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1 Proof that S(R") C LP(R")

Let p € [1,00) and define
LP(R™) = {f:]R"—HK’/ LX) dX < oo}.
R”L

Observe that ) )
——dz < | ——dz = .
/R(1+$2)p x_/RlerQ r=7 < o0
Let ¢ : R™ — K be defined by
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We have ¢ € LP(R"™) for any p € [1,00) because
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Letting v = (2,2,...,2) € N”, we have for any f € S(R") and X € R,
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Hence, we have for any f € S(R™),
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Thus, if f € S(R™), then f € LP(R™). As a result, S(R™) C LP(R") for p € [1, 00).
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2 Proof that T\, is a tempered distribution

Consider the function 1 : R® — K defined by 1(X) = 1 for X € R™. Let A € K and define
Th1: S(R™) = K by

Ta(f) = [ MEFX =2 [ f0)ax,

for f € S(R™). Indeed, Ty; is well-defined because f € S(R") C L'(R"). Now, we want to show that
T\ is a tempered distribution. Clearly, Th1 is linear, so we just need to prove that Th; is continuous.

Using ¢ from Section 1 with ¢ € L*(R") and v = (2,2,...,2) € N*, we have for any f € S(R"),
|f(X)]

T = A X)dX A X)|dX = |\ X)|+—F——-dX
mai = [ rax] <[ peorax = [ econ 5

< 1001 X 1x7] ax
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:(/R |/\¢(X)|dX) > IXl,

[B1<]v]

<c > X7
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where ¢ = [5, [A¢(X)|dX .

By Theorem 1.5.10, T); is continuous and it is a tempered distribution.

3 Proof that §, is a tempered distribution

Define dj : S(R™) — K by do(f) = f(0) for f € S(R™). We have for any f € S(R") and m € N,

BN =1FO] < flle <1 D [[XP0%f] .-

lal,|B]<m

Because g is also linear, §g is a tempered distribution by Theorem 1.5.10.

4 Proof that T} is a tempered distribution for any h € LP(R")

Let h € LP(R™) for p € [1,00) and define T}, : S(R™) — K by

Th(f) = /n hMX)f(X)dX for any f € S(R™).

This expression is well-defined because for any f € S(R™) C LY with ¢ € [1,00) and 1/p+1/q =1,

ORI = </ "“X)de)l/p </ ) |f(X)|qu>1/q

= [Rll, £l < oo,

i, = ([ meorax)™ s, = ([ scopax)”

The second inequality is called Holder’s inequality. When p = 1, we can replace || f||, by || f]|, (which
is finite due to the definition of Schwartz functions), so the argument is still valid for any p € [1, c0).
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Using ¢ from Section 1 with ¢ € LY(R™) and v = (2,2,...,2) € N*, we have for any f € S(R"),

[ rxseoax| < [ neoseoax

R’VL
= [ meco L ax
6]

< [ e 3 x| ax

[BI<]~]
( h(X |dX) ST
R 181<]]
<|nllel, > [|xPof|.
[],18]1< ]|
—c Y |IxXPos
la],|B]<]]

where ¢ = [|h||||¢||,- Notice that Ran(¢) = (0,1] so [|¢||,, < oo when ¢ = oo

Because T}, is also linear, T}, is a tempered distribution by Theorem 1.5.10 for any h € LP(R™) and
p € [1,00).

5 Exercise 1.5.12
1. We have for any f € S(R"),

F800) = 80(F 1) = [F 100 = Gy / X F(X) dX

1
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/ R /2 )F(X)dX
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X)dXx

Hence, F 0o = T(gry-—n/21-
2. For any f € S(R™), we have

[(FThl(f) =Ta(F f) = / X)dX

-

= (or )”/Z(%)n/z / e~ [F £)(X) dx
= @02 [FHF N0
= (21)"21(0)
= (2W)n/25o(f)'

In the above calculation, we use the identity F~*(F f) = f due to the fact that Fourier transform
is an isomorphism on Schwartz space S(R"). As a result, F Ty = (271)™/%8y.

3. Let h € L*(R™) N L?(R"). We have for any f € S(R"),

FTN=TuF D)= [ MOFN©dE = s [ 0o [ e ) axae,

R (

Because h € L*(R™) and f € S(R™) C L'(R"), we have
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/n / [R(©)e™FF(X)] dX dE = /]R" |h(&)Ids [ |f(X)]dX < oo,

R”L
Hence, we can apply the Fubini theorem:

G MO [ R0 ax e = oo [0 [ e hig acax

= [ fXOh(X)dX.
]R'n.

FTu(f) =

As a result, F T}, = T, for any h € L*(R™) N L?*(R").

To extend this result to h € L?(R"), we need to use the fact that F is a unitary map on L*(R"),
i.e. given the inner product (-,-) : L2(R") x L?(R") — K defined by

(f9)= | F(X)g(X)dX,
R’ﬂ
we have
(f.Fg)=(F " f9)
Using this information, we have for h € L?(R") and any f € S(R") C L?(R"),

FIuf) = [ bOF A AX = B F 1) = (7R ) = [ [P R eosen ax,

R~
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where

[7 7] = W /]R e XRE e = ﬁ [ e neae = hx).

Hence,
FLi(f)= | hXOJX)dX = T(f).
Therefore, F T), = Tj, for any h € L*(R™).

Comments

In physics, the results from 1. and 2. are usually written as (in 1-dimension)
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[Fol(§) = —7=

TS () do = ——
o e (z)dz

\/271'7

\8
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1 Doefisz R
\/%Zo da = v2715(€).

Especially, the second result is usually rewritten as

17,
5(x):%/e’§xd§,

which is sometimes treated as a "definition" of the delta Dirac funtion 4.

Besides, the results from 1. and 2. are useful mathematical relations that reflect the relationship
between the position space and the momentum space in quantum mechanics.


https://en.wikipedia.org/wiki/Fubini%27s_theorem

Appendix

Holder’s inequality
For any f € LP(R") with p € [1,00), define |-, by

111, = (/R If(X)PdX>1/p.

For any p,q € [1,00) such that 1/p+1/¢ =1, let f € LP(R™) and g € LY(R™). Then,

[ reseoiax < ([ iseopax)” ([ eopax)”,

Ifglly < 1711191l

or equivalently,

Additionally, if p = 1 and ¢ = oo, then

1fglly < /111 19/l so-
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