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Exercise 3.1.6

In the Hilbert space l2(N), consider the sequence (fj)j∈N given by fj(k) = δjk,
meaning fj(k) = 1 if j = k and fj(k) = 0 if j ̸= k. Show that this sequence
weakly converges to 0 but does not converge strongly. More generally, let
{ej}j∈N be an orthonormal basis of an infinite dimensional Hilbert space.
Show that w − limj→∞ ej = 0, but that s− limj→∞ ej does not exist.

1. For sequence (fj)j∈N ⊂ H, ∀g ∈ H = l2(N),
∑

k∈N |g(k)|
2 < ∞, and so

we have
lim
k→∞

g(k) = 0.

The scalar product of g and fj satisfies

⟨g, fj⟩ = g(j)

since fj(k) = 1 if j = k and fj(k) = 0 otherwise.
Therefore, it is derived that

lim
j→∞

⟨g, fj⟩ = lim
j→∞

g(j) = 0.

The property of weak convergence is then proved.

Obviously ∥fj∥ = 1, limj∈N ∥fj∥ = 1 ̸= 0, the sequence does not con-
verge strongly to 0.
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2. For the orthonormal basis, ∀g ∈ H,

∥g∥2 =
∑
j∈N

|⟨g, ej⟩|2.

Since ∥g∥2 is finite and |⟨g, ej⟩|2 > 0, we can infer

lim
j→∞

⟨g, ej⟩ = 0.

w − limj→∞ ej = 0 is proved.

Strongly converging to 0 is impossible since ∀j ∈ N, ∥ej∥ = 1.

3. Actually neither of the two sequences is strongly convergent to any-
thing, because if it is, s− limj→∞ fj = f ̸= 0 as an example, according
to Lemma 3.1.7, we get

w − lim
j→∞

fj = f

contradictory to what we have proved w − limj→∞ fj = 0.

This exercise gives an instruction that weak convergence does not lead nec-
essarily to strong convergence.
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