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Let (E,| - ||) be a normed vector space, and let A be a non-empty bounded subset of E. The diameter
of A is defined as the quantity

diam(A) = sup d(z,y) = sup |z —y| € RT U{+oo}
(z,y)€ A2 (z,y)€ A2

We try to prove that diam(90A) = diam(A).

Solution

We start by proving that A and A are bounded.

Since A is bounded, there exists M > 0 such that Vo € A, ||z|| < M.

Let 2 € A. There exists a sequence (x,,)neny € AV such that z,, — z when n — oo. We then have, for
all n € N:

|| < ||lxn — || + ||n|| where |x, —z|| -0 when n— oo

Thus ||z|| < M. Hence A is bounded.
Since 0A is included in A, then dA is bounded.
Then we are going to show that diam(A4) = diam(A4).
Since A C A, we have diam(A) < diam(A). Let (z,y) € (A)%. There exist sequences (z,)nen and

(Yn)nen of elements of A such that x,, — = and y,, — y. We then have, for all n € N,

d(:ﬂ, y) < d(m» xn) + d(xn’ yn) + d(ym y)

Here, when n — oo, we have d(z,x,) — 0,d(x,,y,) < diam(A) and d(y,,y) — 0. Thus d(z,y) < diam(A).

Finally, diam(A4) < diam(A) and diam(A) = diam(A).

Since A C A and diam(A) = diam(A4), we have diam(dA) < diam(A). Now the only thing left is to
prove that diam(A) < diam(0A).

We start our last step by setting x € A and u € E \ {0}. Consider the set X, = {t > 0,2 + t.u € A}.
Since A is bounded, there exists M > 0 such that Vy € A, ||y|| < M.
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Let ¢t € X,,. We have
[tllull = [[t.ull < llz+tull + (=] < M + [|l]].

Thus t < Mt|lz) Hence, X, is a bounded subset of R.

flel

Moreover, X,, is non-empty because 0 € X,,. Thus ¢, , = sup X,, € R is well-defined.

How to show that x +t, ,.u € 0A?

Forn € N, let y, =  + (tyu + %)u By definition of ¢, ,, y, ¢ A. We also have y,, = z + t, ,.u, so
T+ ty,u€ m

By definition of ¢, ,, there exists a sequence (¢,)n,ey C Ry such that ¢, — ¢, , and = + t,,.u € A for all
n € N. We then have z +t,. u =z +t,,.u,s0 x + 1, . u €A x+t,,.uc JA

Let (z,y) € A% We try to prove that there exist 2’ and y related with z and y such that 2’ € 9A,
y' €04, and ||z’ —y/|| = [z —y.

Let w =y — x. We then have 1 € X,,, 80 t; ,—, > 1. Weset 2/ =z +t,,_.(y —x) € 0A.

Similarly, for y and v = 2 —y, we have ¢, ,_, > 1 and we set y/ =y + ¢, ,—,(x — y) € OA.

We then have

Iy =2l = Iy +tyay(@—y) =2 —toy oy — D)l = ltyay + tey—o — Ulz =yl =z —yl.

Finally, we have almost arrived, We finished the proof by proving that diam(9A) = diam(A).

By definition of the diameter, there exist sequences (x,)nen and (Y, )nen of elements of A such that
d(xy,yn) — diam(A) when n — oco.

According to the previous process, there also exist sequences (z),)neny and (y),)nen of elements of 0A
such that for all n € N, d(z,, y.,) > d(Tn, Yn)-

For all n € N, we therefore have d(z,,y,) < diam(0A). By taking the limit, we obtain diam(A) <
diam(0A).

As diam(0A) < diam(A), we finally obtain that diam(0A) = diam(A).



