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Abstract. Let E be an elliptic curve over a number fiekd The root number is conjecturally the
sign of the functional equation df-function of E/F. It is defined as the product of local signs
over all places of'. The purpose of this paper is to describe this local sign by the coefficients of
a Weierstral3 equation &.
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1. Introduction

Let F be a number field of degreeover Q. Let E be an elliptic curve over

F with conductorN(E/F). Then the Hasse-Weil conjecture asserts that the
L-function L(E/F, s) has an analytic continuation to the whole plane and sat-
isfies a certain functional equation. More precisely, if we g@E/F, s) =
N(E/F)*222r)~*I'(s))"L(E/F,s), then A(E/F, s) is conjectured to sat-
isfy the functional equation

A(E/F,s) =wA(E/F,2—35),

wherew is+1. We are interested in this sign From the functional equation, we
havew = (—1)°%=1L(E/F.5) |f we assume that the Birch and Swinnerton-Dyer
Conjecture is true, this would giwe = (—1)"a"kEW)

There is another definition af due to Langlands which is independent of any
conjecture. For each plaeeof F, we attach taE/ F, a complex representation
ok, Of the Weil-Deligne group of,. We associate tog , the e-factor and its
sign, the local root numbew (E / F,) (cf. Deligne [3], Rohrlich [9]). The (global)
root number is defined as the producugfE / F,) over all places. This number
is conjectured to be. For F = Q, this conjecture is true sinde is modular [1]
and there is a one to one correspondencefafctors under the local Langlands
correspondence [2]. In this case, the local root number is the negative of the
eigenvalue of the Atkin-Lehner operator.
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We would like to determine local root numbers from the coefficients of a
WeierstralR equation. Rohrlich [10] gives such a formulau@¥ /F,) when
F, = Q, with p > 5 or whenE/ F, has potential multiplicative reduction. Both
are the cases in whiety, , is tamely ramified. In this paper we give a formulain
the case of wild ramification of odd residue characteristic. Moreover, a formula
for w(E/K) with any local fieldK of odd residue characteristic is given. (For
K = Q, or Q3, Halberstadt [5] made a table of(E/K) by an ad hoc method
using Cremona’s table. His expressionuofE /Qs3) is different from ours.) In
particular, assuming the Birch and Swinnerton-Dyer Conjecture and under some
assumption on the primes over 2 (good, potentially multiplicative, ...), the parity
of the Mordell-Weil group of elliptic curves over any number field can be com-
puted. As an example, we calculate the global root numbér 0f? = x% 4+ D
over an arbitrary number field.

Our main theorem (Proposition 5.1, Corollary 5.4 and Theorem 5.9) is:

Theorem 1.1. Let K be a local field with residue field of odd characteristic
p. Let E be an elliptic curve ovek with potential good reduction. Let® =

x3 +ax?+ bx + ¢ be a WeierstraRR equation antithe discriminant of the cubic
polynomial above. We denote the quadratic residue symbaboloy (E) and
tfz)i Hilbert symbol oK by (, )x. We extend the residue symboktby putting
) =1

i()klf the Kodaira-Ngron type ofE is Iy or I, then

v(A)

1\ 2
w(E/K):<7) .

ii) If the Kodaira-Neéron type of£ is 711 or 111*, then

(E/K) = (=2
w =|—.
k
iii) If the Kodaira-Nérontype o is71,1V,1V*or1I*,there exists aWeierstrall
equation such tha 1 vk (¢). For such equation, we have

(D) A)=1)

v @\ /-1 2
w(E/K):S(A,c)K(Kk()> (7>

wheres = +1andé = 1if and only ifAZ € K.

Remark 1.2.i) For an oddp, E has wild ramification if and only ip = 3 and

of type 11, 1V, IV* or II*. The formula in the other cases are obtained by
arguments similar to Kramer-Tunnell [7] or Rohrlich [10]. We mention these
cases for the sake of completeness.
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i) For the case thak has potential multiplicative reductiork(is of typel, or
I if pis odd), see Rohrlich [9], p. 153.
iii) If p > 5, the formulainii) becomes more simplé:= (<2) andw(E/K) =

()@
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2. The definition of the local root number

We recall briefly the definition of the local root number. For more details, see
Deligne [3] or Rohrlich [9].

Let K be a local field with residue field. Let Wi be the Weil group o,
which is the subgroup of G&k/K) generated by the inertia subgroup and a
lifting of the Frobenius automorphism of GaJ k). For a finite extensio. of
K, we regard¥, as a subgroup d¥x. First we recall the-factor and the local
root number associated to a character.

Definition 2.1. Let x be a quasi-character : L* — C* andv a non-trivial
additive charactey : L — C*. We identify x as a quasi-character ¥,

by local class field theory. We choose the reciprocity map so that an arithmetic
Frobenius corresponds to a uniformizer. betbe a Haar measure @f. Then
thee-factor associated tg, v, dx is defined by

Jr10,~ x YO (x)dx if x is ramified

e(x,¥.dx) = {x(h)llhllzl Jo,x dx if x is unramified

whereh is an element of.* of valuationn(y) + a(x), n(y) is the largest
integern such thaty(w =" 0.) = 1, a(x) is the conductor of, and| ||, is the
normalized absolute value &f.

The local root numbew (x, ) is defined by
G(X ’ 1//, de)
le(x, ¥, dxp)|

By definition, the local root number is a complex number of the absolute value 1.

w(x, ¥) =

Now we recall the definition of the local root number of elliptic curves. Let
p be the residue characteristic &f. For a prime numbet # p, letog be the
l-adic representation d¥x obtained by the Galois action on the Tate module
VI(E) = T)(E) ® Q;. We extendr g to the complex representation

or : Wx — GL2(VI(E) ®g, C)
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by a fixed embeddin@), <— C. If E has potential good reduction, the is
continuous; that isx factors through a finite quotient. Moreover pif# 2, og

is the direct sum of two characters or induced from a character of a quadratic
extensionH of K (see Proposition 3.3).

Definition 2.2. SupposeE has potential good reduction.
i)If o = x & ¥/, thenw(E/K) is defined by

w(E/K) == w(x, ) w(x', ¥).
ii) If o = Indg/xx, thenw(E/K) is defined by

w(E/K) :=wn, ¥) w(x, ¥u),

wheren is the characteK* — K*/Ny,xH* = £1 € C, ¥ a non-trivial
additive character ok, andyry = ¥ o Try k.

There are many choices ¢f [, Q; — C andy. However, since is essentially
symplectic, the local root numbar(E/K) is independent of these and is equal
to £1 (cf. Deligne [3] or Rohrlich [9]).

3. The classification ofo g

In this section, we give a criterion of irreducibility ef; in terms of the Kodaira-
Néron type and the discriminant of the Weierstral3 equation. We assume that
P is odd and semi-simple [9], ankl has potential good reduction. Thep is
semi-simple [9] and is reducible if and only if the imagergfis abelian.

We first recall some facts on the image of the inertia subgroug:by

Theorem 3.1 (Kraus [6]).Let A be the image of the inertia group by:. Then
thefieldL = K""(E[2], A%) is the minimum extension of the maximal unramified
extensionk"" over whichE has good reduction. In particulaz is isomorphic

to Gal(L/K""). The structure oft is

i) AZ{1}ifandonlyifE is of typely
i) A=Z/2Zifand only ifE is of typel;.
i)y A=Z/4ZifandonlyifE is oftypelIl or I11*.
Supposer is of typel I, IV, IV* or IT*. Then
iv) A =7Z/3Zifand only if vg(A) =0 mod 4
V) A Z7Z/6Zifand only if vk (A) =2 mod 4
vi) A = 7Z/37 x 7Z/4Z if and only ifvg (A) =1 mod 2

Now we give a criterion for the image of; to be abelian.
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Proposition 3.2. i) SupposeE is of typel, or I§. The image ob is abelian.
i) SupposeE is of typelI1 or I11*. The image ob is abelian if and only if
(F)=1

0)
iif) SupposeE is of typel I, 1V, 1V* or 11*. The image ob is abelian if and
only if A2 € K.

Proof. We only prove case iii). The other cases are similar. In this case the Galois
group of K (E[2])/K is cyclic of degree 3 (resp. the symmetric grabig) when
AzisinK (resp. notink). If A? e K, the extensiorK (E[2], A%)/K is cyclic

of order 3 or 6. Therefore itis easy to see that K""(E[2], Aflt) is an abelian
extension ovekK . Since Imoy is a subgroup of G&L /K), itis in fact abelian. If

A3 ¢ K,Im o has aquotientisomorphicto G&l(E[2])/K) = &3. Therefore

Im o is a posteriori non-abelian. O

Proposition 3.3. i) If Im o is abelian, then

or=x®x 'l lx,

wherey is a quasi-character oK * and || | x is the normalized absolute value
of K.
i) If Im o is not abelian, then

O = |ndvaf,X = Indy/k x,

whereH isK (v/—1) or K(A%) accordingtoifE is of caseii) oriii) in Proposition
3.2, andy is a quasi-character off *.

Proof. Sinceoy is a semi-simple two dimensional complex representation (cf.
Rohrlich [9]), it is decomposable if Imvg is abelian. Therefore case i) is a
consequence of the determinant formula: dgt= | | x. Assume that Imog

is not abelian. By Proposition 3.2/ is a subgroup oW of index 2 and the
image ofog |w,, is abelian. Therefore, |, is a direct sum of two characters
x, x' of H*. The proposition follows directly from this fact. O

4. A ramification theory on elliptic curves

In this section we prove some facts on elliptic curves with wild ramification. For
an oddp, E has wild ramification if and only ip = 3 andE is of typelI, 1V,
IvV*orll*.

Proposition 4.1. Assumep # 2 and E is of typell, IV, IV* or I1I*. There
exists a WeierstraB equatiort = x3 + ax? + bx + ¢ such that3 { vk (c).
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Proof. Let m be the number of irreducible components of the closed fibre of
the minimal proper regular model & over O}". Using Tate’s algorithm, one
finds a minimal Weierstrafl3 equation such thatc) = ’”T“ (see Silverman [13],

pp. 366-368). Since: is 1, 3, 7 or 9, this equation satisfies the condition of the
proposition. (Forp > 5, any equation such that= 0 is the one.) O

Proposition 4.2. Let E be as in the previous proposition. Lgt = x% + ax? +
bx + ¢ be a Weierstral3 equation such ti8t vk (c). We denoteX (E[2]) by M

andK(A%) by H. Then the Artin conductar(M/H) of M/H is vH(A%/c) +1.

Proof. Let )y, be a uniformizer ofM and g a generator of the cyclic group
Gal(M/H) of order 3. We choose, a root ofx3 4+ ax? + bx + ¢ = 0 so that
A? = Nyu(a — ga).

First we suppose(M/H) = 1. (This condition is equivalent to the con-
dition that p > 5.) We must shova%/c is a unit. Sincea(M/H) = 1 and
M/ H is totally ramified, we havem, /7y # 1 modmy and(gmy/mu)d =
Nyyu (gmm/mty) = 1 modmy,. Thereforegmy, /my modulorm,, is a cubic root
of unity. Sincevy (o) = vy (c) is not a multiple of 3ga/a = (g /my) "M@
is also a cubic root of unity. Since # 3, ga/a — 1 is a unit, andA%/c =
Nyyu(ga/a — 1) is also a unit.

The caser = a(M/H) # 1 (or equivalently the case = 3) follows simi-
larly. In this case, by the definition of the conductor in terms of the ramification
subgroups with the lower numbering, there exists amsitch thalgm,, /7y =
1+ w¢ u. Similarly, there exists an integersuch thatga /o = 1 + ¢, 'x.
Taking vy («)-th power ofgmy /7y = 1+ 7% 'u, we have

v (o)
AT 14 vy (@) 'u mod g, (1)
v

On the other hand, leb be a unit such that = 7}»*“ w and lety be such that
gw/w = 1+ y. SinceM/H is totally ramified, we havey, (gz — z) > a for all
integerz. Thus we have = 0 modxy,, and

vy (a) vy ()
8« _ (87w T 8W g”_M)M mod 7¢,. )
o Ty w ™M
By (1) and (2), we have multiplicatively
8% 1= vu@@™ ~1) mod U} 3)
o Tm

whereU};, = 1+ m,Oy. Taking the normv,,, 7, we have

1

Az gn
= = up@® Ny (=2 —1) mod U}. (4)
c Tm

The valuation of the right hand sideds- 1. Hence the proposition followso
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Remark 4.3.We will use the above congruence (4) inthe proof of Proposition 5.6.
In the congruence, we can replagg(a)3 by vy (¢) sincevy (@)® = vy (c)® =
vy (c) mod 3.

As a corollary, we give a variant of Ogg’'s formula. (A proof of the usual
Ogg’s formula is also given.)

Corollary 4.4. Assumep # 2andE is of typel I, IV, IV* or IT*. Lety? =
x3+ax?+bx +c be aWeierstraR equation &fsuch thaB { vk (¢). Leta(E/K)
be the Artin conductor of /K. Then we have

a(E/K) = vg(4) — 2vg () + 2.

In particular, A is minimal if and only ifvg (¢) = mT“ Moreover, we always

havevg (¢) = mT” mod 6and this congruence determinas

Proof. First supposer = Indy,x x. The conductou(E/K) anda(x) are re-
lated by the conductor formula of induced representations (cf. Serre [11], Chap-
ter VI, Proposition 4). Precisely(E/K) = 2a(y) if H/K is unramified, and
a(E/K) = a(x) + 1 if H/K is ramified. We show thai(y) is equal to the
conductor ofM/H. If p > 5, thenM/H is tame, so both conductors are 1.
Supposey = 3. By Theorem 3.1, we may considgrno be a faithful character
of Wy /Gal(K /L). Since the prop-part of the inertia subgroup of Gdl/H)
is canonically isomorphic to GaWf/H), the conductors are equal. Hence, by
Proposition 4.2, we havg x) = vH(A%/c)—i-l. The formula follows from these
facts. The caser = x ® x| ||k follows similarly.

Using Tate’s algorithm, we find a minimal Weierstrald3 equation such that
vg(c) = "’T“ Hence, from our formula, we reprove Ogg’s formuldE /K) =
vg (Amin) — m + 1. Subtracting Ogg’s formula from our formula, we obtain
vk (A) — vk (Amin) = 2(vg () — 252). So A is minimal if and only ifvk (c) =
’”T”. Sincevg (A) is unique modulo 12, we always havg(c) = "1 mod 6.

2
The last assertion follows from the fact thats equal to 1, 3, 7, or 9. O

5. Proofs of the formulas forw(E/K)

The proof of Theorem 1.1 is divided into three casessta)s reducible, by g

is induced from a character of the unramified quadratic extensida, @) o

is induced from a character of a totally ramified quadratic extensiat. dfor
cases a), b), the proofs are essentially due to Rohrlich [10]. However, case c)
needs different considerations.

5.1. a)og is reducible

Proposition 5.1. Suppose s = x ® x || |lx. Then Theorem 1.1 is true.
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Proof. We havew(E/K) = x(—1) (cf. [9] p. 145). We may regarmog asa
faithful character of G&lL/K""). SupposeE is of typelI Il or I11*. Then by
Theorem 3.1,x|0; is a character of order 4, ar)pe|0; should be a character

induced by the quadratic residue symbol. We hgfrel € O} by Proposition
3.2. Hencey (—1) = x?(v/—1) = (g) = (7). The last equation follows
from —2 = /=1(1 + +/—1)2. The other cases can be proved similarly. O

5.2. b)og is induced from a character of the unramified quadratic extension
of K

This is the case thak is of type /I or I11* and/—1 ¢ K or E is of type
11,1V, IV*orll* andK(A%) is the unramified quadratic extensionkf(cf.
Proposition 3.2 and 3.3).

As before, we denote by the characteK* — K* /Ny ,xH* = £1. For
a,b € C*, we writea ~ b if ab™' is a positive real number.

Proposition 5.2 (Kramer-Tunnell [7], Rohrlich [10]). Suppose that
o = Indy,x x and H/K is unramified. Then

w(E/K) ~ (=1)"#@+a00 ()
wheret € H is any element such th&t(¢§) = H and&? € K.

Proof. This is a corollary of Fehlich-Queyrut's theorem. See Rohrlich [10], the
proof of Proposition 2, especially p. 130. O

Proposition 5.3. i) Suppose thak is of typel Il or II11* andy/—1 ¢ K. Then

_2
w(E/K) = (7)

il) Suppose thaf is of typel I, IV, IV* or IT* and K(A%) is the unramified
guadratic extension of. Then

w(E/K) = (-1 <—_1) ’

wherea(E/K) is the conductor oE /K.

Proof. i) We apply Proposition 5.2 t§ = /—1. Then we havev(E/K) =
—x(+/=1). SinceH /K is the unramified quadratic extension, we ha®ec H.
Then similar arguments as in the proof of Proposition 5.1 showythat-1) =

X2V + V=D = (3).
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il) We apply Proposition5.2to = A7, Sincea(x) = a(E/K)/2 by the conduc-

tor formula of induced representation (cf. Serre [11], Chapter VI, Proposition 4),
a(E/K)+v(4)

we havew(E/K) ~ (—1)~ 2 X(A%).We letAs = wruforu € 0. Sim-
)U(A)/Z

ilar arguments with the proof of Proposition 5.1 show tpat) = ( L

E =
(—1)v/2 (‘Tl)U(A)/Z. Sincey |kx= 1 - || |Ix by the determinant formula of in-
duced representations (cf. Deligne [3], Proposition 1.2), we kawg) ~ —1.

Hencey (Az) ~ (%)”(Mz. O

Corollary 5.4. Suppose thak is of typelI,IV,IV*orII* andK(A%) is the
unramified quadratic extension &f. Then Theorem 1.1 is true.

Proof. The valuation ofA is even. By Corollary 4.4, the Hilbert symb@h, ¢) g

is (—1)¢© = (—1)"z". The Proposition follows from Proposition 4.1 and 5.3
iM). ]

5.3. ¢)og isinduced from a character of a totally ramified quadratic extension
of K.

This is the case thgt = 3, E isof typelI, IV, IV* or I1* andvg(A) is odd.
This is also equivalent to the case that the condunté/ K) is odd and greater
than 1.

We first fix notations. As before, |eW = K(E[2]) and H = K(A%). In
our case,M/H is a totally ramified cyclic extension of degree 3. We fix an
isomorphism¢ : Gal(M/H) — F3 and letg; = ¢~1(1). We also fixAz as
(¢ — BB — y)(y —a) wherea, 8, y are thex-coordinate of 2-torsion points
of E such thatgy (o) = B, g4(B) = y. Let A% be one guadratic root of? and
we putN = K(E[2], A?lt). We extendg, to an element oW/ so that it fixes
each element ok " and A1,

We first recall a formula for the-factor of a character of even conductor.

Proposition 5.5. Let L be a local field. Lej, v anddx be as in Definition 2.1.
We takeyr so thatn (i) = —1. Assume that the conductey) is even. Then

e(x, ¥, dx) ~ x TEP(E),

where¢ is an element of, which satisfieg (1 + x) = ¥ (£x) for all x such that
v (x) > &ZX)

Proof. The integral in the definition of (x, ¥, dx) is computed directly using
the relationy (1+ x) = ¥ (£x). See calculations in Deligne [3] 4.16 or 11.61

Fora, b € C*, we writea ~ bif ab~'is in the multiplicative group generated
by the positive real numbers and the 3-power roots of unity.
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Proposition 5.6. Supposer; = Indyx x and H/K is totally ramified. Let
y2 = x3 + ax? + bx + ¢ be a WeierstraR equation such tiat vk (c). Then
x (g4) is a cubic root of unity, and

w(E/K) ~ x (=A% /vy ()c) G
whereG is the Gauss suf,, ¢« (%) x (gg) /.

Proof. By Theorem 3.1, we may consider to be a faithful character of
Wy /Gal(K/L). The restriction ofg, to L is regarded as an element of
GaI(L/K“”(A%)) = Gal(M/H). Hencey (g,) is a cubic root of unity.

By definition, we havev(E/K) = w(x, ¥x)w(n, ¥). We choose) so that
n(y) = —1 and the restriction of to O is equal to the ma@x — C*, x —
x(g4) 5™ Then, sincez(n) = 1, direct calculation of the integral in the
definition ofw(n, ¥) shows thatw(n, ¥) ~ G. We calculatew(x, ¥y). Since
a(E/K) = a(x) + 1 by the conductor formula of induced representation (cf.
Serre [11], Chapter VI, Proposition 4), the conducidy) is even. Hence by
Proposition 5.5, we have (x, V) ~ x X(&).

Letdy = Nuyu(1—gymum/mm). Then by Serre [11], Chapter X¥3, exercise
1, we have the commutative diagram:

Uy' /Uyt —— Gal(M/H)

| i

Trk/]F3

k — H?g,

wheret = a(M/H) — 1, r is the reciprocity map and, is the isomorphism

x — (x—1)/8,. Thisdiagram shows that for eacle Oy, we havey (1+34v) =
x(g4) ™™ _On the other hand, let = £3,. Then by the definition of, we
havey (1 + 84v) = ¥y (uv) = ¥ (—uv) = x(gs) %@ Henceu € U} and

x X&) ~ x(8,). In the proof of Proposition 4.2 (see also Remark 4.3), we
already have—A%/c = vy (c) 8, mod U4. Hence the proposition follows.o

Next we also expres,s(—A%/vH(c)c) using Gauss sunw. We need the
following proposition.

Prop_osition 5.7.Let @ € Wy be a lifting of the “arithmetic” Frobenius of
Gal(k/ k). We have an equality of operators

_ u 7Tl’k/]F (u)
P =- Z (;) 8

uek>

on the Tate modul®;(E).

We first prove Theorem 1.1.
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Proposition 5.8. Under the same notation as in Proposition 5.6, we have
X(=A2/v(0)e) & (A vy () O g (=G) K.

Proof. Firstwe compute (vg(c)c). By the determinant formula of induced rep-
resentations (cf. Deligne [3], Proposition 1.2), we have« = n-|| || ¢ - By defini-
tion, n is the homomorphism — (A, x) k. Hencey (vy(c)c) = (A , vg(c) C)k.
Next we showy (—A2) = (—G) Y, Let @ be an arithmetic Frobenius of
Wy and let¥ be an element oWy corresponding to-A2 by the reciprocity
law of H. Since—A? is the norm fromN (i.e. _AT = Ny (B — ) and

Az = NK(A%)/HA%), ¥ fixes each element d¥. Thereforel o @ (4 fixes

L = KYN. Hence we have (—A2) = x(¥) = x (D). Sinceog|y =
x ® x 1| lu, there exists a one dimensional subspégef V;(E) ®q, C where
Wy acts byy. By looking at the action of the operators in Proposition 5.7 on
V,, we havey (®) = —G. O

Theorem 5.9. Supposer = Indy,x x and H/K is totally ramified. Then there
exists a WeierstraR equatiorf = x* + ax? + bx + ¢ such that3 { vk (c). For
such equation, we have

1 vg (4)-1
w(E/K) = — (A, vk() Ok (7>
Proof. The first part is nothing more than Proposition 4.1. We havE /K ) ~

—(A, vy (©)C) g G "Y1 py Proposition 5.6 and 5.8. The square of the Gauss

. . . . IJK(AH»]' .
sum is real and its sign i§Z}). Hence we haves s+ ~ (51)" 2 This

proves the theorem module¥”, but since both sides ar¢1, they are in fact
equal. O

Now we prove Proposition 5.7. We translate it geometrically.

By Theorem 3.1F has good reduction ovey. Let £y be a proper smooth
model of E over Oy and let&;, be the scalar extension 1@,. We denote its
reduction by¢, . Let W;; be the semigroup i generated by the inertia group
and a lifting of the “geometric” Frobenius of GaJ k). We translatg € Wy to
an endomorphism of; .

We fix an isomorphism : E @ N — Ey ®o, N overN.Forg € W,
there exists a unique morphisfa — £; which makes the following diagram
commutative (the uniqueness of the proper smooth model).

EQL =2, EoL

EL QL —— £ QL.
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By reduction, we getan endomorphisrr@f. Since this endomorphism may
not be defined over, we compose it with some (positive) power of the absolute
Frobenius of; induced from the-th power endomorphism of the function field.
Then we get an endomorphism&f overk. We also denote this endomorphism
by g.

The following theorem is the geometric translation of Proposition 5.7.
Theorem 5.10.Let & € Wy be any lifting of the “geometric” Frobenius of
Gal(k/ k). As endomorphisms 6%, we have

. u Trk/]F )
P =- Z (g) 8 -

uek>

Since the natural map on valued poififs0,) — £..(L) is bijective and the
reduction magg; (0,) — EL (k) is injective on”-torsion points, Proposition 5.7
follows from the above theorem. We remark that the morphigigt EQ L —

E ® L induces the Galois actiogi* on valued pointsZ (L) and the absolute
Frobenius acts trivially o0& (k).
Let us investigat€’y and: explicitly.

Proposition 5.11. Suppose thaE is given by a Weierstral equatigf = (x —
a)(x — B)(x — y) overN. LetEy be the closure irP30N of the affine scheme

defined byr?2 = X (X + 1)(X — :g). Then&y is a proper smooth model @&
over Oy. Its special fibre is given by the equatior? = X3 — X.

Proof. First, we show the generic fibre 6§, is isomorphic toE over N. We let
Vo — B be one of the square roots@f- f3. Sinceﬂ ﬂ e U, (look at the

norm Ny, on the residue field) anr — 8)° = Azg ﬁ‘; 28 has square roots

in N, /a — B is an element oiN. The isomorphism: EQ N — Ey Q N is

. 3 . .
given byx = (a —B)X +a,y=+a— B Y. The last assertion, which proves
smoothness, follows fror=; € Ut. o

We fix ¢ as the isomorphism in the above proof.

Proposition 5.12. Let @ be as in Theorem 5.10. As an endomorphisrﬁiof
Y2 = X3 - X, @ is the FrobeniusX ~— X%, Y ~ Y% whereq = ttk andg, is
the automorphisme : X —> X + 1, Y Y.

Proof. Forg € W;7, we see the induced morphistn® L — &; ® L explicitly.
This is actually the morphisii&;, ® L) — &£, ® L over L, wheres denotes the
twist of the base by. On the function field this is given b§:) % o « wheres: is
the morphism obtained by actirggon the coefficients of. For g, this is
3
(X, Y) —> (u(X-I—l) Ve — b Y).
p- go(Ja—=B")
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Since this map is defined over the integer ring, it induces a morphisréi;, —
L. Sinceg, fixes K" and /o — B, the reduction of the morphism is defined
overk and is equal tp. For @, it fixes N. So the proof is straightforward. o

Now Theorem 5.10 is a consequence of the following proposition.

Proposition 5.13. (A Gauss sum iENd(E). ) LetFF, be the flnlte extension B
of g elements. LeE/IF be the elliptic curve deflned by = x3 — x. We denote
the automorphism — x + 1, y — y by p and theg-th power Frobenius by

Fr,. Then
u
Fr, = — —
q Z (F

) p Fa /P
uely 4

Proof. First, we consider the caﬂE] = F3. Then the formula says that three
points (x + 1, y), (x — 1, —y), (x3, %) of E are on the same line. The line
through the first two points is given iy = y(X — x) on theXY-plane. Since

y? = x3—x, the third point is also on this line. The general case follows from the
Hasse-Davenport theorem-3, e () p"™/55 = (= X, cax (#5) P :lFsl,D

6. An example of calculations of root numbers

We calculate the global root number Bf: y? = x® + D over a number field-.
It is computed in Liverance [8] wheR = Q. However, it would be interesting
to see the root numbers over various number fields since if the root number
changed for some field extension, there would be a new rational poifitadf
infinite order in that field.

First we determine the local root numbers at the primes over 2.

Proposition 6.1. Let K be a local field of even residue characteristic with the
valuationv. Let E be an elliptic curveE : y> = x4 D overK. Then

(-1, D)k if v(A)=0mod 3or +/-3€K,
w(E/K) = {(—l)“/2+”(2)(3, D)k otherwise,

wherea = a(E/K) is the conductor oE /K .

Proof. Since E has complex multiplication, it has potential good reduction.
Let L be the fieldK“"(E[3]). Then the kernel ob is GakK /L). It is easy

to see that the defining equation ofcoordinate of the non-trivial 3-torsion
points is 34 + 12Dx = 0 (cf. Serre [12], p. 305). Hence = K'Y(v/D, A3)
and A = —2*33D2. Therefore GalL/K) is abelian if and only ifu(A) =

mod 3 or/—3 € K (cf. Proposition 3.2). Then the root number is deter-
mined similarly as in b) of the previous section. We prove it only for the case
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that GalL/K) is not abelian. LetH be K(+/—3). Thenoy is induced by a
charactery of H (cf. Proposition 3.3). Hence by Proposition 5.2, we have
w(E/K) ~ (=1)"n@/=3+a00 5 ((/=3). Sincey |o, is a faithful character of

Gal(H (v/D, A3)/H), we havey (v—3) ~ (v—3, D)y = (3, D). O
Since the local root number over an archimedean field is always equdl to

the global root number is computed by Theorem 1.1 and Proposition 6.1. Under
some assumptions, we can determine it more explicitly.

Theorem 6.2. Suppose(D) = 0 or 6 1 v(D) for all finite placesv of F. For
the places over3, we assum@ t v(D) and for the places ove?, we assume
2t v(D). Then the global root numbeys is given by

w = ( l)r1+r2+ 3 52 53 (%) .

The notations are the following:

r1 + r2 is the number of the infinite places Bf

n =[F : Q] and f, is the residue indep, : ],

fz = Z;ls fv, where the sum is over the places such thab(3),

8y 1= (—1)Zwe@ wherey is over the places such that—3 ¢ F, and
v(D) #v(2) mod 3
83 1= HU|3 8y, wheres, = £1andg, = 1ifand only if/—3 € F,,

d = [l,zv(D)" 1,4 pzs P77 Wheren, = [F, : Q,Jand f, =3, fo-
Proof. Let F, be the completion oF at v. We first determine the local root

numbers over, of the residue characteristic> 5. By Tate’s algorithmfE / F,
is of typel if 3 | v(D). Otherwise, the type i8/, IV, IV* or [I*. Hence, by

Theorem 1.1, we have(E/F,) = (3, D)y, (;—3> (since 6t v(D), v(D) is odd

if 3 | v(D)). By the quadratic reciprocity law, we hay¢, , (;—3) = (g)f”. For
p=3,Eisoftypell, IV,IV*orII*. Therefore

D v(3) 1
s (2)" ()

B @E+D
2

1@ B+

by Theorem 1.1. We havé@)v@ = (“2)" and[T,s (;—1) L=

(— 1)3”‘ I .Forp = 2, Eis of typeI1, I} or I1* by Tate’s

algorithm. Thereforea(E/F )/2=v(D)=1 mod 2. We have—3, D), =
(-3, Nkg,D)q, = (_l)va(D) — (_1)fv_
Hence the formula follows from the product formula of the Hilbert symbol.
]
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If Fis unramified at 2 and 3, the type Bfis determined in terms ab and
we get a similar formula of the root number without the assumption(@r).

Corollary 6.3. If F containsQ(+~/—3), thenw = 1.
Proof. Easy computation. O

Sincew = 1, the rank ofE/F would be even. In fact, the rank of a CM
elliptic curve E/ F is even if all endomorphisms (ové&l) are defined orF, for
E(F)® Qisan EndE) ® Q-vector space.
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