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1 Proof that S(Rn) ⊂ Lp(Rn)
Let p ∈ [1, ∞) and define

Lp(Rn) =
{

f : Rn → K
∣∣∣∣ ∫

Rn

|f(X)|p dX < ∞
}

.

Observe that ∫
R

1
(1 + x2)p dx ≤

∫
R

1
1 + x2 dx = π < ∞.

Let ϕ : Rn → K be defined by

ϕ(X) = 1
(1 + x2

1) (1 + x2
2) . . . (1 + x2

n)
= 1

n∏
i=1

(1 + x2
i )

.

We have ϕ ∈ Lp(Rn) for any p ∈ [1, ∞) because∫
Rn

|ϕ(X)|p dX =
∫
R

1
(1 + x2

1)p dx1

∫
R

1
(1 + x2

2)p dx2 . . .

∫
R

1
(1 + x2

n)p dxn < ∞.

Letting γ = (2, 2, . . . , 2) ∈ Nn, we have for any f ∈ S(Rn) and X ∈ Rn,

|f(X)|
|ϕ(X)|

=
∣∣(1 + x2

1
) (

1 + x2
2
)

. . .
(
1 + x2

n

)
f(X)

∣∣ =

∣∣∣∣∣
1∑

i1=0

1∑
i2=0

. . .

1∑
in=0

x2i1
1 x2i2

2 . . . x2in
n f(X)

∣∣∣∣∣
≤

1∑
i1=0

1∑
i2=0

. . .

1∑
in=0

∣∣x2i1
1 x2i2

2 . . . x2in
n f(X)

∣∣
≤

∑
|β|≤|γ|

|Xβf(X)|

≤
∑

|β|≤|γ|

∥∥Xβf
∥∥

∞ < ∞

Hence, we have for any f ∈ S(Rn),

∫
Rn

|f(X)|p dX =
∫
Rn

|f(X)|p

|ϕ(X)|p
|ϕ(X)|p dX ≤

∫
Rn

 ∑
|β|≤|γ|

∥∥Xβf
∥∥

∞

p

|ϕ(X)|p dX

=

 ∑
|β|≤|γ|

∥∥Xβf
∥∥

∞

p ∫
Rn

|ϕ(X)|p dX < ∞.

Thus, if f ∈ S(Rn), then f ∈ Lp(Rn). As a result, S(Rn) ⊂ Lp(Rn) for p ∈ [1, ∞).
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2 Proof that Tλ1 is a tempered distribution
Consider the function 1 : Rn → K defined by 1(X) = 1 for X ∈ Rn. Let λ ∈ K and define
Tλ1 : S(Rn) → K by

Tλ1(f) =
∫
Rn

λ1(X)f(X) dX = λ

∫
Rn

f(X) dX ,

for f ∈ S(Rn). Indeed, Tλ1 is well-defined because f ∈ S(Rn) ⊂ L1(Rn). Now, we want to show that
Tλ1 is a tempered distribution. Clearly, Tλ1 is linear, so we just need to prove that Tλ1 is continuous.

Using ϕ from Section 1 with ϕ ∈ L1(Rn) and γ = (2, 2, . . . , 2) ∈ Nn, we have for any f ∈ S(Rn),

|Tλ1(f)| =
∣∣∣∣λ ∫

Rn

f(X) dX

∣∣∣∣ ≤ |λ|
∫
Rn

|f(X)| dX = |λ|
∫
Rn

|ϕ(X)| |f(X)|
|ϕ(X)|

dX

≤ |λ|
∫
Rn

|ϕ(X)|
∑

|β|≤|γ|

∥∥Xβf
∥∥

∞ dX

=
(∫

Rn

|λϕ(X)| dX

) ∑
|β|≤|γ|

∥∥Xβf
∥∥

∞

≤ c
∑

|α|,|β|≤|γ|

∥∥Xβ∂αf
∥∥

∞,

where c =
∫
Rn |λϕ(X)| dX .

By Theorem 1.5.10, Tλ1 is continuous and it is a tempered distribution.

3 Proof that δ0 is a tempered distribution
Define δ0 : S(Rn) → K by δ0(f) = f(0) for f ∈ S(Rn). We have for any f ∈ S(Rn) and m ∈ N,

|δ0(f)| = |f(0)| ≤ ∥f∥∞ ≤ 1 ·
∑

|α|,|β|≤m

∥∥Xβ∂αf
∥∥

∞.

Because δ0 is also linear, δ0 is a tempered distribution by Theorem 1.5.10.

4 Proof that Th is a tempered distribution for any h ∈ Lp(Rn)
Let h ∈ Lp(Rn) for p ∈ [1, ∞) and define Th : S(Rn) → K by

Th(f) =
∫
Rn

h(X)f(X) dX for any f ∈ S(Rn).

This expression is well-defined because for any f ∈ S(Rn) ⊂ Lq with q ∈ [1, ∞) and 1/p + 1/q = 1,∣∣∣∣∫
Rn

h(X)f(X) dX

∣∣∣∣ ≤
∫
Rn

|h(X)f(X)| dX ≤
(∫

Rn

|h(X)|p dX

)1/p (∫
Rn

|f(X)|q dX

)1/q

= ∥h∥p∥f∥q < ∞,

where

∥h∥p =
(∫

Rn

|h(X)|p dX

)1/p

, ∥f∥q =
(∫

Rn

|f(X)|q dX

)1/q

.

The second inequality is called Hölder’s inequality. When p = 1, we can replace ∥f∥q by ∥f∥∞ (which
is finite due to the definition of Schwartz functions), so the argument is still valid for any p ∈ [1, ∞).
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Using ϕ from Section 1 with ϕ ∈ Lq(Rn) and γ = (2, 2, . . . , 2) ∈ Nn, we have for any f ∈ S(Rn),∣∣∣∣∫
Rn

h(X)f(X) dX

∣∣∣∣ ≤
∫
Rn

|h(X)f(X)| dX

=
∫
Rn

|h(X)ϕ(X)| |f(X)|
|ϕ(X)|

dX

≤
∫
Rn

|h(X)ϕ(X)|
∑

|β|≤|γ|

∥∥Xβf
∥∥

∞ dX

=
(∫

Rn

|h(X)ϕ(X)| dX

) ∑
|β|≤|γ|

∥∥Xβf
∥∥

∞

≤ ∥h∥p∥ϕ∥q

∑
|α|,|β|≤|γ|

∥∥Xβ∂αf
∥∥

∞

= c
∑

|α|,|β|≤|γ|

∥∥Xβ∂αf
∥∥

∞,

where c = ∥h∥p∥ϕ∥q. Notice that Ran(ϕ) = (0, 1] so ∥ϕ∥∞ < ∞ when q = ∞.

Because Th is also linear, Th is a tempered distribution by Theorem 1.5.10 for any h ∈ Lp(Rn) and
p ∈ [1, ∞).

5 Exercise 1.5.12
1. We have for any f ∈ S(Rn),

[F δ0](f) = δ0(F f) = [F f ](0) = 1
(2π)n/2

∫
Rn

e−i0·Xf(X) dX

=
∫
Rn

1
(2π)n/2 f(X) dX

=
∫
Rn

1
(2π)n/2 1(X)f(X) dX

= T(2π)−n/21(f).

Hence, F δ0 = T(2π)−n/21.

2. For any f ∈ S(Rn), we have

[F T1](f) = T1(F f) =
∫
Rn

1(X)[F f ](X) dX

=
∫
Rn

[F f ](X) dX

= (2π)n/2 1
(2π)n/2

∫
Rn

e−i0·X [F f ](X) dX

= (2π)n/2 [
F−1(F f)

]
(0)

= (2π)n/2f(0)
= (2π)n/2δ0(f).

In the above calculation, we use the identity F−1(F f) = f due to the fact that Fourier transform
is an isomorphism on Schwartz space S(Rn). As a result, F T1 = (2π)n/2δ0.

3. Let h ∈ L1(Rn) ∩ L2(Rn). We have for any f ∈ S(Rn),

F Th(f) = Th(F f) =
∫
Rn

h(ξ)[F f ](ξ) dξ = 1
(2π)n/2

∫
Rn

h(ξ)
∫
Rn

e−iξ·Xf(X) dX dξ .

Because h ∈ L1(Rn) and f ∈ S(Rn) ⊂ L1(Rn), we have
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∫
Rn

∫
Rn

|h(ξ)e−iξ·Xf(X)| dX dξ =
∫
Rn

|h(ξ)| dξ

∫
Rn

|f(X)| dX < ∞.

Hence, we can apply the Fubini theorem:

F Th(f) = 1
(2π)n/2

∫
Rn

h(ξ)
∫
Rn

e−iξ·Xf(X) dX dξ = 1
(2π)n/2

∫
Rn

f(X)
∫
Rn

e−iξ·Xh(ξ) dξ dX

=
∫
Rn

f(X)ĥ(X) dX .

As a result, F Th = Tĥ for any h ∈ L1(Rn) ∩ L2(Rn).

To extend this result to h ∈ L2(Rn), we need to use the fact that F is a unitary map on L2(Rn),
i.e. given the inner product ⟨·, ·⟩ : L2(Rn) × L2(Rn) → K defined by

⟨f, g⟩ =
∫
Rn

f(X)g(X) dX ,

we have
⟨f, F g⟩ =

〈
F−1 f, g

〉
.

Using this information, we have for h ∈ L2(Rn) and any f ∈ S(Rn) ⊂ L2(Rn),

F Th(f) =
∫
Rn

h(X)[F f ](X) dX =
〈
h, F f

〉
=

〈
F−1 h, f

〉
=

∫
Rn

[
F−1 h

]
(X)f(X) dX ,

where [
F−1 h

]
(X) = 1

(2π)n/2

∫
Rn

eiξ·Xh(ξ) dξ = 1
(2π)n/2

∫
Rn

e−iξ·Xh(ξ) dξ = ĥ(X).

Hence,
F Th(f) =

∫
Rn

ĥ(X)f(X) dX = Tĥ(f).

Therefore, F Th = Tĥ for any h ∈ L2(Rn).

Comments
In physics, the results from 1. and 2. are usually written as (in 1-dimension)

[F δ](ξ) = 1√
2π

∞∫
−∞

e−iξxδ(x) dx = 1√
2π

,

1√
2π

∞∫
−∞

e−iξx dx =
√

2πδ(ξ).

Especially, the second result is usually rewritten as

δ(x) = 1
2π

∞∫
−∞

eiξx dξ ,

which is sometimes treated as a "definition" of the delta Dirac funtion δ.

Besides, the results from 1. and 2. are useful mathematical relations that reflect the relationship
between the position space and the momentum space in quantum mechanics.
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Appendix
Hölder’s inequality

For any f ∈ Lp(Rn) with p ∈ [1, ∞), define ∥·∥p by

∥f∥p =
(∫

Rn

|f(X)|p dX

)1/p

.

For any p, q ∈ [1, ∞) such that 1/p + 1/q = 1, let f ∈ Lp(Rn) and g ∈ Lq(Rn). Then,∫
Rn

|f(X)g(X)| dX ≤
(∫

Rn

|f(X)|p dX

)1/p (∫
Rn

|g(X)|q dX

)1/q

,

or equivalently,
∥fg∥1 ≤ ∥f∥p∥g∥q.

Additionally, if p = 1 and q = ∞, then

∥fg∥1 ≤ ∥f∥1∥g∥∞.
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