Time evolution of the nonTime evolution of the non--linearity parameter linearity parameter fNLfNL



Summary and Future issuesSummary and Future issuesSummary and Future issuesSummary and Future issues



Precision cosmology eraPrecision cosmology era

We can determine/constrain possible models/theories of the 

gygy

early universe (inflation model, …) from observations (CMB 
anisotropies, …).

The primordial non-Gaussianity has been considered as one of 
the new cosmological parameters, which bring us valuable 
information about the mechanism of generating primordial 
perturbations (inflation model)perturbations (inflation model).

Many authors have proposed and analyzed the models in which 
there are possibilities of generating large non-Gaussianity. p g g g y



Theoretical sideTheoretical side
How can large nonHow can large non--GaussianityGaussianity (local type) (local type) be be 
realized ?realized ?

•Multi-component field 
(inflaton Φ + a light field σ (generating NG field) )

dominant subdominant

ðç = 0(  Single field case ;                 on super-horizon scales) 

•Large îû/û

ð

Large  îû/û

îû ø Hinf ü MPl

(cf. GUT scale inflation;                             ) Hinf ø 10à6MPl

û ü MPlû ü Pl
 Is it natural ?



Observational sideObservational side

• Higher order correlation function of CMB anisotropies
•• bispectrumbispectrum trispectrumtrispectrum higher ?higher ?•• bispectrum, bispectrum, trispectrumtrispectrum, … higher … ?, … higher … ?
•• local type, equilateral typelocal type, equilateral type

• relation between NG and 
residual iso-curvature perturbation
(CDM i B i )(CDM iso-curv., Baryon iso-curv., …)

• effects on the large scale structure
• power spectrumpower spectrum 
• bi-spectrum 
• halo mass function
• void abundance

(Taruya et al.(2008), Sefusatti and Komatsu(2007), LoVerde et al.(2008), Kamionkowski et al.(2009), …)



Curvaton and Curvaton and 
Modulated Reheating scenariosModulated Reheating scenariosModulated Reheating scenariosModulated Reheating scenarios



Curvaton scenarioCurvaton scenario
Two scalar fields (inflaton：Φ + light scalar field (curvaton)：σ) mþ ý mû

(Lyth and Wands, Moroi and Takahashi(2003), ……)

Two scalar fields  (inflaton：Φ  +  light scalar field (curvaton)：σ)

V(φ)

mþ ý mû

V(σ)During Inflation

f C t

g
H ý mþ

úþ ý úû
Inflaton φ Curvaton σ

Slow-roll
V(φ) V(σ)

û ø const.

Reheating phase
f H ø mþInflaton φ

Oscillation Curvaton σSlow-roll
H mþ

⇒ decay to radiation
V(σ)

H ø Γþ

Curvaton decay

V(σ)

Radiation Curvaton decay
Curvaton σOscillation 

⇒ decay to radiation

H ø mû
dominated universe

H ø Γû



Curvaton scenarioCurvaton scenario

Perturbations
îú
ì

îþ
Fluctuation of inflaton

ú

îúí
ììì
in

ø ðin Adiabatic curvature perturbation 

ð ø (1 à f)ðin + fðû

ú

îû decay
Fluctuation of curvaton

(large          )ðû

f ' úû
ì

ú
úþ

úû
úrad←þ

f '
útot

ìì
t=tdecay

Amplitude;(neglect the inflaton fluctuation)

l a

úû

ú d Non-Gaussianity;
ð ' f

û
îû

lnaúrad←û

Γþ mû Γû

Non Gaussianity;

fNL '
f
1
f

Large non-Gaussianity small f  large  small σ û
îû



Modulated reheating scenarioModulated reheating scenario
Two scalar fields (inflaton：Φ + light scalar field ：σ)

(Dvali et al. (2004), ……)
Two scalar fields  (inflaton：Φ  +  light scalar field ：σ)

Reheating occurs

H = Γþ

Γþ = Γþ(û)If ; σ is a light scalar field

then,then,
ð = Nþîþ +Nûîû + á á á

N ∂NΓ0 ( ) Γ0 ( )
∂Γþ(û)Nû = ∂Γþ

∂NΓ0
þ
(û) Γ0

þ
(û) =

∂û

∂Γþ(û)

The spectra (amplitude and non-Gaussianity ) depend on 
the dependence of the decay rate on the light field. 



Efficient diagrammatic methodEfficient diagrammatic method



-- Diagrammatic method Diagrammatic method –– (SY, T. (SY, T. SuyamaSuyama and T. Tanaka(2009))and T. Tanaka(2009))

Th t t b ti i i d d t f th i iti l ti S hift thThe curvature perturbation is independent of the initial time. So we can shift the 
time at which the hypersurface is taken to be flat one, to the final time and then 
we have,..

a (þI þç I)ϕa = (þI, þI)

; phase space variable

written by local quantities at the final time

îNtime shift ;
uniform Hubble

N N

îN;

N = NF
flat

; time

We need to calculate the non-linear evolution of îϕa

Based on this expression, instead of considering the evolution of Nab, Nabc, á á á
We  need  to calculate the non-linear evolution of îϕ

îϕa

F
is no longer Gaussian statistics.



-- Diagrammatic method Diagrammatic method --

Evolution equation； (perturbed background eq.  δN formalism)

；decided by the background quantities

As a time coordinate, we choose e-folding number.

；expansion w r t-1

；decided by the background quantities

As a solution, we have 

；expansion w.r.t. 1

is composed of 

Using this solutions, the curvature perturbation can be described as 

written by local quantities at the final time N = NF



-- Diagrammatic method Diagrammatic method --
Focusing on

The evolution can be described as
tree shaped diagram NF
tree-shaped diagram  Na

 start with

Procedure;

 start with
 attach a line downward
 attach an interaction vertex
 repeat until all the end point are

terminated by a half open circle. 

； NF
a

； ; interaction vertex

； îϕa； îϕã

； Λa

b
(N,N 0) ; propagator



-- Diagrammatic method Diagrammatic method --

First,  we consider îϕa

F;linear term in terms of  

-1

In order to obtain the higher order correlation funcIn order to obtain the higher order correlation func.,
We only need to consider the two-point correlation 
between half open circles in different tree-shaped 
diagram as 

hîϕa
ã(k1)îϕ

b
ã(k2)i ñ AabP(k1)î(k~1 + k~2)

tree-shaped diagram

in order not to produce loop-diagram (higher-order in δ)

； Aab : contraction vertex

;n

We can associate n-point function with the diagram

;n

;n－１



-- Diagrammatic method Diagrammatic method --
îϕa

F
How to treat the non-linear term in terms of             ?

linear

Such term can be described as ;

We can consider this diagram as some limiting form of the previous diagram which
corresponds to the linear contribution.

In the formulation procedure,

; small 
parameter

‘s nonlinearity



-- Diagrammatic method Diagrammatic method --

As a result, we can describe the all contributions to n-point function as a diagram.
Using this diagrammatic method, we can reduce to  the problem of solving 
vector quantitiesvector quantities.

For example, bi-spectrum is,..

N (N) Nà a(N)

To each sub-diagram,
Assign the vector quantity

Na(N) Na(N)

Qê a

(3)bc
(N)

Assign the vector quantity

Focus on one vertex Decompose to the sub-diagram

Each vector quantity is upward or downward.

downward；

upward;

Solving backward in time with

Solving forward in time withupward; Solving forward in time with



-- Diagrammatic method Diagrammatic method –– bibi--spectrum spectrum -- --

Contracting  all indices and  integrating over the time, we have

non linear in terms of îϕ
a

non-linear in terms of îϕF
SY, T.Suyama and T.Tanaka(2008)

t

This recovers our previous work

power spectrum;

Of course we can focus on another vertex then

We can obtain the same 
result.

Of course, we can focus on another vertex, then,

5
6fNL = Wà2

ã AabNa(Nã)Ωb(Nã)



-- Diagrammatic method Diagrammatic method –– tritri--spectrum spectrum -- --

Trispectrum (2 parameters)

üNL

îϕa

gNL has two diagrams.

non-linearity of îϕF



-- Diagrammatic method Diagrammatic method –– quadquad--spectrum spectrum -- --

5-point function（quad-spectrum ）p q p



-- Diagrammatic method Diagrammatic method –– quadquad--spectrum spectrum -- --
5-point function（quad-spectrum)

where



–– the number of parameters for nthe number of parameters for n--point functions point functions ----
For trispectrum, we have

Then we need 2 parameters which have different wave number dependenceThen, we need 2 parameters which have different wave number dependence.

In the diagram description, 
White circle  line

üNL

gNL

Neglect the 
interaction vertex

reduced diagram
The number of the reduced diagrams which have mutually different topology 
are corresponding to the number of parameters for n-point functions. 

(Byrnes et al (2007), SY, T.Suyama and T.Tanaka (2009))



O l t ib ti

-- Loop correction (higher order in δ) Loop correction (higher order in δ) --
One-loop contributions 
and the NG generated on sub-horizon scales (equilateral, non-local type)

One –loop  (higher order in δ)

Bispectrum; (Byrnes, et al.(2007), Rodriguez and Valenzuela-Toledo(2008))

For this diagram we can not reduce the problemFor this diagram, we can not reduce the problem
to that of solving the vector quantities.  

NG generated on sub-horizon scales
(Seery and Lidsey (2005,2007))



–– Why can the calculation be reduced ? Why can the calculation be reduced ? --
If straightforward, …

NF

ð
Sa Sb Sc Sd Se

NFS S S

Nã

ð t t b ti fi l h f

îϕa
ã îϕb

ã îϕc
ã îϕd

ã îϕe
ã îϕf

ã

ð ; curvature perturbation on final hypersurface

Sa ; iso-curvature perturbation on final hypersurface

We have to solve all the components in order to calculate the final curvature

îϕa
ã ; field perturbation on initial flat hypersurface

We have to solve all the components in order to calculate the final curvature 
perturbation.



–– Why can the calculation be reduced ? Why can the calculation be reduced ? --
If our formula, …

NFð

Nãîϕa
ã îϕb

ã îϕc
ã îϕd

ã îϕe
ã îϕf

ã

What we need is only the curvature perturbation on final hypersurface.

We do not need to know the evolution of all the components of multi-scalar.

We consider only the part of the perturbation that contributes to the finalWe consider only the part of the perturbation that contributes to the final
curvature perturbation.


