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Abstract. LetE be an elliptic curve over a number fieldF . The root number is conjecturally the
sign of the functional equation ofL-function ofE/F . It is defined as the product of local signs
over all places ofF . The purpose of this paper is to describe this local sign by the coefficients of
a Weierstraß equation ofE.
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1. Introduction

Let F be a number field of degreen overQ. Let E be an elliptic curve over
F with conductorN(E/F). Then the Hasse-Weil conjecture asserts that the
L-functionL(E/F, s) has an analytic continuation to the whole plane and sat-
isfies a certain functional equation. More precisely, if we putΛ(E/F, s) :=
N(E/F)s/2(2(2π)−sΓ (s))nL(E/F, s), thenΛ(E/F, s) is conjectured to sat-
isfy the functional equation

Λ(E/F, s) = wΛ(E/F,2− s),

wherew is±1.We are interested in this signw. From the functional equation, we
havew = (−1)ords=1L(E/F,s). If we assume that the Birch and Swinnerton-Dyer
Conjecture is true, this would givew = (−1)rankE(F).

There is another definition ofw due to Langlandswhich is independent of any
conjecture. For each placev of F , we attach toE/Fv a complex representation
σE,v of the Weil-Deligne group ofFv. We associate toσE,v theε-factor and its
sign, the local root numberw(E/Fv) (cf. Deligne [3], Rohrlich [9]). The (global)
root number is defined as the product ofw(E/Fv) over all placesv. This number
is conjectured to bew. ForF = Q, this conjecture is true sinceE is modular [1]
and there is a one to one correspondence ofε-factors under the local Langlands
correspondence [2]. In this case, the local root number is the negative of the
eigenvalue of the Atkin-Lehner operator.
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We would like to determine local root numbers from the coefficients of a
Weierstraß equation. Rohrlich [10] gives such a formula forw(E/Fv) when
Fv = Qp with p ≥ 5 or whenE/Fv has potential multiplicative reduction. Both
are the cases in whichσE,v is tamely ramified. In this paper we give a formula in
the case of wild ramification of odd residue characteristic. Moreover, a formula
for w(E/K) with any local fieldK of odd residue characteristic is given. (For
K = Q2 or Q3, Halberstadt [5] made a table ofw(E/K) by an ad hoc method
using Cremona’s table. His expression ofw(E/Q3) is different from ours.) In
particular, assuming the Birch and Swinnerton-Dyer Conjecture and under some
assumption on the primes over 2 (good, potentially multiplicative, ...), the parity
of the Mordell-Weil group of elliptic curves over any number field can be com-
puted. As an example, we calculate the global root number ofE : y2 = x3 + D

over an arbitrary number field.

Our main theorem (Proposition 5.1, Corollary 5.4 and Theorem 5.9) is:

Theorem 1.1. LetK be a local field with residue fieldk of odd characteristic
p. LetE be an elliptic curve overK with potential good reduction. Lety2 =
x3+ ax2+ bx + c be aWeierstraß equation and∆ the discriminant of the cubic
polynomial above. We denote the quadratic residue symbol onk× by

(
k

)
and

the Hilbert symbol ofK by ( , )K . We extend the residue symbol tok by putting(
0
k

) = 1.
i) If the Kodaira-Néron type ofE is I0 or I ∗

0 , then

w(E/K) =
(−1

k

) v(∆)
2

.

ii) If the Kodaira-Néron type ofE is III or III ∗, then

w(E/K) =
(−2

k

)
.

iii) If theKodaira-Néron typeofE isII , IV , IV ∗ or II ∗, thereexists aWeierstraß
equation such that3 � vK(c). For such equation, we have

w(E/K) = δ (∆ , c)K

(
vK(c)

k

)v(∆) (−1

k

) v(∆)(v(∆)−1)
2

whereδ = ±1 andδ = 1 if and only if∆
1
2 ∈ K.

Remark 1.2.i) For an oddp, E has wild ramification if and only ifp = 3 and
of type II , IV , IV ∗ or II ∗. The formula in the other cases are obtained by
arguments similar to Kramer-Tunnell [7] or Rohrlich [10]. We mention these
cases for the sake of completeness.
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ii) For the case thatE has potential multiplicative reduction (E is of typeIn or
I ∗
n if p is odd), see Rohrlich [9], p. 153.
iii) If p ≥ 5, the formula iniii) becomesmore simple:δ = (−3

k

)
andw(E/K) =(−1

k

) (
3
k

) v(∆)
2 +1

.
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2. The definition of the local root number

We recall briefly the definition of the local root number. For more details, see
Deligne [3] or Rohrlich [9].

Let K be a local field with residue fieldk. LetWK be the Weil group ofK,
which is the subgroup of Gal(K/K) generated by the inertia subgroup and a
lifting of the Frobenius automorphism of Gal(k/k). For a finite extensionL of
K, we regardWL as a subgroup ofWK . First we recall theε-factor and the local
root number associated to a character.

Definition 2.1. Let χ be a quasi-characterχ : L× → C× andψ a non-trivial
additive characterψ : L → C×. We identify χ as a quasi-character ofWL

by local class field theory. We choose the reciprocity map so that an arithmetic
Frobenius corresponds to a uniformizer. Letdx be a Haar measure ofL. Then
theε-factor associated toχ , ψ , dx is defined by

ε(χ, ψ, dx) =
{∫

h−1OL
× χ−1(x)ψ(x) dx if χ is ramified,

χ(h)‖h‖−1
L

∫
OL

× dx if χ is unramified,

whereh is an element ofL× of valuationn(ψ) + a(χ), n(ψ) is the largest
integern such thatψ(π−nOL) = 1, a(χ) is the conductor ofχ , and‖ ‖L is the
normalized absolute value ofL.

The local root numberw(χ, ψ) is defined by

w(χ, ψ) := ε(χ, ψ, dxL)

|ε(χ, ψ, dxL)| .
By definition, the local root number is a complex number of the absolute value 1.

Now we recall the definition of the local root number of elliptic curves. Let
p be the residue characteristic ofK. For a prime numberl 
= p, let σE be the
l-adic representation ofWK obtained by the Galois action on the Tate module
Vl(E) = Tl(E) ⊗ Ql. We extendσE to the complex representation

σE : WK −→ GL2(Vl(E) ⊗Ql
C)
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by a fixed embeddingQl ↪→ C. If E has potential good reduction, thenσE is
continuous; that isσE factors through a finite quotient. Moreover, ifp 
= 2, σE

is the direct sum of two characters or induced from a character of a quadratic
extensionH of K (see Proposition 3.3).

Definition 2.2. SupposeE has potential good reduction.
i) If σE = χ ⊕ χ ′, thenw(E/K) is defined by

w(E/K) := w(χ, ψ) w(χ ′, ψ).

ii) If σE = IndH/Kχ , thenw(E/K) is defined by

w(E/K) := w(η, ψ) w(χ, ψH ),

whereη is the characterK× → K×/NH/KH× ∼= ±1 ∈ C, ψ a non-trivial
additive character ofK, andψH = ψ ◦ TrH/K .

There aremany choices ofψ , l,Ql ↪→ C andχ . However, sinceσE is essentially
symplectic, the local root numberw(E/K) is independent of these and is equal
to±1 (cf. Deligne [3] or Rohrlich [9]).

3. The classification ofσE

In this section, we give a criterion of irreducibility ofσE in terms of the Kodaira-
Néron type and the discriminant of the Weierstraß equation. We assume that
P is odd and semi-simple [9], andE has potential good reduction. ThenσE is
semi-simple [9] and is reducible if and only if the image ofσE is abelian.

We first recall some facts on the image of the inertia subgroup byσE.

Theorem 3.1 (Kraus [6]).LetΛ be the image of the inertia group byσE. Then
thefieldL = Kun(E[2], ∆

1
4 ) is theminimumextensionof themaximal unramified

extensionKun over whichE has good reduction. In particular,Λ is isomorphic
toGal(L/Kun). The structure ofΛ is

i) Λ ∼= {1} if and only ifE is of typeI0
ii) Λ ∼= Z/2Z if and only ifE is of typeI ∗

0 .
iii) Λ ∼= Z/4Z if and only ifE is of typeIII or III ∗.

SupposeE is of typeII , IV , IV ∗ or II ∗. Then
iv) Λ ∼= Z/3Z if and only if vK(∆) ≡ 0 mod 4.
v) Λ ∼= Z/6Z if and only if vK(∆) ≡ 2 mod 4.
vi) Λ ∼= Z/3Z � Z/4Z if and only ifvK(∆) ≡ 1 mod 2.

Now we give a criterion for the image ofσE to be abelian.
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Proposition 3.2. i) SupposeE is of typeI0 or I ∗
0 . The image ofσE is abelian.

ii) SupposeE is of typeIII or III ∗. The image ofσE is abelian if and only if(−1
k

) = 1.
iii) SupposeE is of typeII , IV , IV ∗ or II ∗. The image ofσE is abelian if and
only if∆

1
2 ∈ K.

Proof. Weonly prove case iii). The other cases are similar. In this case theGalois
group ofK(E[2])/K is cyclic of degree 3 (resp. the symmetric groupS3) when
∆

1
2 is inK (resp. not inK). If ∆

1
2 ∈ K, the extensionK(E[2], ∆

1
4 )/K is cyclic

of order 3 or 6. Therefore it is easy to see thatL = Kun(E[2], ∆
1
4 ) is an abelian

extension overK. Since ImσE is a subgroup of Gal(L/K), it is in fact abelian. If
∆

1
2 /∈ K, Im σE has a quotient isomorphic toGal(K(E[2])/K) ∼= S3. Therefore

Im σE is a posteriori non-abelian. ��
Proposition 3.3. i) If Im σE is abelian, then

σE = χ ⊕ χ−1‖ ‖K,

whereχ is a quasi-character ofK× and‖ ‖K is the normalized absolute value
ofK.

ii) If Im σE is not abelian, then

σE = IndWK
WH

χ = IndH/Kχ,

whereH isK(
√−1)orK(∆

1
2 )according to ifE is of case ii) or iii) inProposition

3.2, andχ is a quasi-character ofH×.

Proof. SinceσE is a semi-simple two dimensional complex representation (cf.
Rohrlich [9]), it is decomposable if ImσE is abelian. Therefore case i) is a
consequence of the determinant formula: detσE = ‖ ‖K . Assume that ImσE

is not abelian. By Proposition 3.2,WH is a subgroup ofWK of index 2 and the
image ofσE |WH

is abelian. ThereforeσE |WH
is a direct sum of two characters

χ , χ ′ of H×. The proposition follows directly from this fact. ��

4. A ramification theory on elliptic curves

In this section we prove some facts on elliptic curves with wild ramification. For
an oddp,E has wild ramification if and only ifp = 3 andE is of typeII , IV ,
IV ∗ or II ∗.

Proposition 4.1. Assumep 
= 2 andE is of typeII , IV , IV ∗ or II ∗. There
exists aWeierstraß equationy2 = x3 + ax2 + bx + c such that3 � vK(c).
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Proof. Let m be the number of irreducible components of the closed fibre of
the minimal proper regular model ofE overOun

K . Using Tate’s algorithm, one
finds aminimalWeierstraß equation such thatvK(c) = m+1

2 (see Silverman [13],
pp. 366-368). Sincem is 1, 3, 7 or 9, this equation satisfies the condition of the
proposition. (Forp ≥ 5, any equation such thata = 0 is the one.) ��
Proposition 4.2. LetE be as in the previous proposition. Lety2 = x3 + ax2 +
bx + c be aWeierstraß equation such that3 � vK(c). We denoteK(E[2]) byM

andK(∆
1
2 ) byH . Then the Artin conductora(M/H) ofM/H is vH (∆

1
2/c)+1.

Proof. Let πM be a uniformizer ofM andg a generator of the cyclic group
Gal(M/H) of order 3. We chooseα, a root ofx3 + ax2 + bx + c = 0 so that
∆

1
2 = NM/H (α − gα).
First we supposea(M/H) = 1. (This condition is equivalent to the con-

dition thatp ≥ 5.) We must show∆
1
2/c is a unit. Sincea(M/H) = 1 and

M/H is totally ramified, we havegπM/πM 
≡ 1 modπM and(gπM/πM)3 ≡
NM/H (gπM/πM) ≡ 1 modπM . ThereforegπM/πM moduloπM is a cubic root
of unity. SincevM(α) = vH (c) is not a multiple of 3,gα/α ≡ (gπM/πM)vM(α)

is also a cubic root of unity. Sincep 
= 3, gα/α − 1 is a unit, and∆
1
2/c =

NM/H (gα/α − 1) is also a unit.
The casea = a(M/H) 
= 1 (or equivalently the casep = 3) follows simi-

larly. In this case, by the definition of the conductor in terms of the ramification
subgroups with the lower numbering, there exists a unitu such thatgπM/πM =
1+ πa−1

M u. Similarly, there exists an integerx such thatgα/α = 1+ πa−1
M x.

TakingvM(α)-th power ofgπM/πM = 1+ πa−1
M u, we have

(
gπM

πM

)
vM(α) ≡ 1+ vM(α)πa−1

M u mod πa
M. (1)

On the other hand, letw be a unit such thatα = π
vM(α)
M w and lety be such that

gw/w = 1+ y. SinceM/H is totally ramified, we havevM(gz − z) ≥ a for all
integerz. Thus we havey ≡ 0 modπa

M , and

gα

α
≡ (

gπM

πM

)
vM(α) × gw

w
≡ (

gπM

πM

)
vM(α)

mod πa
M. (2)

By (1) and (2), we have multiplicatively

gα

α
− 1≡ vM(α)(

gπM

πM

− 1) modU1
M (3)

whereU1
M = 1+ πMOM . Taking the normNM/H , we have

∆
1
2

c
≡ vM(α)3 NM/H (

gπM

πM

− 1) modU1
H . (4)

The valuation of the right hand side isa − 1. Hence the proposition follows.��
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Remark 4.3.Wewill use theabovecongruence (4) in theproofofProposition5.6.
In the congruence, we can replacevM(α)3 by vH (c) sincevM(α)3 = vH (c)3 ≡
vH (c) mod 3.

As a corollary, we give a variant of Ogg’s formula. (A proof of the usual
Ogg’s formula is also given.)

Corollary 4.4. Assumep 
= 2 andE is of typeII , IV , IV ∗ or II ∗. Lety2 =
x3+ax2+bx+c be aWeierstraß equation ofE such that3 � vK(c). Leta(E/K)

be the Artin conductor ofE/K. Then we have

a(E/K) = vK(∆) − 2vK(c) + 2.

In particular, ∆ is minimal if and only ifvK(c) = m+1
2 . Moreover, we always

havevK(c) ≡ m+1
2 mod 6and this congruence determinesm.

Proof. First supposeσE = IndH/Kχ . The conductora(E/K) anda(χ) are re-
lated by the conductor formula of induced representations (cf. Serre [11], Chap-
ter VI, Proposition 4). Precisely,a(E/K) = 2a(χ) if H/K is unramified, and
a(E/K) = a(χ) + 1 if H/K is ramified. We show thata(χ) is equal to the
conductor ofM/H . If p ≥ 5, thenM/H is tame, so both conductors are 1.
Supposep = 3. By Theorem 3.1, we may considerχ to be a faithful character
of WH /Gal(K/L). Since the pro-p-part of the inertia subgroup of Gal(L/H)

is canonically isomorphic to Gal(M/H), the conductors are equal. Hence, by
Proposition 4.2, we havea(χ) = vH (∆

1
2/c)+1. The formula follows from these

facts. The caseσE = χ ⊕ χ−1‖ ‖K follows similarly.
Using Tate’s algorithm, we find a minimal Weierstraß equation such that

vK(c) = m+1
2 . Hence, from our formula, we reprove Ogg’s formula:a(E/K) =

vK(∆min) − m + 1. Subtracting Ogg’s formula from our formula, we obtain
vK(∆) − vK(∆min) = 2(vK(c) − m+1

2 ). So∆ is minimal if and only ifvK(c) =
m+1
2 . SincevK(∆) is unique modulo 12, we always havevK(c) ≡ m+1

2 mod 6.
The last assertion follows from the fact thatm is equal to 1, 3, 7, or 9. ��

5. Proofs of the formulas forw(E/K)

The proof of Theorem 1.1 is divided into three cases: a)σE is reducible, b)σE

is induced from a character of the unramified quadratic extension ofK, c) σE

is induced from a character of a totally ramified quadratic extension ofK. For
cases a), b), the proofs are essentially due to Rohrlich [10]. However, case c)
needs different considerations.

5.1. a)σE is reducible

Proposition 5.1. SupposeσE = χ ⊕ χ−1‖ ‖K . Then Theorem 1.1 is true.
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Proof. We havew(E/K) = χ(−1) (cf. [9] p. 145). We may regardχ |O×
K
as a

faithful character of Gal(L/Kun). SupposeE is of typeIII or III ∗. Then by
Theorem 3.1,χ |O×

K
is a character of order 4, andχ2|O×

K
should be a character

induced by the quadratic residue symbol. We have
√−1 ∈ O×

K by Proposition

3.2. Henceχ(−1) = χ2(
√−1) =

(√−1
k

)
= (−2

k

)
. The last equation follows

from−2 = √−1(1+ √−1)2. The other cases can be proved similarly. ��

5.2. b)σE is induced from a character of the unramified quadratic extension
ofK

This is the case thatE is of typeIII or III ∗ and
√−1 /∈ K or E is of type

II , IV , IV ∗ or II ∗ andK(∆
1
2 ) is the unramified quadratic extension ofK (cf.

Proposition 3.2 and 3.3).
As before, we denote byη the characterK× → K×/NH/KH× ∼= ±1. For

a, b ∈ C×, we writea ∼ b if ab−1 is a positive real number.

Proposition 5.2 (Kramer-Tunnell [7], Rohrlich [10]). Suppose that
σE = IndH/Kχ andH/K is unramified. Then

w(E/K) ∼ (−1)vH (2ξ)+a(χ)χ(ξ)

whereξ ∈ H is any element such thatK(ξ) = H andξ2 ∈ K.

Proof. This is a corollary of Fr¨ohlich-Queyrut’s theorem. See Rohrlich [10], the
proof of Proposition 2, especially p. 130. ��
Proposition 5.3. i) Suppose thatE is of typeIII or III ∗ and

√−1 /∈ K. Then

w(E/K) =
(−2

k

)
.

ii) Suppose thatE is of typeII , IV , IV ∗ or II ∗ andK(∆
1
2 ) is the unramified

quadratic extension ofK. Then

w(E/K) = (−1)
a(E/K)+v(∆)

2

(−1

k

) v(∆)
2

wherea(E/K) is the conductor ofE/K.

Proof. i) We apply Proposition 5.2 toξ = √−1. Then we havew(E/K) =
−χ(

√−1). SinceH/K is the unramified quadratic extension, we have
√
2 ∈ H .

Then similar arguments as in the proof of Proposition 5.1 show thatχ(
√−1) =

χ−2(
√
2)χ2(1+ √−1) = (

2
k

)
.
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ii)Weapply Proposition 5.2 toξ = ∆
1
2 . Sincea(χ) = a(E/K)/2 by the conduc-

tor formula of induced representation (cf. Serre [11], ChapterVI, Proposition 4),
we havew(E/K) ∼ (−1)

a(E/K)+v(∆)
2 χ(∆

1
2 ).We let∆

1
2 = πn

Ku for u ∈ O×
H . Sim-

ilar arguments with the proof of Proposition 5.1 show thatχ(u) =
(

u
kH

)v(∆)/2 =
(−1)v(∆)/2

(−1
k

)v(∆)/2
. Sinceχ |K×= η · ‖ ‖K by the determinant formula of in-

duced representations (cf. Deligne [3], Proposition 1.2), we haveχ(πK) ∼ −1.
Henceχ(∆

1
2 ) ∼ (−1

k

)v(∆)/2
. ��

Corollary 5.4. Suppose thatE is of typeII , IV , IV ∗ or II ∗ andK(∆
1
2 ) is the

unramified quadratic extension ofK. Then Theorem 1.1 is true.

Proof. The valuation of∆ is even. By Corollary 4.4, the Hilbert symbol(∆, c)K

is (−1)vK(c) = (−1)
m+1
2 . The Proposition follows from Proposition 4.1 and 5.3

ii). ��

5.3. c)σE is induced from a character of a totally ramified quadratic extension
ofK.

This is the case thatp = 3,E is of typeII , IV , IV ∗ or II ∗ andvK(∆) is odd.
This is also equivalent to the case that the conductora(E/K) is odd and greater
than 1.

We first fix notations. As before, letM = K(E[2]) andH = K(∆
1
2 ). In

our case,M/H is a totally ramified cyclic extension of degree 3. We fix an
isomorphismφ : Gal(M/H) → F3 and letgφ = φ−1(1). We also fix∆

1
2 as

(α − β)(β − γ )(γ − α) whereα, β, γ are thex-coordinate of 2-torsion points
of E such thatgφ(α) = β, gφ(β) = γ . Let∆

1
4 be one quadratic root of∆

1
2 and

we putN = K(E[2], ∆
1
4 ). We extendgφ to an element ofWH so that it fixes

each element ofKun and∆
1
4 .

We first recall a formula for theε-factor of a character of even conductor.

Proposition 5.5. LetL be a local field. Letχ ,ψ anddx be as in Definition 2.1.
We takeψ so thatn(ψ) = −1. Assume that the conductora(χ) is even. Then

ε(χ, ψ, dx) ∼ χ−1(ξ)ψ(ξ),

whereξ is an element ofL which satisfiesχ(1+ x) = ψ(ξx) for all x such that
vL(x) ≥ a(χ)

2 .

Proof. The integral in the definition ofε(χ, ψ, dx) is computed directly using
the relationχ(1+ x) = ψ(ξx). See calculations in Deligne [3] 4.16 or 11.6.��

Fora, b ∈ C×, wewritea ≈ b if ab−1 is in themultiplicative group generated
by the positive real numbers and the 3-power roots of unity.



618 S. Kobayashi

Proposition 5.6. SupposeσE = IndH/Kχ and H/K is totally ramified. Let
y2 = x3 + ax2 + bx + c be a Weierstraß equation such that3 � vK(c). Then
χ(gφ) is a cubic root of unity, and

w(E/K) ≈ χ(−∆
1
2/vH (c)c) G

whereG is the Gauss sum
∑

u∈k×
(

u
k

)
χ(gφ)−Trk/F3(u).

Proof. By Theorem 3.1, we may considerχ to be a faithful character of
WH /Gal(K/L). The restriction ofgφ to L is regarded as an element of
Gal(L/Kun(∆

1
4 )) ∼= Gal(M/H). Henceχ(gφ) is a cubic root of unity.

By definition, we havew(E/K) = w(χ, ψH )w(η, ψ). We chooseψ so that
n(ψ) = −1 and the restriction ofψ toOK is equal to the mapOK → C×, x �→
χ(gφ)−Trk/F3(x). Then, sincea(η) = 1, direct calculation of the integral in the
definition ofw(η, ψ) shows thatw(η, ψ) ∼ G. We calculatew(χ, ψH ). Since
a(E/K) = a(χ) + 1 by the conductor formula of induced representation (cf.
Serre [11], Chapter VI, Proposition 4), the conductora(χ) is even. Hence by
Proposition 5.5, we havew(χ, ψH ) ≈ χ−1(ξ).

Letδφ = NM/H (1−gφπM/πM). Then bySerre [11], Chapter XV,§3, exercise
1, we have the commutative diagram:

UH
t/UH

t+1 r−−−→ Gal(M/H)

φU

� φ

�
k

Trk/F3−−−→ F3,

wheret = a(M/H) − 1, r is the reciprocity map andφU is the isomorphism
x �→ (x−1)/δφ.This diagramshows that for eachv ∈ OH ,wehaveχ(1+δφv) =
χ(gφ)Trk/F3(v). On the other hand, letu = ξδφ. Then by the definition ofξ , we
haveχ(1+ δφv) = ψH (uv) = ψ(−uv) = χ(gφ)Trk/F3(uv). Henceu ∈ U1

H and
χ−1(ξ) ≈ χ(δφ). In the proof of Proposition 4.2 (see also Remark 4.3), we
already have−∆

1
2/c ≡ vH (c) δφ modU1

H . Hence the proposition follows.��
Next we also expressχ(−∆

1
2/vH (c)c) using Gauss sumG. We need the

following proposition.

Proposition 5.7. Let Φ ∈ WN be a lifting of the “arithmetic” Frobenius of
Gal(k/k). We have an equality of operators

Φ = −
∑
u∈k×

(u

k

)
g

−Trk/F3(u)

φ

on the Tate moduleVl(E).

We first prove Theorem 1.1.
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Proposition 5.8. Under the same notation as in Proposition 5.6, we have

χ(−∆
1
2/vH (c)c) ≈ (∆ , vH (c) c)K(−G)vK(∆).

Proof. First we computeχ(vH (c)c). By the determinant formula of induced rep-
resentations (cf.Deligne [3],Proposition1.2),wehaveχ |K× = η·‖ ‖K . Bydefini-
tion,η is the homomorphismx �→ (∆, x)K . Henceχ(vH (c)c) ≈ (∆ , vH (c) c)K .

Next we showχ(−∆
1
2 ) = (−G) vK(∆). LetΦ be an arithmetic Frobenius of

WN and letΨ be an element ofWH corresponding to−∆
1
2 by the reciprocity

law of H . Since−∆
1
2 is the norm fromN (i.e. −∆

1
2 = NM/H (β − α) and

−∆
1
2 = N

K(∆
1
4 )/H

∆
1
4 ),Ψ fixes each element ofN . ThereforeΨ ◦Φ−vK(∆) fixes

L = KunN . Hence we haveχ(−∆
1
2 ) = χ(Ψ ) = χ(ΦvK(∆)). SinceσE|H =

χ ⊕χ−1‖ ‖H , there exists a one dimensional subspaceVχ of Vl(E)⊗Ql
Cwhere

WH acts byχ . By looking at the action of the operators in Proposition 5.7 on
Vχ , we haveχ(Φ) = −G. ��
Theorem 5.9. SupposeσE = IndH/Kχ andH/K is totally ramified. Then there
exists a Weierstraß equationy2 = x3 + ax2 + bx + c such that3 � vK(c). For
such equation, we have

w(E/K) = − (∆ , vK(c) c)K

(−1

k

) vK (∆)−1
2

.

Proof. The first part is nothing more than Proposition 4.1. We havew(E/K) ≈
−(∆, vH (c)c)KG vK(∆)+1 by Proposition 5.6 and 5.8. The square of the Gauss

sum is real and its sign is
(−1

k

)
. Hence we haveG vK(∆)+1 ≈ (−1

k

) vK (∆)+1
2 . This

proves the theorem modulo “≈”, but since both sides are±1, they are in fact
equal. ��

Now we prove Proposition 5.7. We translate it geometrically.
By Theorem 3.1,E has good reduction overN . Let EN be a proper smooth

model ofE overON and letEL be the scalar extension toOL. We denote its
reduction byẼL. LetW

+
K be the semigroup inWK generated by the inertia group

and a lifting of the “geometric” Frobenius of Gal(k/k). We translateg ∈ W+
K to

an endomorphism of̃EL.
We fix an isomorphismι : E ⊗K N → EN ⊗ON

N overN . For g ∈ W+
K ,

there exists a unique morphismEL → EL which makes the following diagram
commutative (the uniqueness of the proper smooth model).

E ⊗ L
1⊗g−−−→ E ⊗ L

ι

� �ι

EL ⊗ L −−−→ EL ⊗ L.
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By reduction, we get an endomorphism ofẼL. Since this endomorphismmay
not be defined overk, we compose it with some (positive) power of the absolute
Frobeniusof̃EL induced from thep-th powerendomorphismof the function field.
Then we get an endomorphism of̃EL overk. We also denote this endomorphism
by g.

The following theorem is the geometric translation of Proposition 5.7.

Theorem 5.10.Let Φ ∈ WN be any lifting of the “geometric” Frobenius of
Gal(k/k). As endomorphisms of̃EL, we have

Φ = −
∑
u∈k×

(u

k

)
g
Trk/F3(u)

φ .

Since the natural map on valued pointsEL(OL) → EL(L) is bijective and the
reductionmapEL(OL) → ẼL(k) is injective onln-torsion points, Proposition 5.7
follows from the above theorem.We remark that themorphism 1⊗g : E ⊗L →
E ⊗ L induces the Galois actiong−1 on valued pointsE(L) and the absolute
Frobenius acts trivially oñEL(k).

Let us investigateEN andι explicitly.

Proposition 5.11. Suppose thatE is given by aWeierstraß equationy2 = (x −
α)(x − β)(x − γ ) overN . Let EN be the closure inP3

ON
of the affine scheme

defined byY 2 = X(X + 1)(X − γ−α

α−β
). ThenEN is a proper smooth model ofE

overON . Its special fibre is given by the equation:Y 2 = X3 − X.

Proof. First, we show the generic fibre ofEN is isomorphic toE overN . We let√
α − β be one of the square roots ofα − β. Sinceα−β

β−γ
,

α−β

γ−α
∈ U1

M (look at the

normNM/H on the residue field) and(α − β)3 = ∆
1
2

α−β

β−γ

α−β

γ−α
has square roots

in N ,
√

α − β is an element ofN . The isomorphismι : E ⊗ N → EN ⊗ N is
given byx = (α − β)X + α, y = √

α − β
3
Y . The last assertion, which proves

smoothness, follows fromγ−α

α−β
∈ U1

M . ��
We fix ι as the isomorphism in the above proof.

Proposition 5.12. LetΦ be as in Theorem 5.10. As an endomorphism ofẼL :
Y 2 = X3 − X, Φ is the Frobenius:X �→ Xq, Y �→ Y q whereq = Ak andgφ is
the automorphismρ : X �→ X + 1, Y �→ Y .

Proof. Forg ∈ W+
K , we see the induced morphismEL ⊗L → EL ⊗L explicitly.

This is actually the morphismg(EL ⊗ L) → EL ⊗ L overL, whereg denotes the
twist of the base byg. On the function field this is given by(gι)−1 ◦ ι wheregι is
the morphism obtained by actingg on the coefficients ofι. Forgφ, this is

(X, Y ) �−→
(

α − β

β − γ
(X + 1) ,

√
α − β

3

gφ(
√

α − β
3
)
Y

)
.
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Since this map is defined over the integer ringON , it induces a morphismEL →
EL. Sincegφ fixesKun and

√
α − β, the reduction of the morphism is defined

overk and is equal toρ. ForΦ, it fixesN . So the proof is straightforward. ��
Now Theorem 5.10 is a consequence of the following proposition.

Proposition 5.13. (A Gauss sum inEnd(Ẽ).) LetFq be the finite extension ofF3

of q elements. Let̃E/Fq be the elliptic curve defined byy2 = x3 − x. We denote
the automorphismx �→ x + 1, y �→ y by ρ and theq-th power Frobenius by
Frq . Then

Frq = −
∑
u∈F×

q

(
u

Fq

)
ρTrFq /F3(u) .

Proof. First, we consider the caseFq = F3. Then the formula says that three
points (x + 1, y), (x − 1, −y), (x3, y3) of Ẽ are on the same line. The line
through the first two points is given byY = y(X − x) on theXY -plane. Since
y2 = x3−x, the third point is also on this line. The general case follows from the
Hasse-Davenport theorem :−∑

u∈F×
q

(
u
Fq

)
ρ
TrFq /F3(u) = (−∑

u∈F×
3

(
u
F3

)
ρu)[Fq :F3].

��

6. An example of calculations of root numbers

We calculate the global root number ofE : y2 = x3 + D over a number fieldF .
It is computed in Liverance [8] whenF = Q. However, it would be interesting
to see the root numbers over various number fields since if the root number
changed for some field extension, there would be a new rational point ofE of
infinite order in that field.

First we determine the local root numbers at the primes over 2.

Proposition 6.1. LetK be a local field of even residue characteristic with the
valuationv. LetE be an elliptic curveE : y2 = x3 + D overK. Then

w(E/K) =
{

(−1, D)K if v(∆) ≡ 0 mod 3 or
√−3 ∈ K,

(−1)a/2+v(2)(3, D)K otherwise,

wherea = a(E/K) is the conductor ofE/K.

Proof. SinceE has complex multiplication, it has potential good reduction.
Let L be the fieldKun(E[3]). Then the kernel ofσE is Gal(K/L). It is easy
to see that the defining equation ofx-coordinate of the non-trivial 3-torsion
points is 3x4 + 12Dx = 0 (cf. Serre [12], p. 305). HenceL = Kun(

√
D, ∆

1
3 )

and∆ = −2433D2. Therefore Gal(L/K) is abelian if and only ifv(∆) ≡ 0
mod 3 or

√−3 ∈ K (cf. Proposition 3.2). Then the root number is deter-
mined similarly as in b) of the previous section. We prove it only for the case
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that Gal(L/K) is not abelian. LetH beK(
√−3). ThenσE is induced by a

characterχ of H (cf. Proposition 3.3). Hence by Proposition 5.2, we have
w(E/K) ∼ (−1)vH (2

√−3)+a(χ)χ(
√−3). Sinceχ |OH

is a faithful character of
Gal(H(

√
D, ∆

1
3 )/H), we haveχ(

√−3) ∼ (
√−3, D)H = (3, D)K . ��

Since the local root number over an archimedean field is always equal to−1,
the global root number is computed by Theorem 1.1 and Proposition 6.1. Under
some assumptions, we can determine it more explicitly.

Theorem 6.2. Supposev(D) = 0 or 6 � v(D) for all finite placesv of F . For
the placesv over3, we assume3 � v(D) and for the places over2, we assume
2 � v(D). Then the global root numberw is given by

w = (−1)r1+r2+ f ′
3+n

2 δ2 δ3

(
d

3

)
.

The notations are the following:
r1 + r2 is the number of the infinite places ofF ,
n = [F : Q] andfv is the residue index[kv : Fp],
f ′
3 :=

∑′
v|3 fv, where the sum is over the places such that2 � v(3),

δ2 := (−1)
∑′

v|2 1+v(2), where
∑′ is over the places such that

√−3 /∈ Fv and
v(D) 
≡ v(2) mod 3,

δ3 :=
∏

v|3 δv, whereδv = ±1 andδv = 1 if and only if
√−3 ∈ Fv,

d :=
∏

v|3 v(D)nv
∏

p|∆,p 
=3 pfp , wherenv = [Fv : Qp] andfp = ∑
v|p fv.

Proof. Let Fv be the completion ofF at v. We first determine the local root
numbers overFv of the residue characteristicp ≥ 5. By Tate’s algorithm,E/Fv

is of typeI ∗
0 if 3 | v(D). Otherwise, the type isII , IV , IV ∗ or II ∗. Hence, by

Theorem 1.1, we havew(E/Fv) = (3, D)Fv

(
−3
kv

)
(since 6� v(D), v(D) is odd

if 3 | v(D)). By the quadratic reciprocity law, we have
∏

v|p
(

−3
kv

)
= (

p

3

)fp . For

p = 3,E is of typeII , IV , IV ∗ or II ∗. Therefore

w(E/Fv) = δv (3, D)Fv

(
v(D)

kv

)v(3) (−1

kv

) v(3)(v(3)+1)
2

by Theorem 1.1. We have
(

v(D)
kv

)v(3) =
(

v(D)
3

)nv
and

∏
v|3
(

−1
kv

) v(3)(v(3)+1)
2 =

(−1)
∑

v e2vfv+n

2 = (−1)
n+f ′

3
2 . For p = 2, E is of type II , I ∗

0 or II ∗ by Tate’s
algorithm. Therefore,a(E/Fv)/2 ≡ v(D) ≡ 1 mod 2. We have(−3, D)Fv

=
(−3, NK/Q2D)Q2 = (−1)fvv(D) = (−1)fv .

Hence the formula follows from the product formula of the Hilbert symbol.
��
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If F is unramified at 2 and 3, the type ofE is determined in terms ofD and
we get a similar formula of the root number without the assumption onv(D).

Corollary 6.3. If F containsQ(
√−3), thenw = 1.

Proof. Easy computation. ��
Sincew = 1, the rank ofE/F would be even. In fact, the rank of a CM

elliptic curveE/F is even if all endomorphisms (overC) are defined onF , for
E(F) ⊗ Q is an End(E) ⊗ Q-vector space.
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